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FORBIDDEN THETA GRAPH, BOUNDED SPECTRAL
RADIUS AND SIZE OF NON-BIPARTITE GRAPHS

SHUCHAO L1, WANTING SUN, AND WEI WEI

ABSTRACT. Zhai and Lin recently proved that if G is an n-vertex con-
nected 6(1,2,r + 1)-free graph, then for odd r and n > 107, or for even r
and n > 7r, one has p(G) < L"Tfj, and equality holds if and only if G
is Kf%LL%J‘ In this paper, for large enough n, we prove a sharp upper
bound for the spectral radius in an n-vertex H-free non-bipartite graph,
where H is 6(1,2,3) or 6(1,2,4), and we characterize all the extremal
graphs. Furthermore, for n > 137, we determine the maximum number
of edges in an n-vertex (1, 2, 4)-free non-bipartite graph and characterize
the unique extremal graph.

1. Introduction

We start by introducing the background information which will derive our
main results. Our main results and some preliminaries will also be given in this
section.

1.1. Background

In this paper, we consider only simple, undirected and finite graphs. Let
G = (V(G),E(G)) be a graph, where V(G) is its vertex set and E(G) is its
edge set. The order of G is the number |G| (or |V(G)|) of its vertices and
its size is the number |E(G)| of its edges. Denote by P,,Cy, K, and K;,_,
the path, the cycle, the complete graph and the complete bipartite graph on
n vertices, respectively. The theta graph (i, j, k) is formed by connecting two
distinct vertices with three independent paths of lengths 4, j and k, respectively
(length refers to the number of edges). Unless otherwise stated, we follow the
traditional notation and terminology; see [3].

Let F be a given graph. We say a graph G is F-free if it does not contain F’
as a subgraph. That is to say, F'is forbidden in the graph G. The Turdn number
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of F, written by ex(n, F'), is the maximum size of an n-vertex F-free graph.
Mantel and Turan determined this function exactly when F' = K,.;. The
research for the Turdn numbers attracts much attention, and it has become to
be one of the most attractive fundamental problems in extremal graph theory
(see [15,31] for surveys).

The Erdés-Stone-Simonovits theorem [11,12] gives us the asymptotic be-
haviour of ex(n, F') whenever x(F) > 3, here x(F') is the chromatic number of
F. Since then one is interested in considering the Turan problem when F' is bi-
partite. Let O be the graph obtained by connecting two distinct vertices by ¢
independent paths of length ¢. Faudree and Simonovits [13] and Bukh and Tait
[7] displayed the asymptotic behaviour of ex(n, © ;). Further on Verstraéte and
Williford [34] gave a lower bound of order n°/% on the greatest number of edges
of any n-vertex ©4 3-free graph. Even so it is challenging and interesting to
determine the exact values of ex(n, F').

Let A(G) be the adjacency matrix of a graph G. The largest modulus of
all eigenvalues of A(G) is called the spectral radius of G and denoted by A(G).
In 2010, Nikiforov [30] proposed a spectral analogue of Turén type problem:
what is the maximal spectral radius of an F-free graph on n vertices? This
is also called the Brualdi-Solheid-Turdn type problem. This problem attracts
more and more researchers’ attention. For example, one may see F & K,
[6,26,27,35], F = K, [2,27,29,41], F = Pk,Uf:I P, or Ule K1 4, [8,9,30],
and F = Cy,Cg or Copyq [27,30,39,42]. For more information, we refer the
reader to [1,10,20,22-24,31,33]. Motivated by these works, the other purpose
of ours is to study the spectral Turdn type problem.

We pay attention to one mathematical phenomenon: In some Turan type
problems the corresponding extremal graphs are certain bipartite graphs; see
Mantel Theorem [25], Zhai, Fang, and Shu [38], and Fiiredi and Gunderoson
[14], whereas in some spectral Turdn type problems the corresponding extremal
graphs are also bipartite graphs; see Nikiforov [28], Nosal [32], and Zhai and Lin
[40]. Based on these observations, we consider both the Turdn type problem
and the spectral Turdn type problem among non-bipartite graphs in this pa-
per. Notice that there are only specific families of non-bipartite graphs whose
extremal graphs are known; see [4,5,16-18,21,23].

In this paper, we determine the exact value of Turdan number of 6(1,2,4)
whose host graph is non-bipartite. We also consider the Brualdi-Solheid-Turan
type problem on 60(1,2,3)-free/6(1,2,4)-free non-bipartite graphs with fixed
order.

1.2. Main results

Our first two main results determine the unique graph having the maximum
spectral radius among 6(1,2,3)-free and 6(1,2,4)-free non-bipartite graphs,
respectively. Let SK,; denote the graph obtained from K, ; by subdividing
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an edge, and let K, ; @ K3 be the graph obtained by identifying an edge of K,
with an edge of Kj3; see Figure 1.

U1 U1
U2 V2
Ugq (%3
SKa,b Ka,b © KB
U1 U1
U2 V2
Ug Up

Ka,b *9(17 27 2)

FIGURE 1. The graphs SK,p, Kop ® K3, Ko 0 K3 and K, % 0(1,2,2).

Theorem 1.1. Let G be a mon-bipartite graph with order n > 20. If G is
0(1,2,3)-free, then

MG) S MEK[2zaq 221))-
Equality holds if and only if G = SKrnT_lHnT_lJ.

Theorem 1.2. Let G be a non-bipartite graph with order n > 21. If G is
0(1,2,4)-free, then
MG) S MK puzay ngry @ Ks).
Equality holds if and only if G = K(%H%J o K3.
For convenience, let

exXnp(n, H) = max{|F(G)| : G is an H-free non-bipartite graph with order n}.

Bataineh, Jaradat and Al-Shboul [5] obtained ex,;(n,0(1,2,3)) = L%J +1
for n > 9 (see Lemma 1.10 below). Motivated by this result, our next result
determines the exact value of ex,(n,0(1,2,4)) for n > 137.
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Theorem 1.3. Let n > 137 be an integer. Then

exup(n,0(1,2,4)) = LWJ +2.

The only extremal graph is KrnT_lHnT_lJ o Ks.

The remainder of this paper is organized as follows. In the rest of this
section, we give some preliminary results, which will be used in the subsequent
sections. In Section 2, we give the proof of Theorem 1.1. In Section 3, we
present the proofs of Theorems 1.2 and 1.3. Some concluding remarks are
given in the last section.

1.3. Preliminaries

In this subsection, we describe some known results, which play an important
role in the subsequent sections.

Lemma 1.4 ([3]). Let G be a connected graph and let H be a proper subgraph
of G. Then A(H) < A(G).

Let G be a connected graph on n vertices. Then A(G) is irreducible and
nonnegative. From the Perron-Frobenius Theorem, we know that A(G) is the
largest eigenvalue of A(G) and there exists a unique positive unit eigenvector
x 1= (x1,...,7,)T of A(G) corresponding to A(G). We call x the Perron vector
of G. It will be convenient to associate a labeling of vertices of G (with respect
to x) in which z, is a label of the vertex v.

The set of neighbors of a vertex w is denoted by Ng(u). Let Nglu] =
Ng(u) U {u}. The degree dg(u) of a vertex u (in G) is the cardinality of
Ng(u). It U C V(G), then we write G[U] to denote the induced subgraph of
G with vertex set U. An induced subgraph of G obtained by deleting a set of
vertices V' C V(G) is denoted by G — V’. Similarly, G — E’ designates the
deletion of a subset of edges E’. By G + e we denote a graph obtained from G
by inserting a single edge.

Lemma 1.5 ([36]). Let G be a connected graph and let x be the Perron vector
of G. Assume that u and v are two distinct vertices of G with x, > x, and
{vi :1<i<s} CNg)\Nglu]. If G =G —{vv; : 1 <i<s}+{uw: 1<
i < s}, then AM(G') > A(G).

Let H be a real square matrix, whose columns and rows are indexed by
U=1{1,2,...,n}. Assume that 7 := Uy UUsU- - -UU, is a partition of U. Then
H can be partitioned based on 7 as follows.

Hyy -+ Hy
Hyo -+ Hy

where H;; denotes the submatrix of H, indexed by the rows and columns of U;
and Uj, respectively. Let m;; be the average row sum of H;; for 1 < 4,5 < t.
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Usually, the matrix H™ = (m;;) is called the quotient matriz of H. Moreover,
if the row sum of H;; is constant for 1 < 4,5 < t, then we call 7 an equitable
partition.
Lemma 1.6 ([37]). Let H be a real square matriz with an equitable partition
w, and let H™ be the corresponding quotient matriz. Then every eigenvalue of
HT™ is an eigenvalue of H. In addition, if H = A(G) for some graph G, then
the spectral radius of G is equal to the largest eigenvalue of H™.

Denote by K, o K3 the graph obtained by identifying a vertex of K,
belonging to the part of size b and a vertex of Kj3; see Figure 1.
Lemma 1.7 ([40]). Let a+b =n—-2 and a > b > 2. If n > 10, then
AMKgpo K3) < )‘(Kf"T’QH”T’QJ o K3) with equality if and only if K,p 0 K3 =
Kinz2y, az2) 0 K.
Lemma 1.8 ([23]). Let G be a Cs-free non-bipartite graph with order n. Then
AMG) < /\(SKWTAH%J) with equality if and only if G = SKpa_1q a1

Lemma 1.9 ([40]). Let G be a 0(1,2,r + 1)-free graph with order n. Then

AMG) <4/ \_%QJ forn > 107 if r is odd and n > Tr if r is even. Equality holds

Lemma 1.10 ([5]). Let n > 9 be an integer. Then expp(n,0(1,2,3)) =
(n—1)*

|5+ 1

2. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1, which characterizes the
unique graph having the maximum spectral radius among 6(1, 2, 3)-free non-
bipartite graphs of given order. Before giving the proof, we need the following
key lemma.

