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IDEAL THEORY OF SUBTRACTION SEMIGROUPS BASED ON
(3,2)-FUZZY SETS

B1JAN DAVVAZ?, JOHN BRITTO PRINCIVISHVAMALAR P,
NEELAMEGARAJAN RAJESH”* AND BALASUBRAMANIYAN BRUNDHA ©

ABSTRACT. In this paper, we define the notions of (3, 2)-fuzzy ideal of subtraction
semigroup and near subtraction semigroup. Also, we discuss some of its properties
with examples.

1. INTRODUCTION

The concept of fuzzy sets was proposed by Zadeh [21]. The theory of fuzzy sets
has several applications in real-life situations, and many scholars have researched
fuzzy set theory. After the introduction of the concept of fuzzy sets, several re-
search studies were conducted on the generalizations of fuzzy sets. The integration
between fuzzy sets and some uncertainty approaches such as soft sets and rough
sets has been discussed in [2, 5, 6]. The idea of intuitionistic fuzzy sets suggested
by Atanassov [3] is one of the extensions of fuzzy sets with better applicability.
Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multicriteria decision making [7, 8, 9]. Yager
[20] offered a new fuzzy set called a Pythagorean fuzzy set, which is the generaliza-
tion of intuitionistic fuzzy sets. Fermatean fuzzy sets were introduced by Senapati
and Yager [18], and they also defined basic operations over the Fermatean fuzzy
sets. The concept of (3, 2)-fuzzy sets are introduced and studied in [11]. There are
several generalizations of fuzzy sets such as Intuitionistic fuzzy sets, Pythagorean
fuzzy sets and Fermatean fuzzy sets. The concept of (3,2)-fuzzy sets is a generaliza-

tion of intuitionistic fuzzy sets. This type produces membership grades larger than
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Intutionistic and Pythagorean fuzzy sets. In this paper, we introduce the concept
of (3,2)-fuzzy ideals of subtraction algebras and obtain several characterizations of

(3,2)-fuzzy ideals in subtraction algebras.

2. PRELIMINARIES

In this section, we shall recall some basic definitions and results that are required
in the sequel.
A subtraction algebra is defined as an algebra (X, —) with a single binary oper-

ation that satisfies the following identities:

(2.1) (Vx,y,z € X)(z — (y — x) = x),
(2.2) (Vo,y,2 € X)(z - (z —y) =y — (y — 2)),
(2.3) Vz,y,z€e X)((z—y) —z=(x —2) —y).

The last identity permits us to omit parentheses in expressions of the form (z—y)—z.
The subtraction determines an order relationon X a < b < a—b =0, where 0 = a—a
is an element that does not depend on the choice of a € X. The ordered set (X, <)
is a semi-Boolean algebra in the sense of [1], that is, it is a meet semilattice with
zero 0 in which every interval [0, a] is a Boolean algebra with respect to the induced
order. Here aAb = a— (a—b), the complement of an element b € [0, a] is a —b; and if
b,c € [0,b], then bVe = (VAd) = a—((a—b)A(a—c)) = a—((a—b)—((a—b)—(a—c))).

In a subtraction algebra X, the following are true: [13]

(2.4) (Vz,y € X)((z—y) —y=2—y),

(2.5) (Ve e X)(zx—0=u2,0—2=0),

(2.6) (Va,y € X)((z —y) —x = 0),

(2.7) (Vo,y € X)(z — (z —y) <),

(2.8) (Vz,y,z € X)((z—y) — (y —x) =z —y),

(2.9) (Vo,y € X)(z — (= (z—y)) =z —y),

(2.10) (Vz,y,z € X)((z—y) — (z —y) <2 —2),

(2.11) Ve,ye X)(z<yeox=y—w for some w € X),
(2.12) Ve,y,ze X))z <y=zw—2<y—zz—y<z-—1),
(2.13) Vz,y,ze X)(z,y<z=zx—y=xA(z—y)).
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Definition 2.1 ([13]). A non-empty subset A of a subtraction algebra X is called

an ideal of X if it satisfies

(1) a—xecAforallae A and x € X,
(2) for all a,b € A, whenever a V b exists in X, then a Vb € A.

