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CERTAIN ASPECTS OF ZI-LACUNARY ARITHMETIC
STATISTICAL CONVERGENCE

MEHMET GURDAL

ABSTRACT. In this paper, we firstly presented the definitions of arithmetic
Z-statistically convergence, Z-lacunary arithmetic statistically convergence,
strongly Z-lacunary arithmetic convergence, Z-Cesaro arithmetic summable
and strongly Z-Cesaro arithmetic summable using weighted density via
Orlicz function 25 Then, we proved some theorems associated with these
concepts, and we examined the relationship between them. Finally, we
establish some sequential properties of Z-lacunary arithmetic statistical
continuity.
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1. Introduction

The idea of statistical convergence was first introduced by Fast [9]. Statis-
tical convergence has several applications in different fields of mathematics like
number theory, trigonometric series, summability theory, statistics and proba-
bility theory, measure theory, optimization, approximation theory and rough set
theory. Since then several generalizations and applications of this concept have
been investigated by various authors, namely Fridy [10], Giirdal and Huban [15],
Nabiev et al. [28], and many others (see [12, 16]). Also, the readers should refer
to the monographs [2] and [26] for the background on the sequence spaces and
related topics. The idea of arithmetic convergence was introduced by Ruckle
[30]. The studies on arithmetic convergence and related results can be found in
[20, 21, 22, 23, 34, 35, 36]. Kostyrko et al. [24] extended the notion of statistical
convergence to ideal convergence and established some basic theorems. On the
other hand, the new form of convergence called Z-statistical convergence has
been introduced in [5]. Recently lots of interesting developments have occurred
in Z-statistical convergence and related topics (see [8, 19, 33]).
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In this study, we introduce the concepts of arithmetic Z-statistically g—conver—
gence of weight g, Z-lacunary arithmetic statistically g—convergence of weight g,
strongly Z-lacunary arithmetic g-convergence of weight g, Z-Cesaro arithmetic
a—summable of weight g and strongly Z-Cesaro arithmetic a—summable of weight
g and study some relations among these new concepts. We also establish some
sequential properties of Z-lacunary arithmetic statistical a—continuity.

2. Basic Concepts

A sequence x = (x,,) is called arithmetically convergent if for each ¢ > 0
there is an integer n such that for every integer m we have |xm — x<m,n>| < ¢,
where the symbol (m, n) denotes the greatest common divisor of two integers m
and n. We denote the sequence space of all arithmetic convergent sequence by
AC. Firstly, arithmetic convergence was introduced due to Ruckle [30]. Later
Yaying and Hazarika was studied this notion in many ways [34, 35, 36].

Statistical convergence depends on the natural density of subsets of the set N
of positive integers. The natural density §(A) of a subset A of N is defined by

5(A):thjgt*1\{m§t:m€A}|

where the vertical bars indicate the number of elements in the enclosed set. A
sequence (Z,,) is said to be statistically convergent to ¢ if for each € > 0,

im ¢! <t: — > e} =
tlgglot Hm <t:|zm —¥¢ >c}|=0.

In another direction, a new type of convergence called lacunary statistical con-
vergence was introduced in [11] as follows: A lacunary sequence is an increasing
sequence 0 = (k,.) such that kg = 0 and h, = k, — k,_1 — o0, as r — oo. Here,

the intervals determined by 6 will be denoted by I, = (k,_1, k] and ¢, = kkil .

Definition 2.1. A sequence (z,,) of real numbers is said to be lacunary statis-
tically convergent to ¢ if for any € > 0,

lim h ' [{m €I, : |z, — € >} =0.
r—00

In [11] the relation between lacunary statistical convergence and statistical
convergence was established among other things. And the notion of lacunary
convergence has been investigated by many authors [4, 19, 25].

In several literary works, statistical convergence of any real sequence is identi-
fied relatively to absolute value. While we have known that the absolute value of
real numbers is special of an Orlicz function [29], that is, a function 5 :R—Rin
such a way that it is even, non-decreasing on R, continuous on R, and satisfying

¢(z) =0 if and only if z = 0 and ¢(z) — oo as = — oc.

