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1. Introduction

Mathematicians have been working on Bernoulli numbers and polynomials,
Euler numbers and polynomials, Genocchi numbers and polynomials, and tan-
gent numbers and polynomials (see [1, 2, 3, 4, 5, 6, 10, 11, 12, 14]). It is well
known that the Bernoulli polynomials are defined by the generating function to

be
(ett_1> et =§%Bn(az)f;- (1)

When z = 0,B,, = B,(0) are called the Bernoulli numbers. The tangent
polynomials are given by the generating function to be

((jﬂ) oot — TiTn(x)jZ. 2)

When x = 0,T,, = T,,(0) are called the tangent numbers (see [5, 6, 7]).
The Bernoulli polynomials Bg)(x) of order r are defined by the following
generating function

( : )B“Z_%Bﬁﬁ(a:)tn (t] < 2m). (3)

et —1 n!’
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The Frobenius-Euler polynomials of order r, denoted by H%’h)(u, ), are defined

as
L-u)’ Zoo ™) (. 2) -
xt __ r
<et—u> & —nZOHn (U7$)g (4)

The values at x = 0 are called Frobenius-Euler numbers of order r; when r = 1,
the polynomials or numbers are called ordinary Frobenius-Euler polynomials or

numbers. The cosine-tangent polynomials Tflc) (z,y) and sine-tangent polyno-
mials Ty(LS)(a?, y) are defined by means of the generating functions

Zoo @) (L ¢
T (z,y)— = e cosyt, (5)
] 2t
= n! et +1
and
(k.5 " ¢
E T (z,y)— = e sin yt, (6)
] 2t
o n! et +1
respectively.

For any integer k and 0 < g < p <1, let Liy 4(t) be the power series given by

o0 tm

Lik%q(t) =

m=1

s, ™

Y23 n

where [n], ; = d is the (p, ¢)-integer.

Note that if p = 1, then limg,1[z], o = = and limg_,; Lig ,4(t) = Lig(t),
where Li(t) is the kth polylogarithm function. In this paper, we introduce
some special polynomials which are related to tangent polynomials. In addi-
tion, we give some identities for these polynomials. Finally, we investigate the
distribution of zeros of these polynomials.

2. (p,q)-poly-cosine tangent and (p,q)-poly-sine tangent polynomials

In this section, we define the (p, q)-poly-cosine tangent and (p, q)-poly-sine
tangen polynomials. In [9, 11, 12], we introduced poly-tangent numbers and
polynomials, poly-cosine tangent and poly-sine tangent polynomials, and g-poly-
tangent numbers and polynomials. After that we investigated some their prop-
erties. We also obtained some relationships both between these polynomials
and tangent polynomials and between these polynomials and cauchy numbers.
For any integer k, the modified poly-tagent polynomials T,gk)(z) are defined by
means of the generating function

s o 2Lip(1—e )
E T (k) — at
= n(2) n! t(e?*+1) € (8)

The numbers T, T(Lk) (0) := TT(Lk) are called the poly-tagent numbers.
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For 0 < ¢ < p < 1 and any integer k, the (p,q)-poly-Bernoulli polynomi-
als Bﬁl,z),,q(x), the (p, ¢)-poly-Euler polynomials E,(f,),,q(x), and the (p, q)-poly-
tangent polynomials Tr(l’fqu(m) are defined by means of the following generating

functions:

Livpo(l =€) o <= ok t
1— e_t € = Z B'r(L,;()),q(‘r)aa
n=0
2Likpq(l —e7") 4 _ — Ek) "
et +1 e = Z nypyq(x)m’ (9)
n=0
2Lipp (1 —€7") 4 = (k t
o2t 4 1 e = Z Tn»g,q(m)a'
n=0

Now, we define modified (p, ¢)-poly-tangent numbers and polynomials.

