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SOME SPECTRAL AND SCATTERING PROPERTIES OF
GENERALIZED EIGENPARAMETER DEPENDENT
DISCRETE TRANSMISSION STURM-LIOUVILLE EQUATION

GUHER GULCEHRE OzBEY, GULER BAasAK OZNUR, YELDA AYGAR *, AND
TURHAN KOPRUBASI

Abstract. In this study, we set a boundary value problem (BVP) con-
sisting of a discrete Sturm-Liouville equation with transmission condition
and boundary conditions depending on generalized eigenvalue parameter.
Discussing the Jost and scattering solutions of this BVP, we present scat-
tering function and find some properties of this function. Furthermore,
we obtain resolvent operator, continuous and discrete spectrum of this
problem and we give an valuable asymptotic equation to get the proper-
ties of eigenvalues. Finally, we give an example to compare our results
with other studies.

1. Introduction

We consider a discrete Sturm-Liouville BVP given by
(1) an—1Yn—1 +bayn + anynt1 = Ayn, n € N\{mg—1,mg,mo+ 1}

with the boundary condition

P

(2) D (e +yoBr) A =0

k=0

and the transmission conditions

(3) Ymo+1 = C1Ymo—1
Ymo+2 = C2Yme—2, (1,2 ER, (¢ # 0.
Here A = 2cosz is an eigenvalue parameter, v,, Sk, £ = 0,1,...,p are real

numbers such that v,,,8, — 7fBm # 0; m,n € NUNp, for n < m < p and
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{an}nenu (o} {bn},cn are real sequences satisfying the following condition

(4) Zn(|1—an\+|bn|)<oo.

neN

Throughout this work, we will assume that a, # 0 for all n € NU {0}.
Because of the condition (3), BVP (1)-(3) is a kind of discontinuous boundary
value problem. Discontinuous boundary value problems have great applications
in various branches of natural sciences especially mathematical physics and
quantum mechanics. Sturm-Liouville problems both classical and discrete cases
with spectral boundary conditions are also seen in various fields of sciences.
Spectral and scattering properties for these problems have been investigated
by many scholars for years (see [9, 10, 7, 30, 31, 20, 29, 18, 22, 16, 13, 17, 25, 3]
and the references there in). To study discontinuous boundary value problems
of such problems, some conditions under titles interface conditions, point in-
teractions, impulsive conditions, jump conditions and transmission conditions
are imposed in the discontinuous point or points. Among these discontinuous,
transmission (or impulsive) difference equations have been discussed in many
references and a large number of authors surveyed the spectral theory of these
equations also in recent years scattering properties of such equations have re-
ceived a lot of attention [21, 1, 36, 6, 4, 15, 34, 32, 2, 28, 33, 5, 14, 8, 23].
Because problems with discontinuous have also been great considered in many
fields of real-world problems such as earthquakes, a mass-spring-damper system
with short-term perturbations, finance and pharmacotherapy [26, 35, 11, 37].

In this study, we initiate some spectral and scattering properties of the BVP
(1)-(3) which consist scattering solutions, Jost solution, scattering function and
its properties, resolvent operator, discrete spectrum, continuous spectrum and
a useful asymptotic formula. Differently other studies in literature, the spe-
cific feature of this paper is the presence of the spectral parameter not only in
the difference equation but also it is in the boundary condition at generalized
polynomial form at the same time with transmission condition together. We
combine impulsive condition and boundary conditions depending on generalized
eigenvalue parameter with discrete Sturm-Liouville equation. This investiga-
tion is the more general form of the studies [6, 4, 34, 33]. On the other hand,
[24] is a study about the spectral analysis of BVP with this kind of bound-
ary conditions in continuous case, but it is the first which presents scattering
properties of a boundary value problem consisting of boundary conditions de-
pending on generalized spectral parameter also it is the first in discontinuity
case on the aspect of spectral and scattering analysis.

