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ENERGY DECAY FOR A VISCOELASTIC EQUATION WITH
BALAKRISHNAN-TAYLOR DAMPING INVOLVING
INFINITE MEMORY AND NONLINEAR TIME-VARYING
DELAY TERMS IN DYNAMICAL BOUNDARY

SOUFIANE BENKOUIDER AND ABITA RAHMOUNE

ABSTRACT. In this paper, we study the initial-boundary value prob-
lem for viscoelastic wave equations of Kirchhoff type with Balakrishnan—
Taylor damping terms in the presence of the infinite memory and external
time-varying delay. For a certain class of relaxation functions and certain
initial data, we prove that the decay rate of the solution energy is similar
to that of relaxation function which is not necessarily of exponential or
polynomial type. Also, we show another stability with g satisfying some
general growth at infinity.

1. Introduction

Let 2 be a bounded domain of R™ (n > 1) with sufficiently smooth boundary
I' =Ty UT; of class C2. Her I'y and I'; are closed and disjoint, with 'y # 0, v
be the outward normal to I'. In this paper we investigate general decay results
of the energy for a viscoelastic problem with Balakrishnan-Taylor damping,
infinite memory and nonlinear time varying delay terms in dynamical boundary
conditions:

(1) ug — (a + || Vul? + 0'/ VuVutdx> Ay
Q

+oo
+/ g(s)Au(t — s)ds+ f(u) =0 in Q x (0, 00),
0
u(z,t) =0 on I'1 x (0, 00),
0 too 0
a—:j(x,t)—/o g(s)%u(m,t—s)ds

+ prhy (ug (z,1)) + pohe (ug (z,t —7(t))) =0 on Iy x (0,+00),
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u(z, —t) = ug(z, t) in 2 x (0, 00),
ug(z,0) = uq () in Q,
ug(z,t) = jo(z,t) on 'y x (—7(0),0),

where a, b, o are fixed positive constants, 1 > 0, uo # 0, g and f are given func-
tions, 7(¢t) > 0 represents the time delay. Problem (1), from the physical point
of view, with ¢ = 0 and pu; = pe = 0, is the model with Balakrishnan-Taylor
damping (¢ > 0) which has been described initially by Balakrishnan and Tay-
lor [1], and treated by Bass and Zes [2]. It is well known in the literature that
it is related to the panel flutter equation (the “spillover” problem) and arises
from a wind tunnel experiment at supersonic speeds. To a certain extent it has
been studied by many authors such as [16,21] and in some references therein.
When gy = po = 0 in (1) with finite memory, several authors have studied
the existence of the solutions and stability of the corresponding energy. For
example, Tatar and Zarai [24,25] showed polynomial/exponential decay results
under the classical condition of g. Recently, Park [21] proved arbitrary decay
rates without imposing the usual known relations ¢’ (¢) < —( (¢) g (t). Consid-
ering the infinite memory, and time-varying delay term ushg (us (x,t — 7 (t)))
in boundary feedback, the problem is different from those of existing literature.
Time delays arise in many physical, chemical, biological, thermal and economi-
cal phenomena because these phenomena depend not only on the present state
but also on the past history of the system in a more complicated way (see, for
example, [5,9,14]). In recent years, the systems with time delay effects have
become an active area of research, see for example [17,22] and the references
therein. In [4], the authors showed that a small delay in boundary control is
a source of instability. To stabilize a hyperbolic system involving input delay,
additional conditions or control terms have been used. For instance, consider
a wave equation with a delay of the form

(2) wup(z,t) — Au(z,t) + poo(t)hy (ur(x,t)) + pro(t)ha (ue(z, t — 7(t))) = 0.

Nicaise and Pignotti [18] proved that the energy of the problem is exponentially
stable when o(t) =1, po, p1 > 0, 7(t) = 7 (constant), and hy(v) = ha(v) = v.
On the other hand, the case of time-varying delay in the wave equation in 1-
dimensional space has been studied recently by Nicaise et al. In [20] the authors
proved an exponential stability result under the condition 0 < ps < v/1 — dpu,
where the function 7(¢) satisfies 7/(¢) < d,Vt > 0 for the constant d < 1. Several
authors studied a nonlinear viscoelastic wave equation with strong damping,
time-varying delay, and dynamical boundary conditions, in which they proved
a general decay result for the energy, from which the usual exponential and
polynomial decay rates only occur in particular cases. For the related problems,
we also refer to [3,12]. For Balakrishnan-Taylor problem with delay, Jum-Ran
Kang et al. [11] studied the following equations with Dirichlet boundary value,

(3)  un— (a + b||Vul||* + a/ VuVutdx> Au
Q
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+ /o g(t — s)Au(s)ds + prhy (ug (z,t)) + pohe (ue (x,t — 7 (t))) = 0.