Proposition 2.2 ([13]). Let X be a subtraction algebra and let x,y € X. Ifw € X
is an upper bound for x and y, then the element xNVy=w — ((w—y) —x) is a least

upper bound for x and y.

Definition 2.3. For any ¢ € [0,1], and a fuzzy set f in a non-empty set S, the
set U(f,t) = {x € S: f3(x) > t} is called an upper t-level cut of f and the set
L(f,t) ={x € S: f3(x) <t} is called a lower t-level cut of f.

Definition 2.4 ([15]). A fuzzy set f in a subtraction algebra X is called a fuzzy
ideal of X if it satisfies:

(2.14) (Vo,y € X)(f(z —y) = f(x)),

(2.15) (Va,yeX)( zvy = flzVy) >min{f(z), f(y)} )

Definition 2.5 ([11]). Let X be a nonempty set. The (3,2)-fuzzy set on X is
defined to be a structure

(2.16) Cx = {(z, f(z),9(2)) | z € X}

where f: X — [0, 1] is the degree of membership of z to C and g : X — [0, 1] is the
degree of non-membership of = to C such that 0 < (f(2))® + (g(z))? < 1.

In what follows, we use the notations f3(x) and g?(x) instead of (f(z))® and
(g(x))?, respectively, and the (3,2)-fuzzy set in (2.16) is simply denoted by Cy :=
(X, f,9)-

3. IDEALS IN SUBTRACTION SEMIGROUPS

In this section X denotes subtraction semigroup.

Definition 3.1. A (3,2)-fuzzy set Cx := (X, f,g) of X is called (3, 2)-fuzzy subtrac-
tion sub-semigroup of X if

f3(x —y) > min{ f>(z), f*(y)}
(3:-1) (VayeX) ( 9*(x —y) < max{g*(x), g*(y)} >
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—10 a b ¢ 0 a b ¢
00 a b ¢||0|0 a b c
al0 O b cllalO0O O b ¢
bl10 a 0 cl||b|0 a 0 ¢
c|0 a b Ollc|0 a b 0

Example 1. Let X = {0,a,b,c} be a subtraction sub-semigroup with two binary
operations — and - is defined as follows.
We define a (3, 2)-fuzzy set Cx := (X, f, g) as follows:

X| 0 1 2 3

F108 01 03 0.2
g |04 09 06 0.8

Then C is a (3,2)-fuzzy subtraction semi-group of X. Hence Cx := (X, f,g) is a

subtraction sub-semigroup of X.

Definition 3.2. A (3,2)-fuzzy set Cx := (X, f,g) of X is called (3, 2)-fuzzy left ideal
(resp. (3,2)-fuzzy right ideal) of X, ifV z,y € X
1) f3(2) = min{f*(z —y), °(y)}
2) g*(z) < max{g*(z —y),¢*(y)}
3) f*(zy) > min{f*(2), f*(y)}
1) g*(zy) < max{g*(z), g*(y)}
5) f2(zy) = f2(y) (vesp. f3(zy) > f3())
6) g*(zy) < g*(y) (resp. ¢*(zy) < g*(x)).
If f and g are both (3,2)-fuzzy left ideal and (3, 2)-fuzzy right ideal of X, then f
and g are both (3, 2)-fuzzy ideal of X.

(
(
(
(
(
(

Example 2. Let X = {0,a,b,c} be a subtraction sub-semigroup with two binary

operations — and - is defined as follows.

—10lalbl|c Ola|b]|ec
0[0lal|b|lc||O0|0]al|b]c
al|l0|0|blcllalO0|0|b]|ec
bl10|la|0]cl||b|0|lal|0]c
c|0|la|b|0flc|O|lalb]|O

We define a (3, 2)-fuzzy set Cx := (X, f, g) as follows:
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X 0 a b C
f(x) 0.71 0.32 0.53 0.14
g(z) 0.31 0.72 0.53 0.84

Then C is a (3, 2)-fuzzy left (resp.(3, 2)-fuzzy right) ideal of X. Hence Cx := (X, f,9)
is a (3, 2)-fuzzy left ideal ((3,2)-fuzzy right ideal) of X.