Let K, % 0(1,2,2) be the last graph depicted in Figure 1. Clearly, K, ; *
6(1,2,2) can be obtained from K,; by replacing one edge with 6(1,2,2). In
the following lemma, we adopt the labels for vertices in Figure 1.

Lemma 2.1. Forn > 20, we have

ME g2y 252) *0(1,2,2) < A(Kpag2y ng2y 0 K3) <ASKpazagaca)).
Proof. Firstly, we prove MK[%H"T”J *60(1,2,2)) < MK[%H%J o K3).
Clearly, m1 == {wy, wa} U{u1 }U{vi}U{ve, ..., 0 n2 JU{u, ... ,u(nT_z]} is an

2

L
equitable partition of A(K(ananszJ % 6(1,2,2)). Hence the quotient matrix

corresponding to 7, can be written as follows.

1 11 0 0
2.0 0 [2]-2 0
A(K[anzw’LanzJ*e(LQJ))”l: 2 00 0 [%-‘*2
010 0 2] -2
00 1 [2]-2 0
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Therefore, the characteristic polynomial of A(K(ananszJ *0(1,2,2))™ is

f( ) { 2557(547(%2*71r+4)1173+(%2*TL)ZEz‘F(%*87L+]2)(L‘7¥+10n*207 if n is even;
)=

20— 2t — (”2%15 —n)zd + (“ZT’I —n)z? + (5"247+43 —8n)x — 5”%75 + 10n, if n is odd.

Similarly, one may see that mo := {wq, wa }U{v1}U{u1}U{us,... ,u(%w}u
{vg,...,anT_zJ} is an equitable partition of A(KVTQ]VL”T_QJ o K3). Then the
corresponding quotient matrix can be given as

110 0 0
20 1 [2]-2 0

A(Kfaz2ya2joKg)™ = 0 1 00 |5]-2
01 0 0 I_%J_Q
00 1 [2]-2 0

Consequently, the characteristic polynomial of A(K [n=2] |n-2) 0 K3)™ is

5

x57z47(% 7n+3)x3+(% 7n+1)172+(§73n+4)1’, if n is even;
g(a) =
x

-zt - (”i%“ —n)a® + 327 + (# —3n)z, if n is odd.
In view of Lemma 1.6, one obtains that )\(K[nTaHanzJ * 6(1,2,2)) and

MK[%H’%?J o K3) equal the largest roots of f(z) = 0 and g(x) = 0,
respectively. Together with Lemmas 1.4 and 1.9, we know that the largest

root f(z) = 0 (resp. g(x) = 0) lie in the interval <\/ L@J, \/@) (resp.
=)

By some calculations, we find that

—x3—m2+(%—5n+8)$—%—1—1071—20, if n is even;

f(z)—g(x) = {

-3 — 2% + (‘3"27*33 —5n)x — 5@%75 + 10n, if n is odd.

By using Mathematica 9.0, we get

min{f(a:)—g(a:):\ﬂ(n;:&yj <x<y/[%2 ,n220}>0.

It follows that the largest root of f(x) = 0 is less than that of g(x) = 0. That
is, )‘(KT"T_QH"T_QJ *0(1,2,2)) < )\(K(WT_QHHT_QJ o K3), as desired.

Next, we show /\(K["T’QH"T’QJ o K3) < )\(SKWTAHTLTAJ). Clearly, 73 :=
{ur }U{w}U{v }U{us,... ,u(anl]}U {va,..., UL%J} is an equitable partition
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of A(SK EAREEY ). Hence the corresponding quotient matrix is

010 0 |22 -1
1 0 1 0 0
T3 __ n—17 _
A(SKngiy 22 ) = 01 0 [57]—-1 0
00 1 0 |25t -1
100 [21]-1 0

Therefore, we obtain the characteristic polynomial of A(SK SRy )™3 as

1 1 5 , if n is even;

25 n2—2n+4$3 + 3n2—14n+12x _ n?-6n+8
h(z) =

2 2 2 . .
gf — m=2nah sy Sn—lintld,y  n=0ntd - if gy g odd.

Combining with Lemma 1.6, one has that A(SK[%]7LL;1J) is equal to the
largest root of h(z) = 0.
By some calculations, we see that

2 2 2 . .
{ —pt 4 oyt g nandd g2 noancd g o0 SOnd8 L if s even,

— 2_ 2_ 5 2_ . .
gt g nSyB g nAndd 2 niodndby g =6t if gy jg odd.

g(x) — h(z) =

Applying Mathematica 9.0 again yields

min{g(z)h(x) ! L@J <z <y L%Qj, n}QO} > 0.

It follows that the largest root of g(x) = 0 is less than that of h(z) = 0, which
implieS )\(Kl—nT%-lenT%J o K3) < )\(SKIVnTil‘MLnTilJ)’ as deSired. |:|

For a given graph G, let S and T be subgraphs and/or vertex subsets of G.
Define Eg(S,T) to be the set of edges with one endpoint in S and the other
in T. Then denote e(S,T) := |Eg(S,T)|. In particular, Eg(S,S) and (S, S)
are simplified by E¢(S) and e(S), respectively. Furthermore, if ' = {v}, then
denote dg(v) := e(S, {v}).

For k > 2, we use N&(u) to denote the set of vertices at distance k from u.
Let W be a subgraph or a vertex subset of G. Then denote by Ng(W) the set
of neighbors of vertices in W. In the whole context, when there is no scope for
ambiguity, we always suppress the graph name from our notation.

Now, we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let G* be a 60(1, 2, 3)-free non-bipartite graph of order
n having the maximum spectral radius. For convenience, denote A* = A(G*).
It is routine to check that SK["T“H%J is a 6(1, 2, 3)-free non-bipartite graph
with order n. Together with the choice of G* and Lemma 2.1, we get that

AT 2 MSK g1y 251 ) > MK ap2y ns2 ) 0 Ks)

(2.1) > A(K(nz2) n2)) = V”Q)QJ

4
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If G* is Cs-free, then by Lemma 1.8 one has A* < )\(SK"anlLLanlj) with
equality if and only if G = SK’—wé;l-"LnT—lJ, as desired.

So, in what follows, we just consider the case that C3 is a subgraph of G*. In
view of Lemma 1.4 and the choice of G*, we know that G* is connected. Let x
be the Perron vector of G* and u* be a vertex of G* such that x,+» = max{x, :
v € V(G*)}. Recall that G* is 0(1,2,3)-free. Then G*[N(u*)] is Py-free. It
follows that each component of G*[N(u*)] is in U?:o T;, where

(i) To consists of all trivial components;
(ii) T3 is the disjoint union of Ps;

(iii) T4 is the disjoint union of stars with order at least three;

(iv) T3 is the disjoint union of Kj.

Denote Uy = N(Tp)NN2(u*) and U(T) = N(T)NN?(u*) for each nontrivial
subgraph T of G*[N(u*)]. Applying the fact that G* is 0(1, 2, 3)-free again, we
obtain the following claim.

Claim 2.2. The following items hold:
(i) UT)NU(T;) =0 for0<i<j<3;
i) U(TE) N U(Tl) 0 for any two components T} and T? in Ty;
) e(v, N(u*)) =1 for any vertex v € U(T2) UU(T3);
) ezther |N(v1) N N(vg) N N(u*)| =0, or [(N(v1) UN(v2)) N N(u*)| =1
holds for each edge vive € E(N?(u*)).

Based on (2.1), one has

—92)2
{(n ) J Tur < NPy = Y al?.z,

(i
(iii

(iv

4
veV(G)
= d(u*)xu* + Z d Iv Z dN(u") ZZ:w
veEN (u*)\V(To) wEN?2(u*)
(2:2) < (IN@")] +2e(N (")) + e(N (u"), N*(u"))) e,
where aw* denotes the number of walks of length 2 from v to the vertex u*

Let y(u*) = |N(u*)| + 2e(N(u*)) + e(N(u*), N?(u*)). Then (2.2) gives

(2.3) y(u*) > V”T)QJ ,Le., y(ut) > V”;”QJ Tl

Denote the number of components of T by c. Notice that |T1| = 2e(Th),
|T2| = e(T) + ¢, and |T3| = e(T5). Hence
T

(2.4) e(N(u)) = =

+ [T — ¢+ T3]

Based on Claim 2.2, one has
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(2.5) < |To||Uol + 2|U(T0)[ + [U(T2)| + U (T5)]-

Furthermore,

3
(26) S (T +UT)]) < n 1 and so [Tl + [T5] < n— 1~ [To] Ui,
=0

Together with (2.4)-(2.6), we obtain that
Y(u*) = IN(u)| + 2e(N(u*)) + e(N(u®), N*(u"))
< N (u)| + [Ti] + 2[T2] — 2¢ + 2[T5] + [ To|Uo|
+2[U(T)[ + [U(T2)] + |U(T3)]

< 2(n —1) + |To| + T3] — 2¢ + (|To| — 2)|Uo| — |To| — |U(T2)| — |U(T3)|
< 3(n—1) = 2c+ (|To] = 3)|Uo| — 2|To| — |U(T2)| — |U(T3)]
< 3(n —1) + (|To| = 3)|Uo| — 2|To|
<3(n—1)+ (|To] = 3)(|Us] —2) — 6
T _ 2
Together with (2.3) we obtain
T —5)2 —2)2
4 4
—-2)2-1
> % ~3n+10
(n—8)2—21
N 4
(n—9)?
4 b

and the last inequality follows by n > 20. Thus, n — 3 < |Tp| + |Up| < n — 1.

