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DIFFERENTIABILITY OF NEUTRAL STOCHASTIC
DIFFERENTIAL EQUATIONS DRIVEN BY G-BROWNIAN
MOTION WITH RESPECT TO THE INITIAL DATA

ZAKARIA BOUMEZBEUR AND HACENE BOUTABIA*

Abstract. This paper deals with differentiability of solutions of neutral
stochastic differential equations with respect to the initial data in the G-
framework. Since the initial data belongs to the space BC ([—r,0]; R™)
of bounded continuous R"-valued functions defined on [—r,0] (r > 0),
the derivative belongs to the Banach space Lpc (R™) of linear bounded
operators from BC ([—r,0] ;R™) to R"™. We give the neutral stochastic dif-
ferential equation of the derivative. In addition, we exhibit two examples
confirming the accuracy of the obtained results.

Motivation

In the theory of differential equations, the problem of differentiability with
respect to initial data of system of the form

{ dX (t) = f(t, X (t))dt
X (to) =T ’

is investigated by many authors such as Slavik [16]. It is known that the deriva-
tive satisfies the so called variational equation, which is used in determining the
value of the derivative. Hartung in [7] obtained the differentiability of neutral
differential equations (NDEs) with respect to initial data and parameters. The
differentiability with respect to initial data is needed in order to guarantee the
existence of a C' smooth solution semiflow, see [8]. Furthermore, problems of
differentiability of stochastic differential equations (SDEs) are also studied, see
[2, 10].

To motivate our work, we consider a neutral differential equation which
describes the dynamique of heat conduction material with memory where the
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memory argument arises in the derivative of state variable as well as indepen-
dent variable. When the noise is big we can not obtain a complete information
about the parameters e.g. the diffusion coeflicient o, but only we know that
it belongs to an interval [Omin, Omax], under these circumstances, if we want to
measure the sensitivity of the solution of the stochastic system with respect to
the initial data, this will lead us to investigate the problem of differentiability
of solution with respect to its initial data, and a typical formulation of such
problems can be done by using neutral stochastic differential equations driven
by the G-Brownian motion.

1. Introduction

Motivated by the uncertainty problems, risk measures and the super-hedging
in finance, Peng in [12] introduced a sublinear expectation, called G-expectation
generated by a nonlinear heat equation with a given generator function G,
G-Brownian motion (By),, and the corresponding stochastic calculus. Subse-
quently, SDEs driven by G-Brownian motion (G-SDEs) was introduced by [13].
Since then, there is an increasing interest in G-SDEs, see [17] and references
therein.

Among the obtained results on the G-SDEs, we mention the differentiability
of the solutions with respect to initial data, which was studied first by Lin [11]
in 2013, and recently generalized to d-dimensional case by Bougherra et al.
[3]. The differentiability might be helpful to obtain maximum principle for
stochastic optimal control systems.

In this context, we consider the problem of differentiability of solutions of
neutral stochastic differential equations driven by d-dimensional G-Brownian
motion (G-NSDEs) with respect to the initial data, namely

d d
d[X(t) - Q(t, X¢)] = lzoAl(t’ X,)dB} + .ZlAi,j(tht)d <Bi7 Bj>t
= ig=

Xo=a:= (I(@))_TSQSO € BC ([-r,0];R™)
where BY =t, X; = (X(t +0))_,<p<o € BC([~r,0];R") and the functions
A, Aij,Q:[0,T) x BC([-r,0;R") x Q = R",

fulfill some of the regularity conditions which we will state later. Unlike the
aforementioned studies, the initial data here is not a point of the Euclidean
space R™, but a function of the Banach space BC ([—r,0];R™) which makes
this research different and more general. Let Lo (R™) be the space of linear
bounded operators from BC ([-r,0];R™) to R™. The novelty in this paper
is as follows: Firstly, we define the G-NSDEs where the solutions belong to
Lpc (R™). Secondly, we prove under suitable hypotheses that the solution
X (t,z) is differentiable with respect to x € BC ([—r,0];R™). In this paper we
mean by differentiability, Fréchet-differentiability.
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Through this paper, we have established a link between our result and the
findings obtained by Bougherra et al. Therefore, the current research is an
extension of previous studies to the class of G-NSDEs.

The present paper organized as follows. In Section 2, we recall briefly some
preliminary results in the G-framework. In Section 3, we formulate the prob-
lem and the hypotheses. Also, we give the G-NSDE of the derivative Y (¢, x).
Section 4 is dedicated to the main results and the proofs. We prove that the
solution X (¢, z) is differentiable with respect to . Moreover, the G-NSDE
of the derivative is Y'(¢,2). In the last section, we present two examples to
illustrate the theoretically generated results.