Definition 3.3. Let C; = (f1,91) and Co = (f2,¢92) be any two (3,2)-fuzzy sets of

X. Then the following (3, 2)-fuzzy sets of X are defined as follows.

(F* $)(e) = {zyxymm{f ) ) i<
B [0,0] otherwise
Gra=y A min{gd(x).g3(0)} it = <y

= < z<zx
b1+ 92)(2) { [yl, 1] otherwise
3~ 3
€@new ={ g e x
5 ) V. min{f3(2), f’(y)} ifz=2-yVayzeX
— z) = <K z=z—y

b [0, 0] otherwise
A min{g*(z),¢*(y)} fz=z-yVayzeX

(97 — 93)(2) = {my

[1,1] otherwise

(C1—Co)(2) =

Theorem 3.4. Every (3,2)-fuzzy left ideal (resp. (3,2)-fuzzy right ideal) of X is a
(3,2)-fuzzy subtraction semi-group of X.

Proof. Let f and g be an (3,2)-fuzzy ideal of X. Then Vz,y,z € X, we have

Ple—y) > min{f3((z—y)—2),(z)} Vze X
> min{f*((x —y) — 2), f3(2)} for z=2x
= min{f3(0), f3(x)}
= [(x),
P(x—y) < max{g*((z—y)—2),¢°(r)} Vze X
< max{g*((x —y) — 2),9*(x)} for z ==
= max{g*(0), ¢*(z)}
= ¢*(x).
Again consider
Ple—y) > min{f°((x—y)—2), P} VzeX
> min{f3((x —y) —y), P(y)} forz=y
= min{f‘”’gw —y), f3(y)} since (x—y)—y=x—y
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9*(z —y) maX{gz((ﬂc y)—2),0°(N} V2 € X
max{g®((z —y) —v),g*(y)} for z=y
( s

1 IA A

max{g*(z —y),g°(y)} since (x—y)—y=x—y

max{g*(z), ¢*(y)}-
Then f and g are (3,2)-fuzzy subtraction semi-group of X. The converse is not

true. O

Theorem 3.5. If Cx := (X, f,g) is a (3,2)-fuzzy set of a sub-semigroup X, then

the following conditions are equivalent:

(3.2) Vo,ye X)( Pxf2< 39292 >g%)
f3(ay) > min{ f*(z), f )},
33 e €30 ( S) S i ) )
Proof. (3.2) = (3.3): Let x,y € X. Then (f3xf3)(jk) = \</4k{min{f3(j),f3(k)}} >
min{f3(x), f*(y)}. By (3.2), f*+ f* < f*. Then we have f3(zy) > (* + f)(zy) >
min{f3(z), f3(y)}. Hence f3(xy) > min{f3(x), f3(y)}. It is clear that (g%x¢?)(jk) =
N Amax{g®(j),g°(k)}} < max{g®(x),g*(v)}. By (3.2), g** ¢ > g*. g*(ay) <

(Z ]*g ?)(zy) < max{g*(z), g*(y)}. Hence g*(zy) < max{g*(x), g*(y)}.
(3.3) = (3.2): Let j € X. Consider (f3x f3)(j) = V min{f3(z), f2(y)} <

Jj<zy

V {2y} < V {25} = f3(). Thus f3 * f3 < f3. If j cannot be expressed
Jlzy Jlzy

as j < wy, then (f7x f%)(z) = 0 < f3(j). Thus (f* = f*)(j) < f3(j) Vj € X.
Let j € X. Consider (¢° = g°)(j) = V max{g*(2),¢*(y)} = V {¢°(zy)} >

Jj<wxy Jj<wzy
V {%()} = ¢%(j). Thus g% x g> > ¢g?. If j cannot be expressed as j < ab,
J<zy

then (g% x ¢?)(x) = 0 > ¢%(j). Thus (¢° * ¢°)(j) > ¢%(j) V4 € X. This implies that
[P f2 < fand g* x g* > g*. O

Theorem 3.6. Let Cx := (X, f,g) be a (3,2)-fuzzy set of X. IfCx := (X, f,g) is a
(3,2)-fuzzy sub-semigroup ((3,2)-fuzzy left ideal, (3,2)-fuzzy right ideal) of X. Then
f-f=Ffandg—g=g.