Further, an Orlicz function 5 : R — R is said to sgtisfy the A% condition, if
there exists an positive real number M such that ¢(2z) < M.¢(z) for every
x € RT. In [29], Rao and Ren describes some important applications of Orlicz
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functions in many areas such as economics, stochastic problems etc. The reader
can also refer to the paper [6] and recent monograph [3] related with various
ways to generalize Orlicz sequence spaces systematically and investigate several
structural properties of such spaces. Few examples of Orlicz functions are given
below:

Example 2.2. (i) For a fixed r € N, the function ¢ : R — R defined as
¢(z) = |z|" is an Orlicz function.

(ii) The function ¢ : R — R defined as ¢(z) = 22 is an Orlicz function
satisfying the Ao condition.

(iii) The function ¢ : R — R defined as ¢(z) = el”l — |z] — 1 is an Orlicz
function not satisfying the Ao condition.
(iv) The function ¢ : R — R defined as ¢(z) = 2 is not an Orlicz function.

Definition 2.3. ([32]) Let ¢ : R — R be an Orlicz function. A sequence
x = (z,,) is said to be statistically ¢-convergent to L if for each € > 0,

lign%‘{mgt:gg(xm—[/) ZEH =0.

Recently the notion of statistically g—convergent has been investigated by
many authors [7, 8, 18, 19].

And the concept of ideal convergence is introduced as a generalization of
statistical convergence. First of all this notion was highlighted by Kostyrko et
al. [24]. Later on it was studied by Hazarika and Esi and many others [13, 14, 17].

Definition 2.4. A family Z c 2V is said to be an ideal of N provided:
(a) 0 €T,

(b) A, B €7 implies AUB € Z,

(¢) AeZ, B C Aimplies B € T.

Definition 2.5. A non-empty family 7 C 2V is said to be an filter of N pro-
vided:

(a) 0 ¢ F,

(b) A, B € F implies AN B € F,

(¢c) Ae F, AC B implies B € F.

If 7 is a proper ideal of N (i.e., N ¢ 7), then the family of sets
FIT)={McCcN:3Ae€T: M =N\4}

is filter of N. It is called the filter associated with the ideal.

A proper ideal 7 is called to be admissible if {n} € Z for each n € N. Through-
out the paper we consider that Z is a proper admissible ideals of N.

Let Z be an admissible ideal on N and x = (z) be a sequence of points of
elements of R. We say that the sequence z is Z-convergent to L € R if for each
e > 0, the set A(e) = {meN: |z, —L| > ¢} € Z. Take for T the class Zg,



268 M. Giirdal

of all finite subsets of N. Then Zg, is a non-trivial admissible ideal and Zg,-
convergence coincides with the usual convergence. For more information about
Z-convergent, see the references in [27].

We also recall that the concept of Z-statistically convergent is studied in [5].
A sequence (z,,) is said to be Z-statistically convergent to L if for each € > 0
and § > 0,

1
{teN:t|{m§t:|xm—LZ€}Z(S}EI.

In this case, L is called Z-statistical limit of the sequence (x,,) and we write
I-st —lim,, o0 Ty, = L.
In the recent times in [1], using the natural density of weight g where g :
n
N — [0, 00) is a function with property that lim g (n) = co and —— - 0 as
n— 00 n
n — oo, the concept of natural density was extended as follows: The upper
density of weight g was defined by

for A C N, where A(1,n) denotes the number of elements in A N [1,n]. The
lower density of weight ¢ is defined in a similar manner. Then, the family

Z,={ACN:§,(A) =0}

n

creates an ideal. It was seen in [1] that N € Z, iff 7 — 0 as n — oo.
g(n

Furthermore, we suppose that n/g(n) - 0 as n — oo so that N ¢ Z, and 7,

is a proper admissible ideal of N. We denote by G the collection of such weight

functions ¢ satisfying the above properties. As a natural consequence we can

introduce the following definition.