2. Preliminaries

This section is devoted to introduce some notations, basic definitions and
lemmas, concerned the theory of G-expectation and the related stochastic cal-
culus. The reader interested in a more details, is referred to [9, 13, 14, 15].

Let © be a nonempty set, and H be a linear space of real valued functions
defined on Q, such that H satisfies ¢ € H for each constant ¢ and |X| € H. H
is the space of random variables.

Definition 2.1. A functional E : H — R is called sublinear expectation,
ifforall X, Y € H, c € R and A > 0, the following properties are satisfied:
(i) (Monotonicity):

if X >Y then E[X] > E[Y],
(ii) (Constant preserving):
Eld =c,
(iii) (Sub-additivity):
EX+Y]<EX]+E[Y],
(iv) (Positive homogeneity ):
EX] = ME[X].

The triple (2, H, E) is called sublinear expectation space. We assume that:
if X1,Xs,...,X,, € H, then ¢(X1,Xs,...,X,,) € H, for each ¢ € Cj1;p(R™),
where Cj 1;,(R™) is the space defined by:

Cl)lip(Rn) = {QD :R" — R | aC > O, m € N*:
o(@) — oY) < CA+ [z™ + [y[™) |z — y[}

Definition 2.2. Let X and Y be two n-dimensional rand/\omAveActors defined
respectively in sublinear expectation spaces (2, H,E) and (Q, H, E) They are
called identically distributed, represented as X 4 Y, if

E[p(X)] =E[p(Y)], V€ CripR™).
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Definition 2.3. A random vector Y = (Y1,...,Y,) € H"™ is said to be
independent of X € H™ under E if for each test function ¢ € Cy j;,(R™™),

Elp(X,Y)] =E[E (¢(z,Y)),—x]-
X isacopy of X, if X L X and X is independent from X.

Let X be a d-dimensional vector of random variables and let the mapping
G = Gx : Sy — R defined by:

¢ (4) = JE[(AX, X)),

where S, is the set of d x d symmetric matrices and (.,.) is the inner product
on R?. It is easy to show that the function G is a sublinear and monotonic
function. In addition, from [9] there exists a closed, bounded and convex subset
T" of S4 such that, for each A € Sy,

1
G (A) = —supT'r [wyTA] ,
2'y€F
where 77 is the transpose of the matrix . Let
A:{AAT:AEF}.

Definition 2.4. The random vector X is N (0, A)-distributed, if for each
¢ € Cluip(RY), the function u(t,z) = E (¢ (z + VtX)) is the unique viscosity
solution of the following parabolic equation, called the G-heat equation

du — G(D%u)
ot . (t,z) €]0,T) x RY,
L om - oo
where D?u = (8§irj u);,; is the Hessian matrix of u.

Definition 2.5. A d-dimensional process (Bt)i>o on a sublinear expecta-
tion space (Q, H,E) is called G-Brownian motion if the following properties are
satisfied:

(1) Bo = O,
(ii): For each t,s > 0, the increment Byys — By is N (0, sA)-distributed and
independent from (By,, By, ..., By, ), for each n € N and ty,ts, ..., t, € [0,1].

We denote by Q = C¢(R*) the space of all R%valued continuous paths
(wi)¢er+, with wy = 0, equipped with following distance:

p(w17w2) = ;27i [(trél[%ﬁ] |wt1 — wt2|> A 1:| .

For each t € [0, 00, we set Q := {w.a¢ : w € Q}. Consider the canonical process
defined by Bi(w) = wy, for w € Q and t € [0,00[. Now let T' € [0,00[, be a
time horizon and let the sets:

Lip(QT) = {(P(Btl/\Ta ey Btn/\T) ne N, tl, ...,tn S [0, OO[7
(2SS Cl.Lip (Rd)n} )



Differentiability of G-NSDEs 437

and -
= |J Ly
m=1

It is clear that for all ¢ < T, L;p () € Lip(Qr). Peng constructed a sublinear
expectation E defined on (€, L;,(€2)) under which the canonical process (B¢)¢>0
is a G-Brownian motion (for more details see [12]). In what follows we consider
this G-Brownian motion.

For p > 1, we consider the Banach spaces L7,(Q) (resp. LZ(Q7)) of random
variables X defined on L;, () (resp. L;p(2r)) such that

I1XI|, = [E (IX")]"? <

We consider the following type of simple processes for given partition 7p =
{t07 ey tN} of [03 T]

ng tk [ ( )

where &, € L%(Q,), k = 0,1,...,N — 1. The collection of these processes
is denoted by M%°(0,T). The completion of MZ°(0,T) under the following

norim: .
T P

1
e = | [Enlde|

0

lIm

is denoted by ME(0,T). Note that
MA(0,T) € ME(0,T), for 1 <p <gq.