The outline of this paper is as follows: In Section 2, we give some basic
notations and definitions and we get the Jost solution of BVP (1)-(3). Also,
we prove an auxiliary lemma and theorem to use next sections. In Section 3,
we find the scattering and Jost functions of (1)-(3). In Section 4, we obtain
resolvent operator, continuous spectrum and discrete spectrum of the problem.
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Also, we give an important asymptotic equation in this section. Finally, we
conclude our paper with a useful example.
2. Preliminaries
Let us define two semi-strips
Dy = {ze(C:Imz>O,—72r<Rez<327T}, D :=DyU [—;T,
Throughout the paper, we assume that P(z) = {P,(z)} and Q(z)

are the fundamental solutions of (1) for z € D, A = 2cosz and n €
satisfying the initial conditions

Po(Z):O, Pl(Z):l

3

2
{Qn(2)}
Nu {0},

and
1
QO(Z) = Ql(z> = 07
ao
respectively [12]. For each n > 0, P,(z) is a polynomial of degree (n — 1) and
Qr(z) is a polynomial of degree (n — 2).

Definition 2.1. The Wronskian of two solutions y = {yn(z)} and v =
{un(2)} of (1) is defined by
w [ya u] = an [yn(z)un+1(z) - yn+1(2)un(z)]
for n € NU{0}.

It is easy to see that the Wronskian is independently of n. Moreover, P, (z)
and @, (z) are linear independent solutions of (1), because W [P, Q] = —1 for
all z € C and these solutions are entire functions with respect to z. Note
that, we can write the other solution ,(z) of (1) as a linear combination of
fundamental solutions. We can express this solution as

p p
(5) ¢n(2) = _Pn(Z)ZBk)\k+a0Qn(2)Z’W@)\k, nzO,l,,mO—l
k=0

k=0

On the other hand, we show by e(z) = {e,(2)}, n = mg + 1,mg + 2, ... the
bounded solution of (1) satisfying the condition

nlgl;o e e, () =1, z€D.

The solution e(z) is represented by

o0
en(2) = ppe™? (1 + Z Anme“”z> , n=mg+1,mg+2,..
m=1
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in [26], where p, and A,,, are expressed in terms of the sequences {a,} and

{b,} as
Pn = H a;,
k=n

Apy = — Z by,

k=n-+1
0o 0o
2
Ao = E 1—a; + bi E bp s
k=n+1 p=k+1

o0
An,m+2 = An+1,m + Z {(1 - G,i) Ak-‘rl,m - bkAk,m+1}
k=n-+1

for n € NU {0} and m € N. The function e, (z) is analytic according to z in
Cy = {z€C:Imz > 0}, continuous in C; := {z € C : Imz > 0} and 27
periodic.

The equation (1) also has an unbounded solution. We will show this unbounded
solution by &,(z) for n = mg + 1,mg + 2, ... satisfying lim,, . €&, (2) = 1,
z € Cy. Tt is clear from the definitions of e,(z), &,(z) and the definition of
Wronskian that

(6) W len(2),€n(2)] = —2isinz
for n =mg+1,mg +2,... and z € D\{0,7}.
Now, we define the following solution of BVP
O[(Z)Pn(Z)+C(Z)Qn(Z), n:071527"'7m071
(7) En(2) = _
en(2), n=mo+1,mg+2,...

for z € D. If we apply the transmission conditions (3) to this solution, we can
write

%:(Z) — a(2)Pong—1(2) + ¢(2)Qumg1(2),
(8) %Z‘;(Z) = a(2)Pr—2(2) + ¢(2)Qm—2(2)-

By using (8), we obtain the coefficients «(z) and ¢(2) as

9)  alz) = =2 (e 12(2) Qo1 (2) = Cmor1(2)Qumg—2(2)}

(162

and

(10) c(z) = a?0_2 {Cremo+2(2) Pmg—1(2) = C2€mg+1(2) Pmo—2(2)}
162

for z € D. The function E(z) = {E,(2)} is called the Jost solution of BVP
(1)-(3)-
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Corollary 2.2. Since P,(z) = P,(—z) and Q,(z) = Q,(—2) for z € D,
then we obtain that

a(=2) = a(z), c(=2) = c(2).
It is evident from the definitions of Wronskian and e, (z) that
W len(2), en(—2)] = —2isinz

3
—g, 271 \{0,7}. Next, we define the another solution F(z) =

{Fu(2)} of (1)-(3) by

for all z €

(11) Fo(s) = U (2), n=0,1,2,...,mg—1
d(z)en(z) + f(z)en(fz% n=mo+1,mo+2,..

for z € {—g, 3;] \{0,7}. Using (3), we get that

(12)  d(2) = —5;;7;’;2 {Gemot+2(—2)¥mo—1(2) — C2emo+1(—2)Pmo—2(2) }

and

(13) f(z) = Smotd {C1emo+2(2)Vmo—1(2) = C2mo+1(2)¥me—2(2)}

2isin z
T 37

for z € {—2, 2] \{0,7}.