By dropping the restriction ps > 0, the authors investigate the general decay
rates of energy for Problem (3) by establishing suitable Lyapunov functionals
that are equivalent to the corresponding energy, and they improve those existing
results. Jianghao Hao in [10] examined the following system

(4)  uy— <a + b||Vul|* + 0/ VuVutdx> Au
Q

+ /0 g(t — s)Au(s)ds + pouy (x,t) + prug (x,t — 7 () + f (u) =0,

and they established general decay estimates of the energy to the solution.
Guesmia [7] studied the following infinite memory problem

(5) uge(t) + Au(t) + /OO g(s)Bu(t — s)ds =0, Vt >0,
0

and established a general decay estimate of the energy with g satisfying the
following general growth at infinity

e g(s) . g(s) o
/o G (g ST T ey < T

with G : Ry — R, is an increasing strictly convex function of class C* (R, ) N
C?((0,00)) and G(0) = G'(0) = 0 and limy_, ; oo G'(t) = +oco. In [8], the author
proved the exponential stability of (5), in the case A = B and in the presence
of delay term pu(t —7), p € R*, for problems of a past history see also [13,15].
Recently, Pignotti [23] considered the following problem

—+oo
uge + Au(t, x) — / p(s)Au(t — s, x)ds + b(t)us(t — 7,x) = 0,
0

and he established a general decay estimate. To the best of our knowledge,
this is the first result dealing with equation (1) subject to the interaction of the
infinite memory term with Balakrishnan—Taylor damping and external time-
varying delay type and presenting general decay. Motivated by these results,
and by constructing Lyapunov functionals which are equivalent to the corre-
sponding energy, we will investigate some general decay rates of energy for
Problem (1). The first fundamental stability result is given without imposing
any restrictive growth assumption on the function ¢ and damping term, and
the second result is given with a relation between the damping term and relax-
ation function. This paper is organized as follows. In Section 2, we give some
assumptions that will be needed for our work and state the main results. We
establish the two general decay results of the energy in Section 3.
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2. Preliminaries and main results

In this section, we present some material that we shall use in order to present
our results. We use the notation

(u,v) = / u(z, t)v(z,t)dz and  (u,v)p = / u(z)v (x)dl,
Q To
and we mean by || - ||z the L?(©2) norm, and by || - ||r, the L? (T'y) norm. Also
we denote by
H{ (Q)={ueH (Q):u=00nT1},

the closed subspace of H'(£2) equipped with the norm equivalent to the usual
norm in H'(2). The Poincaré inequality holds on H}\ (), i.e., there exits a
constant C, such that:

Vu e Hy, (), [[u()ll2 < Cul|Vu(t) |2,
and there exists a constant C, > 0 such that
ullry < Cy||Vull2 for all w € Hy, ().

For studying Problem (1), we will need the following assumptions.
(H1) Hypotheses on g: g: RT™ — R is a bounded C! function satis-

fying
(6) g9(0) >0, lop= / g(s)ds < a.
0
(H2) Hypotheses on f: Concerning the source term f(u), we assume
that

F(0) =0, [F(u) — F()] < C(L+ ul” + [o]?) Ju o],
where C' is a constant, and p satisfies
p >0, 1<n <4,
{0 <p<:i;, n>5.
We denote F(z) = [, f(s)ds and assume that
0 < F(s) <sf(s), seR.

(H3) Hypotheses on hi, ha: h; : R — R is a non-decreasing function
of the class C'(R) such that there exist positive constants r < 1, oy, as
satisfying

(7) a1]s| < Jhi(8)] < agls| for |s| > r.

Moreover, assume that there exists a convex increasing function Hj :
Ry — Ry of class C (R4) N C?((0,00)) satisfying

(8) H,(0) =0,

9) H; is linear on (0,7], or H;(0) =0 and H{(t) > 0 on (0, 7],
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(10) hi(s) < H; ' (shi(s)) for |s| <,
hs : R — R is an odd non-decreasing function of the class C1(R) such
that there exist positive constants «;, i = 3,4, 5, satisfying

(11) [R5 (s)] < a3 for s € R,

(12) aysha(s) < Ha(s) < agshi(s) for s € R,

where Ha(s) = [ ho(t)dt.

(H4) Hypotheses on 7 (-): For the time-varying delay 7, we assume
that 7 € W2°°(]0,7)), VT > 0 and there exist positive constants 7o, 71
and d satisfying

(13) O<tmo<7(t)<m, 7 () <d<1, Vt>0.
(H5) Hypotheses on p1, p2: The weight of dissipation and the delay
satisfy
014(1 — d)
14 0< < ——— .
(14) ol < ot

In order to deal with the delay feedback term, motivated by the cited works,
we introduce the following new dependent variable 7, for studying Problem (1):

n'(z,8) = z(z,8) = u(w,t) —u(z,t —s), s,t € R,.
Moreover, as in [19], we define
z(z, p,t) = 2(p, t) = u(z, t — p7(t)), (z,p,t) € o x (0,1) x (0, 00).
Therefore, Problem (1) takes the form

(15) utt—<a—lo+b||Vu||2+a/ VuVutdx> Au
Q

+o0
7/0 g(s)Ant(s)ds + f(u) =0 in Q x (0, 00),
u(z,t) =n'(z,8) =0 on I'1 x (0, 00),
(a—lp) % (a:,t)—F/O g (t—s) (r%nt (x,s)ds
+ pih (ug (z,1)) + pohe (2 (x,1,8)) =0 on I'g x (0,400),
T(t)z + (1= 7'(t)p)z, =0 in " x (0,1) x (0,00),
ni(z,s) +ni(x,s) = ug(x,t) in Q x (0,00) x (0,00),
and
(16) 2(x,0,t) = ug(z,t) in Q x (0,00),
z(x,p,0) = 20 (z, p) = go(x, —p7(0)) in © x (=7 (0),0),
u(x, —t) = ug(x, t),
n°(z,8) = no(x,s) = up(0) — up(s) = € Q, t,s € (0,00),
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ur(2,0) = ug(x) in Q.