It was proved in [14] that the process Bf := (a,B:) is a real G-Brownian
motion for each a € RY. In particular all the components B} of B; are real
G-Brownian motion.

Definition 2.6. For each process 1 € Mg°(0,T) of the form

ka tk,tk+1 ( )

we define,
T

I(n):/ dBl ka tk+1_sz)'
0
The mapping n — I(n) can be extended continuously to MZ(0,T).

Definition 2.7. The process defined by

(B, = (B)* ~2 [ BlaB,
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called the quadratic variation process of B°.
Definition 2.8. The mutual variation process of B and B’ is defined by
(B BY) = 1 ((B'+ BY) — (B~ BY)).
In particular <Bi, Bi> = <Bl>
There exists a weakly compact collAection ‘P of probability measures P, de-
fined on (€2,*B (2)) and the capacity C(.) with respect to P is defined by:

C(A) = ;lépP(A), AeB(Q),

where 9B () is the Borel o-algebra of €, see [4].

Definition 2.9. A set A is called a polar if a(A) = 0. A property holds
quasi-surely (g.s.), if it holds outside a polar.

Some lemmas which required in the following.

Lemma 2.10 (Gronwall’s inequality). Let ® be a real and continuous func-
tion on [a,b] and let \, u > 0, such that
t
B(0) < A+ [ @(s)is,

for each a <t <b. Then
B(t) < Aert=a),

The G-It6 formula [15], we use the Einstein notation.

Lemma 2.11. Let X; = (X?)f]zl be a d-dimensional G-1t6 process defined

by
t t t

X] =X] +/agds+/63degj +/ng"jd<Bi,Bﬂ'>s,
0 0 0
where 7% a7 € ML (0,T) and 877 € MZ(0,T) are bounded processes for
v € 1,d, i,j € 1,d. Let the real function v € C? (Rd) be bounded with
bounded derivatives such that {8§mw}d _, are uniformly Lipschitz. Then

» (X)) — / Denih (X,) B1dBI + / Bartp (Xs) alds

t
- 1 o . .
+/ |: x’Yw U + iagugﬂw (XS) 6zjﬂsuj d<Bz7B]>s ’
0

this equality holds in the sense of L% ().
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Remark 2.12. The G-It6 formula can be written in differential form
1
dip (Xy) = Opvp (Xy) X, + iaﬁ,,ww (X;)dX;dX} .

Thus, if (X), (Y;) are two 1-dimensional G-It6 processes and ¥ (z,y) = xy, we
get the G-integration by part formula:
d(XiYy) = X4dY; 4+ dXY; + dXdY;.
The Burkholder-Davis-Gundy inequalities (G-BDG inequalities).

Lemma 2.13. Let p > 2, ¢ € ME ([0,T]). Then for all 0 < s <t <T, we
have

u p t
E | sup /(pvdBf, <K (t— S)%_l /E(|<Pu|p) dv,
s<u<t

where K7 is a positive constant independent of .

Lemma 2.14. Let p > 1, o € M ([0,T]). Then for all0 < s <t <T, we
have

u P t
B s | [ed(B5),| | <Kalt—97 [E(e)av
s<u<t

where K5 is a positive constant independent of .

3. Problem statement and the G-NSDE of the derivative

Let BC ([-r,0];R™) be the family of bounded continuous R"-valued func-
tions z defined on [—r, 0] equipped with the norm:

el = sup |z (0)],
<6<0

where > 0 is a fixed positive time. Consider the following n-dimensional
G-NSDE:

(1) d [X(t) - Q(ta Xt)] = Ed:Al(t,Xt)dBé + i Ai,j(taXt)d<Bia BJ>t )
=0 i,j=1

Xo=x:= z(@))_rSGSO € BC ([-r,0];R™)
All the functions A; (.,z), A;; (.,z) € M&([-r,T];R"), for | € 0,d, i,5 € 1,d
and x € BC ([-r,0];R™). The equation (1) can be written in integral form:

a t
@) X = QX)+x(0) - QO.e)+ Y A5 X.)B!
=07y
a4 t
+ Z/Ai,j(s,xs)ﬂBi,Bj}S

3,7=1 0
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The objective is to prove that, if X (¢,2) denotes the value of the solution
at time t through the initial data z, then the function x — X(¢,z) is g¢.s.
Fréchet-differentiable.