Proof. Let Cx := (X, f,g) be a (3,2)-fuzzy sub-semigroup of X. Let z,y,z € X.

Then
V' Amin{f*(z), f*(y)}}

%i%%?%z), f2(0)} since z =2z —0
z )

(f = f)()

v
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V' A{max{g*(z),¢*(y)}}

z=x—y
< max{g*(z),9%(0)} since z =z —0
= 9%(2).

(9—9)%(2)

On the other hand if z =2z — y,z,y € X, then

F2(2) Fx—y)
min{f*(z), f*(y)}
V' Amin{f*(x), f*(y)}}

Z=x—Y

= (f - f)3(2),

VIVl

= ¢}z —y)
< max{¢*(z),q%(y)}
<

V' A{max{g*(z),¢*(y)}}

Jj=z—y

= (9-9)%(2)

Hence f3(z) = (f — f)3(2) and ¢2(2) = (g — 9)*(2) Vz € X. Thus f2 = f3 — f3 and
@2=g?— g ]

Theorem 3.7. Let C1 = (f1,91) and Ca = (f2,92) be any two (3,2)-fuzzy sets of X.
If Cy and Cy are (3,2)-fuzzy left ideals (resp. (3,2)-fuzzy right ideals) of X. Then
C1 and Cy is also (3,2)-fuzzy left ideal (resp. (3,2)-fuzzy right ideal) of X.

Proof. Let C; and Cy be any two (3, 2)-fuzzy left ideals of X. Let x,y € X. Consider

min{ f}(zy), f3 (fﬁy)}
min{min{ f} (), f}(y)}, min{ f3(x), f5 (y)}}
min{min{ f} (z), f3(x)}, min{ /7 (y), f3 (y
min{(f} N f3)(z), (ff’ﬁfz)( )}

(f2 0 f3) (zy) min{ff’ (zy), f3(zy)}
min{ f7 (y), f3(y)}
(N f3) ).

max{g} (zy), g3 (=
max{max{g3 (),
max{max{g;(z), g3 (z) }, max{g; (y),
max f3(g} U g3)(z), (97 U g3) (v)},

max{91 (zy), 9 5(zy)}

max{g7 (y), 95 (y)}
(97 U g3) ().

(ff N f3)(xy)

v Iv Il

1V Il

<
~—

(93 U g3)(zy)

}
()}, max{g3 (), g5(y)}}
(z 9

IVARVANEI
o o
NN

v

(97 U g3)(zy)

A
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And
(Ffnf)@) = min{fi(z), f3(x)}
> min{min{f}(x —y), £ ()}, Hlln{fQ(x* y), f3(y)}}
é min{min{ f}(z — y), f3(z — )} min{f{(y), f3(y)}}

min{(f{ N f3)(x =), (ff 0 )W)},
max{g}(x), g5 (z)}

max{max{gf(z — y), 91 (y) }, max{g3(z — y),
max{max{g}(z —y), g3(z — ) }, max{g? (y),
max{(gi U g3) (= — ). (97 U g3) ()}

Hence the intersection of two (3, 2)-fuzzy left ideals of X is also (3, 2)-fuzzy left ideal

of X. O

(97 U g3)(x)
5(y)}}
5(y)}}

A IA

Theorem 3.8. If C; = (fi, gi)ien is a family of (3,2)-fuzzy left ideal (resp. (3,2)-

fuzzy right ideal) of a sub-semigroup X. Then ( C; = (N f3, U ¢?) is also a
IEA 1€EA €A

(3,2)-fuzzy left ideal (resp. (3,2)-fuzzy right ideal) of X, where A is any index set.