Let us recall the original Jensen’s inequality which plays an essential role in
investigating the decay effect for solutions as the following lemma shows.

Lemma 2.1 (Jensen’s Inequality). If H is a convex function on [a,b], h: D —
[a,b] and q are integrable functions on D, q(x) > 0 and fD g(z)de = @ > 0,

() < s

2.1. The well-posedness of Problem (1)

In this section, we give the existence and uniqueness results for Problem (15)
using the semigroup theory. Introducing the vector function ® = (u, us, n', w)?,
Problem (15) can be rewritten

(1) — AD(t) =0, t > 0,
B(0) = ®o = (ug,u1,7m0,wo) ",
where the operator A is defined by

(17)

u ¥
(18) Al ¢ | = (a—lo—i—bHVuHQ-i-UfQVuVu/tdx) Au-i—f v(s)ds — f(u)
1 —Us +
_(=7"(t)p)
() P

with domain
(19) D(A)
(u, 0,0, 2) € H () x L2(Q) x L!2](((],+oo),HF () x L ((0,1), L*()) :
ue H (Q), pe HE (Q), z, € L? ((0,1 ), L2(2) )
v € L2((0, +00), H%O (Q))7 Us € L2((0, +00), H, (), 2(0) = ¢ (2), v(0) =0, (
9u 1 [V g (s)mvsds =~ ( ) — p2hs (2)
where v, : H'(Q) — H~/2(T) is the Neumann trace map, and L2((0,400),
H}, (Q)) denotes the Hilbert space Hf (€2)-valued functions on Ry endowed
with the inner product

—+oo
[%,¢]L§((07+00),H%0(Q)) :/Q/o 9(s)Ve(s)Vi(s)dsdz.

Let
H =H}, () x L2(Q) x L2((0,+00), Hp, () x L ((0,1), L2(%))
be the Hilbert space equipped with the following inner product

~ +oo
(20) (®,®)y = (a—lo)/QVuVﬂdx—l—/Q/O g(s)VoVudsdz

t
+§// MP=1 22 dpdr,
2 Jry Ji—r@)
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where ( is a positive constant such that

H2 H2
21 <E<2u; — .
(21) T—q ST Toa
By using the approaches from [19] with the ones from [6], we can prove that
the operator A generates a strongly continuous semigroup on H, i.e., (for a
sufficiently large constant A > 0, the operator (A — \I) is dissipative), and the
following well-posedness theorem holds.

Theorem 2.2. Assume that (6) and (H1)-(H5) hold. Then for the given ®g €
H, there exists a unique weak solution ® € C (R*,H) of Problem (1). Moreover,
if &g € D (A), then ® € C (Ry,H)NC (R4, D (A)).

3. Main general theorems

The purpose of this paper is to give two general theorems concerning to the
asymptotic stability of solutions for Problem (1). First, we suppose that the
kernel function g satisfies

(22) v(t) >0, ¢ (t) < —vy(t)g(t) forallt>0,

where 7 is nonincreasing differentiable function v : Rt — R™. Then we have
the first general theorem:

Theorem 3.1. Under the conditions of Theorem 2.2 and (22) holds, there
exist positive constants w, Kk, to, and €y such that the energy for Problem (15)
satisfies

(23) BE(t)<kH™! {w (1 + /tv(s)ds)} fort >t

to
with
|
24 H(t) = —d
(24) 0= [
and
t if Hy is linear on [0,7],
(25) Ho(t) = ’ . ’ 1"
tHj (egt) if H1(0) =0 and H{(t) > 0 on (0,r].

Second, we suppose that there exists a strictly convex and increasing function
G : Ry — Ry of class Ct (Ry) N C?%(]0, 00)) satisfying G(0) = G’(0) = 0 and
lim;_, 4 oo G'(t) = 400 such that

o gle) o(s)
(26) / g™ T2 (g ~ T

Then we have the second general theorem:
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Theorem 3.2. Let U be the solution of (15). Assume that (21) and (26) hold.
Then, there exist positive constants o, o1, 02, €9 and 05 such that the solution
energy of (1) satisfies

(27) E(t) <o (o1t + 09) for allt >0,
where

Zi(t)

/1 ds
. sHj (e0s) G’ (658)°

3.1. Technical lemmas

In this subsection we present for rather technical lemmas that we need to
complete the proof of Theorem 3.1 and Theorem 3.2. Let us define the modified
energy functional F associated with Problem (15) by

(28) E(t)

1 1
= 5l + 5 @ t0) [Vull+ [ Fwds
Q

t
+ g/ro /tT(t) AT Hy (2(2,0, 5)) dsdD + % (goVn') (t),
where oo
(gova) )= [ [ 9() V0" () = V' () dods.
0 Q

The following three lemmas are essential to prove the main result given in
Theorem 2.2.