We equip the space Lpc (R™) by the norm:

|L|, :== sup |Lh|.
lInll<1

Consider the space BC ([—r,0]; Lpc (R™)) of Lpc (R™)-valued bounded func-
tions on [—r, 0] equipped with the norm:

|T||, := sup |T(0)
—r<6<0
We denote by A’ (¢,x) the Fréchet-derivative of A (¢, ) with respect to z. As-
sume that all the coefficients A4;, A; j, @ are Fréchet-differentiable with respect
to the second variable, and for all z,y € BC ([~7,0];R"),l € 0,d and 4,5 € 1,d
we have:

(H1) :

e

\Q’(t,z)|r < k and |H/(t,:r)|,r <Cy gq.s.,
uniformly with respect to ¢, where 0 < k < %, (' is a positive constant
and H = Al, Ai,j-
(H2) :

sup |I(¢,0)] <oo g¢.s.,
0<t<T

where I = Al, AiJ‘, Q
(H3) :

|7 (t,2) = ' (t,y)| < Collz =yl A+ =)™ + [[yl™)  as.,
uniformly with respect to ¢, where C is a positive constant, ng > 1 and
J = Al7 A'L,j» Q
Remark 3.1. Condition (H1) implies that
1Q(t,2) — Q(t,y)| < kllz —yl|

and
[H(t,z) — H(t,y)| < C1 llz =yl
uniformly with respect to t, for H = A;, A; j for | € 0,d and i,j € 1,d.

Remark 3.2. Conditions (H1) and (H2) imply that
L) < Cs (1+ 1)),

uniformly with respect to t, where Cs is a positive constant, for I = A;, A; ;,Q,
le€0,dandi,je€l,d.

It follows from remarks 3.1 and 3.2 that the equation (1) admits a unique
solution, see [1, 6].
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3.1. The G-NSDE of the derivative

Since the initial data belongs to the space BC ([—r,0];R™), then the deriv-
ative belongs to the Banach space Lp¢ (R™). We mean by stochastic operators
the following:

Definition 3.3. Let the Lpc (R™)-valued process U, V and W such that
(Uth)o<i<r» (Vih)o<i<r € M4([0,T];R™)
and
(Wih)o<i<r € MZ([0,T];R™),
for each h € BC ([—r,0]; R™). We define the following stochastic operators by

t t

/Usd<Bi,Bj>S (h) == /Us (h)d(B',B7)_,

0 0
[%m @%Z%%M&

and

t
/Wsngl (h) := /Ws (h)dB:.
0 0

Denote by ¢, the linear operator of Lgc (R™) defined by ¢ (k) = h (0). The

goal is to prove that the solution of (2) is differentiable and the derivative is
given by the following G-NSDE:

dly (t) = Q'(t, X¢) (Yy)] = ;

(3) 3 AL (LX) (V) d (B BY)

4,5=1

Af(t, X0) (¥:) dB]

d
=0

t?
Y, = Id

where the solution Y'(¢) belongs to Lpc (R™) and Y; = (Y (¢ 4+ 0))_, <9<, such
that Yy = Id is the identity operator on BC ([—r,0];R™).

4. Main results and proofs
In this section, we present the main results and we give the proofs. We start

by existence-uniqueness theorem.

Theorem 4.1. Under the hypotheses (H1) and (H2), the derivative (3)
admits a unique solution.
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Proof. Consider the following G-NSDE:

w | 4120 - N@2) = S 20a5+ 3 D 20a(BB),.
=0 ij=1
Zy=h e BC([-r,0];R"™),

where the functions N, Dy, D; ; : [0,T] x BC ([-,0] ;R™) x Q — R™ are defined
by

N(t,z) = Q(t,X:)(2),
Di(t,z) = Al(t,X)(z), 1€0

and

D;j(t,2) = A} ; (t,X¢) (2), 4,5 € 1,d.
Observe that the process Y (t) is solution of the G-NSDE (3) if and only if the
process Y (t) (h) is solution of the G-NSDE (4). On the other hand, it is easy to

check that the functions N, D; and D; ; satisfy the conditions (H1) and (H2).
Thus, G-NSDE (4) admits a unique solution. The proof is complete. O

The following lemma extends the G-BDG inequalities to Lpc (R™)-valued
process.