Proof. Let C; = (fi, gi)ica be afamily of (3, 2)-fuzzy left ideal (resp. (3,2)-fuzzy right
ideal) of X. Let 2,y € X and f3(z) = () f3(z) = A f3(2), ¢*(x) = U g2(x) =
i€A [ISTAN

V gi(@).

P = A
> Amin{f3(z —vy), f3(y)}
= min{A f}(z—y), AP (v)}
= mmgzgx—yg,?ggyﬁ
o) - Vi
= it o
= max{Ug?(x—y)7U9i2(y)}
= max{¢*(z —y),5*(v)},
Plxy) = Af(xy)
> Amin{f7(z), f7(y)}
= mln{/\fl?’(w‘),/\ff(y)}
= mm}fggxgaj;zgyﬁ
= min xT), Y)s,
Pxy) = Vgizy)
< Vmax{g?(z),97(y)}
= max{\/ ¢?(z),V ¢?(v)}
= max{Ug?(z),Ug?(y)}
= max{g¢*(z),5*(v)},
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FPay) = N fixy) = A fy) = fy) and g*(zy) = V g} (zy) < Vgl (y) < g°(y).

Hence, () Ci= () fi, U ¢) is also a (3, 2)-fuzzy left ideal (resp. (3,2)-fuzzy right
1€EA [ISTAN 1€EA

ideal) of X. O

Theorem 3.9. If Cx := (X, f,g) is any (3,2)-fuzzy set of a sub-semigroup X, then

Cx := (X, f,9) is a (3,2)-fuzzy left ideal (resp. (3,2)-fuzzy right ideal) of X if and

only if every (3,2)-fuzzy level set | J(Cx,t,n) is a left ideal (resp. right ideal) of X

when it is non-empty.

Proof. Suppose that Cx = (X, f,g) is a (3,2)-fuzzy left ideal (resp. (3,2)-fuzzy
right ideal) of X. Let z,y,x —y € U(Cx,t,n) Vt € [0,1] and n € [0,1]. Then
Fa) >t fPlr—y) >t fPly) > tand ¢*(x) < n, g*(x —y) < n,6°(y) < n
Suppose y,z —y € U(Cx,t,n). Then f3(z) > min{f3(x —y), f3(y)} > min{t,t} =t
and ¢%(z) < max{¢*(z — y),¢*(y)} < max{n,n} = n. Hence 2y € |J(Cx,t,n).
Suppose z,y € |J(Cx,t,n). Then f3(xy) > min{f3(x), f3(y)} > min{t,t} =t and
¢*(zy) < max{g*(z),¢%(y)} < max{n,n} = n. Hence zy € J(Cx,t,n). Let z € X
and y € J(Cx,t,n). Then f3(zy) > f3(y) >t and g?(xy) < ¢g*(y) < n. This implies
that zy € |J(Cx,t,n). Hence | J(Cx,t,n) is a left ideal of X. Conversely, let t € [0, 1]
and n € [0, 1] be such that |J(Cx,t,n) # 0 and U(CX, t n) is a left ideal (right ideal)
of X. Suppose (@) # min{f3@ — y), o)} or ¢2(z) £ max{g®(@ — ), )}
If f3(z) # min{f3(z —y), f>(y)}, then there exists ¢ € [0,1] such that f3(z) <
t < min{f3(x —y), f3(y)}; hence x — y,y € (Cx,t, max{gZ( —v),9%(y)}) but x ¢
U(Cx, t, max{g*(z — y),4*(y)}), a contradiction. If g°(z) £ max{g*(z — y),¢*(y)},
then there exists n € [0,1] such that ¢g?(x) > n > max{g (x —y),9%(y)}, hence
z —y,y € UCx,min{f*(z — y), A (y)},n) but = ¢ U(Cx, min{f*(z - y), f*()}),
a contradiction. Hence f3(x) > min{f3(z — %), f3(y)} and ¢?(z) < max{g*(z —
y),9°(y)}. Suppose f3(zy) # min{f*(x), f°(y)} or ¢*(zy) £ max{g*(z),¢*(y)}-
If f3(zy) # min{f3(z), f3(y)}, then there exists ¢t € [0,1] such that f3(zy) <
t < min{f3(x), f3(y)}, hence we have z,y € J(Cx,t, max{g*(z),9*(y)}) but zy ¢
U(Cx, t, max{g*(x), g*(y)}), a contradiction. If ¢*(zy) £ max{g®(z),g*(y)}, then
there exists n € [0,1] such that ¢g*(zy) > n > max{g*(z),¢*(y)}, hence x,y €
U(Cx, min{f3(x), f3(y)},n) but xy ¢ J(Cx, min{f3(x), f3(y)}), which is contradic-
tion. Hence f?(zy) > min{f?(z), f*(y)} and g*(zy) < max{g®(z),9°(y)}. Suppose
Flxy) # fPy) or ¢*(zy) £ g*(y). Tf f2(xy) # f3(y), then there exists t € [0,1]
such that f3(xy) <t < f3(y ) hence y € J(Cx,t,9%(y)) but xy ¢ U(Cx,t,9%(y)), a