Lemma 3.3. Let (u, z) be the solution of (15). Then, for some two positive
constants B, and B2, we have
(29) E'(t)

< - 61 hl (ut) utdF - 62 hQ(Z(L t))Z(l, t)dF
To To

t
X / / 0 Hy (uy(x,5)) dsdl + 5 (g0 Vi) (1)
2 To Jt—7(t) 2

~ 59O Va3,

Proof. Multiplying the equation (15); by wu;, integrating over 2, and multiply-
ing the equation (15)4 by Cze=*7()? and integrating the result over (0,1) x Ty
with respect to p and x using integration by parts and adding them up we
obtain

(30)  E'(1)

1d 2
= -0 f—||Vu(t)H§ —,ul/ hi (ut)utdf—ug/ ho (2(1,t)) updx
2dt o To
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t
7&// BA(S*t)H2(ut(z75))d5dF+§ Hj (ui(z,t)) dl
2 Jro Ji—r@ To

2
_¢

3 (0o ()~ 5 IVu)Bg (1)

From (12) and (13), using 2(1,¢) = w(t — 7(t)), we see that

7O (1~ 7/ (8)) H (uy(at — 7 (1)) dT

(31) 7% : 7O (177 (1)) Hy (g (i, t—7 (1)) T+ S | Ha (u(e, 1)) dr
< _‘f%e—kﬁ (1_Tf(7:))/F ho((z, 1,8))2(z, 1, £)dT
+5%/F ha (ug (@, 1)) g (2, t)dD
%6_)@ - z z sas U) u
< - (1 d)/FO a(=(1,))2(1, )T + & /F ha (ur) e

2

To estimate the second term in the right hand side of (30), let G* be the
conjugate function of the convex function G defined by

(32) G*(s) = sup(st — G(t)).
>0
Then G* is a Legendre transform of G which is given by:
(33) G*(s) =5 () (5) = G (&) () Vs 20,
and satisfies the inequality
(34) st < G*(s)+ G(t) for s,t>0.
Taking the definition of Hs into account and (33), we get
(35) H;(s) = shy *(s) — Ha (h;l(s)) for s > 0.
Using (35), we can easily check that
(36) — MQ/ hQ (Z(l, t)) UtdF
T'o
< ual (ha(z(z,1,t))2(x,1,t) — Ho(z(x, 1,t)) + Ha (ue(z,t))) dT,

To
which, together with (12), leads to

(37) — U2 /F hg (Z(]., t)) utdF
< Jue| (1 — 044)/F ha(z(1,1))z(1,6)dT + |us| 055/F hi (u) uedl.
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Substituting (31) and (37) into (30) yields

(07
B0 <~ (1~ 57~ ualas) [ o ) ear
0

_ <£§4@/\Tl(1 —d) — |u2] (1 — a4)) /FO ha(2(1,1))2(1,t)dl

5 (o o TnY) (1) 5 IVulEe (1)

A t
- —g/ / A Hy (ug(x, s)) dsdl.
2 Jry Ji—r@)
Putting 1 = p1— 545 —|p2| a5 > 0 and By = 426271 (1—d)—|ua| (1 — ) > 0,
we complete the proof of Lemma 3.3. O
Next, let us define the perturbed energy by
(38) L(t) = ME(t) + €U (t) + ®(t) + £(1),

where M is a positive constant to be chosen later, and

W) = [ w®uea+ 5 Va3,
+o00
o) =~ [ w) [ gl (s)dods,

Q 0
t
E(t) = / / e Hy (uy(z, s)) dsdT.
Lo Jt—7(t)
The functional L is equivalent to the energy function E by the following lemma.

Lemma 3.4. For M > 0 large enough, there exist two positive constants Cy
and Cy such that

CLE(t) < L(t) < CLE(t), t > 0.

Proof. Integrating by parts using Young’s inequality and Poincare’s Theorem,
we have

1 1 o
)] < 5 el + SCITulP + 5 IVu)l
%
21

S+ 5 ([ st ute - s)as)

S+ 3 (| " g6ty — u(t - slas)

a —

2

IN

1 o
3 luell” + 57 (o= 1) [IVull* + 7 [Vu(t)]l; < cE(),

2

IN

@]

2

o C. (g o Vnt) < cE(t)

IN

1 2
5 el +
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and
@) < cB(@).
Choosing M > 0 large, we obtain

[L(t) - ME(t)| < cE(),

the proof of Lemma 3.4 is concluded. O
Lemma 3.5. There exist positive constants C3, Cy, Cs and tg > 0 such that
(39) L) < —C3E() + Cu Il (uw)lIf, + Cs(g 0 V') (1), ¢ = to.