Lemma 4.2. For each p > 1 and s < t, we have

(i):
u p t
E( sup /Usd<Bi,Bﬂ'>s §2pK2(t—s)p71/E(|Us|f)ds
s<u<t

For each p > 2 and s < t, we have

(ii):
t
sup /WdB §2pK1(tfs)%_l/]E(|Wg|f)ds
s<u<t
(iii):
t p T
E| sup /Vsds §2PTP—1/1E(|VS|f)ds
s<u<t 0

Proof. (i): Let € > 0. There exists he € BC ([—r,0];R™) such that ||| <
1 and
t

t
/Usd (B, B / d(B',B%) |,
0

0 r
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by using the inequality (|a| + [b])” < 2P (Ja|’ + |b]") and lemma 2.14, for each
p > 1, we have

u P
E| sup /Usd<Bi,Bj>S
s<u<t
u ' P
<2 | P +E| sup /Us(ha)d<Bi,Bj>s
s<u<t

s
t

<o 4 ey (t— 5P / E (U, [Ihe|I”) ds

S

It follows that

w P t
E | sup /U5d<Bi,Bﬂ'>s g2PK2(t—s)”*1/E(|US|’;)dS.
s<u<t
s r s

This proves (i). Similarly, by using lemma 2.13 (resp. Holder’s inequality), we
obtain (ii) (resp. (iii)). The proof is complete. O

Some auxiliary propositions and lemmas that needed for the proof of the
main theorem.

Proposition 4.3. For all z,y € BC ([-r,0];R™) and for all p > 2, there
exists a positive constant L, such that

E ( sup [ Xe(a) — Xt<y>||p) < Lifla— .
0<t<T

Proof. Note that

[Xi(z) = Xe(y) < sup | X(s,2) = X(s,9)]

—r<s<T
< sup [X(s,2) = X(s,y)[+ sup [X(s,2) — X(s,y)|
—r<s<0 0<s<T

(5) <z —yll+ sup [X(s,z)— X(s,9)]
0<s<T
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Then from equation (2), remark 3.1 and formula (5) we obtain

|X(t,2) = X (&, y)| < w[|Xi(2) = Xe(y)l] + |2 (0) =y (0)] + & [lz - y]]

d t
3| [ s Xul) - A, X ) 0B
=0 {"
LT
7,5=1 0

Q=1
thus
(1-r) sup |X (o) — X (t,)] < (26 +1) [z — ]
0<t<T
d t
3 sup | [ (Ao, X.()) = Ao, X, ()] dB}
TgO<t<T
d t
3 swp / [ 5(5, Xo(2)) — Auj(s, Xo())] d (B, BY),
(G10StsT

We use the inequality

n p n
(zaz») <3 ol
=1 =1

and we take the G-expectation of both sides, we can write

(1_“)17 P p P
2 E (s 1X () = X (60)) < rr 1) -yl
4 0<t<T

+Z1E(Sup /Az(&Xs(l“))—AZ(&Xs(y)))dBi )
0

0<t<T

d t ’
tE ( sup | [ (s X(0) = Ais(s, X (o)) d B B, )

R 0<t<T
1,7=1
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where Cy = (al2 +d+ 2)p. We apply the Holder’s inequality, G-BDG inequalities
then hypothesis (H1), we get

(1—r)? P
TE (02251ET | X (t,z) — X(t,y)] )

T
<@+ 1P|z —y|” + C’5/]E < sup |X(s,z) — X(s,y)|p> ds,
A 0<t<T

where Cy5 = (Tp—1 +dK,TE 1+ deng_l) C?. Hence, by setting
w@) = sup 1X(5.0) = X))

0<s<t

yields
T

u(T) < (1?‘;),) 2k +1)P ||:C—y||p+C5/u(s)ds
0

By applying Gronwall’s inequality we infer that
u(T) < Collz —yll”,

where

C 2H+1p C4Cs

On the other hand, by the inequality (5), we have

X (2) = Xa(m)]I” < 27 (le —ylI" + sup [X(u,2)— X(u, y)|p> ,
0<u<T

consequently
]E( sup || X; () —Xt(y)llp) < (e —yl” +u(D)
0<t<T
< Liflz =yl
where Ly = 2P (1 + Cg). The proof is complete. O

Proposition 4.4. For all p > 2, we have

E(mmHEM)SLm
0<t<T

where Lo is a positive constant.
Proof. First, observe that

IYill, < sup [V (u)l,
—r<u<T
< sup |Y (u)|,.+ sup [Y (u)l,
—r<u<0 0<u<T
(6) < 1+ sup Y (u)],

0<u<T
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From the equation (3), we have

d t
Y @), < 1Q (X0, 1Vall, +1+1Q ()], + > /A Y.)dB!
=0
d |t '
s | [ase o),
i,3=1|"%

T

H<1+ sup |Y (u )|>+1+K+Z/ (Ys)dB!