In what follows, we proceed by considering the following three cases with
respect to the value of |Tp| + |Up|-

Case 1. |Ty| + |Up] = n — 1. In this case, V(Tp) = N(u*). Since G* is
non-bipartite, one has e(Up) > 1. Recall that z,~ = max{z, : v € V(G*)}.
Hence |Tp| > 2. We distinguish the proof into the following two subcases.

Subcase 1.1. e(Uy) = 1. Note that G* contains C5 as a subgraph. Then
the two vertices of the unique edge in E(Up) have a common neighbor in Tj.
Together with Lemma 1.4 and Claim 2.2(iv), we get G* = K, ;, o K3 for some
positive integers a and b. Notice that a,b > 2. Otherwise, we can add an edge
between two pendant vertices of G* to get a 6(1,2, 3)-free non-bipartite graph
with larger spectral radius, a contradiction. It follows from Lemma 1.7 that
G* = Krn;z] LL—2JOK3. In view of Lemma 2.1, one has \* < )\(SK[LW LL—IJ),

2 ? 2 2 ’ 2
which contradicts the choice of G*.
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Subcase 1.2. ¢(Up) > 2. Firstly, we consider the case that G*[N?(u*)]
contains a triangle C3 = wiwowswi. Then based on Claim 2.2(iv), one has

(2.7) v(u") < |To|+[To|+1+[To|(|Uo| =3) = To|(|Uo|=1)+1 < {(”;2)? +1.

Together with (2.3), one has y(u*) = L(”_f)QJ + 1, that is to say, all equalities
in (2.7) hold. Then we have

(1) there exist two vertices w; and w; in C3 which are adjacent to exactly
one common vertex, say w, in Tp;
(i1) wy (I #14,7) is adjacent to all vertices in V(Tp) \ {w};
(iii) each vertex in Up \ {w1, we, ws} is adjacent to all vertices in Top;
(iv) one of [Tp| and |Up| — 1 equals [252], the other is [252].
Thus, G* = KF"T’?H"T’ZJ *6(1,2,2). By Lemma 2.1 and the choice of G*, we
get a contradiction.
Next, we assume G*[N?(u*)] is triangle-free. Notice that G* contains C3 as
a subgraph. Hence there exists an edge, say wv, in E(Up) such that v and v
have a common neighbor in Tj. Suppose that there is an edge in F(Uy) which
is incident to neither u nor v. Together with Claim 2.2(iv), we obtain

(n—3)?
4

) < [Tol + 2+ 7ol + [Tl - 4) = [Tl(0] -2+ 2 < | 520 42
which contradicts (2.3). Hence each edge in E(Up) is incident to u or v. Let
wu be an arbitrary edge of E(Up), where w # v. Then w has at most |Tp| — 1
neighbors in Tp. It follows that

(2.8) v(u*) < |Tol + 2 + |To|(|Us] — 2) — (e(Up) — 1)
= |To[(|Uo| — 1) — e(Uo) + 3
(2.9) < V”;Q)ZJ +1.

Together with (2.3), one has y(u*) = L%J +1. Thus, equalities in (2.8) and
(2.9) hold. By a similar discussion as that of (2.7), we get that G* is a graph
obtained from Kin_2q | n2) x0(1,2,2) by deleting an edge. Together with Lem-
mas 1.4 and 2.1, we get \* < A(Kf%]v\_%J *9(1,2,2)) < )\(SK[nT—l-‘,LnT—IJ),
a contradiction.

Case 2. |Ty| + |Up| = n — 2. In this case, V(Tp) = N(u*) and |N3(u*)| = 1.
Since G* is non-bipartite, one has e(Uy) > 1. Let uv be an edge of G*[Up]. In
view of Claim 2.2(iv), one has e({u, v}, Tp) < |Tp|. Hence

« n—2)32
() < 1T + 1] + [Tl - 2) = Tl o] < |52

which contradicts (2.3).
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Case 3. |Tp|+|Up| = n—3. In this case, either |T1| = 2 or |[V(G*)\ (N[u*]U
N2(u*))| = 2 holds. We claim that e(Uy) = 0. In fact, if e(Uy) > 1, then
together with Claim 2.2(iv) one has

() < |To| + 4+ |To| + |Tol(|Uo| = 2) = |Tol|Us| +4 < Vzl)J h

which contradicts (2.3).
If |Ty| = 2, then by Lemmas 1.4, 1.7 and the choice of G*, we obtain G* =
Kl—anz],LanfzJ o K3. By Lemma 2.1, we get a contradiction.

If [V(G*)\ (N[u*]U N%(u*))| = 2, then
n — 2
) < 1ol + mllonl < | 252

which also contradicts (2.3).
Together with Cases 1-3, we obtain G* = SKVLTAHTLTAJ. This completes
the proof. O

3. Proofs of Theorems 1.2 and 1.3

In this section, we give the proofs of Theorems 1.2 and 1.3, which characterize
the graph having the largest spectral radius and size among 6(1, 2, 4)-free non-
bipartite graphs with order n, respectively.

A cut-vertex of a graph is a vertex whose deletion increases the number of
components. A maximal connected subgraph without a cut-vertex is called
a block. The double star D; ; consists of two stars K ;41 and K ;41 joined
together so that they share an edge.

Firstly, we present the proof of Theorem 1.2.

Proof of Theorem 1.2. Let G* be a 6(1,2,4)-free non-bipartite graph of order
n with the maximum spectral radius. For convenience, denote \* = A(G*).
Notice that K"nT—lLLnT—lJ e K3 is a non-bipartite 6(1,2,4)-free graph. Hence
together with Lemma 1.4 one has

(n—1)?
4

If G* is C'3-free, then by Lemma 1.8 one has A\* < )\(S’KrnT_lHnT—lJ). Notice
that SK[%],L%—]J is a proper subgraph of KVLTAH%J e K3. Then Lemma

(31) A" > ME g1y 251y @ K3) > MK gy 20)) = { J > 10.

1.4 implies A\* < )\(K’—wé;lLLnT—lJ e K3), a contradiction.

So, in what follows, we consider the case that C3 is a subgraph of G*. In
view of Lemma 1.4 and the choice of G*, we know that G* is connected. Let x
be the Perron vector of G* and z,» = max{z, : v € V(G*)}. The next claim
characterizes the local structures of G*.

Claim 3.1. Any vertex in V(G*)\ {u*} cannot be a cut vertex; hence d(u) > 2
for any uw € V(G*) \ Nu*].
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Proof of Claim 3.1. Suppose to the contrary that there exists a cut vertex, say
w, in V(G*) \ {u*}. Let B be a block of G* with w € V(B) and u* ¢ V(B).
Then we consider a new graph G; = G*—{wu : v € V(B)}+{u*u: v € V(B)}.
It is easy to see that G is a 6(1,2,4)-free non-bipartite graph with order n.
On the other hand, by Lemma 1.5, one has A(G1) > A*, which contradicts the
choice of G*. O

Recall that G* is 6(1,2,4)-free. Then G*[N(u*)] is Ps-free. Hence each
component of G*[N(u*)] is in U?:o H;, where
(i) Hyp consists of all trivial components;
) Hj is the disjoint union of stars K , for r > 1;
i) H, is the disjoint union of double stars D, ; for a,b > 1
) Hj is the disjoint union of Kj;
) Hy is the disjoint union of Cy, Cy + e and Ky;

(vi) Hs is the disjoint union of K, + e for r > 3.

Define Uy = N2(u*)NN(Hp) and U(H) = N?(u*)NN(H) for each subgraph
H of G*[N(u*)]. Applying the fact that G* is 6(1,2,4)-free yields U(H) N
U(H') = () for any two distinct components H and H' of G*[N(u*)] unless
H is an isolated vertex and H' is a star K ,, where K; ¢ denotes an isolated
vertex (in particular, the vertex in H’ which has a common neighbor with the

vertex in H must be its central vertex). For any nontrivial component H of
G*[N(u*)], we define

n(H)= Y (da(w)=Dz,+ Y du(w)z,and ((H) = |H|+2|UH)\Uo|.
veV (H) weU(H)\Uo
Now, we are to establish the relationship between n(H) and ((H) for each

nontrivial component H of G*[N (u*)].

Claim 3.2. Let H be a nontrivial component of G*[N(u*)]. Then the following
items hold.

(i) If H is a component of Hy, then n(H) < ((H)xyx;

(ii) If H is a component of Ha, then n(H) < ((H)xy»;
(iii) If H is a component of Hs, then n(H) < (C(H) + 1)xy»;
(iv) If H is a component of Hy, then n(H) < (C(H) + 2)2yx;
(v) If H is a component of Hy, then n(H) < ((H)xy~.