Proof. Using Problem (15), we have

(40) ¥'(t)

= /uttuder/ufderUHVu(t)Hg/ VuVudz
Q Q Q

/Q <(a +0||Vul?> + o /Q VuVutdx) Au — /O+OC g(s)Au(t — s)ds — f(u))udx

(=t (ue) = ke et = 7(0)} ud + [ ada

To
“+o00
—a|\vu||§—b\|w|\;*+// g(s)Vu(t — s)dsVu (t) dz

—,ul/ hi (ug) udl’ — /f udx—ug/r ho (ut(t — 7(t))) udl’

/ dx+//+oo (s)dsVu (t)dz

By using Holder inequality and Young’s inequality, the second term on the
right-hand side of (40) is estimated as follows.

(41) /Q/OJFOO g(s)Vu(t — s)dsVudz

< (/Q |Vu|2dx>; (/Q /OJFOO g(s)Vu(t — s)ds 2dx>%

< |Vu|?dx : o g(s)ds o g(8)|Vu(t — s)|*dsdz '
(o) (Lo |

< |Vu|?dx o g(s)ds ’ o g(s)|Vu(t — s)|*dsdz ’
(et |

<= / |Vul?dz /0+OO s)ds + = / /+°° )| Vu(t — s)[*dsdz

<=

+oo
/ |Vu|2da:/ g(s)ds
0
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+o0o
* % /Q /0 9(8)[Vu(t — s) — Vu(t) + Vu(t) Pdsda.

We use Young’s inequality and (H1) to obtain for every n > 0
1 oo
(42) - / / g(8)[Vu(t — s) — Vu(t) + Vu(t)]*dsdx
+oo
< - / / Vu t—s) — Vu(t)® + 2|Vu(t — s) — Vu(t)||Vu| + |Vu|2)d5d$

-1 /Q /Om 9(8)|Vu(t — s) — Vu(t)Pdsda + ;/Q/Om 9(s)|VulPdsdz

+oo
+/Q/0 g(s) |[Vu(t — s) — Vu(t)| |Vu| dsdx

IN

1 1 [T
S0ovi©+5 [ geds [ [VuPda
2 2 Jo Q
n oo 2 1 t
+ = g(s)ds | |Vu|*dx + — (g0 V7n*)(t)
0 Q 2n

%(1 +1) /+OO g(s)ds/ |Vul?dz + % (1 + 71]) (9o Vn')(t)

IN

N

(1+77)

dz + = L (1 + :}) (g o Vnh)(t).

Combining (41) and (42) we get

/ / = 9(s)Vu(t — s)dsVu (t) do

lo /|V 2z 4 0710 l) 1+n/IVquer;(lJrl)(goVnt)(t)

:(2+n)( ; o

1 1

[l + 2 (1 RG]
2 n

By taking n = , we infer that

+oo
(43) /Q/ () Vu(t — 5)dsVude < (a - l2°> IVull2 + ﬁ<govn )(8).

For the third and forth terms, Young’s inequality gives

(44) /1“ hi (ug) udl’ + pg /F ho (u(t — 7(t))) udl’

< / () || [t + oz / o (us(t — (1))

< pallullrg 1ha (ue)llp, + pzllullv 1he (ue(t = 7(2))) [|r,

uldz




TIME-VARYING DELAY TERMS IN DYNAMICAL BOUNDARY CONDITIONS 955
2 N% 2 2 M% 2
< nflullp, + ™ 1 (ue)llr, + nllullr, + I A2 (ue(t = 7(E)T,
2
< nCZ||Vul® + ||h1 (w7, +TIC2HVUH2 + £ 1 IIhz (ur(t —7()Ilr,

M
= 207 || Vul* + ||h1 (un)7, + Hh2( (L E)E, -

_ /Q Fw)udz < — /Q F(u)dz

Substituting these estimates into (40) we get

We use (H2) to obtain

—1
(45) /(1) < —a||[Vull; = bVl + 0IIVUIIQ+*(90V77)()
]| +27702HVU||2+ ||h1 (ut)||r0+ ||h2( (LO)IIE,

< flue® +*1||h1 (ut)||r0+ IIhz( (17t))||p0+g(govn)()

- (- 2n03) I7ul? - / Fu)dz — b[Vull?.
Besides
(16)  #()
2 oo /
= ol = [ 6 wlt) — e ) () ds

+oo
+ (a+b\|vu|\§)/0 9(s)(Vu(t) — Vau(t — s), Vu(t))ds
+oo
o (Vu(t), Vg (1)) /O 9(s)(Vau(t) = Vau(t — ), Vu(t))ds
+oo +oo
— A g(s) <Vu(t) — Vu(t — s),/o g(s)Vu(t — s)ds> ds

“+o0
+ / o(s) / (ut) — ut — 5)) (uas (ue(t)) + paha(=(1, 1)) dTds
0 To
= Il+lg+.[3+14+.[5+16.