0<u<T
T

+Z /A (Y.)d(B',B%) | |

4,5=1 .
thus
(1—k) sup |Y(u)|T§1+2/~€—|— sup /A (s, X,) (Yy)dB!
0<u<T JO<t<T
¢
sup / s) (Ys)d <Bi7 Bj>
i 10<t<T s
It follows that
1— p
(Gt sup Y (w)]? < (1+2kr)" + sup /A s, Xs) dBl
Cy  o<u<t J0<t<T
J t
+) sup /A;j(s,Xs)(Ys)d<Bl,Bﬂ>,
To10St<T ’ s

s T

Taking the G-expectation of the inequality above and using lemma 4.2, we can
write

T

B (s [V ) < O | 04207+ G0 [BQY.I) a8
0<u<T (1-+) 0
. T
< | (1426 +CT + &/E ( sup [V (u)|f> ds |
(1-r) 0 fsuss
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where C7 = (TP~ + dKT% ' + d? K,TP~ 1) (2C1)” . Consequently, by Gronwall’s
inequality

™ E( sup |Y<t>|’:> < Gy
0<t<T
where
Ci((1+20) +CoT) euce

Cs =

(1-r)”
We deduce from the inequalities (6) and (7), that

sup [|Y||? < 27 (” sup Y(u>lf>’

0<u<lT <u<T

we take the G-expectation and set Ly = 2P (Cs + 1), the result follows. O

Lemma 4.5. We assume that hypotheses (H1) and (H3) hold. Let x,h €
BC ([-r,0];R) and let the processes

X (t,z+h) — X(t,z) - Y (t) (h)

Z() = Tl ’
6= 17 QUL X: (o)~ Q1.X: () — @' (1., () () ()
and
€ = o (R X (a4 1) = RO, X ()~ R (0.5 (2) () (1)

for R=A;,A;j,1€0,d and i,j € 1,d. Then we have for all £ > 0,
(i):
h
E( sup |£u|2) 32,{2]]?4( sup |Z(u)| ) +eL, + 2URl) (|| ||)

0<u<t 0<u<t
(ii):

B (s [60") <2038 (sup 120007 + 20+ T,

0<u<t 0<u<t

where ® is a positive function independent of € such that lifgq) (t) =0.
t

Proof. For clarity we put the following:

X (t)=X(t,z+h) and Z(t) = X ()~ X|(|t})L||_ Y (t)(h)
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(i): Since Z (u) = 0 for each u € [—r,0], then

| %=X —viml| = nl suwp 12 (+0)
< 1o (_swp_ 1z
< (_sw 1zl s 12 0])
—r<u<0 0<u<t
<

< |2l sup |Z (u)].
0<u<t

By the finite-increments theorem, we have for some 7 € (0, 1),
QX)) —Q (ﬁ)?t) =qQ (t;Xt +7 ()?t - Xt)) ()?t - Xt) )
it follows from hypotheses (H1) and (H3), that
Al €] = ‘Q/ (ta X +7 (Xt - Xt)) (Xt - Xt) - Q' (t, Xy) (Y, (h))‘
< ’Ql (t,Xt +7 <)~(t - Xt)) <)~(t XY (h))
+((@ (8 X+ 7 (%- X)) - @ (1. X0) (%)) )|
<k H)?t -X; =Y (h)H

@ (8 X+ (%- X)) - Q' (. X0)

1Yzll,
T

<vampwm|
0<u<t

"y m,).

by using the inequality (a + b)"® < 27 (g™ + b"™), we have

+C, HX} - X, (1 + | X" + HX26 +7 (f(t - Xt)

& < sup |Z (u)]+
0<u<t

~ ~ no
Co | &= x| (1+ @™ 4 DX + 2 | K - x| ) vl

then, we can write

&” < 26 sup |Z ()|’
0<u<t

~ no 2 9
Xo-x| 7))

®  +2(Co]| %= xif (1 @i 42
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We use the inequality 2ab < a® + ébz, we obtain

X, — X,

~ no 2
2 (Co | X = x| (14 @ + 1) x4+ 2 ) vl

< % (02 H)?t - XtH (1 + (270 + 1) || X + 20 X; — X, n0>)4
+el|Ye
© < T80 |
where
(10) Tt h) = (305" [ %, —XtH4

x (1 + (2" + DX 4 2% || X, — X,

47’Lo>

by combination of the inequalities (8), (9) and (10), we get

J(u, h
(11) sup |§u|2 < 2k% sup 7(% )
0<u< €

|Z (w)]> + ¢ sup ||Yu||:1 + sup
0<u<t 0<u<t 0

¢ <u<t

On the other hand, by G-Holder’s inequality, we can write

)

E [J(u, h)] < (3C»)* %@ (Hi’u - X,

4 4n > ano\ ?
) JE (14 (2r0 + 1)1 1 X, |10 + 240 || X, — X,
4 ~ 8
< 3(3Cs) IE(HXU—Xu )
n 8 8no 8n Y 8o
XA JE 14 (270 +1)7 || Xyl 4280 || X, — X,

It was proved in [5] that there exists a positive constant Cy such that
B s IXOF) <0
—r<t<T
for each p > 2. It follows that by proposition 4.3,
(12) E( sup J(u, h)) < O(||R|)
0<u<t

where

®(||1]) == 3(3C%)" /Ly ||All* \/1 + (270 + 1)° Co + (2Bl Ly
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by applying the G-expectation of both sides of the inequality (11), using the
inequality (12) and proposition 4.4, we obtain

h
E( sup |§u2> SQ,#E( sup |Z (u)| )+ Lo+ (H )
O<ust 0<u<t
Similarly, by the same arguments we prove (ii). The proof is complete. O

Now, we are able to state the main theorem.

