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ON s-TOPOLOGICAL d-ALGEBRAS

ALIAS KHALAF #, BALASUBRAMANIYAN JAYA BHARATHIP AND
NEELAMEGARAJAN RAJESH ©*

ABSTRACT. The aim of this paper is to study the concept of s-topological d-algebras
which is a d-algebra supplied with a certain type of topology that makes the binary
operation defined on it d-topologically continuous. This concept is a generalization
of the concept of topological d-algebra. We obtain several properties of s-topological
d-algebras.

1. INTRODUCTION

Among the important subjects of pure mathematics are topology and algebra.
Topology studies continuity, convergence, and so on, while algebra studies all types
of operations and provides a basis for calculations and algorithms. The basic prin-
ciple describing the relation between topology and algebraic operations is to make
these operations topologically continuous, maybe in the first or second variable or
in jointly continuous which is defined as Topological Algebra. In recent years, sev-
eral researchers have contributed to the development of this subject. Algebras and
topology, are two fundamental subjects of pure mathematics. From the beginning
of twentieth century many mathematicians have contributed to the development of
this subject. After Y. Imai and K. Iseki [1] gave an axiom system of propositional
calculus in 1966 and in the same year K. Iseki [2] gave an algebraic formulation for
the BCK-propositional calculus system, several mathematicians have been written
on the concept of BCK-algebras and found many of the algebraic properties of the
BCK-algebras. In 1999, J. Neggers and H. S. Kim introduced and studied the con-
cept of d-algebrs in [5]. In [8], N. Nagamani and N. Kandara studied the topological

aspects of the d-structure. In this paper, we study d-algebras equipped with certain
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topologies in which the operation of the structure satisfied a certain type of continu-
ity, we name this d-algebra joined with such topologies by s-topological d-algebra. It
is proved that every topological d-algebra is s-topological d-algebra. Further, many

topological properties of a d-algebra were found.

2. PRELIMINARIES

For the development of this paper, we give necessary definitions and properties

of a d-algebra and investigate the concept of a topological d-algebra.

Definition 2.1 ([5]). A d-algebra is a non-empty set X with a constant 0 and a
binary operation ” *”
(1) zxx =0,
(2) 0xx =0,

3) zxy=0and yxz=0=z=y.

satisfying the following axioms: for every x,y € X,

Definition 2.2 ([2]). By a BCK-algebra we mean an algebra (X, *,0) of type (2,0)

satisfying the following axioms: for every x,y, z € X,

(1) ((zxy) * (zx2)) * (z+y) =0,

(2)

(3) zxz =0,

(4) z+«y=0and yxz=0=z =y,
(5) Oxx =

Remark 1 ([5]). Every BCK-algebra is a d-algebra.

Definition 2.3. A subset F' of a d-algebra X is called a filter of X if it satisfy the

following properties:

(1) the constant 0 € F', and
(2) forall z,y € X, ifexye€ F,z € F, theny € F.

Definition 2.4 ([6]). A subset I of a d-algebra X is called an ideal of X if it satisfies

the following properties:

(1) the constant 0 € I,
(2) forall z,y,z€ X. lfex(yxz)el,ye I, thenzxz € I.

From the definition of d-algebras we can get the following properties.
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Definition 2.5 ([8]). A d-algebra X equipped with a topology 7 is called a topo-
logical d-algebra (for short td-algebra) if f: X x X — X defined by f(z,y) =z *y
is continuous for all (z,y) € X x X where X x X has the product topology. Equiv-
alently, if for each open set O containing x * y, there exist open sets U and V

containing x and y respectively such that U « V C O.

Definition 2.6 ([8]). Let X be a d-algebra, and a € X. A left map L, : X — X
defined by, L, (x) = axz, for all x € X and a right map R, : X — X by R,(x) = zxa
for all x € X. We denote L(X) to be the family of all L, for all a € X.

Definition 2.7 ([8]). A d-algebra X is called a positive implicative d-algebra, if
(yxz)*(zxx) = (y*z)*x forall z,y,z € X.