Corollary 2.3. The coefficients d(z) and f(z) satisfy the following rela-
tionship
f(z) = d(=2) = d(2)
m 3w

for z € {—2, 2] \{0,7}.

3
Theorem 2.4. The coefficient f(z) is not equal to zero for all z € [—g, ;} \{0, 7}.

3
Proof. Let us suppose that there exists an element zp € {—;T, ;} \{0, 7}

such that f(z9) = 0. According to Corollary 2.3, we get f(z9) = d(z9) = 0. In

this instance, it gives us F,(z9) = 0 for all n € N U {0}, but this is a trivial

solution of (1)-(3). It says that there is a contradiction, so f(z) # 0 for all
T 3T

_rer . O

se -2 2o
Lemma 2.5. The Wronskian of the solutions E,(z) and F,(z) is given by
(Amg—2)2isin z

(am0+1)C1<2 f(Z)7 n=0,1,2,....mg—1

WEn(2), Fa(z)] =
—2isinz f(2), n=mg+1,mg+2,..
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T 37

for z € {—2, 2] \{0,7}.

Proof. By using the definition of Wronskian for n = 0,1,2,...,mg — 1, we
can write

WIEn(2), Fn(2)] = an {En(2) Fry1(2) — Fa(2)Enga(2)}

= mo+1 {Emo+1(2) Fing+2(2) = Fing+1(2) Emg+2(2)}

= f(Z)am0+1 {€m0+1(2’)6m0+2(72) - €m0+1(72)6m0+2(2’)} :
Since W [en(2), en(—2)] = —2isin z, we get

WIE,(2), Fr(z)] = —2isinz f(z).

Similarly, if we apply the definitions F,(z), a(z), ¢(z), F,(z) and f(z) given in
(7), (9), (10), (11) and (13), respectively, we find
Omg—2 218in 2
——=——f(z
amo+1 G162 1z)
forn=20,1,2,...,mg — 1. This completes the proof. O

W[En(z)a Fn(z” =

3. Jost Solution and Scattering Function

In this section, we give the Jost function, scattering function and main
properties of scattering function. Now, we will define the Jost function J of
(1)-(3) by applying the boundary condition (2) to the Jost solution E,(z) of
(1)-(3) and we write

I
M=

J(2): (E1yk + EoBi) A*
k=0
N c(2) !
= kZ:O (a(zm o m) AR,
It is obvious that
L) — - . c(=2) ) k
7= 3 (oo T )

Furthermore, similarly to Sturm-Liouville equation, the function J(z) is ana-
lytic in C4 and continuous in C;.

Lemma 3.1. The Jost function J can be expressed as a multiple of f(z)

J(z) =

Qmo—2 218D 2

Amo+1 @0C1C2

T 37

for z € {—2, 2] \{0,7}.
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Proof. Tt follows from (5) and (13) that

Amg+1 C1G " -
f(Z) - 22 Sl:l_l ario 22 {_C(Z) kzz:oﬁk)\k B aoa(Z) kZ_O’Yk)\k}

Amg+1 CICQ L & P 3
Gmo—2 218N 2 {ZC(Z)@“ + Zaoa(z)'yk
k=0 k=0

COmo1 GG
14 _ _ Ymo+l and
) Gmgy—2 218inz a0/ (2)

T 3T

for 2 € {_2 D) ] \{0, 7}. It completes the proof of Lemma 3.1. 0

Definition 3.2. The function
J 3
S =28 e [—;T ﬂ \{0, 7}

is called the scattering function of BVP.

It is clear from Lemma 3.1 and Definition 3.2 that scattering function can
be also written in the form of the coefficient f(z) as
J(=z) _ f(=2)

(15) S(z) = S CRTE ze[ T 3”} \{0, 7}

T 3T

Theorem 3.3. For all z € {— )

] \{0, 7}, the scattering function S(z)

satisfies

S(=2)=57(2) =5(2), |5(x) |=1.