Definition 2.6. A sequence z = (z,,) of real numbers is said to d4-statistically
¢-convergent to L if for any given € > 0,

59({m€N:$(xm—L)25}):0.

Remark 2.1. If we take ¢ (z) = |z|, then convergent concepts in above defini-
tion coincide with d4-statistically convergence in [31].

3. Main results

In this section, we give the definitions of arithmetic Z-statistically conver-
gence, Z-lacunary arithmetic statistically convergence, strongly Z-lacunary arith-
metic convergence, Z-Cesaro arithmetic summable and strongly Z-Cesaro arith-
metic summable using weighted density via Orlicz function 5 Also, we study
the relationship between them and obtain some interesting results.
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Definition 3.1. Let 5 : R — R be an Orlicz function. A sequence x = (x,,) is

said to be arithmetic statistically gzNS-convergent if for € > 0, there is an integer n
such that

.1 ~
lim ;Hmﬁt:q&(mm—x(mm)) 25}‘ =0.

ASC (g) is used to denote the set of all arithmetic statistical q?—convergence

sequences. Therefore, for € > 0 and integer n

ASC (a) = {x: () @ lim %ngt:g(xm—xmm) ZEH :0}.

t—o0
It is written as ASC (5) —limzy, = Tmn)-

Definition 3.2. Let ¢ : R — R be an Orlicz function. A sequence z = (Tm) is
called to be lacunary arithmetic statistically ¢-convergent if for € > 0 there is
an integer n such that

I 1
m —
r—oo h,.

{m el : 5(:rm —:r<m7n>) > EH =0.

We give

ASCy (gg) = {x = () : lim 1

r—oo A,

{m €l : 5(93,” - sc(mm)) > s}’ = 0} .
It is written as ASCy (5) —limz,, =x.
We define the following:

Definition 3.3. Let 5 : R — R be an Orlicz function. A sequence z = (z,,,) is
called to be arithmetic Z-statistically ¢-convergent of weight g if for € > 0 and
6 > 0, there is an integer n such that

1 ~
{tEN:g(t)ngt:qb(mm—xm,n)) 25}‘ 2(5}
belongs to Z.

9 ~
We use AZSC (qb) to indicate the set of all arithmetic Z-statistical ¢-convergent
of weight g sequences. Thus, for € > 0, § > 0 and integer n

AISC((E)g: {x:(xm) : {tEN:gzt)Hm<t:¢>(xm—x<mm>) ZEH
>t eI},

~\ 9
We write AZSC (gzb) —limx,,, = () to denote the sequence (z,,) is arith-

metic Z-statistically %—Convergent of weight g t0 @ ).



270 M. Giirdal

Remark 3.1. If we take ¢ (z) = ||, g(t) =t and T = Ty = {A: § (A) = 0},
~\ 9
then AZSC (qb) concepts coincide with arithmetic statistically convergent in

[34].

Definition 3.4. Let ¢ : R — R be an Orlicz function. A sequence z = (z,,,)
is said to be Z-lacunary arithmetic statistically ¢-convergent of weight g if for
e >0 and § > 0, there is an integer n such that

{TEN: g(zr)

belongs to Z.

{m el : g(ajm —x<m’n>) > 5}‘ > 5}

We write

AZSCy (5)9 = {ac = (Tm) : {r eN:
>0t el}.

1
g (h;)

Hm el,: g(xm —x<m7n)) > 6}‘

9
We will use AZSCy <¢) —limz,,, = 2, ) to show that the sequence (z,) is

Z-lacunary arithmetic statistically g—convergent of weight g to @, ).

Remark 3.2. It should be noted that lacunary statistical a—convergence of
weight g has not been studied till now. Obviously lacunary statistical %—convergence
of weight g is a special case of Z-lacunary statistical (E—convergence of weight ¢
when we take Z = Zg,. So, some properties of lacunary statistical qz—convergence
of weight g can be easily obtained from our results with obvious modifications.