Definition 2.1. For any integer k£ and 0 < ¢ < p < 1, the modified (p, ¢)-poly-
tagent polynomials T,Silq(a:) are defined by means of the generating function

= t"  2Lig (1 —e7)
(k) D k,p,q zt
;E’p’q(z) nl t(e2 4 1) < (10)
The numbers ﬁﬁ,{q(O) = n(ﬁ,)ﬂ are called the modified (p, ¢)-poly-tagent

numbers. If p =1, then
lim 7,%) (2) = T (2), lim 7,%), = T*),
q—1

g1 P n,p,q
Theorem 2.2. Forn > 0, we have

T, () = 1 > (7> (Ti(2) — Ti(= — 1)) Bilk—)LM'

n
=0

Proof. By (2), (9), and (10) and by using Cauchy product, we have

o0 n+1 . —_ —
ZT(k) (Z)t - _ <L1k,p,q(16 t)) 2(1—e t)ezt

PAT ) 1—et et +1
n=0
n=0 n=0
[e%s} n n k-, m
- ( (7) @) - n= - vy B,S_%,,,,q> =
n=0 \1=0 '

By comparing the coefficients on both sides of (11), we have the theorem re-
lated the (p, g)-poly-tangent polynomial, (p, q)-poly-Bernoulli polynomials, and
tangent polynomials. O
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Now, we consider the (p,q)-poly-tagent polynomials that are given by the
generating function to be

t” _ 2Li (1—e?) -
Z k k,p,q z+iy)t
7:7(17)(1 .’E Zy t(th 1) 6( v) . (12)

On the other hand, we note that
e(BH Wt — Tt — o (cosyt + isinyt). (13)
From (12) and (13), we obtain

t” 2Li 1—et
Z 7' (z + zy = Z:’(”e’gt(+ l)e )e“(cos yt + isinyt), (14)
and
o " 2Lig (1 —et)
k . _ k.p,q xt i
Z 7;(’p)’q(m - zy)a = e 1) e®* (cos yt — isinyt). (15)
Hence, by (14) and (15), we obtain
i pg(l—et) ., [ Talale +iy) + T (@ —iy) | ¢
P, xT t — Iy Iy . 16
et = ! o)
and
2Lirpg(l=€) v i Taa(@ +iy) — Tapa(z —iy) | ¢ (17)
Her 1 1) =2 2i nl’

It follows that we define the following (p, ¢)-poly-cosine tangent and (p, ¢)-poly-
sine-tangent polynomials.

Definition 2.3. The (p, q)-poly-cosine tangent polynomials 7}(1;(1)(33,3/) and

P, q)-poly-sine tangent polynomials Tn( ) (e are defined by means of the
y g y BX Y
generating functions

t 2Li (1—eb)
Tk, C) i k.p.q wt
g npa (TY) 5 = e 1 1) e cos yt, (18)
and
> t"  2Lig (1 —e7?)
(k S) k,p,q xt o
Z 7;L (z Z/)n, = He2 1 1) e sinyt, (19)
n=0
respectively.

ote that 7, z,0 n ), T (2.0) = 0, (n > 0).
N h 7-(1;%‘ (,p,q T(,kpfz) 0 0 0
By (16)-(19), we have
(k,C) T a(@ + iy) + Tama(@ — iy)
T n,p,q (.’II, y) = 2 )

k
n(p)q(x +iy) — n(,p)q(x —iy)

24

T (w,y) =

p2r)
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Clearly, we obtain the following explicit representations of ’Tn,p,q(x + iy)

T8 in) = 3 ()T to + i
=0

) "\ ok el e
Tivale szz:(z)ﬁfpfq(x)l T

1=0
Let

N oo 4 o o0 "
e tcosyt:ZCl(x,y)ﬁ, e tsmyt:ZSl(%y)ﬁ. (20)
1=0 1=0

Then, by Taylor expansions of e cos yt and e sin yt, we get

oo [%] l
l —2m, 2m t
e cosyt = E E (Qm) (—1)mat=2my? T (21)

=0 \m=0
and
esingt =Y (Y (2m N 1) BT (22)
=0 m=0 :

where [ ] denotes taking the integer part (see [4]). By (20), (21) and (22), we
get

and

slu,y)i( : )<1>mx”m1y2m+1,<zzo>.