Proof of Claim 3.2. (i) Assume that H = K; , for some r > 1. Then e(H) =
(H| — 1. Tt e(U(H) \ Uy, V(H)) < 2[U(H) \ Uy, then
n(H) < (2e(H) — [H| +e(U(H) \ Uo, V(H)))2u-

< (| H| =24 2)UH)\ Up|)xur < C(H)xy,
as desired.

Next, we assume that e(U(H)\ Uy, V(H)) > 2|U(H)\ Up|. Then there exists
a vertex, say w, in U(H) \ Uy such that dy(w) > 3. It follows that |H| > 3.
If |[H| > 4, then it is routine to check that 6(1,2,4) is a subgraph of G*, a
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contradiction. Hence |H| = 3 and H = K; . Applying the fact that G* is
0(1,2,4)-free yields dy(w') = 1 for each w’ € U(H) \ (Uy U {w}). Recall that
e(U(H)\ Uy, V(H)) > 2|U(H) \ Up|. Then U(H) \ Uy = {w}. Therefore,

n(H) < (2e(H) — |H| + e(U(H) \ Up, V(H)))wur = dwys < ((H)y,
as desired.

(ii) Let H be a component of Hy. Then U(H) N Uy
for any u € U(H). It follows that e(U(H),V(H)) = |U
|H| — 1. Thus,

n(H) < (2e(H)—[H|+e(U(H),V(H)))zu = ([H|=2+|U(H)|)2u < ((H)zy-,
as desired.

(iii) Let H be a component of Hs, i.e., H = C5. Notice that U(H) N Uy = 0
and e(H) = |H|. If |[U(H)| = 0, then

n(H) < (2e(H) — [H|)zy = [H|zwe = ((H)To,

= @ and dN(u*)(u) =1
(H)|. Clearly, e(H) =

as desired.
If {U(H)| = 1, then let u € U(H). We may assume, without loss of generality,
that V(H) = {v1,v2,v3} and x,,, = max{ax,, : 4 = 1,2,3}. Then v; € N(u) and
e(U(H),V(H)) < 3. It follows that

);
n(H) < (2e(H) = [H|+e(U(H),V(H)))xy < ([H|+3)zus = (C(H) + 1)z,

as desired.

If [U(H)| > 2, then together with the fact that G* is 0(1,2,4)-free, one of
the followings holds:

& U(H) contains exactly one vertex having three neighbors in V' (H) and all
other vertices have only one neighbor in V(H);

& all vertices of U(H) have at most two neighbors in V(H).

In both cases, we get that e(U(H),V(H)) < 2|U(H)|. Thus,

n(H) < (2e(H) — [H[+e(U(H), V(H)))xy < ([H|+2|U(H)|)zur = ((H)Zur,
as desired.

(iv) Assume H is a component of Hy. Notice that U(H) N Uy = (). Since G*
is 0(1,2,4)-free, we have dy ) (u) = 1. If |[U(H)| = O then let z, = max{z, :
u € V(H)}. Hence \*w, < Ty + 32, that is, z, < 75 < *~. Therefore,

W(H) < Qe(H) = Hl)zo < S < (C(H) + 2)70

as desired.

If [U(H)| =1, then let U(H) = {u}. Let v be a vertex in H such that uv €
E(G*). Assume that V(H) = {v,v1,v2,v3} and z,, = max{z,, : i = 1,2,3}.
Then Nz, < Tyr + 22y, + Ty < 2(Tyr + Ty, ),y 160y Ty, < %xu* < %xu*.
Therefore,

) < 62, + 20, + U)o < (F+ U] ) e < (G + D
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as desired.
If [U(H)| > 2, then

n(H) < (2e(H) = [H| +[U(H)zu- < ([H] + 4+ |UH))zu < (C(H) +2)2ur,

as desired.

(v) Let H be a component of Hs. Then U(H) N Uy = () and dyy+)(u) =1
for any u € U(H). Hence e(U(H),V(H)) = |U(H)|. Together with the fact
that e(H) = |H|, we have

n(H) < (2¢e(H) — [H|+e(U(H),V(H)))xy = ([H| + |U(H)|) 2w < C(H)2us,
as desired. O

With Claim 3.2 in hand, we are ready to give a lower bound on |Uy| + |Ho.
Let ¢3 and ¢4 denote the numbers of components of Hs and Hy, respectively.
Since each vertex in Uy has at most two neighbors in N(u*) \ V(Hy), one has
> wet, ANy (w) < |Uo||Ho| + 2|Uo|. We use H € H; to denote that H is

a component of H; for ¢ € {0,1,...,5}. Together with Claim 3.2 and some
calculation we find that

(3.2) (V2 = Ay
= IN@W)lzw- + Y (dyn(©) = D,

veEN (u*)\V (Hop)
+ > Ay (W)
weEN?2(u*)
(u®) ] +Z Yo aH) + Y dyg(w)z
=1 HeH, weUg

[N (u HZ > H Cs+2c4)+(Uo|Ho|+2Uo)> Tu

i=1 HeH;

i=1 HEH;

(N \+Z > (H|+2UH \Uo)+(63+264)+(U0||H0|+2U0|)) Tu
(IN(u*)] + (1N (u)| = [Hol) + 2(|N*(u")| = [Uol) + (e3 + 2¢4) + [Uo| (| Ho| +2)) x4
(33) < (2(n—1) + (s + 2c4) + (|Uo] = 1)[Ho|) 2=

In view of (3.1), one has

(3.4) A”A*>L““£”1 Vﬂ;1PJ>(n—22—1Z'

If |Up| < 1, then together with (3.3) and (3.4) one has

121
%—%<2(n—1)+(63+264)<37l—27
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which implies that n < 16, a contradiction. Hence |Up| > 2 and |Hy| > 1.
Assume that |Up| + |Hp| =n — 1 — 3¢5 —4cqy — t. Then t < n — 4 — 3c3 — 4ey.
Combining with (3.3) and (3.4), we get

n—12-1 n
%—5 <2(n—1)+ (e3+ 2¢q4) + (|JUo| — 1)|Ho|

(n—2—3c3 —4cy — )2

<2(n—1)+ (c3+2¢q) + 1 )

which is equivalent to

—t? — 4t 4+ 2tn — 8n + 4
8
(3.5) < 9¢3 + 16¢; + 24czcq — 6 <n 3 t> cz —8(n —3—t)ey.

Next, we proceed by considering the following five possible subcases.
Mdc3=c4=0 Thenn >3c3+4cy +t+4=1t+4 and (3.5) becomes

2 4t +2%n—8n+4<0.

Clearly, —t% — 4t + 2tn — 8n +4 is an increasing function in t with t € [5,n —4].
Therefore, —t? — 4t + 2tn — 8n +4 > 2n — 41 > 0 if n > 21, a contradiction.
Thus, ¢t € {0,1,2,3,4} and so n — 5 < |Up| + |Ho| < n —1.

#dc;=1land ¢y =0. Thenn > 3cs +4cy +t+4=1t+7 and (3.5) becomes

—t2 — 4t +2tn — 8n +4 < 25+ 6t — 6n, ie., —t> — 10t + 2tn — 2n — 21 < 0.

Obviously, —t? — 10t + 2tn — 2n — 21 is an increasing function in ¢ with ¢ €

[3,n — 7]. Hence, —t> — 10t + 2tn — 2n — 21 > 4n — 60 > 0 if n > 15, a

contradiction. Thus, ¢ € {0,1,2}. It follows that n — 6 < |Up| + |Ho| < n — 4.
#c;=0and ¢y =1. Thenn > 3cs +4cy +t+4 =1t+ 8 and (3.5) becomes

—t2 — 4t +2tn — 8n +4 < 40 + 8t — 8n, ie., —t> — 12t + 2tn — 36 < 0.

Clearly, —t? — 12t + 2tn — 36 is an increasing function in t with t € [2,n — §].
Hence —t? — 12t +2tn — 36 > 4n —64 > 0 if n > 16, a contradiction. Therefore
t € {0,1}, which implies n — 6 < |Up| + |Ho| < n — 5.

#dcs=cs=1 Thenn >3cs+4cy +t+4=1t+ 11 and (3.5) becomes

—t?2 — 4t +2tn — 8n+4 < 89 + 14t — 14n, ie., —t> — 18t + 2tn+6n — 85 < 0.

It is routine to check that —t2 — 18t + 2tn + 6n — 85 is an increasing function
in ¢ with ¢ € [0,n — 11]. Therefore, —t* — 18t + 2tn + 6n — 85 > 6n — 85 > 0 if
n > 15, which is also a contradiction.

Mdcs >2o0rcy 22 Thenn > 3cg+4ca+t+4 > t+10. Let p(x,y) =
92 + 16y> + 24wy — 6(n — § — t)x — 8(n — 3 — t)y be a real function in z,y for
x € [0,400), y € [0,+00) with n > 3x + 4y + t + 3. It is routine to check that
the derivative functions of ¢(z,y) with respect to x and y are, respectively,

d(e(7,y))

8 8
=182 +24y—6(n——-—t)=6(3z+4y+t+-—n) <0
dx 3 3
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and

d(¢(7,y))

) =32y+24c—-8(n—3—-t)=8Bx+4y+t+3—n)<0.
Y

It follows that ¢(x,y) is a decreasing function for = (resp. y).
If ¢3 > 2, then

p(es,cq) < @(2,0) = 68 + 12t — 12n.
Together with (3.5), one has
—t2 — At +2tn — 8n+4 < 68 + 12t — 12n, ie., —t> — 16t + 2tn +4n — 64 < 0.