Theorem 3.5. Let 5 : R — R be an Orlicz function and g1,92 € G be such
that there exist M > 0 and jo € N such that 91(z) < M for all n > jo. Then

azsc (9)" c azsc (9)”. "
Proof. For any € > 0,

Hmﬁt:%(zm—ymm) 25}‘ o (t) ngt:g(mm—xmhm) 25}‘

g2 (t) g2 (t) g1 (t)
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~\ 9

If (z,,) € AZSC ((b) " then the set on the right hand side belongs to the ideal

Z and so the set on the left hand side also belongs to Z. This shows that
~\ 91 ~\ 92

AzSC (8)" € ATSC (3) . O

Definition 3.6. Let g; : R — R be an Orlicz function and 6 be a lacunary
sequence. A sequence x = (x,,) is called to be strongly Z-lacunary arithmetic
¢-convergent of weight ¢ if for € > 0, there is an integer n such that

1 ~
{7‘ eN: ) Z 10} (mm — x<m,n>) > 5}

mel,

belongs to 7.

We use ANy [Z] ((i)) —limz,, = x4y, to indicate the sequence (x,,) is

strongly Z-lacunary arithmetic convergent of weight g to ' n)-

Theorem 3.7. Let 5 : R = R be an Orlicz function, § = {k.} be a lacunary
sequence and I be an admissible ideal.

(i) If ANy [Z] (%)g — i 2y = @y, then ATSCy @)_@, S
(1) If x = (x,) € Loo, we denote the space of all bounded sequences by lo
~\ 9 ~\ 9
and AZSCy ((b) —limz,, = (), then AN [Z] (ng) —limzy, = T

~\ 9
Proof. (i) If e > 0 and ANy [Z] (qu) —lim z,, = T(y,n), We can write

D OEm = Tmay) = D 6 (T~ Tnm)
mel, ~ mel,
qb(;cm—a;(m’n))zs

> e [{men 6 (em—wpmm) 2
and so
1 - 1 _
€g (hT) Z ¢ (-rm - x(m,ﬂ)) > g(hr) {m el : (;3 (xm — $<m7n>) > 5} .

mel,

Then, for any 6 > 0

{rGN:g L HmGIT:q;(xm—aqm,n))st2(5}

1 ~
C {r eN: ) Z d)(:cm fx<m,n>) > 6.5} el

mel,

—

>=
N

~—

Since ANy [Z] (5)9 — lim &y = @y, 50 it follows that AZSCy — limz, =

L(m,n)-
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~\ 9
(ii) Suppose that AZSCy ((;5) —limz,, = T(p,n) and z, € £°. Then there
exists an M > 0 such that

(b (xm - x(m,n)) <M
for integer n. Given € > 0, we have

1 ~ 1
7 Z ¢ (Tm — Tpmny) = T

mel,

_ mel,
¢(xm,_m<nz,n>)<%

~ € €
HmGIT:Qb(xm_x(m,n)) > 5}‘ +§.

Consequently, we have

1 -
{TGNZ h ;¢(xmx<m,n))2s}

g (hr) *
1

~ g g
C{TEN:g(hr) Hme]rzqﬁ(mm—wmm)zQHZW}EI

~\ 9
Hence, we get ANy [Z] (¢) —limx,, = (, ny. This proof is completed. O

Theorem 3.8. Let a: R — R be an Orlicz function and 6 = {k,} be a lacunary

sequence. If liminf, ZEZTS > 1, then

AZSC (gg)g —lmxy, = T ) tmplies AZSCy (E)F)g —limzy = Tmn)-

Proof. Suppose that liminf, *ZEZT; > 1, then we can find a ' > 1 such that for

sufficiently large r we have
(hy

g (kr)
Since AZSC ((E) — limz,, = Z(;,n), then for every e > 0, sufficiently large r

Q
N

> FE.

and integer n, we have

g (kr)
> 9(27«) {me[r 5(mm x<mn)) >e ‘
> E'g(ilr) Hme I, qb(:cm x<mn>) Zs}’
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Then for any 6 > 0, we get

{TGN: 1 Hme[rzgg(acm—wmm)25}‘2(5

g(hr)
- {TGNS L ngkrza(:vmfxmm) 25}‘ 2E.§} el
g (kr)
9
This shows that AZSCy (qﬁ) —limxy, = T4n,n)- O

For the next result we assume that the lacunary sequence 6 satisfies the con-
dition that for any set C € F(Z),U{m : k.1 <m <k, reC} e F(I).