contradiction. If g?(zy) £ ¢g*(y), then there exists n € [0,1] such that ¢*(zy) > n >
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g*(y), hence y € |J(Cx, f3(y),n) but zy ¢ U(Cx, f3(y),n), a contradiction. Hence,
3(zy) > 3(y) and ¢?(zy) < g*(y). Therefore, Cx := (X, f,g) is a (3,2)-fuzzy left
ideal (resp. (3,2)-fuzzy right ideal) of X. O

4. (3,2)-Fuzzy IDEAL OF NEAR-SUBTRACTION SEMIGROUP

Definition 4.1. Let X be a near-subtraction semigroup. A (3,2)-fuzzy set Cx :=
(X, f,g) is called a (3, 2)-fuzzy ideal of X, if

(1) f2(z—y) > min{f*(x), f*(y)} and g*(z — y) < max{g*(x), 4*(y)},

(2) faj— 2y — 7)) = £2(5) and g*(zj — z(y — 7)) < ¢*()),

(3) f(zy) = f2(x) and g*(zy) < ¢*(x), V j 2,y € X.
If Cx = (X, f,9) is a (3,2)-fuzzy left ideal of X if it satisfies (1) and (2) and if
Cx = (X, f,g) is a (3, 2)-fuzzy right ideal of X if it satisfies (1) and (3).

Theorem 4.2. If C; = (fi,gi), i € A is a family of (3,2)-fuzzy ideal of a near-

subtraction semigroup X, then () C; = () fi, U ¢i) is also a (3,2)-fuzzy ideal of
i€A €A i€A
X.

Proof. If {C;}iea is a family of (3,2)-fuzzy ideal of a near-subtraction semigroup

X. Let N filz) = (Afi)@) = Afi(e) and Ugi(a) = (Vgi)(z) = V gilx) for all
z,y € X.
Let z,y € X. Then

(N R = AU
Ammﬁ%) )}

mMALﬁU}A{ﬁ@H

_ mMHWM()(ﬂﬁW)L

v

(igAgi)Q(fE*y) = V {g7(z —y)}

\/ max{g; (z), g*(y)}
maX{ \/ {97 (x)}, \/ {g7()}}
max{(U P CON U 9:)*(y)}-

I IA
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For all j,z,y € X, we have

(N fi)* (i — (y
[ISTAN

(U 9i)* (g — 2y —

1EA

For all z,y € X, we have

(N fi)*(zy

[ISTAN

(U gi)*(zy

[ISTAN

Hence |J C; = (
(ISYAN [ISTAN [ISAN

—J))

7))

Vv

IN

A\

IN

Definition 4.3. A (3,2)-fuzzy set Cx :=

bi-ideal of X if Va,y € X

(1) f(z—y) > min{f>(z), f3(y)}
?(z —y) < max{g*(z),9*(y)}
x f3C f3
U (g% X) xg* D g*.