On the other hand, it is easy to check that —t?>—16t+2tn+4n—64 > 4n—64 > 0
for t € [0,n — 10] and n > 21, a contradiction.
For ¢4 > 2, by a similar discussion as that of c3 > 2, we may get a contra-
diction.
Together with the discussion as above, we have if n > 21, then (c3,¢4) €
{(0,0),(0,1),(1,0)} and
[n—5,n—1], if (e3,ca) = (0
(3.6) |Uo| + |Ho| € { [n—6,n—4], if (c3,¢4) = (1,0);
[n—6,n—5], if (c3,c4) = (0

)

Similar to (2.2), one has

V”;UJ < X2 <IN ()| + 26(N (")) + e(N(u7), N2(u")).

Denote B(u*) = |N(u*)| 4+ 2e(N(u*)) + e(N(u*), N*(u*)). Hence

(3.7) Bu*) > W;”QJ i, Bu*) = V”;UQJ +1.

Bear in mind that G* is 6(1,2,4)-free. For each edge uv € E(N?(u*)), one
has |N(u) N N(v) N N(u*)| < 2. Moreover, if |N(u) N N(v) N N(u*)| = 2, then
[(N(u) UN(v)) N N(u*)| = 2. That is to say,

(3.8) e({u,v}, N(u")) < |N(u*)| + 1 if |[N(u*)| > 3.

Now, we distinguishing our proof into the following four possible case with
respect to the value of |Up| + |Ho|.

Case 1. |Up| + |Ho| = n — 1. In this case, V(G*) = {u*} UV (Hy) U Up. If
|Hp| < 2, then

—1)2
B(u") < | Hol + [Uol | Ho| < 20— 4 < W4)J i

a contradiction to (3.7). Hence |Hp| > 3.
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Since G* is non-bipartite, one has e(Up) > 1. If G*[Uy] contains a C5 =
wiwowswi, then all vertices of C'5 must share a unique common neighbor in
Hy. Otherwise, G* contains 6(1,2,4) as a subgraph, a contradiction. Hence

B(u*) < [Hol + 3+ [Hol|(|Uo| = 3) = [Ho|(|Uo| — 2) +3

(n—3)? (n—1)°
< |mE <[
a contradiction. Thus, G*[Uy] is Cs-free. Notice that G* contains C3 as a
subgraph. Then there exists an edge, say uv, in G*[Up] such that « and v have
a common neighbor, say w, in Hy.

Next, we show that e(Up) = 1. Suppose to the contrary that e(Uy) > 2. Let
u'v’ be an edge other than uv in G*[Up]. If w'v’ is incident to neither u nor v,
then in view of (3.8) one has

Bu”) < [Hol +2(|Ho| + 1) + [Ho|(|[Uo| = 4) = |Ho|(|Uo| — 1) +2

[ a5

a contradiction. Hence each edge in G*[N(u*)] is adjacent to either u or v.
Without loss of generality, we assume that v = w’. Since G* is 6(1, 2,4)-free,
one has N(v') N (N(u*) \ {w}) = 0. Together with the proof of (3.8), we have

B(u*) < |Ho| + [Ho| + 2 + |Ho|(|Uo| — 3) = [Ho|(|Up| — 1) +2

[ PP

which is also a contradiction. Therefore, e(Uy) = 1.
If IN(u) N N(v) N N(u*)| = 2, then

B(u*) < |Ho| + 4 + |Ho|(|Uo| — 2) = |Ho|(|Uo| — 1) + 4

< {(n;z)?J +4< V”;DQJ +1,

a contradiction. Hence |N(u) N N(v) N N(u*)| = 1. In view of Lemma 1.4,
one has (N(u) U N(v)) N N(u*) = N(u*) and N(w') N N(u*) = N(u*) for
each w’ € Uy \ {u,v}. Assume, without loss of generality, that x, > x,. Then
N@W)NN(u*) = {w}. Otherwise, let G’ = G*—{vv' : v' € N(u*)\{w}}+{uwv:
v' € N(u*)\{w}}. Clearly, G’ is a non-bipartite (1, 2, 4)-free graph with order
n. By Lemma 1.5, one has A* < A\(G’), which contradicts the choice of G*. Tt
follows that Ng«(u*) € Ng»(u), which implies z,, > z,~, a contradiction.

Case 2. |Up|+|Ho| = n—2. In this case, V(G*) = {u* UV (Ho)UUyUN3(u*)
and |[N3(u*)| = 1. Then

n — 2 n — 2
B(u*) < |Ho| + | Hol|Uo| = |Hol (U] +1) < {(ZIUJ < {(41)J i

a contradiction.
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Case 3. |Up|+|Ho| = n—3. In this case, either |V (G*)\(N[u*]JUN?(u*))| = 2
or G*[N(u*)] contains exactly one edge. If |Hp| < 2, then

—1)2
B(u*) < |Ho|l +4+ |Uo|(|Ho| +2) <4n—14 < {(nll)J +1,

a contradiction. Hence |Hp| > 3.
Firstly, we assume |V (G*) \ (N[u*] U N?(u*))| = 2. Then

B) < ol + 00 o] < | 52| < | 28 4,

a contradiction.
In what follows, we consider the case that G*[N(u*)] contains one edge
wiws. Then we have the following claim.

Claim 3.3. e(Up) = 0.

Proof of Claim 3.3. Suppose that e(Uy) > 1 and let uv be an edge in G*[Up].
Define

A; ={w e Uy \ {u,v}: N(w)N{wy,ws} = {w;}} for i € {1,2}
and
Az ={w € Up \ {u,v} : N(w) N{wy,ws} = {wy,ws}}.

Based on the fact that G* is (1,2, 4)-free, one has N(A;) N N(4x U A3) N
V(Hp) = 0 and N(As) N N(A; U A3) N V(Hy) = 0. Moreover, each pair of
vertices in As have no common neighbor in V(Hp). Denote s; = [{u : u €
N(A;) NV (Hp)}| for i € {1,2,3}. Then s1 + s2 + s3 < |Hp|. We may assume
S1 2 S2.

If s1 > 1 and |Ho| > s1 + 1, then |A; U A U A3] > 1. Hence together with
(3.8), one has

2
B(w) < [Ho| +4+ > [Ail(si +1) +2|As| + s3
i=1

+ (|Uo| — |A1 U A2 U A3| — 2)|Ho| + |Hp| + 3
< ([A1] +[A2])(s1+ 1) + 2[As| + (|Ho| — s1)
+ (|Uo| — |A1 U Ao U A3|)|Ho| + 7
= (JA1| + | Az — 1)(s1 + 1) + 2| A3
+ (|Uo| — |A1 U A2 U A3| 4+ 1)|Hp| + 8
< (JAyUAUAs| —1)(s1+ 1)+ (|Ug| — |A1 U A2 U As| + 1)|Hp| + 8
= |Ug||Ho| — (JA1 U Ao U A3 — 1)(|Hp| — 81 — 1) + 8

(3.9) < |Upl|Ho| +8 < V"f’)QJ +8< V”;”QJ T,

a contradiction. Therefore, either s; = 0 or |Hg| = s; holds.
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If s; = 0, then so = 0 and (3.9) becomes

2

B(w) < [Hol +4+ > |Ai| +2|As| + 53

=1
+ (|Uo| — |A1 U Ao U As| — 2)|Ho| + |Ho| + 3
(|A1] + 1A42]) + 2|As| + (|Uo| — |A1 U Ay U A3+ 1)|Ho| + 7
2(|A1 U Ay U As| — 1) + (|Up| — |A1 U Ao U As| + 1)|Ho| + 9
|Uo||Ho| — (JA1 U As U Az| — 1)(|Ho| —2) 4+ 9
|Uo|[Ho| + [Ho| =2+ 9

02 e

INCINCIN N

N

4 4

a contradiction.
If |Ho| = s1, then s3 = s3 = 0 and (3.9) becomes

B(u) < [Ho| +4+ [Ar|(|[Ho| + 1) + [A2| + 2| As]
+ (|Uo| — |A1 U A3 U As| — 2)|Hop| + |Ho| + 3
= [A1] + |Az| + 2|A3] + (|Uo| — [A2 U As|)|Ho| + 7
< |Uo| + [As] + (|Uo| — [A2 U As|)|Ho| + 7
< |Uo|(|Ho| +1) — [A2 U A3|(|Ho| — 1) + 7
< |Uo|([Hol +1) + 7

(n—2)? (n—1)?
S || +7 L
{ 1 +7< |t
which also contradicts (3.7). Thus, e(Up) = 0.
This completes the proof of Claim 3.3. O

Now, we define
Al ={w € Uy : N(w) N{wy,ws} = {w;}} for i € {1,2}
and
Ay ={w € Uy : N(w) N{wy,ws} = {wy,wa}}.