Theorem 4.6. Under the hypotheses (H1)-(H3), the solution X (t) of the
G-NSDE (2) is differentiable with respect to x and the derivative is Y (t), g.s.

Proof. We adopt the same notations used in the previous proof. From the
equations (2) and (3), we can write

|Z(t)|§€t+Q(t’w+h)Q|(|hH) @) +Z /SAldBl

+Z /gAwd<Bl BY).
4,5=1

It follows that

Z(1)]” < 216 5 (1Q(tz+h) = Qt,x) — Q' (t,2) (h)]

thl

+Z /fAldBl + Z /5 wid (B, B7)

3,7=1

2

Taking the G-expectation of the above inequality then applying Holder’s in-
equality, G-BDG inequalities, yields

= (i, 70r) <28 g )
QUtyx +h) — QM) — @ (1,2) () +T7E (

+C
v 1)

sup |§f°|2> ds

0<u<s
) ds |,

+K12/ (Sup |§Al >ds+TKQZ/ (Sup |§A11

z]l
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where Cg = 2 (d2 +d+ 2)2. Therefore by lemma 4.5, we obtain
O(||h
E < sup |Z(U)|2> < 4k’E ( sup Z(u)|2) +2 <5L2 + (|€”)>

0<u<T 0<u<T

+QOCme+hwwﬁZp—Q%awum

T
+ (T + dK; + d*K>T) / (2&2E < sup Z(u)|2> +eLls + (I)(:”)) ds) ,
0<u<s
g <ug

thus

@_@ﬂE(SW Zwm)<cw@ww+m—Qm@—Q%WMWW

0<u<T 112

O(||h
+(2+C'10T (T+dK1 +d2K2T)) <€L2+(||E”)>

t
+CH/E<mm|anﬂda
0 0<u<s

where C11 = 2 (T +dK7 + d2K2T) %2C10, which implies that for each € > 0,
1
E( s Zw)?) < ——
<0§32T| (w)] ) S

’ 2
X<QJwa+m—%g§wwawmh|+

Ac (h)

T
—|—C’11/E< sup |Z(u)|2> ds |,
o 0<u<s

where A, (h) = (2+ C1oT (T + dK; + d*TK3)) (ELQ + M) It follows by
Gronwall’s lemma,

(13) E(Sw MWW)Sf@ﬁ%
0<u<T
where
1
feh)=1—¢a
X(Qﬂwa+m—Qﬁﬁ—QﬁmﬂMW+Aam>ﬁﬁ
_ Cn
Y

T1—4k2’
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Since

~T
lim f (e, h) = 211°

760 = P (4l (1 s+ 1))

and

lim ( lim f (e, h)) =0,

=0 \ || >0
then, by the inequality (13)
lim E( sup |Z(@)]?) = lim <lim s,h):O,
llR]|—0 <0§u2T (W) ) llR]|—0 Eﬁof( )
which implies that
X(t,z) — X(t,x + h)

lim =Y(t,x .s. for each t € [0,T],
IAll=0 17l (o) 0.7]
this completes the proof. O

5. Application

In this section, we give two examples, the first is an application of theorem
4.6. The second shows the link between our result and that of Bougherra et al.
3].

Example 5.1. In this example we consider only one-dimensional case.
Since the explicit solutions of neutral equations are generally cannot be ob-
tained, we first choose the term neutral QQ and a process X (t) which is sup-
posed to be the solution of the G-NSDE, then we give the G-SDE satisfied by
X (t) — Q(t, Xy), which allows us to find the coefficients of dt, dB, and d (B),.
For example, we set
2 (0) (1 + sin By)

8 )
where x € BC ([-r,0];R) and (B;) is a G-Brownian motion. Note that Q
satisfies the hypotheses (H1)-(H3) and Q' (t,z) = W. Then we have
X (t)(1+sinB
X(0)-Q(tx) = x(p- OB
X (t) (7T —sin By)

3 .