2Likpo(l =€) w S~ 1 £
t(e2 + 1) e cosyt = Zlﬁ,p,qﬁ — Crm(2,y) 7|

Therefore, we obtain the following theorem
Theorem 2.4. Forn > 0, we have
n n .
T w0 =3 (7))
1=0
and

i n
79w =3 (7).t
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We remember that the classical Stirling numbers of the first kind S;(n, k) and
Sa(n, k) are defined by the relations (see [12])

n n
Z x)g and (x), = Sy (n, k)zk, (23)
k=0 k=0
respectively. Here, (), = z(x — 1)---(z — n + 1) denotes the falling factorial

polynomial of order n. The numbers S3(n,m) also admit a representation in
terms of a generating function

— 1
-ym E Sa(n,m) rE (24)
Let

Ligpq(1 —e e cosyt = ch(];)q

(25)
Ligpq(1—e e sinyt = ZSlpq z,y) l'
Then, by (21), we get
(oo} (oo}
t (1 —e )it
(k) ( J— xt
(T y)— = e cos yt,
2 Crmalent) oy = 2T

e’} 1 +1 (l—|—1>

_ (z—1)

= Z - Z ) (=D cos(yt)
e [L+1]%, «\ i
[e%) 141 %)

1 I+1 . n

> e X (e X etk
1=0 P4 =0 n=0
%) oo 1+1

1 [+1 . n

-y =Y (e z,y>> -

oy (l_o [+, =\ i n!
(26)

By (25) and (26), we get
oo 141
1 l+1 )
(k) _ L i .
Cripa(T:y) = E : [+ 1 E : < i )(—1) Cn(r —1i,y)

- (n> (?’l - l) (_1)l+z+nz|52(l7 ’L) wn—l—me2m,
\! 2m i)k

|
\M“

p.q



Some identities of (p, ¢)-poly-cosine tangent and (p, ¢)-poly-sine tangent polynomials 171

and
oo I+1
1 1+1 i _
&ﬁg@ﬂ)E:U+1w§:<i yUSanw
=0 P9 ;=0
B n Zl: —| (n) ( n—I ) (—1)l+i+ni!52(l,i) xn_l_Qm_1y2m+1
- . k .
D0 o \/\2m+1 (15,

A few of them are
k k
CP(ay) =1, OF(a,y) =1,

2
O3 (@,y) = 1+ g + 22,

215,
6 6 6
C’é{c)(a:,y)zl—i—k -3z + ——x + 327 — 3y,
i 2lEe Bl [2]5.q
and
k k
Sz y) =0, S (z,y) =0,
k
Sé,q) (Ia y) - 2ya
k 6
Séyq) (z,y) = -3y + Wy + 6zy.
psq
(k) _ 24 24 24 9 3
Siq(w,y) =4y — my—k my— 12zy + mxy—l— 12z%y — 4y°.
Now, we observe that
i TR (1 )—tn—H =L (1 —e ")e" cos t72
= ™4 Y nl  Rpa y et +1
& tn 0 tn
k
_ (z c;;q(x,wm) (z T)
n=0 n=0

[ () tn
-3 (Z ( Z)q,p,qu,y)Tn_l) "

=

Therefore, we obtain the following theorem
Theorem 2.5. Forn > 0, we have

k,C " (n k
n7;L(—1,[)J,q (I, y) = Z <l> Ol(7p)7q(x7 y)Tn—l

1=0
and

k,S = n k
nff—l,;,q(x?y) = Z (l)sl(,p),q(x’ y)Tn—l~

=0



172 C.S. Ryoo

From (18), we have

2Lig p.q(1 — e ")e*" cosyt

(i 7 (k. C) (:E y)th> (e275 + 1)
e AT )