Definition 2.8 ([4]). For a subset A of a topological space (X, 7), we say that A
is regular open [9] if A = Int(Cl(A)) and it is semi-open [4] if A C Cl(Int(A)). The
complement of a semi-open set is called a semi-closed. The closure, interior, semi-
closure and semi-interior of A are denoted, respectively by Cl(A4), Int(A), sCl(A)
and sInt(A).

Definition 2.9 ([3]). A BCK-algebra X equipped with a topology 7 is called an
s-topological BCK-algebra if the function f : X x X — X defined by f(x,y) =z *y
has the property that for each open set O containing x * y, there exists an open set
U containing z and a semi-open set V' containing y such that U * V' C O for all
z,y € X.

Remark 2. For a topological space (X, ), we set the following
T(x) ={U:2€Uand U € 7}
SO(x) ={U :x €U and U is semiopen in X}

3. PROPERTIES OF s-TOPOLOGICAL d-ALGEBRAS

In this section, we introduce the concept of s-topological d-algebras and establish

some of their properties.

Definition 3.1. A d-algebra X equipped with a topology 7 is called an s-topological
d-algebra (sd-algebra, for short) if the function f : X x X — X defined by f(z,y) =
x*y has the property that for each O € 7(zxy), there exist U € 7(z) and V' € SO(y)
such that U x V C O for all z,y € X.
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Lemma 3.2. A d-algebra (X, f,0), (f stands for the operation x), equipped with a
topology T is a sd-algebra if f~1(O) is a semi-open set in X x X for each O € T(xxy)
and all z,y € X.

Example 1. It is obvious that every td-algebra is sd-algebra but not conversely.

Consider a d-algebra X = {0, a,b, c} with the following following Cayley table:

o e O ¥
o Qe O O
o O O
o OO o o
SO Q O 0

Let 7 = P(X\{0}) U X. Then X is sd-algebra which is not td-algebra.

Proposition 3.3. For any subset A of an sd-algebra X and any element x € X,
the following statements are true:

(1) Cl(A) xx C Cl(A * x).

(2) If CI(A) x x is closed, then Cl(A) * x = Cl(A x x).

Proof. (1). Let y € Cl(A) *x and U € 7(y). So y = a *x where a € Cl(A). Since X
is sd-algebra, there exist V € 7(a) and G € SO(x) such that V « G C U. Also we
have a € CI(A) implies that ANV # (. Suppose that b€ ANV, sobxx € Axzx
and bxx € Vxx CV G CU. Hence y € Cl(A * x).

(2). Suppose that CI(A) * z is closed and y € Cl(Axz). If y ¢ Cl(A) % x, then
y € X\(CI(A) * x), which is an open set. Hence A %z C CI(A) * z. Then we have
Axxz N X\(Cl(A) *z) = 0, a contradiction. O

The following example shows that the equality in (1) of Proposition 3.3 is not

true and Cl(A) x x is not closed.

Example 2. Consider a d-algebra X = {0,a,b,c} with the following following
Cayley table:

o o Q O ¥
o Qe O O
o o8O O
o OO o -
O T OO
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Consider the topology 7 on X defined as: 7 = {0, X, {b}, {c}, {b,c}}. Then X is sd-
algebra. If A = {0, a}, then CI(A)xb = {0}, which is not closed and Cl(Axb) = {0,a},
50 C1(A) # b # CI(A % b).

Proposition 3.4. For any subset A of an sd-algebra X and any element x € X,
the following statements are true:

(1) x+sCl(A) C Cl(z x A).

(2) If x % sCI(A) is closed, then x x sCl(A) = Cl(z x A).

(3) In general, the equality in (1) is not true and x * s C1(A) is not closed.

Proof. (1). Let y € % sCl(A) and U € 7(y). So y = x * a, where a € sCI(A).
Since X is sd-algebra, there exist V € 7(z) and G € SO(a) such that V « G C U.
Also a € sCI(A) implies AN G # (). Suppose that b€ ANG, so xxb € z* A and
rxbexxGCV+xGCU. Hence y € Cl(A * ).

(2). Suppose that x * s CI(A) is closed and y € Cl(z * A). If y ¢ Cl(z * A), then y €
X\(z*xsCl(A) € 7. Then xx A C zxsCI(A), so we get (xx A)NX\(z*xsCl(A)) = 0,
a contradiction.