X (#)=2(0)+sinB; and Q(t,x) =

By the G-Ito6 formula,
1
dX (t) = cos BydB; — 3 sin Byd (B),

and
d ((7 — sin By)

1 1 .
3 ) = —g (COS BtdBt - 5 S111 Btd <B>t) :
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Thanks to G-integration by part formula, we have

d(X () - QX)) =X (t)d (Wﬁ) + (W_S;Bt)) dx (t)

+dX (t)d ((7 - Sgin Bt))

- é (—X (t) + (7_2th)> (cos B,dB, — %sm B,d (B)t)

1
~3 cos® B,d (B),

-1 K_X ) + (7_2“30) coth} dB,

171 7—sinB
—é |:2 Sin Bt <—X (t) + %
This means that X (t) is the solution of the following G-NSDE

(14) { d(X(t)-Q(t,Xy) = A}((Ot,:X;) dB; + Az (t,X;) d(B),,

> + cos? Bt} d(B),

where .
A (t,x) = é |:COS B, (—x (0) + W_ngBt)>}
and
Ay () = 1 {1 sin By (—x (0) + (7_8th)) + cos? Bt] .
82 8
Since

Al (t,z) = —gcos By and A (t,x) = %sin By,

then Ay and A, satisfy conditions (H1)-(H3). It follows that X (t) is the unique
solution of the G-NSDE (14). Then by applying theorem 4.6, the derivative
Y (t) of X (t) is the unique solution of the following G-NSDE

{ d(Y (1) — Q' (t, Xy) (Y2)) = A (t, Xy) (Y2) dBy
(15) A (t, X¢) (Y1) d(B),,

Yy =1Id
Since

Y (t) (1 +sin By)
8

cos By,

Q (1.X0) (1) = A (X)) = -

and

A/2 (t, Xt) (}/t) = sin Bt,

Y (¢)
16
then the explicit expression of equation (15) is,
q (X)) — YW cos BB, + YL sin Bud (B),
Yy = Id
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It is easy to check that the derivative Y (t) = ¢ of X (t) is the trivial unique
solution of (15).

Example 5.2. Consider the following G-SDE:

4X(1) = 3 f(X (0)dBL+ > 005(X (1)d (BT, B,
(16) 1=0 i,j=1
X0)=zeR"

where BY =t and the functions f;, o R R" [ € 0,d and i,j € 1,d are
differentiable with respect to x € R™, satisfy the following hypotheses:

For H = f;,0;; and for all x,y € R":

(H1):
- |H' (z)] < C1,
(H2):

[H (0)] < o0,
(H3):

H € Cl)lip(Rn),
where H' (z) denote the derivatives with respect to x (Jacobian matrices). Now,
consider the functions A;, A; ;j : BC ([—r,0];R") — R"™ defined as follows:

A (z) = fi(z(0)) = fi(¢(2)) and A;; (z) = 015 (2(0)) = 01,5 (¢ (2)) -
It easy to check that the functions A;, A;; are differentiable and satisfy hy-
potheses (H1)-(H3). Then the following G-NSDE, with neutral term @ := 0,

d
dzZ(t) =

d o
(17) Ai(Z)dBi + Y Aij(Z)d (B, B7),,
l Z

0 i,j=1

Zy =z € BC ([-r,0];R")
admits a unique solution. Therefore, the equation (16) admits a unique solution
X (t,x) :=Z(t,p(x)),
where p(xz) € BC ([-r,0];R™) defined by p(x)(0) = = for each 6 € [—r,0].
The derivatives are given by
AE(Z) = fll (¢(2))o¢ and A;](Z) = U;,j (¢(2)) 0 o

Hence, by theorem 4.6, the solution of equation (17) is differentiable with re-
spect to z and the derivative is the following G-SDE

V(1) = 3 AY(Z0) (Vi) dBL+ > AL (Z) (Vi) d (B, B,
as) 2 A t

i,j=1
V(0)=¢
It follows that X (t, x) is differentiable with respect to x € R™ and the derivative
is

Y (t2) =V (t,p(a))op
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On the other hand, we have
Y (0,2) = ¢ o p(x) = I the identity on R",

which shows that the solution of equation (16) is differentiable and the deriv-
ative is the unique solution of the following equation

aY (t,z) = ; J (X () (¥ (t,2)) dB]

(19) 4, -
+ 3 0l (X () (¥ (1,0))d (B BY),.
7 Y (0,2) =1

Finally, owing to the fact that f] (X (t,z)) and o] ; (X (t,z)) are matrices pro-
cesses, then Y (t,z) must be a matrix-valued stochastic processes. Thus the
G-SDE (19) is a matrix-valued stochastic differential equation. Indeed, this
is one of the main results which obtained by Bougherra et al., under different
hypotheses.
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