Proof. From the Definition 3.2, we have

s-3= 55
and
J(—=2)
S(z) =
(2) 70

Since d(—z) = d(z) and d(—z) = d(z), we obtain
S(=2)=S571(2) = S(»).
Also, since | S(2) |*>= S(2)S(2), the equation (15) gives us

|56 1= -

3
for all z € [—; ;} \{0,7}. It completes the proof. O
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4. Resolvent Operator, Continuous and Discrete Spectrum of BVP

In this part, we try to investigate resolvent operator, continuous spectrum
and discrete spectrum of related BVP. Furthermore, we present an important
asymptotic equation for f(z). For all z € D, we will define the following solution

G(2) = {Gn(2)}
n(2), =0,1,2,....,mp — 1
(16)  G(z) = Yn(2),  m=0 ™o
k(z)en(2) + q(z)en(2), n=mo+1,mg+2,..
By using transmission conditions (3) for G(z), we find the coefficients k(z) and
q(2)
Amo+1 Y s
k(2) = =5 = {C¥mo—1(2)8mo+2(2) = C¥mo—2(2)Emo+1(2)}

2isin z
and
am,o+1
1) = 2 {1 (e 2(2) — Gothmy2(2)emys (2))
for all z € D. Note that, for all z € [—;T, 3271 \{0, 7}
f(z) = q(2).

Also, using (7) and (16), we get
(@mg—2)2isin z

=0,1,2,... —1
(am0+1)<.1<.2 (Z), n y by 4, ...,y

WIEn(2), Gn(2)] =
—2isinz f(z), n=mg+1,mg+2,...
for z € D.

T 3T
272
WIE(z), F(2)] = W[E(2),G(2)].

Corollary 4.1. For all z € [— } \{0, 7}, it is clear that

Theorem 4.2. The resolvent operator of BVP is defined by

Ragn =Y _ Rur(2)gk: gk € 2(N),

k=1
where
Gr(2)En(2)
-2 k<n
W[Ek-, Gk]
Rnk(z) =
WIEy, Gi]’ b

is the Green function of (1)-(3) for z € D\{0,7}, f(z) # 0 and k,n # my.
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Proof. We need to solve the following equation to find the resolvent operator
of BVP

(17) \Y (anAyn) + hnln — AYyn = g(tv Z)v gn €12 (N) s

where h,, = a,,_1+ a, +b,, V is the backward difference operator and A is the
forward difference operator defined by Vy, = yn — Yn—1 and Ay, = Ynt1 — Yn,
respectively. Since E,(z) and G,(z) are fundamental solutions of (1)-(3), we
can write the general solution of (17) as

(18) Yn(2) = snEn(z) + tnGn(2),

where s, t,, are coefficients and they are different from zero. Using the method
of variation of parameters for k # mg, we obtain s,, and ¢,, by

Grgk
(19) P T
2 WE,q
- Ergk
2 = — s ——
(20) tn WIE.C
k=n+1

It follows from (18), (19) and (20) that the Green function R,x(z) of (1)-(3) is
defined in Theorem 4.2. Also, we obtain the resolvent operator of BVP by the
help of the Green function. O

Now, we can give the set of eigenvalues of (1)-(3) by using the definition of
eigenvalues [27] and Theorem 4.2 as

oqg:={A€C:X=2coszz € Dy, f(z) =0}

Theorem 4.3. Under the condition (4), f(z) satisfies the following asymp-
totic equation for z € D

f(z) =€e"C P [A+o(1)], |z|—o00, A#O,
where

(21) e ~ Q1Gmo+1BpPmo+1 {amoJrl @ } .

a1G2...0m—3 me—2 G

Proof. As mentioned earlier, P,(z) is a polynomial of degree (n — 1) and
Qnr(z) is a polynomial of degree (n — 2) with regard to A. Hence, by using (5),
we can obtain