(3). In Example 2, if A = {0,a}, then b* sCl(A) = {b}, which is not closed and
Cl(bx A) ={0,a,b}, so b* sCIl(A) # Cl(b* A). O

Corollary 3.5. For any subset A of an sd-algebra X and any element x € X, the
following statements are true:

(1) If Axx is closed, then Cl(A) xxz = A x x.

(2) If xx A is closed, then x % sCl(A) = x x A.

Proof. Follows from Propositions 3.3 and 3.4. U

Proposition 3.6. For any subsets A and B of an sd-algebra X, the following state-
ments are true:

(1) CI(A) *sCl(B) C Cl(A x B).

(2) If CI(A) * s CI(B) is closed, then CI(A) * sCl(B) = Cl(A * B).

Proof. (1). Let € C1(A)*sCl(B) and U € 7(z). So x = axb, where a € CI(A4) and
b € sCl(B). Since X is sd-algebra, there exist V' € 7(a) and G € SO(b) such that
V«G CU. Also a € Cl(A) and b € s C1(B) implies that ANV # () and BN G # 0.
Suppose that a; € ANV and b1 € BNG,s0a1%b; € AxBandayjxby € VG CU.
Hence x € Cl(A x B).

(2). Suppose that Cl(A) x s C1(B) is closed and let z € Cl(A x B). If x ¢ CI(A) *



242 ALiAs KHALAF, BALASUBRAMANIYAN JAYA BHARATHI & NEELAMEGARAJAN RAJESH

sCl(B), then x € X\(Cl(A) x sCl(B)) € 7. Then A B C Cl(A) * sCl(B), so we
get (Ax B) N X\(Cl(A) x s Cl(B)) = 0, a contradiction. O

Proposition 3.7. In an sd-algebra X, if {0} is open, then X is discrete.

Proof. Suppose that {0} € 7 and let x € X. Since x *xx = 0 for all z € X and X
is sd-algebra, there exist U € 7(x) and G € SO(z) such that U « G C {0}. Hence
V=UNG e SO(x). If V contains any other point y, then z*xy =0 and y * = = 0,
a contradiction. Hence V' € SO(x). Then {z} € 7. Hence X is discrete. O

Definition 3.8 ([7]). A topological space (X, 7) is called

(1) semi-T; if for each two distinct points x,y € X there two semi-open sets U
and V such that U containing x but not y and V' containing y but not x.

(2) semi-T; if for each two distinct points x,y € X there two disjoint semi-open
sets U and V such that x € U and y € V.

Proposition 3.9. In an sd-algebra X, if {0} is closed, then X is semi-T5.

Proof. Suppose that {0} is closed and z,y € X. Then either x x y # 0 or y *x = # 0.
Suppose that y * x # 0. Then there exist V € 7(y) and G € SO(x) such that
V « G C X\{0}. Hence V € SO(x) and G € SO(y) such that VNG = 0. Hence X

is semi-T5. O
Proposition 3.10. If the sd-algebra (X, *,7) is Ty, then it is semi-Ty.

Proof. Let z,y € X and x # y. Then either x x y # 0 or y x x # 0. Suppose that
xxy # 0. Since X is Tp, there exists an open set W containing one of them but not
the other. Suppose that W € 7(xxy) and 0 ¢ W. Since (X, *, 7) is sd-algebra, there
exist U € 7(z) and V € SO(y) such that U« V C W. Then U € SO(z),V € SO(y)
such that UNV = 0. If 0 € W and . xy ¢ W. Then x *xx = 0 € W, so there s an
open set U containing x and a semi-open set V' containing x such that U xV € W,
and yxy = 0 C W, there s an open set U; containing y and a semi-open set V)
containing y such that Uy x V3 C W. Therefore, G = UNV and H = U; NV} are two
semi-open sets containing x and y respectively. It is clear that y ¢ G and « ¢ H.

Hence (X, *,7) is a semi-T} space. O

Definition 3.11 ([6]). A non-empty subset A of a d-algebra X is called a d-
subalgebra of X if xxy € AVx,y € A.
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Proposition 3.12. If Y is an open d-subalgebra of an sd-algebra X, then'Y is also

an sd-algebra.