n=0 (27)
e k.C tn
= (Zl( ) @2 +n ,517;@(9:,3/)) =
n=0 :
By (18) and (27), we get
n— k,C
o = (ST e T o).
Therefore, we obtain the following theorem
Theorem 2.6. Forn > 0, we have
(k,C n— k,C
C(’f;q:cy (Zl() o 1p)qu)2 l+nT(1pq($y)>
and
RS (k.S n— kS
st = 5 (S )Tzt a5 o).
1
Now, we observe that
- t"  2Ligpa(1—e7h)
k,C _ k.p.q +2)t
Zﬁz(pq)( +2,y)a— e 1 1) @2t cosyt
n=0
2Li 1—et
= ]Z"(’;’gt(+ 0 )ewt(ezt —141)cosyt
2. P 2Lig pq(1—et)
= ;sz,p,qu —e Me" cosyt — t(pegt Y e cosyt
Hence we have
- k,C k,C AR k t"
Z(ﬁ,p’,q)(ﬂf‘i‘ly)-ﬁ-ﬁqu)( ) _Z( (%ﬂx y)ﬁ

n=0
By comparing the coefficients on the both sides, we get

2
Tattopa(@ +2,9) + T (0,9) = ~C (@), (02 1),

1,p,q n,p,q

Therefore, we obtain the following theorem:

Theorem 2.7. Forn > 1, we have

2
k,C k,C
T( 1pq($+27y) T( 1pq( 7y) = EC'EL],Q‘;),Q(‘/'E)ZJ)?
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and )
k,S k,S
T @+ 2.9) + T (w,y) = =51 ().
By (18), we have

tm 2L3 (1-
STy = (e )
’ n! 6

0 S 1
(L) (37)
BRSNS (k,C) nr) "
B Z Z Tm q (@, y)r n!’
n=0 \1=0 ’

Therefore, by comparing the coefficients on the both sides, we obtain the follow-
ing theorem:

Theorem 2.8. Forn > 0,r € N, we have
k,C n—
TED @ =3 () 7w,
1=0

and

L,p,q

kS) ( _ - (kS) —l
T Y L
1=0
By (18), we get
" O (2Ligpq(1—et)
(k, C) “ k.p.q t
Za Tnga (@ 9) ) = az< ey 1) syt

2Lig p (1 — et
= Zk’g’zqt(ﬂe ) et cosyt (28)

n

3 (7 0e)

n=1

Comparing the coefficients on the both sides of (28), we have

0
3T @) = 0T ().

Similarly, for n > 1, we have

77'(k S)(:c y) = nT(kl ) q(x Y),

n,p.q

77‘(1@ C)( )7_n7-(k1pq( ),

n,p.q

k,C
a—ym% y) =nT, 00 (2,y).



174 C.S. Ryoo

By (18), (24) and by using Cauchy product, we get

- t 2Li 1—et
R ) [ Y

2
= t(e? +1)

(QLi’;v(zgt(:;_t)) cosyt 3 (x o 1) (1—et)!

=0

bl t_ 1) /2Li 1—et
:Z<x>l (e ; ) ( ik,p,q( € )>e_ltcosyt

— t(e?* 4+ 1)
= i <z > i Sy(n, l Z
=0 n=0 n=0
- n;) (;; (’;) So (i, )TEC) (~ly) <a >l> ot

(29)
where <z >=xz(z+1)---(x+1— 1) > 1) with <z >¢= 1.
By comparing the coefficients on both sides of (29), we have the following
theorem:

Theorem 2.9. Forn > 0, we have

T0:0) (o ZZ() DTED (C1y) <o,

=0 i=l

T(ks ZZ() zlﬁkzsgq( Ly) <z > .