We now going to estimate the I; (1 < j < 6) terms in (46). Taking into account
that ||Vu||2 < = l E(0), applying Young’s inequality and employing a usual
computation we have for every n >0

9(0)

| Ia| < [l ()| — WC* (9" o V') (1),
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1< (a+olvull) (avuol + 2 go v o)

bE (0)

_l)
< 2 4 Jala—lo
< anl[Vu(o)? + o 9us + {4414 B

bao v,

old +oo
[l < 5 EIIWI@/O 9(s) IVu@[[ [Vu(t) = Vu(t — s)||ds

2

no d 2 o(a—lo)
< 12 -
< 2 (I9ully 5 19l + 7

noE (0) (d 9 2 o(a—1ly) :
< — ||V t
S el dt\l ully |+ & (9o Vn)(t),

= [ ([ stovute) - vate - s

(/O+OO 9(8)(Vu(t) — Vu(t — s) — Vu(t))ds) dz

<[(f () ult) - Vult - olas)

+oo
(/0 g(s)(|Vu(t) — Vu(t — s)| + Vu(t)|)ds> dz
2

én/Q (/()WQ(S)(IVU(t)—VU(t—S)IJrIVU(t))d8> dz

(goVn')(t)

+ L ( /O " g() IV ut) - Vult - s)ds)2 dz

dn Jo

< (2n+41n>/Q(/0+oog(s)|w<t)—Vu(t—s)|ds)2dx

2

+ 21 /Q < /0 - g(s)|Vu(t)|ds> da

< (2n n 4177) (a—10)(g o Vn')(t) + 2na — o2 Vu(t)|%

and
6] < mpaa (1T (ue(0))IIE, + 0 |z 1oz (2(L D)7,
(1= 0C. | |usl (1 =G, t
+ { I + 1 (g o Vn')(t).
Plugging these estimates into (46), we get
(47) ¢'(t)

<~ (lo— ) fluel® - "Af?c* (¢ V') ()
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2
Fa{L 20— 02} [Fa + o Fuo) + 50 (L vl

aflo
ala — lp) , 1 " o(a—1ly)
+{477 +<2;+4n)( l0)7+7877
+bE2£]O) + (:ul + |N2|in(a - lO)C* } (g o V’I]t)(t)

a1l (we (D)7, + nlpal bz (=(1, )17, -
Moreover, analogous to (31) we see that
(48) E't)< —&E(@) —aue ™ (1 — d)/ ha(2(1,%))z(1,t)dl
o

+ a5 hl (Ut) utdF.
To

From (38), (29), (45), (47) and (48), we have
(49)  L'(1)

< —-n-olul*+ (- Le.) o v 0

+[n{a+2(a—10)} —efa— 1 +n)(a—1) =2} [[Vu(®)]?

(- bIVu)]* + (0 n 4,7) (g0 V1) ()

) 2
1 2 (Mo _noEQ)) (d o e
+ (77/11 + e C*> [|h1 (Ut)HrO ( 1 I at [[Vully

ey -
- [ P+ (nw T 47720*) o (=L DI,
— (Mﬂl — 015)/ hl (Ut) utdF

o

— (M By + asy(1 —d)e™™) ha(z(1,1))z(1,t)dT — E(¢).
o

Making use of (11), we find
Iz AL, < a0 [ ha(a(1)5(1 0.
To
Owing to (13), it is seen that

1
—£&(t) < —T(t)/ / e " Hyz(z, p, t)dpdD
o Jo

1
< 76771p/ / Hy(z(x, p,t))dpdl.
o Jo
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Applying these to (49), we get
M 0
VO < ~(o-n-0ul*+ (3 - 40¢.) (7 0 91 0
2 2
~Jefa= 4 ma—1o) ~ 20} = n{a+2(@—1)}] IVu(®)]

+ (c—i— 4;) (goVnh)(t) + <77,u1 + Zf@) |1 (Ut(t))”%o

1
—e=mVa = [ [ it ptdpar

Mo  noE(0) d N
hl (Ut) Utdr - (4 - o lO > (dt ||VUH2

— (Mp —0!5)/

o
- €43 A
- / F(u)dz — § MBs 4+ as(1 —d)e™™ — ag | n|p2| + EC*
Q
X / ha(z(1,1))2z(1,t)dl" for all t > to.
I'o

At this point, we choose € > 0 small enough such that [ — € > 0, and then
we pick 1 > 0 sufficiently small such that

a—1+n)(a—1y)—2n7>0,
e{la—(+n(a—t) =2} —n{a+2(a—1)*} >0,

lo—€e—n>0,
e—n>0.

Then we choose M > 0 so large such that
M 0 M E(0
——&C*>O, MpBy —as >0, —U—L()>O,
2 4n 4 a—1ly

2 —
Mﬂg+a4(1—d)efﬁ — Q3 <77,UQ|+Z:720*> > O,
and we complete the proof. O

The following lemma plays an essential role in the proof of Theorem 3.1,
which can be proved by repeating the same arguments of Guesmia in [7].

Lemma 3.6. Suppose that (26) holds. Then, there exists > 0 such that
Véo > 0 and t € Ry, we have

(50) G (80E(t)) (go V') (t) < —BE'(t) + BoG' (80 E(t)) E(t).
With this preparation, we are ready to prove Theorem 3.1 and Theorem 3.2.