Theorem 3.9. Let a: R — R be an Orlicz function. If 0 = {k,} is a lacunary

r—1
sequence with sup,. y % = F < o0, then
i=0 "
~\ g ~\ 9
AZSCy <¢> —limxy, = Ty ) tmplies AZSC (gzﬁ) —limzy, = T -

~\ 9
Proof. Assume that AZSCy (¢) — limx,, = Z(m,n), and for &,d,7 > 0 define
the sets

O{TGN: {mEIrzg(xmx<,,m>)25}’<5}

g (hr)

and

T:{teN:gzt)’{mﬁt:%(wm—wmyn)) 25}‘<’y}.

It is obvious from our assumption that C' € F (T), the filter associated with the
ideal Z. Further observe that

A; = g(l}w‘{me]j:&;(xm—x(m,n)) ZEH <9

for all j € C. Let t € N be such that k,._; <t < k, for some r € C. Now

ﬁ {{m <28 (om = 2mm) 2 ¢

< g(kifl) {m <t (om = 2gnm) 2 e}

_ g(kiil) {{men:d(om—wpmm) =}

+g(k1_1) Hmef2 & (Tm — Timmy) > € ‘

B
g(k) 1

= 7O 1) 9 Hm cly: a(xm — x<m7n>) > EH
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gk —Fk1) 1 s
+ g(kr_l) g(hQ) ‘{m ely: QS(xm 7x(m,n>) > 5}‘
kr — k,_ 1 ~
+ o+ g(g i) l)g(h,«) {m €L ¢ (Tm — Tmmy) = 5}‘
g (k1) g (ka — ki) g (kr — k1)
= A A e —2A,
Y T () B Y (s N
g\Ri+1 k)
< {fggA }supz(kr 5 < F§.

Choosing v = E and in view of the fact that U{t: k.1 <t <k, reC}CT
where C' € F () it follows from our assumption on @ that the set T" also belongs
to F (Z) and this completes the proof of the theorem. O

Now, we examine Z-Cesaro arithmetic g—summable and strongly Z-Cesaro
arithmetic ¢-summable using weighted density.

Definition 3.10. Let ¢ : R — R be an Orlicz function. A sequence z = (Tm)
is said to be Z-Cesaro arithmetic ¢-summable of weight g if for € > 0, there is
an integer n such that

{t eN: qg (gét)z (xm — x<m’n>)> > 5}

9
belongs to Z. In this case, we write AC; (Z) ((b) —lmxy, = T(m,n)-

Definition 3.11. Let ¢ : R — R be an Orlicz function. A sequence z = (z,,)

is said to be strongly Z-Cesaro arithmetic qg—summable of weight ¢ if for € > 0,
there is an integer n such that

{ ﬁng — T{m,n)) 25}

m=1

~ 9
belongs to Z. In this case, we write AC [Z] (qS) —limz,, = T

Theorem 3.12. Let 5 : R — R be an Orlicz function. If AC [Z] (a)g —
lim 2, = Z(y,n), then AZSC ($)g —lmzmy = Zmn,n)-

Proof. Let AC) [Z] (a)g —lim ,;, = T(3,), and € > 0 given. Then

Zg(xm - x(m,n)) > Z 5 (xm - x(m,n))
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and so

agl(t)i(;(l'm—l'(m,n)) > 700 ngt:$(xm_‘x<mm>) 25}‘

m=1

Then for any 6 > 0

{tEN:;)ngt:qﬁ(xm—xm,n)) 25}‘2(5}

1~
C {tEN:g(t)Z¢(a:m—a:<m)n>) 25.(5} cT.