Since G* is 6(1,2,4)-free, one has N(A}) N N(A, U AL) NV (Hy) = 0 and
N(AY) N N(A] U AL) NV (Hy) = 0. Moreover, each pair of vertices in A} have
no common neighbor in Hy. Assume s, = [{u : u € N(A}) NV (Hy)}| for
i€{1,2,3} and s} > s5. If s§ > 1 and |Hy| > s} + 1, then |A] U A5 U AL| > 1.
By a similar discussion as (3.9), one has

2
B(u) < [Hol +4+ Y [All(si + 1) +2[A5] + s + (|Uo] — |45 U Ay U A5 )| Ho
i=1

< (|Uo| + 1)|Ho| +5 < V";QPJ +5< V”;UQJ Y
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a contradiction. Therefore, either sj = 0 or |Hy| = s} holds.
If s7 =0, then s5 = 0. Together with Claim 3.1, we get |A}| = |45 = 0. If
|AL| > 1, then
Bu") < [Hol + 4+ 2| Ag| + 55 + (|Uo| — [43]) | Hol
= (|Uo] + 1)[Ho| + (2 — |Ho|)| Aj| + s5 + 4
< |Uol[Hol + 55 + 6 < [Uol|Ho| + [Uo| + 6

NESE JRPTES T

a contradiction. Hence |A%| = 0. Together with Lemmas 1.4 and 1.7, we have
G* = Kranz] |52 © K. Applying Lemmas 1.4 and 2.1 one has

AT <MK gy, ng ) < MEpagagon) o K),
a contradiction to (3.1).
If |Hy| = s}, then s5 = s5 = 0. In view of Claims 3.1 and 3.3, we get |A5] = 0.
If |A5] > 1, then
Bu) < [Ho| + 4+ |Ay|(|Ho| + 1) + 2| 43| + (|Uo| — |47 U Ag|)| Hol
= (IUo| + 1)|Ho| + |A3] + | A5](2 — |Hol) + 4
< |Uol|Ho| + |A1| + 6 < |Us||Ho| + [Uo| + 6

< {(71;2)2J+6< {(n;l)zJJrL

which also contradicts (3.7). Therefore, |A}] = 0. Together with Lemma 1.4,
we have G* =2 K, K3 with a = |Ho| + 1 and b = |Up| + 1. Without loss of
generality, assume that a > b. We claim a = [251] and b = [251]. Otherwise,

Bu)=a+3+alb—1)=ab+3

(P () <[

a contradiction. Hence G* = KI'nT—l-‘ |ns1) @ K3, as desired.
Case 4. n — 6 < |Up| + |Ho| < n—4. Then N(u*)\ V(Hy) # 0. Otherwise,
N?(u*) = Uy. Hence

B(u*) < |Hol + [Us||Hol = (|Uo| + 1)| Ho| < {(n—f)J _ {(n—41)J o

a contradiction to (3.7).
Let H be a nontrivial component of G*[N(u*)]. In view of (3.6), one has
He{P), K12, K13,P;,C3,C4,Cy + e, K4, K13+ €}

IfH e {Kl,g,KLg}, then n —5 < |U0| + |H0| <n—1-— ‘H| <n-—4 (based on
(3.6)) and so H is the unique nontrivial component of G*[N(u*)]. Note that
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each vertex in Uy is adjacent to at most one vertex in H and each vertex in
U(H) is adjacent to at most three vertices in H. Hence

Bu”) < [Hol+4+ 6+ |Ul[Ho| + |Uo| + 3(n — [Uo| — [Ho| —4)

(|Uo| + 1)(|Ho| + 1) + 12, if |Uo| + |Ho| = n — 5;
S (Uo| + 1D)(|Ho| +1) 49, i |Ug| + |Ho| = n — 4,

_9\2
{WJ +12, if |U0‘ + |H0| :Tl*5;

< 9)2
V";)JJ& if |Uo| + |Ho| = n — 4,
(n—1)°

< T +1,

a contradiction.

If He{P;,Cy,Cs+e, Ky, K1 3+e}, then in view of (3.6) one has that H is
the unique nontrivial component of G*[N (u*)] and |Uy|+ |Ho| € {n—6,n—5}.
Notice that UgNU(H) = 0 and each vertex in U(H) is adjacent to exactly one
vertex in H. It follows that

Bu”) < [Hol +4+2|E(H)| + [Uo||Ho| + (n — |Uo| — [Ho| = 5)

—5)2
L(”ZL)J 17, if |Up| + [Ho| = n — 6;
< e
V”ZL)J +16, if |Up| + |Ho| = n — 5,
(n—1)?
AUt
<

a contradiction.
If H = C3 and H is the unique nontrivial component of G*[N(u*)], then
Uy NU(H) =0 and by (3.6) one has |Up| + |Hp| € [n — 6,n — 4]. Therefore,

B(u*) < [Ho| + 3+ 6+ |Up||Ho| + 3(n — |Uo| — [Ho| — 4)

—5)2
% + 15, if|UU|+|H0|=1’L—6;
T
< <”4> +12, if |Up| + [Ho| = n — 5;
(n —3)? )
4 +9, 1f|l]0|—i—|]fo|:7’L—47
L
_ (n4 ) J+17

a contradiction.
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Together with the discussion above, we know that G*[N(u*)] — Hy € {Pa,
2P,, P, UC3}. We proceed by distinguishing the following three subcases.

Subcase 4.1. |Up| + |Hp| = n — 4. In this subcase, G*[N(u*)] — Hy & Ps.
By a similar discussion as Case 3, we can get a contradiction. The detailed
proof is given in the Appendix.

Subcase 4.2. |Uy|+|Hy| = n— 5. Notice that each vertex in Uy is adjacent
to at most two vertices in N(u*) \ V(Hy). Hence

Bu”) < [Ho| + 4+ 4+ |Uo|(|Hol +2) = (|Uo] + 1)(| Ho| +2) + 6

| [0

a contradiction.

Subcase 4.3. |Uy|+|Hy| = n—6. In view of (3.6), we know that G*[N (u*)]
contains C3 as a component. Then G*[N(u*)] — Hy & P, UC3 and V(G*) =
N[u*] U Up. Hence each vertex in Up is adjacent to at most two vertices in
N(u*) \ V(Hyp). Therefore,

B(u*) < |Ho| + 5+ 8+ |Uo|(|Hol +2) = (|Uo| + 1)(|Ho| +2) + 11
< {(n;?’)QJ +1l< V”;UQJ +1,

which also contradicts (3.7).
This completes the proof. (I

We close this section by giving the proof of Theorem 1.3, which determines
the maximum possible size of a 0(1,2,4)-free non-bipartite graph with given
order. Recall that Zhai, Fang and Shu [38] established the following result.

Theorem 3.4 ([38]). Let q,r > 2 be two integers such that qr is even. Let
k=q+r and n > 9%k> — 3k. Then

n2
ex(n,G(l,qJ)) = \‘4J '
The only extremal graph is Kiny »|.

In fact, if we put p = 2 and ¢ = 4, then by the proof of Theorem 3.4, we
may get a result as follows.

Corollary 3.5. Let n > 132 be an integer. Then

n

2
ex(n,0(1,2,4)) = {4J )
The only extremal graph is Kiny | »|.

Now, we are ready to give the proof of Theorem 1.3.



FORBIDDEN THETA GRAPH, BOUNDED SPECTRAL RADIUS 981

Proof of Theorem 1.3. Let G* be an n-vertex (1, 2, 4)-free non-bipartite graph
having the largest number of edges. Notice that K[%H%J e K3isad(l,2,4)-
free non-bipartite graph with order n. Hence

n—1)2
(G| > |B(K g np | @ Ka)| 2 {(4” i

If G* is also (1,2, 3)-free, then by Lemma 1.10, one has |E(G*)| < \_%J +

1< L@J + 2, a contradiction. Hence G* contains 6(1,2, 3) as a subgraph.
Let H 2 6(1,2,3) be a subgraph of G* with V(H) = {v1, va,vs,v4,v5} and

E(H) = {vvi41 : 1 < i < 5} U {vyvs}, taking subscripts modulo 5. Since G*

is 6(1,2,4)-free, one has that each vertex in V(G*) \ V(H) has at most two

neighbors in V(H). Let G’ = G* — V(H). Notice that G’ is also 0(1,2, 4)-free

2
and |V(G')| > 132. By Corollary 3.5, one has |E(G’)| < | =2 |. Hence

|E(G™)| = [E(G)]+e(V(H),V(G)) + |E(H)]

-5 2 -1 2

(3.10) < L("LL)J +2n—5)+6= L(”LL)J +2.

In what follows, we prove the second part of Theorem 1.3. The necessity
part is obvious, so we only give the proof of the sufficiency part.

Sufficiency. Assume that the equality in (3.10) holds. Then |E(G")| =

2

L@J and each vertex in G’ has exactly two neighbors in H. In view of
Corollary 3.5, one has G’ = KV%SH%J'

For 1 < 4,5 < 5, denote
Ui’j = {w S V(G*) \ V(H) : N(w) n V(H) = {’l}i7’l)j}}.
Without loss of generality, assume that |Uy 4] > |Us 5|. Based on G* is (1, 2, 4)-
free, one has the following assertions.
(i) Ui # 0 only if (4,5) € {(1,3),(1,4),(3,5) };
(11) 8(U173, U1)4 U U375) = 0;
(iii) For all ¢,j € {1,2,3,4,5}, U, ; is an independent set of G*.
Then (1) implies V(G/) =U;3UU;,4UUs 5. Together with G = K(nT—SLLnT—SJ
and (ii)-(iii), we have Uy 3 = (). Moreover, (iii) also implies that |U; 4 = [252],

|Us 5| = L”§5J and each vertex in Uy 4 is adjacent to all vertices in Uss. It

follows that G* = K[anl-l’LanlJ e K3, as desired. O

4. Concluding remarks

In this paper, we first determine the unique graph among the set of (1, 2, 3)-
free non-bipartite graphs with order n > 20 having the maximum spectral
radius. Then we characterize the unique graph among the set of 6(1, 2, 4)-free
non-bipartite graphs with order n > 21 having the largest spectral radius. At
last we identify the unique graph among 6(1, 2, 4)-free non-bipartite graphs on
n > 137 vertices having the maximum number of edges. Unfortunately, all the
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problems considered in this paper are not completely solved for smaller order
n. Probably, with the help of computer we may solve them.