Proof of Theorem 3.1. Multiplying (39) by ~(t), we have from (22) and (29)
that

(51) (O (t) < = Coy()E()+Cay(t) [l (ue(£)) I}, +C57() (90 V') (2)
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IN

= Oy () E®)+Cay(t) [|ha (ur ()5, ~Cs (" o V') (1)
< = C3y(t)E(t)+Cyy(t) |1 (ut(t))H%O —2C5E'(t) for t > to.
Now, we define
L(t) =~()L(t) + 2C5 E(t).
As v is nonincreasing, we see from (51) that
(52) L(t) <4/ (L) = Coy(1) E(t) + Car(8) [[ha (we(0))]I7,
< =Cyy(t) E(t) + Cay(t) |7 (ue(0))|7, for ¢ > to.
In order to obtain desired results, we needed to estimate the term
(@) 17 (ue (D)7,

in (52). For this, let

Iy ={x€To:|u >r]} and T3 = {x €T : Jus| <7}.

For §; = %1(0), (7) and (29) imply that

(53) () /F I (u)[? AT < 027(0) /F Jwhy (uy) AU < =6, E'(t).

Two cases are distinguished:
Case 1 : H; is linear on [0,7]: According to (7) and (10), we can easily
check that there exist d > 0 and d3 > 0 such that

d2|s] < hi(s)|< 03] s| for all |s| <,

and thus, for 64 = %1(0)’
(54) v(t)/2 |hy (ug)]? AT < 537(15)/2 wehy (ug) T
1—\0

s

< 549(0) / wshy () dT
1—\2

0

< —64E'(t).
We substitute (53) and (54) into (52), we get
(55 (L0)+5B@) < ~Crl)B) = ~Cro)Ho (53 ) for 2

where § = Cy (61 + 04), C7 = C3E(0) and Hy is the function given in (25).
Case 2 : H1(0) = 0 and H{ > 0 on (0,7]: From (10) and (29) it follows
that

30 [ by (a0 < 90) [ (gt () a0

2 2
0 1—‘(J

_ 1
< 5(0) |3 (F/
0 2

0

uth (Ut) dF)
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2| 771 £
< (1) 12| H; (—51 (Ft)) ,

where the Jensen’s inequality (2.1) for a concave function with D = T'3, q(x) =
1, H=H, and f(z) = H; ' (us(x)hy (us(2))) in the second inequality is used.
Adapting this and (53) to (52), for § = C46; and Cg = Cy |3, we get

(56)  (L(t)+3E(1) < ~Coy(t)E(t) + Con(t) Hy ! ( ﬂE1’|<F >|)

For 0 < €g < 7 and ¢g > 0, the inequalities (56), (34), together with (33), drive
to

(57) {H1 ( 8) (L() + BE()) + co Bt )}'

= H;/ ( ) )+ 0E(t)) + H} (eog((é))) (L(t) +0E(t))
+ COE

< —Cyy(t)H! <60 )E + Ce( ( Og(((t)))> Hi! (_B}f/(l%)
)

+coE'(t)
< — Cyy(t)Hy (60 E(t) + Ce(t) (H{ <EOEE7((3)))>
?75 )| 1) + o' (1)
B (t E(t)\ E()
= - e (g ) B + o (o) ) g
. WE0) G,
Cev(t)Hy ( 0 (0)> B, T2 )+ coE' (1)
< — (C3E(0) — Cgeo) v(t) Hy ( g(((t))))%Jr(onglE'))E(t)
Taking ¢, sufficiently small such that C3E(0) — Cgep > 0 and choosing ¢g > 0
suitably such that ¢y — SGFF(S ‘) > 0, we obtain
(5%) {1t (o) ) (€0 +580) + o )}

)

0)
_%vm(@ﬂg)E>

(

E(t)
= — Csv(t)H, rt>t
w0t (5ig)) ot o

IA
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where Cs = C3E(0) — Cgeq is a positive constant. Now, let
(59) £(1)
L(t)+0E(t) if Hy is linear on [0, 7],
:{ : (eo%)(ﬁ(t)+5E(t))+CoE(t) if H,(0)=0 and H{>0 on (0, 7].

Then from (55) and (58), we see that

- E(t)
60 L(t) < —Cov(t)Hy | —==% for t > ¢
(60 (0 = ~Cinhs (it ) for e o
where C9 = min{C7,Cs}. Since /.’,(t) is equivalent to E(t), there exist two
positive constants ag and a4 such that

(61) Otgﬁ(t) S E(t) S Oé4£(t).
Let us define

(62) Tt = as égg))
It is to be noted that
E(t)
(63) Jt) < E0) <1 (see (61)).

From (62), (60), (63) and the fact that Hy is increasing, we arrive at

(64) J'(t) <

where Cg = ‘1E3(€§.

Integrating this over (¢, t) and using H'(t) = —ﬁ(t) (see (24)), we observe
that .
H((0) = H(J (t0) = Cuo [ 7(s)ds.
to
Thanks to the fact H~! is decreasing, we infer

Jt)<H! (H(j(O)) + Cho /tv(s)ds> for t > to.

to
This completes the proof from the equivalent relation of 7 and E. O
Proof of Theorem 3.2. The following two cases are distinguished:
Case 1 : H is linear on [0, 7]: Then according to (7) and (10), we deduce

that
c1ls| < [hi(s)] < egls| for all s € R.