Proof. Let z,y € Y and let U be any open set in the subspace Y containing x * y,
then there exist V' € 7(x % y) such that U = Y NV. Since X is sd-algebra, there
exist W € 7(z) and G € SO(y) such that W« G C V. But O = W NY is an open
set in Y containing  and H = GNY is a semi-open set in Y containing y, we have
WnNnY)«sGNY=W=xG)NnY CVnY="U. O

Proposition 3.13. If A is an ideal in an sd-algebra X and 0 € Int(A), then A is

open.

Proof. Let x € A. Since 0 € Int(A) and = x x = 0, there exists U € 7(0) such that
0 € U C A. Since X is sd-algebra, there exist V' € 7(z) such that V xz C U. If
y € VN (X\A), the we have y xx € A. Since x € A and A is ideal, y € A, a
contradiction. Hence x € V' C A implies that A is open. O

Proposition 3.14. If A is an open ideal in an sd-algebra X, then A is semi-closed.

Proof. Let x ¢ A. Then there exist V € 7(x) and U € SO(z) such that V « U C A,
since xxx = 0. Hence if W = VNU, then W € SO(z) and W«W C A. Ify e WNA
and since A is ideal, then W C A, a contradiction. Hence W C X\ A and hence A

is semi-closed. O

Definition 3.15. Let (X, *,0) be a sd-algebra and F C X. Then F is said to be a
filter if

(1) 0e F,

(2) f0#Ax€ Fand x*xy € F, then y € F.

Proposition 3.16. Let (X, *,7) be sd-algebra and F be a filter on X. If 0 is an

interior point of F', then F is semi-open.

Proof. Suppose that 0 is an interior point of F. Then there exists U € 7(0) such
that U C F. Let o € F. Since x x x = 0, there exist V' € 7(z) and W € SO(x) such
that V « W C U C F. Now, for each W € SO(y), we have z xy € F. Since F is a
filter and x € F, y € F. Hence x € W C F' and so F' € SO(X). O

Proposition 3.17. Let (X,*,7) be a sd-algebra and F a filter of X. If F' is open,

then it is closed.



244  ALiAs KHALAF, BALASUBRAMANIYAN JAYA BHARATHI & NEELAMEGARAJAN RAJESH

Proof. Let F be a filter of X, which is open in X. We show that X\ F' is open. Let
x € X\F. Since F is open, 0 is an interior point of F'. Since x * x = 0, there exist
V € 7(x) and W € SO(x) such that V « W C F. We claim that V' C X\F. If
V ¢ X\F, then there exists y € VN F. For each z € W, we have yxz € V+«W C F,
since y € F' and F' is a filter, z € F'. Hence W C F and so x € F, a contradiction.
Then z € V' C X\ F, which implies that X'\ F' is open and hence, F is closed. O

Definition 3.18. Let X be a d-algebra, U a non-empty subset of X and a € X.
The subsets U, and ,U are defined as follows: U, = {x € X : zxa € U} and

JJd={reX:axxeU}. Alsoif KC X weput kU= |J U and Ux = |J U,
acK aceK

Proposition 3.19. Let X be a d-algebra and A, B,W, K any non-empty subsets of
X. Then

(1) If AC B, then ;.W Cp W.

(2) If W C K, then Aw C Ak.

(3) If F C X, then X\F, = (X\F)q and X\oF = o(X\F) for each a € X.

Proposition 3.20. Let X be an sd-algebra, U and F' any two non-empty subsets
of X. Then

(1) If U is open, then U, is open and U is semi-open.

(2) If F is closed, then F, is closed and oF is semi-closed.

Proof. (1). Let U € 7, a € X and « € U,. Then z *a € U. Since X is sd-algebra,
there exist G € 7(x) and A € SO(a) such that Gx A C U, zxa € G, C U, thus
G+a CU. Then x € G C U,. So U, € 7. To prove that ,U € SO(X). Let z € ,U
implies that a x x € U. Since X is sd-algebra, there exist A € 7(a) and H € SO(z)
such that Ax H CU. Thena*xx € ,H CU and ax H CU. Hence x € H C ,U.
Therefore, ,U € SO(X).