=0 i=l

Now, we define the new type polynomials that are given by the generating
functions to be

2Lik,p,q(1 k,C)
t(e2t + 1) COS yt = Z 7;z(pq (30)
and
2Ly p (1 —
ey D sinyt = Z T (31)
respectively.
k,C k,C (k,S k.S (k,C k
Note thatﬁl(p q)((),y) = n(,p,q)( )s ﬁt,p,q)( y) = 7;L(,p,q)( )s %,p,q)( 0) = n(,p),qa

n(,l;,? (0) = 0. The new type polynomials can be determined explicitly. A few
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of them are
k,C k,C 3 1
0(,p,q)<y) =1, 1(7p7q)(y) - + [2]]; <17
(’%C)()_%_ 4 + 2 2
- y bl
2 302, Bl
2
(k’c)()_é—F 19 15 n 6 +9i_ 3
Yy,
S 4 2021k, Bk, Ak, 2 215,
and k,S) (k,S)
0(,qu (y) =0, Tipa W) =y,
k,S
2(,p,q)(y) = 73y+ [ ]gqu
12 6 3

TS () = dy — ——y+ ——y —
(y) =4y o Y [3],57(11/ y

P.a
From (20), we derive the following equations:
. — o0 [2] k
2Likpq(1 =€) k (k) om | t
terr ) =2 | 2 (o)) OV Tezmaad™ |
k=0 \m=0
and ( .
2Lijpg(1— e
’ t
He? 7 1) siny
- Z ( )(—1)m k(k)z 1 y2m+1 L
—2m—1,p,q N
=\ 2m+1 k!

(3]
n m, 2m(k
( ) (_1) y2 7;(7)2m,p,q7

and
[n;l . .
( > (71)my2m+17:1(7)2m71,p,q'
0

2m +1
From (18), (19), (30), and (31), we derive the following theorem:

Theorem 2.10. Forn > 0, we have

- n n— k,C
T =Y ())a T )

and

(1 (kS
7w =3 ()T

175

(32)
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By (18), (30), and by using Cauchy product, we have

S n 2Li (1 _ eft)
() A k,p,q ¢ .
7;)7;“(1 = ( t(e2 +1) ) ((e" = 1) +1)% cosyt

2Lig pq(1 — e = [z
— :’(’;gt(+ 1) ) cosytz <l)(et —1)

Il
('h
\
)—A
7N
N
h
o~
>~
S
=)
—
—
S
L
S~—
o
o
wn
<
~
N————
—
w
=~
=

By comparing the coefficients on both sides of (34), we have the following
theorem:

Theorem 2.11. Forn > 0, we have

o0

10w =33 (1) @nsati 1),

=0 i=l
TS (x ZZ( > )iS2(i, DT ().
=0 i=l

By (3), (24) and by using Cauchy product, we have

o0

tn
k,C
27;1(;0 q)('rmy)g

n=0

2Ligp (1 =€)\
= ( e 1) e*" cos(yt)
_(er =1 et S THRO)
N o -1 Z ™p.d

_ (et% <Z BW(x)fZ) (Z Tk () ) ;I

n=0 n=0
n) Sl n—I n—1 B(r) T(k tn
Z St 3 ()BT W) )

By comparing the coefficients on both sides, we have the following theorem:
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Theorem 2.12. Forn >0 and r € N, we have

n n n—l1
n—1 .
T 0 y) = 3 ) sg<l+r,r>2( )T B @),

I+r
=0 (4’; ) =0
n—I
n—1\ (ks r
T (x, Z W AEXEDY ( . )T( 2 ra B ().
=0 T =0

By (4), (18), (24) and by using the Cauchy product, we get
U (2Likpall - et)
(k C k.p,q xt
Zﬁpq x,Y —' = ( He? 1 1) ) e”" cos(yt)
(et—u 1—u 2szpq(1—e t)
= (1—u He2 4 1) cos yt

- ZH ﬁ: 0 <) eit““wu = (wlz’(pé?qt(lfne ) cost

=

_ 01)2 (g)<_uy—i§_‘; zm?
—z(1_u§<§><‘“>”§(7>ﬂf”< )

By comparing the coefficients on both sides, we have the following theorem:

Theorem 2.13. Forn >0 and r € N, we have

7:1(,];’2)(3” Y) ZZ ( ) ( ) ) ZT(klpq(z y)HgT)(u,x),

=0 =0
)y ig-(k,S (r)
TS @) = = ZZ()() T ) 2.