) B
29 li N iz(n—1+4p) — _ p
( ) \z\g)noo {w (2)8 } aj...ap—1
and
(23) lim {e,(2)e ™} =p,

|z| =00
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forz€ Dand n=0,1,2,...,mo — 1, where p, := ([[;, ak.)_1 . It follows from
(13), (22) and (23) that
Amo+1 1z(mo— —iz(m, z 1z(4—
F(2) = L (g1 ()00 T e () 2T D 00)
_CQ,L/)m072(z>eiz(mg—3+p)em0+1 (Z)e—iz(m0+1)zeiz(4—p)]
and if the last equality is written in limit form and necessary adjustments are
made, we find

lim {f(z)e—iz(5—p)} _ _S1mo+15pPmo+1 {amo+1 _ Ci} lim

|z|—o00 a1a3...Amo—3 Amgy—2 |z| =00 e2iz — 1’

Last equation gives that

lim {f(z)eiiz(‘s*p)} = A,

|z| =00

where A is given in equation (21) for all z € D. It completes the proof of
Theorem. O

Theorem 4.4. Assume (4). Then the continuous spectrum of the operator
L generated by (1)-(3) is [-2,2], i.e., 0. (L) = [-2,2].

Proof. Let Ly and Ly denote difference operators generated in I (N) by the
following difference equations

(Ly) == Yn—1+ Yn+1, n€N\{mo—1,mo+1}

and
(lzil/) = (anfl - ]-) Yn—1 +bnyn + (an - ]-) Yn+1, n e N\{mO - ]-7 mo, Mo + ]-}7

respectively, with the boundary condition (2). It is evident that L = L1 + Lo
and L is a compact in I3 (N) under the assumption (4) [27]. We can also write
the operator L; by the sum of two operators Lz and Ly, i.e., Ly = L3 + Ly,
where L3 is a self-adjoint operator with o, (L3) = [-2,2] and defined by the
difference expression /; and the boundary condition (2). On the other hand,
Ly is a finite dimensional operator in ls (N). Since L4 is a finite dimensional
operator in Iy (N), it is also compact operator. It gives that the sum of two
compact operators Ls+ Ly is a compact operator, too. It follows from that L =
L3+ L4+ Ly and by using the Weyl Theorem [19] of a compact perturbation,
we get 0. (L3) = 0. (L) =[-2,2]. O

5. An Example

In this section, we will conclude the paper by giving a special case of (1)-
(3). This special case introduces our example and it illustrates our theoretical
findings.

Let us consider the following discrete transmission problem

Yn—1 + Yng1 = 2c082y,, n € N\{2,3,4}
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p
(24) Z Y1vk + YoBe) AT =0
k=0
Ya = Gy
ys = Cay1,

where (1, (2, V&, Bk, K = 0,1, ..., p are real numbers, (1(o # 0. It can be easily
seen that (24) is a special case of (1)-(3), i.e., mg = 3, a(t) = 1 and b(t) =
It is obvious that e, (z) = €!"* and the fundamental solutions P,(z) and Q,,(2)
of (1)-(3) have the following values for n = 0,1,2

P()(Z):O, Pl(Z):L P2( ) )\

Qolz) =+, Qu(:)=0, Qu(s)=——

ag ag '

Moreover, by using (7) and (13), we find f(2), Jost solution and scattering
function of (24) as
(25)

P
f(z)mmz{ (Zﬁw“ Zwk> e + (s (I;ﬁkAk)e‘m},

En(z) = {a(z)Pn(z) +c(2)Qn(2), n=0,1,2

inz —
e, n=4,5,...

and

L) — =82 CGpa(2)e™ — (orpy(2)
S(z) = { Gpa(z)e — G (2) }

respectively. Also continuous spectrum of the problem (24) is [—2,2] from
Theorem 4.4. To get the eigenvalues of (24), it is necessary for us to find the
zeros of f(z) for z € Dy. Because from the definition of eigenvalues, we can
write

oq:={Ne€C:Ax=2cosz,z € Dy, f(z) =0}
for this problem, where f(z) is given by (25). If f(z) =0, then we write

. . p )\k
(26) Ae'® + e'? 721":0 A _ G

Z:o Bk /\k Cl
for z € Dy. We can examine the following case for the equation (26). Let
assume p = 1 and (o = B(;, B € R in (26). By using (26), we get the same
results as in [4].
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