(2). Let F be closed, then X\ F is open. Hence by (1), (X\F), € 7 and (X \F) €
SO(X). By Proposition 3.19, X\ F, = (X\F)q and X\ F = o(X\F). Hence X\ F,

is open and X\, F is semi-open. Consequently, Fj, is closed and , F’ is semi-closed. [

Definition 3.21. Let X be a d-algebra. The binary operation ® will be defined on
L(X) as (Ly ® Lp)(x) = Lo(z) * Lp(z) for all x € X.

Theorem 3.22. Let X be a positive implicative d-algebra, then (L(X),®, Lo) is a
d-algebra.
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Proof. Let Ly, Ly € L(X). Then (L, ® Lp)(x) = Lo(x) * Lp(z) = (a x x) * (b* x).
Since X is positive implication d-algebra, (a * x) x (b ) = (a * b) * z. Hence
(Lo ® Lp)(x) = Lup(z), implies that L, ® Ly = L for all a,b € X. Now (1).
(La®Ly)©(La®L:)) ©(L:©Ly) = (Lawy © Lawz) © Lasy = Li(asy)s(wsz)) () = Lo-
(2). (Lz ®© (La © Ly)) © Ly = (Lg © Lasy) © Ly = Lga(zsy) © Ly = L(gs(asy))sy = Lo-
(3). Ly ® Ly = Lyig = Lo.

(4). Ly ® Ly = Ly and Ly ® L, = Lo, then L, xy = Ly and L, * x = Lo, implies
that z*y =0and y*x =0 = x =y and hence, L, = L,.

(5). Lo ® L, = Lo *xx = Ly. Hence, L(X) is a d-algebra. O

Definition 3.23. Let X be a d-algebra, we define a map ¥ : X — L(X) by
U(x) = L, for all z € X and if A is any subset of X, then Ly = {L, : a € A}.

Remark 3. If X is a positive implicative d-algebra, then the following statements
can be easily proved.
(1) If AC B, then ¥(A) C ¥(A).
(2) If A and B are any two subsets of X, then ¥(AU B) = V(A) U ¥(B) and
V(AN B)=Y(A)NY(B).

Proposition 3.24. Let X be a positive implicative d-algebra, then the map ¥ : X —
L(X) is a d-isomorphism.

Proof. 1t is clear that ¥ is a bijection. We have W(z * y) = Ly and Lg.y(2) =
(x * y) * z. Since X is positive implicative, (x * y) x 2 = (z * z) * (y * z). Then
Ly *y(z) = Ly(2) ©® Ly(2) = (Ly ® Ly)(2). Hence U(z*y) = ¥(z) © ¥(y) for all z,
x € X, so V is a d-isomorphism. O

Proposition 3.25. Let X be a positive implicative d-algebra and T be a topology on
X, then the following statements are true:

(1) The family 0 ={¥(G) C L(X) : G € 7} is a topology on L(X).

(2) For any subset A of X, Lcya) = Cl(La).

(3) If A is any semi-open set in (X, T), then W(A) is a semi-open set in (L(X),0).

Proof. (1). The proof of ¢ is a topology and hence it is obvious.

(2). For any A C X, we have A C Cl(A). Hence La C Lcja) and CI(A) is closed
in X. Then by definition of o L¢;(4) is closed in L(X). Hence we obtain Cl(La) C
CI(LCI(A)) = LCI(A)- To prove LCI(A) C Cl(La), let L, € LCI(A)’ then x € Cl(A).
Let Lg € 7(L;). Hence G € 7(x), hence ANG # (). Therefore, LN Lg # 0, implies
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that L, € Cl(La), so Lcya) € Cl(La) and hence Lgy 4y = Cl(La).

(3). Let A € SO(X). Then there exists O € 7 such that O C A C CI(O). Hence
Lo € La C Leyoy and by (2), Lo € La € Cl(Lcy)). Hence L4 is semi-open in
L(X). O

Proposition 3.26. Let X be a positive implicative sd-algebra. Then (L(X),®,0)

s an sd-algebra.