By Theorem 2.11, Theorem 2.12, and Theorem 2.13 we have the following
corollary.

Corollary 2.14. Forn >0 and r € N, we have

o0 n

S (1) @i o)
=0 i=l
() <7>< R TG
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3. Zeros of the (p, q)-poly-cosine tangent and (p, q)-poly-sine
polynomials

This section aims to demonstrate the benefit of using numerical investigation
to support theoretical prediction and to discover new interesting pattern of the

zeros of the (p, ¢)-poly-cosine tangent polynomials 771(2,2 (z,y) and (p, ¢)-poly-

sine tangent polynomials ﬁﬁq)(z,y). The (p, q)—poly—cosine tangent polyno-

mials ﬁp’q)(z,y) and (p, ¢)-poly-sine tangent polynomials ’Tnpq (z,y) can be
determined explicitly. A few of them are

k,C)
Towq (@.y) =1,
(k,C) _ 3 1
,Tl,PfI ( ) - 2 + [2]];’(1 +JC,
4 4 2 2
TR (g ) = = — + =3+ ——a+a?—y?
2 325, Bl 2154
3 19 15 6 12
T @,y) = = + - + o — ——x
b 4225, 325, M, 2154
6 92 3, 5 9y? 3 9
+ - —+ o+ 20+ = = Yy — 3xy",
Bl5.q 2 25, 2 23,
14 12 66 72 24 38
T (2,y) = —— - + - + +30+
P 5 [REe Blie M. Blig 12154
60 24 24 12 4
— x4 ———x + 8% — 2?4+ — 6% + ——a?
Blia M 2154 B5.q 2154
24 12 12
+at =8yt + ———y? — ———y? + 18z — ———ay® — 62%y* +yt.
2, Bl 2154
and
k.S
7;)(,;L,q) (l’, y) - Oa
k,S
7-1(,p,q) (l’, y) - ya
(k,S) —
opg (T,Y) = =3y + [2],;#1; + 2zy
12 6 6
Tapia () =4y — oy + oy — 9y + ——ay + 32%y — ¢,
S 215" Blig 215.q
38 60 24 8
E(k S)(:c,y):3y+ Yy — y+ Y+ 162y — ——ay + 2y
P 25" Blpe” M 2154 Bl5.q
12 4
— 1822y + 2y + 42y + 6y3 — - v — Ay,
2154 215

p.q
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We investigate the beautiful zeros of the (p, ¢)-poly-cosine tangent polynomi-

als 7}(,@,’5) (z,y) by using a computer. We plot the zeros of the (p, ¢)-poly-cosine

tangent polynomials 7}(2’3) (z,y) for n =50,k = 2,2 = 2 (Figure 1). In Figure

20 T T T T 20
10 ) ) - 10F -
o (]
imy) o —& & — my o L L
([ ]
-10 o o - -10F -
20 , , , , 20 . . . .
-40 -20 0 20 40 -40 -20 0 20 40
Re(y) Re(y)
20 T T T T 20
10 o ® - 10F o ® -
) ) (] ([ ]
Imly) 0 Imly) 0
-10 . . - -10| . . -
L) o I ) o
20 \ \ \ \ 20 . . . .
-40 -20 0 20 40 -40 -20 0 20 40
Re(y) Re(y)

FIGURE 1. Zeros of ’7}(2’2) (z,y)

3

1(top-left), we choose ¢ = 15. In Figure 1(top-right), we choose ¢ = =. In

Figure 1(bottom-left), we choose ¢ = %. In Figure 1(bottom-right), we choose

_ 9
4= 15"
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Stacks of zeros of 7;1(2,’2)(:17,3/) for 1 <n <50,k =2,z =2 from a 3-D

structure are presented(Figure 2). In Figure 2(top-left), we choose ¢ = %. In

FIGURE 2. Stacks of zeros of 7}(2’2)(1’, y) for 1 <n <50

Figure 2(top-right), we choose ¢ = 5. In Figure 2(bottom-left), we choose
9

q= 1—70. In Figure 2(bottom-right), we choose ¢ = {5.
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The plot of real zeros of 7;(,’6,,’3) (z,y),k = 2,y = 2 for 1 < n < 50 structure
are presented(Figure 3). In Figure 3(top-left), we choose ¢ = %0. In Figure
wh
n
0
0 | L o ! |
50 0 50
Re(x) Re(x)
wh
n
0
0 () ol | . . 0 : | \ |
-50 0 50 -50 0 50
Re(x) Re(x)
(k,C)