(2) 9
(3) (f3 X f)n
(4) (¢°

(f? - X)

.é\A{fiB(wj
.é\A{ff(j)}
(N f)*G),

[ISTAN

—z(y— 7))}

Vgl (@j —a(y —5))}

U fi, N 9i) is a (3,2)-fuzzy ideal of X.
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g

(X, f,g) of X is said to be a (3, 2)-fuzzy

Example 3. Let X = {0,a,b,c} be a subtraction sub-semigroup with two binary

operations — and -

is defined as follows.

—10 a b c¢||*x]|0 a b ¢
00 O O O|J]OjJO O O O
ala 0 a allala a a a
blb b 0 b||[b]0 0 0 b
clec ¢ ¢ O0flc|0 O 0 ¢
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X! 0 a b c

f£108 0.6 03 0.2
g |03 04 06 0.7

We define a (3, 2)-fuzzy set Cx := (X, f, g) as follows: It is clear that

X 0 a b c

2-X-f 108 07 05 02
(f3-X)-f307 06 03 0.1
¢?-X-¢g> |04 05 06 0.8
(>-X)-g2 |03 06 0.7 0.8

Proposition 4.4. If a (3,2)-fuzzy set Cx := (X, f,g) is a (3,2)-fuzzy left ideal of
X, then Cx = (X, f,9) is a (3,2)-fuzzy bi-ideal of X.

Proof. Let j' € X be such that j' = zyz = jl — j(k — 1), where z,vy, 2,7, k,l € X.
Then ((f*- X - f3) N ((f°-X)- )"

min{(f* - X f%)(j )((f3 ) )G}
mm{ Vo min{ (@), FPy), f ()}} Vo min{(f7- X)(), £ (1)}

=Yz '=jl—j(k=1)

mln{\/{f‘o’( ), F2(2) 1 VA - X)), f ()}}

min{ X (z), X(2), X (5), f2(jl — j(k — 1))}

min{1, 1,1, f3(jl — j(k — 1))}

21—k 1))

2.

If j is not expressible as j' = xyz = jl—j(k—1), then (f*-X-f)N((f*-X)-f*)(j') =

0 < £3(5). Then (f3- X - f)N((f3-X)- f3) C f3. Hence C is a (3,2)-fuzzy bi-ideal

of X. And

((¢°- X -g*)U((g®- X)-g%)
max{(g* - X - g°)(5"),

max{ \/ max{g (x

(

A1 IA

(4"
9*-X)-g*)(4")}

J'=wyz

> max{X(z), X(2), X(j),9*(jl — j(k — 1))
= max{() 0,0,9%(51 — j(k — 1))}

= (Jl—J( )

= 92(3")-

If 5 is not expressible as j' = xyz = jl—j(k—1) then ((¢>- X -¢*>)U(g%- X)-¢*)(j') =
0> g%(j"). Then ((¢%- X -g*) U (g% X)-g%) D g°. Hence C is a (3,2)-fuzzy bi-ideal
of X. 0
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Proposition 4.5. If a (3,2)-fuzzy set Cx := (X, f,g) is a (3,2)-fuzzy right ideal of
X, then Cx = (X, f,9) is a (3,2)-fuzzy bi-ideal of X.

Proof. Let j' € X besuch that j' = xy = jl—j(k—1), x = x129, where z, x1, 22,y, j, k
and [ are in X. Consider,
((f°- XY X) - )"

min{(f*- X - f2)(5"), (f* - X) - f2) (")}
min{ '\ min{(f*- X)(), ()}, (> X) - )5l =5k = 1)}

j'=xyz

= min{ y min{ y min{ f*(z1), X (z2)}, £ ()}, (- X) - f2)(G1 =3 (k = 1)}
= mln{ V mln{ V {2 a))}, PO} ((F - X) - [ = 5k = 1))}

mln{f3(:c1),f3( ) ((f3 X))l =k = 1))}

min{f*(xy), 1,1}

3 (xy)

2.