Recently, Zhai and Lin [40] showed that K nq =) is the unique graph among
the n-vertex 6(1,2,r)-free graphs having the largest spectral radius for suffi-
ciently large n. Therefore, one sees the extremal graph is independent of the
parity of r for sufficiently large n. On the other hand, comparing Theorem 1.1
with Theorem 1.2 gives us that the graph among the n-vertex 6(1,2,3)-free
non-bipartite graphs having the largest spectral radius is not the same as that
among the n-vertex (1,2, 4)-free non-bipartite having the largest spectral ra-
dius. So, it is more interesting and challenging to determine the (1,2, k)-free
non-bipartite graphs having the largest spectral radius, & > 5. So we propose
the following problem.

Problem 1. How to characterize all the graphs among 6(1,2, k)-free non-
bipartite graphs with given order having the largest spectral radius for k > 57

One may wonder whether the method in this paper can be used to solve
Problem 1 or not. In fact, our idea for proving Theorems 1.1 and 1.2 is as
follows. Firstly, choose a non-bipartite graph G* such that its spectral radius
is as large as possible. Clearly, G* is connected and there is a Perron vector of
G*, say x. Then let u* be a vertex of G* such that z,~ = max{z, : v € V(G*)}.
The most important step is to analyze the structures of G*[N (u*)], G*[N?(u*)]
and E(N(u*), N?(u*)). To show this, we repeatedly use the property that G*
does not contain 6(1,2,3) or #(1,2,4) as a subgraph. In fact, when r is large, it
is hard to determine whether 6(1,2,r) is a subgraph of G*. So, it is necessary
to develop some other techniques to solve Problem 1.

Let 0(k) = {6(1,4,7) : i+j = k}. Notice that Lan, Shi and Song [19] studied
the planar Turdn number of §(k) for k € {4,5,6}. It encourages us to consider
the spectral Turan type problem among the set of planar graphs as follows.

Problem 2. How to characterize all the graphs among 6(k)-free (resp. 6(1,2,
k)-free) planar graphs with given order having the largest spectral radius for a
positive integer k7

We will develop the above study in the near future.

Appendix

The proof of Subcase 4.1. In this subcase, we know that P, = wjws is the
unique nontrivial component of G*[N (u*)] and [V(G*)\ (N[u*]UUp)| = 1. We
also find that |Hy| > 3. Otherwise, we have

B(u*) < |Ho| + 4+ [Uo|(|Ho| +2) +2 = (|Uo| + 1)(|Ho| +2) +4
<4(n—6)+8< V”;UQJ +1,

a contradiction.
Next we show the following claim.
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Claim 4.1. e(Up) = 0.
Proof of Claim 4.1. Suppose that e(Up) > 1 and let uv be an edge in G*[Uy].
Define

B; = {w € Uy \ {u,v}: N(w) N{wy,ws} = {w; }} for i € {1,2}
and

Bs ={w € Uy \ {u,v} : N(w) N{wy,ws} = {wy,ws}}.

Denote t; = [{u:u € N(By1) NV (Hy)}| for i € {1,2,3} and assume ¢; > to. If
|B1 U By U B3| =0, then by (3.8), one has

B(u*) < |Ho| + 4+ (|Uo| — 2)|Ho| + [Ho| + 3 + 2 = |Up||Ho| + 9
(n - 4)? (n - 1)?
< |2 =7
{ 1 +9< 1 +

a contradiction to (3.7). Thus, |B; U By U Bs| > 1. Therefore, together with
(3.8) one has

2
B(u*) < [Hol +4+ > [Bil(ti + 1) + 2| Bs| + t3
i=1
+ (|U0‘ — |B1 U By UB3| — 2)|H0| + |Ho| +342
< (|B1UB2UBs| —1)(t1 + 1) + | Bs|
+ (|U0‘ — |Bl U By UBS| + 1)|H0| + 10
< [Uol[Ho| = (|B1U B2 U Bs| — 1)(|Ho| — t1 — 1) + [ Bs| + 10
< |Uo||Ho| + (|B1 U Bo U Bg| — 1) + | B3| + 10
< |Uol[Hol + 2[Uo| +9
(n - 2)? (n— 1)
—_— 9 —_— 1
028 [0,
a contradiction. It follows that e(Uy) = 0. O

N

Together with Claim 4.1 and the fact that G* is 6(1,2,4)-free, one has
e(N?(u*)) = 0. Let
B = {w € Uy : N(w) N{wy,ws} = {w;}} fori € {1,2}
and
B}, = {w € Up : N(w) N{wr,ws} = {wy,wa}}.
Denote t; = [{u: u € N(B{)NV(Hy)}| for i € {1,2,3} and assume ¢} > ;. By
a similar discussion as above, one has |[B} U B, U Bj| > 1. If t{ > 1, then
2
B(u™) < |Hol +4+ ) |Bi|(t: +1) +2|Bj| + 5
i=1
+ (0ol = |B1 U By U Bs|)| Ho| +2
< (|Uo] + 1)[Ho| — (IBy U By U By| = 1)(|Ho| =t — 1) + 7



984

S. C. LI, W. T. SUN, AND W. WEI

< (|Uo] + 1)|Ho| 4 (|By U By U By| = 1) +7
< (|Uo] + D)(|Ho| +1) +6

e [

N

4 4

a contradiction. Therefore, t) = 0 and so t5 = 0. Together with Claim 3.1 and
e(N?(u*)) = 0, one has |B}| = |B}| = 0. Recall that |Hg| > 3. Thus,

B(u”) < |Hol + 4+ 2|Bs| +t5 + (|Uo| — |Bs|)|Ho| + 2
< (|Uol + 1)|Ho| + |B5|(2 — [Ho|) + 5 + 6
< (|Uo| + 1)|Ho| +t5+6
< (I0o] + 1)([Ho| + 1) +5

[ELA RN

N

which is also a contradiction. O

Acknowledgement. The authors would like to express their sincere gratitude
to the referee for his/her very careful reading of the paper and for insightful
comments and valuable suggestions, which improved the presentation of this

paper.

[1]

2]

[3]
[4]
[5]
[6]
[7]

(8]

[9]

(10]

References

R. Aharoni, N. Alon, and E. Berger, Eigenvalues of K1 j-free graphs and the connectivity
of their independence complezes, J. Graph Theory 83 (2016), no. 4, 384-391. https:
//doi .org/10.1002/jgt . 22004

L. Babai and B. Guiduli, Spectral extrema for graphs: the Zarankiewicz problem, Elec-
tron. J. Combin. 16 (2009), no. 1, Research Paper 123, 8 pp. https://doi.org/10.
37236/212

R. B. Bapat, Graphs and Matrices, Universitext, Springer, London, 2010. https://doi.
org/10.1007/978-1-84882-981-7

M. Bataineh, Some extremal problems in graph theory, Ph.D. thesis, Curtin University
of Technology, Australia, 2007.

M. S. A. Bataineh, M. M. M. Jaradat, and I. Y. A. Al-Shboul, Edge-mazimal graphs
without 05-graphs, Ars Combin. 124 (2016), 193-207.

B. Bollobéas and V. Nikiforov, Cliques and the spectral radius, J. Combin. Theory Ser.
B 97 (2007), no. 5, 859-865. https://doi.org/10.1016/j.jctb.2006.12.002

B. Bukh and M. Tait, Turdn numbers of theta graphs, Combin. Probab. Comput. 29
(2020), no. 4, 495-507. https://doi.org/10.1017/s0963548320000012

M. Z. Chen, A. M. Liu, and X. D. Zhang, Spectral extremal results with forbidding linear
forests, Graphs Combin. 35 (2019), no. 1, 335-351. https://doi.org/10.1007/s00373-
018-1996-3

M. Z. Chen, A. M. Liu, and X. D. Zhang, On the spectral radius of graphs without a
star forest, Discrete Math. 344 (2021), no. 4, Paper No. 112269, 12 pp. https://doi.
org/10.1016/j.disc.2020.112269

S. Cioaba, L. Feng, M. Tait, and X. D. Zhang, The mazimum spectral radius of graphs
without friendship subgraphs, Electron. J. Combin. 27 (2020), no. 4, Paper No. 4.22, 19
pp. https://doi.org/10.37236/9179


https://doi.org/10.1002/jgt.22004
https://doi.org/10.1002/jgt.22004
https://doi.org/10.37236/212
https://doi.org/10.37236/212
https://doi.org/10.1007/978-1-84882-981-7
https://doi.org/10.1007/978-1-84882-981-7
https://doi.org/10.1016/j.jctb.2006.12.002
https://doi.org/10.1017/s0963548320000012
https://doi.org/10.1007/s00373-018-1996-3
https://doi.org/10.1007/s00373-018-1996-3
https://doi.org/10.1016/j.disc.2020.112269
https://doi.org/10.1016/j.disc.2020.112269
https://doi.org/10.37236/9179

FORBIDDEN THETA GRAPH, BOUNDED SPECTRAL RADIUS 985

[11] P. Erd8s and M. Simonovits, A limit theorem in graph theory, Studia Sci. Math. Hungar.
1 (1966), 51-57.