FIGURE 3. Stacks of zeros of Tn p.q’ (z,y) for 1 < mn <50

3(top-right), we choose ¢ = %. In Figure 3(bottom-left), we choose g = %. In

Figure 3(bottom-right), we choose ¢ = 19—0.
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We investigate the beautiful zeros of the (p, ¢)-poly-sine tangent polynomials

k,S . .
771(,p,q) (z,y) by using a computer. We plot the zeros of the (p, ¢)-poly-sine tangent
. k.S . .
polynomials ﬂ,p,q)(x, y) for n = 50 (Figure 4). In Figure 4(top-left), we choose
30 T T T T 30
20f L o 2l ([ [ ]
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Re(x) Re(x)

FIGURE 4. Zeros of ’7}(2’2) (z,y)

q = 5. In Figure 4(top-right), we choose ¢ = 1%. In Figure 4(bottom-left), we

choose ¢ = %. In Figure 4(bottom-right), we choose ¢ = 19—0.
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Stacks of zeros of ﬁggq(x,y) for 1 < mn < 50 from a 3-D structure are pre-
sented(Figure 5). In Figure 5(top-left), we choose k = 2,y = 2 and ¢ = 1—10. In

FIGURE 5. Stacks of zeros of 7;(2’2)(37, y) for 1 <n <50

Figure 5(top-right), we choose k = 2,y = 2 and z = 5. In Figure 5(bottom-
left), we choose k = 2,y = 2 and # = . In Figure 5(bottom-right), we choose
k=2y=2and 3.
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The plot of real zeros of ﬂggq(x,y) for 1 < n < 40 structure are pre-
sented(Figure 6). In Figure 6(top-left), we choose k = 2,y = 2 and ¢ = %0.

Re(x) Re(x)

FIGURE 6. Stacks of zeros of 7;(7’;’2)(32, y) for 1 <n <40

In Figure 6(top-right), we choose k =2,y =2 and ¢ = 1—30. In Figure 6(bottom-
left), we choose k = 2,y = 2 and ¢ = 1—70. In Figure 6(bottom-right), we choose
k=2,y:2andq:1%.
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Next, we calculated an approximate solution satisfying (p, ¢)-poly-sine tan-

gent polynomials 7}(2’2) (x,y) = 0 for y € R. The results are given in Table

1.

Table 1. Approximate solutions of 7}(21,‘?1) (4,9) =0,q = %

degree n Y
1 0
2 0
3 —5.5486, 0, 5.5486
4 —2.9407, 0, 2.9407
5 —9.9476, —1.9154, 0, 1.9154, 9.9476
6 —5.1857, —1.3911, 0, 1.3911, 5.1857
7 —14.250, —3.3160, —1.2003, 0, 1.2003, 3.3160, 14.250

We also calculated an approximate solution satisfying (p, ¢)-poly-cosine tan-
gent polynomials 7;1(,];’5) (x,y) =0 for x € R.

Table 2. Approximate solutions of 7;(352) (z,4) =0,q9 = %

degree n Y

1 0.67355
—3.4256, 4.7727
—6.4261, 0.67298, 7.7737
—9.1928, —1.1874, 2.5333, 10.541
—11.868, —2.5983, 0.67061, 3.9466, 13.217
—14.499, —3.7995, -—0.65949, 1.9997, 5.1513, 15.849
—17.105, —4.8799, —1.7461, 0.66689,
3.0889, 6.2356, 18.455

N[O | O W N
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