If j/ is not expressible as j' = xyz = jl—j(k—1) then ((f3- X - f2)N((f3-X)-f3)(j') =
0 < f3(4"). Then (f3- X - )N ((f3 X)-f3) C f3. Hence C is a (3,2)-fuzzy bi-ideal
of X. And

((g*- X -g2)U((g®- X) - g*)(i")

max{(g* - X - *)(5"), (¢ X g°)(i"}
max{ \/ max{(¢? X)(z ) 2k (g* - X) - g*) (5l = 5k = 1))}

1 IAl

= el Vel V(g o). X)) 20D (6 X)) 3G 0)
i'=zyz =zyz

= max{ V' maxl) V{0 20 (00 X)) - 06~ D))

= max{g (1), 6%(y ) (g% X))l - ik~ 1))}

> max{g*(vy), 1,1}

= g*(zy)

= (")

If 5 is not expressible as j' = xyz = jl—j(k—1) then ((¢>- X -¢*>)U(g%- X)-¢*)(j') =
0 < g%(j"). Then ((¢%- X -g*)U (g9 X) - g%) C g°. Hence D is a (3,2)-fuzzy bi-ideal
of X. 0

Theorem 4.6. Let Cx := (X, f,g) be a (3,2)-fuzzy subalgebra of X. If CXC C C,
then C is a (3,2)-fuzzy bi-ideal of X .

Proof. Assume that f is a (3,2)-fuzzy subalgebra of X and f3- X - f3 C f3. Let
j € X. Then ((f*-X-f)N(f*-X)- f*)(4) = min{(f*- X - £*)(5), (f*- X)- f) ()} <
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(f3- X £)(G) < F0). Thus (X 30 (5 X)- £2) € 5 and f is a (3,2)-fuzzy
bi-ideal of X and assume that g is a (3, 2)-fuzzy subalgebra of X and g% X - g% D ¢°.
Let j € X. Then (g2 X-g2)U(g% X)-6%)(j) = max{(g>-X-g*) (7). (9% X)-¢>) )} =
(¢>- X -¢%)(j) > ¢*(4). Thus ((gz-X-g YU (g% X)-g%) D g? and g is a (3,2)-fuzzy
bi-ideal of X. g

Theorem 4.7. If X is a zero symmetric near-subtraction semigroup and Cx :=
(X, f,9) is a (3,2)-fuzzy bi-ideal of X, then f3-X - f3C f3 and g*- X - g> D ¢°.

Proof. Let f be a (3,2)-fuzzy bi-ideal of X. Then ((f3- X - f3)N(f*-X)- f3) C
f3. Clearly f3(0) > f3(4). Thus (f3- X)(0) > (f*- X)(j) Vj € X. Since X
is a zero symmetric near-subtraction semigroup, f3-X - f3 c (f*-X)- f3. So
(f2- XN X)-f3) = f-X-f3C f3 and let g be a (3,2)-fuzzy bi-
ideal of X. Then ((¢%- X - ¢*) U (g% - X) - g?) D g% Clearly g?(0) < ¢?(j). Thus
(g% - X)(0) < (¢%- X)(j) Vj € X. Since X is a zero symmetric near-subtraction
semigroup, ¢g%- X g% D (¢%-X)-g% So ((¢*>- X - ¢ )U(¢*- X)-¢*) = ¢*>- X -g* D g*>. O
Theorem 4.8. If Cx := (X, f,9) is a (3,2)-fuzzy bi-ideal of a zero symmetric
near-subtraction semigroup X, then f3(jkl) > min{f3(j), f3(1)} and g*(jkl) <
max{g*(j), g*(1)}.
Proof. Let f be a (3,2)-fuzzy bi-ideal of zero symmetric near-subtraction semigroup
X. It follows that f3-X - f3 C f3 and g% - X - ¢ D g%
Let j,k,l € X. Then
F2(jkl)

1V

(f° - X - f2) (kL)
V' min{(f?

Jkl=zy
min{(f* - X)(jk)
min{(f*- X)(j),
min{(f*- X)(j),
min{ (* - X)(j),
min{ f3(5), f*(I
1kl

X)(x), ()}
o)
(),
WU
(0}

¥
0}
)}

v v
>

—

VAN

)}
)

<
[\
~
<
K‘
o~
S~—
v
—~
Q
[V
<
(V]

I IAIA

=

I

"
/\/\Qr‘\

IA

=

o]

i
—~
Q
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