Proof. Let Ly be an open set containing L, ® L, = Lg.,. Hence W € 7(z x y).
Since X is an sd-algebra, there exist U € 7(x), V € SO(y) and U x V C W. Then
Ly «V C L. Since X is positive implicative, Ly * V = Ly ® Ly € Ly. By
Proposition 3.25, Ly is semi-open in L(X) containing L,,. O

Recall that a function f : X — Y is semi-continuous [4] if the inverse image of
each open set in Y is a semi-open set in X, and it is semi-open if the image of each

open set is semi-open.

Proposition 3.27. Let X be an sd-algebra, then every left map on X is semi-

continuous.

Proof. Let a € X, define a left map L, : X — X by L,(xz) = a xz, for all x € X.
Let W € 7(Lg(x) = axx). Since X is an sd-algebra, there exist U € 7(x) and
V € SO(x) such that U « V C W. Clearly, axV C U+« V C W. Hence L,(V) C W

and hence L, is semi-continuous. O

Definition 3.28. A d-algebra X is called s-transitive (resp. s-open) if for each
a € X\{0}, the left map L, is semi-continuous (resp. semi-open) and it is transitive

open if the right map R, is both continuous and open.

Proposition 3.29. Let X be an sd-algebra such that for each a € X\{0}, the left
map Lg is semi-open. If U € T, then the following statements are true:

(1) axU € SO(X).

(2) L,Y(U)={z € X :axx €U} € SO(X).

(3) AxU € SO(X) for each A C X.

Proof. Since L, is semi-open and U is open, L, (U) = axU € SO(X). By Proposition
3.27, L, is semi-continuous. Hence L; 1 (U) = {x € X : axx € U} € SO(X). Lastly,

we have AxU = | (axU) € SO(X). O
acA
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Proposition 3.30. Let X be an sd-algebra, then every right map on X is continu-

ous.

Proof. Let a € X, define a right map R, : X — X by R,(x) = z % a for all z € X.
Let W € 7(Ry(x) = x % a). Since X is an sd-algebra, there exist U € 7(x) and
V € SO(a) such that U« V C W. Clearly, Uxa C U+« V C W. Hence R,(U) CW

and hence R, is continuous. O

Proposition 3.31. Let U be an open subset of a transitive open sd-algebra X and

let a € X. Then the following statements are true:

(1) Uxa€er.
(2 Rj{(U)={z€eX:zxacU}er.

a

(3) Ux A€ for each AC X.

Proof. Since R, € T and U € 7, L,(U) = U *xa € 7. By Proposition 3.30, R, is

continuous. So Ry} (U)={r € X :axz €U} er. AlsoUxA= |J(U=xa)er. O
acA

Definition 3.32. A d-algebra X is called an edge d-algebra if z « X = {0,z} for
each z € X.

Proposition 3.33. Let X be any s-transitive s-open edge d-algebra and T be any

topology on X, then there exists a topology o on X which is sd-algebra.

Proof. Let € X\{0}, then L, is s-open map. Since X € 7, by Proposition 3.3,
L,(X) e SO(X). Hence Ly(X) =2+ X ={0,z} as X is an edge d-algebra. Then
{0,2} € SO(X) for all x € X. Since {0,z} € SO(X) for all x € X, Int({0,z}) # 0
for all z € X. Then we have the following cases: Either Int({0,z}) = {0} or
Int({0,2}) = {0,2} or Int({0,z}) = {x} for all x € X. In the first two cases we
obtain that {0} € 7, so o is the discrete topology. The last case gives us {z} € 7
for all x € X\{0}. We claim that X equipped with the topology o is an sd-algebra.
For this, let U € 7(z xy). If z # 0 and y # 0, then {z} € 7(z) and {y} € 7(y), so
{z}*{y} CU. If £ =0, then z*y = 0 and hence if U € 7(0), we have U x{y} C U.
Ify =0, then %0 = 2 and U = {2z} € 7 and if y € X such that > y, then
{0,y} € SO(0) and {z} * {0,y} C {z}. Hence X is an sd-algebra. O
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