[12] P. Erd8s and A. H. Stone, On the structure of linear graphs, Bull. Amer. Math. Soc. 52
(1946), 1087-1091. https://doi.org/10.1090/S0002-9904- 1946-08715-7

[13] R. J. Faudree and M. Simonovits, On a class of degenerate extremal graph problems,
Combinatorica 3 (1983), no. 1, 83-93. https://doi.org/10.1007/BF02579343

[14] Z. Firedi and D. S. Gunderson, Eztremal numbers for odd cycles, Combin. Probab.
Comput. 24 (2015), no. 4, 641-645. https://doi.org/10.1017/S0963548314000601

[15] Z. Fiiredi and M. Simonovits, The history of degenerate (bipartite) extremal graph prob-
lems, in Erdos centennial, 169-264, Bolyai Soc. Math. Stud., 25, Janos Bolyai Math.
Soc., Budapest, 2013. https://doi.org/10.1007/978-3-642-39286-3_7

[16] H. Guo, H. Lin, and Y. Zhao, A spectral condition for the existence of a pentagon in
non-bipartite graphs, Linear Algebra Appl. 627 (2021), 140-149. https://doi.org/10.
1016/j.1aa.2021.06.002

[17] M. M. M. Jaradat, M. S. A. Bataineh, and I. Y. A. Al-Shboul, Edge-mazimal graphs
without Oak41-graphs, AKCE Int. J. Graphs Comb. 11 (2014), no. 1, 57-65.

[18] R. Jia, Some extremal problems in graph theory, Ph.D. thesis, Curtin University of
Technology, Australia, 1998.

[19] Y. Lan, Y. Shi, and Z.-X. Song, Eztremal theta-free planar graphs, Discrete Math. 342
(2019), no. 12, 111610, 8 pp. https://doi.org/10.1016/j.disc.2019.111610

[20] S. Liand S. Miao, Characterizing Pxa-factor and Pxa-factor covered graphs with respect
to the size or the spectral radius, Discrete Math. 344 (2021), no. 11, Paper No. 112588,
12 pp. https://doi.org/10.1016/j.disc.2021.112588

[21] S. Li, W. Sun, and Y. Yu, Adjacency eigenvalues of graphs without short odd cycles,
Discrete Math. 345 (2022), no. 1, Paper No. 112633, 13 pp. https://doi.org/10.1016/
j.disc.2021.112633

[22] H. Lin and B. Ning, A complete solution to the Cuetkovié-Rowlinson conjecture, J.
Graph Theory 97 (2021), no. 3, 441-450. https://doi.org/10.1002/jgt . 22667

[23] H. Lin, B. Ning, and B. Wu, Eigenvalues and triangles in graphs, Combin. Probab.
Comput. 30 (2021), no. 2, 258-270. https://doi.org/10.1017/S0963548320000462

[24] H. Lu, Regular graphs, eigenvalues and regular factors, J. Graph Theory 69 (2012),
no. 4, 349-355. https://doi.org/10.1002/jgt.20581

[25] W. Mantel, Problem 28, Wiskundige Opgaven 10 (1907), 60-61.

[26] V. Nikiforov, Some inequalities for the largest eigenvalue of a graph, Combin. Probab.
Comput. 11 (2002), no. 2, 179-189. https://doi.org/10.1017/S0963548301004928

[27] V. Nikiforov, Bounds on graph eigenvalues. II, Linear Algebra Appl. 427 (2007), no. 2-3,
183-189. https://doi.org/10.1016/j.1aa.2007.07.010

[28] V. Nikiforov, A spectral condition for odd cycles in graphs, Linear Algebra Appl. 428
(2008), no. 7, 1492-1498. https://doi.org/10.1016/j.1laa.2007.09.029

[29] V. Nikiforov, A contribution to the Zarankiewicz problem, Linear Algebra Appl. 432
(2010), no. 6, 1405-1411. https://doi.org/10.1016/j.1aa.2009.10.040

[30] V. Nikiforov, The spectral radius of graphs without paths and cycles of specified length,
Linear Algebra Appl. 432 (2010), no. 9, 2243-2256. https://doi.org/10.1016/j.1laa.
2009.05.023

[31] V. Nikiforov, Some new results in extremal graph theory, in Surveys in combinatorics
2011, 141-181, London Math. Soc. Lecture Note Ser., 392, Cambridge Univ. Press,
Cambridge, 2011.

[32] E. Nosal, Eigenvalues of graphs, Master’s thesis, University of Calgary, 1970.

[33] M. Tait and J. Tobin, Three conjectures in extremal spectral graph theory, J. Combin.
Theory Ser. B 126 (2017), 137-161. https://doi.org/10.1016/j.jctb.2017.04.006

[34] J. Verstraéte and J. Williford, Graphs without theta subgraphs, J. Combin. Theory Ser.
B 134 (2019), 76-87. https://doi.org/10.1016/j.jctb.2018.05.003


https://doi.org/10.1090/S0002-9904-1946-08715-7
https://doi.org/10.1007/BF02579343
https://doi.org/10.1017/S0963548314000601
https://doi.org/10.1007/978-3-642-39286-3_7
https://doi.org/10.1016/j.laa.2021.06.002
https://doi.org/10.1016/j.laa.2021.06.002
https://doi.org/10.1016/j.disc.2019.111610
https://doi.org/10.1016/j.disc.2021.112588
https://doi.org/10.1016/j.disc.2021.112633
https://doi.org/10.1016/j.disc.2021.112633
https://doi.org/10.1002/jgt.22667
https://doi.org/10.1017/S0963548320000462
https://doi.org/10.1002/jgt.20581
https://doi.org/10.1017/S0963548301004928
https://doi.org/10.1016/j.laa.2007.07.010
https://doi.org/10.1016/j.laa.2007.09.029
https://doi.org/10.1016/j.laa.2009.10.040
https://doi.org/10.1016/j.laa.2009.05.023
https://doi.org/10.1016/j.laa.2009.05.023
https://doi.org/10.1016/j.jctb.2017.04.006
https://doi.org/10.1016/j.jctb.2018.05.003

986

S. C. LI, W. T. SUN, AND W. WEI

[35] H. S. WIlf, Spectral bounds for the clique and independence numbers of graphs, J.

Combin. Theory Ser. B 40 (1986), no. 1, 113-117. https://doi.org/10.1016/0095-
8956(86)90069-9

[36] B. Wu, E. Xiao, and Y. Hong, The spectral radius of trees on k pendant vertices, Linear

Algebra Appl. 395 (2005), 343—-349. https://doi.org/10.1016/j.1laa.2004.08.025

[37] L. You, M. Yang, W. So, and W. Xi, On the spectrum of an equitable quotient matriz and

its application, Linear Algebra Appl. 577 (2019), 21-40. https://doi.org/10.1016/j.
laa.2019.04.013

[38] M. Zhai, L. Fang, and J. Shu, On the Turdn number of theta graphs, Graphs Combin.

37 (2021), no. 6, 2155-2165. https://doi.org/10.1007/s00373-021-02342-5

[39] M. Zhai and H. Lin, Spectral extrema of graphs: forbidden hexagon, Discrete Math. 343

(2020), no. 10, 112028, 6 pp. https://doi.org/10.1016/j.disc.2020.112028

[40] M. Zhai and H. Lin, A strengthening of the spectral chromatic critical edge theorem:

books and theta graphs, J. Graph Theory 102 (2023), no. 3, 502-520.

[41] M. Zhai, H. Lin, and J. Shu, Spectral extrema of graphs with fized size: cycles and

complete bipartite graphs, European J. Combin. 95 (2021), Paper No. 103322, 18 pp.
https://doi.org/10.1016/5.ejc.2021.103322

[42] M. Zhai and B. Wang, Proof of a conjecture on the spectral radius of Cy-free graphs,

Linear Algebra Appl. 437 (2012), no. 7, 1641-1647. https://doi.org/10.1016/j.1laa.
2012.05.006

SHUCHAO L1

HuBEI KEY LABORATORY OF MATHEMATICAL SCIENCE
AND FACULTY OF MATHEMATICS AND STATISTICS
CENTRAL CHINA NORMAL UNIVERSITY

WUuHAN 430079, P. R. CHINA

Email address: 1scmath@ccnu.edu.cn

WANTING SUN

DATA SCIENCE INSTITUTE
SHANDONG UNIVERSITY

JINAN 250100, P. R. CHINA

Email address: wtsun2018@sina.com

WEI WEI

CENTER OF INTELLIGENT COMPUTING AND APPLIED STATISTICS
SCHOOL OF MATHEMATICS

PHYSICS AND STATISTICS

SHANGHAI UNIVERSITY OF ENGINEERING SCIENCE

SHANGHAI 201620, P. R. CHINA

Email address: weiweimath@sina.com


https://doi.org/10.1016/0095-8956(86)90069-9
https://doi.org/10.1016/0095-8956(86)90069-9
https://doi.org/10.1016/j.laa.2004.08.025
https://doi.org/10.1016/j.laa.2019.04.013
https://doi.org/10.1016/j.laa.2019.04.013
https://doi.org/10.1007/s00373-021-02342-5
https://doi.org/10.1016/j.disc.2020.112028
https://doi.org/10.1016/j.ejc.2021.103322
https://doi.org/10.1016/j.laa.2012.05.006
https://doi.org/10.1016/j.laa.2012.05.006