Hence, by applying (29) the estimate (39) becomes
Li(t) < ~CB(t) — CuiE'(t) + Cs (g0 V') (1), vt > 0.
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C1; is a positive constant, which yields
(65) Ly(t) < —C3E(t) + C5 (9o V') (1), ¥t >0,

where the function Ly = L; + C11 F is equivalent to E. Multiplying (65) by
G’ (0pE(t)) and applying (50), we get

G' (6o E(t)) L5(t) < — (C3 — C5B60) G’ (5o E(t)) E(t) — CsBE'(t), Vt > 0.
By taking dp small enough so that C15 = C3 — C58y > 0, we obtain
G’ (60E(t)) L5(t) + C5BE'(t) < —C12G’ (60 E(t)) E(t), Vt > 0.

Let L3(t) = G’ (o E(t)) La(t) + C58E(t) and take into account the fact that
G’ (6o E(t)) is nonincreasing. Then we reach at

L3 ~ FE and Lg(t) S —CBG/ ((51L3(t)) Ld(t)
The last inequality leads to
(& (Ls(1))' = Cua,

where Z(t) = ftl ds/ (sG’ (615)) on (0,1]. Integrating the previous inequality
on (0,t), by using the property of G, we infer
Lg(t) < 7 (Cl5t + 016) for all t > 0,

where Ci5 and Cig are positive constants. Thanks to Ly ~ E, we get the
desired result. In this case, we have H;(s) = cs.

Case 2 : H; is nonlinear: Supposing in this case that H{(0) = 0, H{ > 0
on [0,7], since Hy is convex and increasing, H; 'is concave and increasing, by
(28), the reversed Jensens inequality for concave function, and (10), it comes

/ h?(ut(t))dr:/lhf(ut(t))dFJr/ h? (u(t)) dT

g/r we(t)hy (ue(t))dT + [ Hy' (ughy (ug))dT

2
1—‘U

1
< —cE'(t) +cH ! (F2|/F urhy (ug) dI‘) :
ol /Jrg

Then (39) is rewritten as

(66) F'(t) < — C3E(t) + Cs5 (90 V') (t)

1
+ cCyH; ! (mg)' /F u1hy (ut)dF> vt >0,
0

where Z(t) = L1 (t) + cC4E(t), which is equivalent to E. Now, for ¢y > 0 and
a > 0, let us denote

E(t)
E(0)

(67) F1(t) = Hy (60 ) F(t) + aE(t), Yt > t.
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By (39) and the fact that E' < 0, H; > 0, H{ > 0, we obtain .%; ~ E, and

(63) Fi(t) = e g(())H{’( EES))>9*()+H1< g((é))) F(t)+aE'(t)

A

+cCyH (eo]];f((é)))ﬂﬁ <|r1 |/ why (ut)dl“> +aB(t).

Since HY is the Legendre transform of the convex function H; defined by (32),
the following inequality

< —-CG3E Hl(

(69)  Hi =s(H}) ™ (s) = Hy [(H]) ™ ()] < s (HD) ™ (s), Vs 2 0,

holds. Using (28) and (68), (69) and (34) with s = H] (eo(E(t)/E(0))), t =
(i gt (u) 8 ) and G = 1, we obtain
2 0

F{(t) < — (C3E(0) — cCaeo) ,§§3§ ! (60 g((é)) )

@@c@(ﬂ%wwﬂ@mG$8>

Hence, with a suitable choice of ¢y and «, we obtain
/ E®) .. ( E(t) ¢ (. E)
< - H \Y% H —Z ).
(70)  F{) < —as £(0) 6OE(O) +C5 (9o V') () Hj ( €0 E(0)

Multiplying (70) by G’ (dagE(t)) and taking (50) into consideration, we get for
allt >0

G (5oE(t) ) F1(t)

B (o)
wﬁ@&)M+W%<mw¢ﬂ@m>
EO (B g mn
Beortt () ) 6 GuB(e) - s
+Cﬁ%@®ﬁﬁﬂm<mgg>E@-

Let Z5(t) = G'(60E(t))F1(t) + arE(t) and using the fact that G” > 0 and
E’ < 0, we determine two positive constants 1, 72 such that

(71) 11F2(t) < E(t) < v2F2(1)
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Z5(t) < — (a6 — C5805) 5((8))1{1 (60 gf?)) @ (55 J]j((é)>> ’

where 05 = 09 E(0). Taking ¢ small enough so that ag = ag — C585 > 0 in

the

previous estimate, we get

where % (s) = sHj (€ps) G (05s). Finally, we let

Fa(t)
E(0)

F3(t) =m

By using (71), .#3 is equivalent to E and for some o1 > 0, we have

FL(t) < —01.% (F5(1)), V> 0.

Simple integration of the previous inequality on (0,¢) yields

F3(t) < L7 (oot + 03), V>0,

where .Z1(s) = fsl (da/Z (), s € (0,1] and o2 is a positive constant. Em-
ploying the fact that %3 ~ E, our result is deduced. ([l
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