This proves the result. 0

Theorem 3.13. Let QNS : R — R be an Orlicz function and © = (z,,) € loo. If
~ 9 ¢
AZSC (gb) —limz,, = Ty then, AC) [Z] (d))g —limz,, = T

Proof. Suppose that x = (z,,) is bounded and AZSC ((E)g —limxy, = T

Then there is a B such that 5(9[;,,, — x<m’n>) < B for all n. Given € > 0, we
have

< g(t)'B {m <t: (b(xm —x<m7n>) > EH
+ ﬁe Hm <t a(xm Timny) < z—:H
S%Hm<t 5(£Cm x<m7n>)26}‘+6.

Then for any § > 0,

m=1
1 ~ 5
C{teN m’{m<t ¢($m z<m7n>)26}‘23}61
Therefore AC [Z] (5)9 —lmxy = T(n,n)- U

Now, we shall examine Z-lacunary arithmetic statistical g—continuity and ob-
tain some interesting results.
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Definition 3.14. Let 5 : R — R be an Orlicz function. A function f defined on
a subset K of R is said to be Z-lacunary arithmetic statistical ¢-continuous of
weight g if it preserves Z-lacunary arithmetic statistically ¢-convergent of weight

g, i.e. if AZSCy (5)9 —limz,, = () implies AZSCy (5)9 —lim f (z,) =
We shall write AZSCly <$)g continuous function to denote Z-lacunary arith-

metic statistical ¢-continuous function of weight g.
~\ 9
It is easy to see that the sum and the difference of two AZSCy ((b) continuous

~A\ 9 ~\ 9
functions is AZSCy (qb) continuous. Also the composition of two AZSCy (¢)

~\ 9
continuous function is again AZSCy (qb) continuous. In the classical case, it
is known that the uniform limit of sequentially continuous function is sequen-

tially continuous, now we see that the uniform limit of AZSCy (&F)g continuous
functions is also AZSC <$)gcontinu0us.

Theorem 3.15. Let 5: R — R be an Orlicz function, (fm),,cn be a sequence of
AZSCy (QNS)Q continuous functions defined on a subset K of R and (f,) be uni-
formly ideally g-convergent of weight g to a function f. Then f is AZSCy (25)g

continuous.
9
Proof. Let ¢ > 0 and (z,,) be any AZSCy (d)) convergent sequence on a

bounded subset K of R. By the uniform g—convergence of f,., there exists
N € N such that ¢ (fm (z) — f(2)) < § for all m > N and for all z € K.

~\ 9
Since fj is AZSCy (d)) continuous on K, we have for an integer n

1 ~ €
N;i‘ I, : ) — . 27(25 7.
{rem: s {metd (e — o) = 5} 2 0} €
On the other hand, for an integer n we have

{me1:0(f @) = f (2mm)) 2
< |{m et (e @) = £ (wnm)) = 2|
#|{m € 123 () ~ o) = 5]

(

+{m et :d (i @n) ~ f (@n) 2
Then, for any § > 0, we get

{TEN: g(ir) Hmelr:%(f(xm)ff(xm’n))) > %}‘ 25}
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U {r eN: IC®] Hm €L ¢ (fr (Tnmy) — fr (Tm)) = *}

U{rEN:g(lhr)Hme]rzqg(fk(xm)—f(xm))z;}‘26}.

Thus, the set on the right hand side belongs to Z and so the set on the left hand
~\ 9
side also belongs to Z. This shows that f is AZSCy (qﬁ) continuous. O

As an immediate consequence of Theorem 3.15, we have the following result.

~ ~ 9
Corollary 3.16. Let ¢ : R — R be an Orlicz function. The set of all AZSCly (¢)

continuous functions defined on a compact subset K of R is a closed subset of
all continuous function on K.

4. Conclusion

This study makes three contributions to the field of summability theory: (i)
a kind of lacunary statistical and ideal arithmetic convergence for sequences
using weighted density via Orlicz function; (ii) the strongly ideal lacunary arith-
metic convergence for sequence via Orlicz function; and (iii) the concept of Z-
Cesaro arithmetic summable and strongly Z-Cesaro arithmetic summable for
Orlicz function. The conclusions of this study are more general and a natural
extension of the conventional arithmetic convergence of sequences.
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