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SQUARE CONGRUENCE GRAPHS

Janardhanan Suresh Kumar and Sarika M. Nair

Abstract. For each positive integer n, a square congruence graph S(n)

is the graph with vertex set H = {1, 2, 3, . . . , n} and two vertices a, b
are adjacent if they are distinct and a2 ≡ b2 (mod n). In this paper we

investigate some structural properties of square congruence graph and

we obtain the relationship between clique number, chromatic number
and maximum degree of square congruence graph. Also we study square

congruence graph with p vertices or 2p vertices for any prime number p.

1. Introduction

The concept of congruence is fundamental to number theory. Somer and
Krizek [5] defined for each positive integer n a digraph whose vertex set H =
{0, 1, 2, . . . , n− 1} and for which there is a directed edge from a ∈ b to b ∈ H
if a2 ≡ b (mod n). They established the necessary and sufficient conditions
for the existence of isolated fixed points and conditions for semiregularity in
[5]. These digraphs were studied in detail [6, 8]. The directed graphs attached
with the congruence a3 ≡ b (mod n), a5 ≡ b (mod n) were studied in the
paper [4] and [3]. In [4] Skowronek specifies two subdigraph induced by the
vertices directed graph arising from congruence a3 ≡ b (mod n). In [3] Rahmati
determined the number of fixed points and structure of digraphs for n = 2k

and n = 5k for a natural number k. He also presented a simple condition for
the existence of a cycle. Szalay [7] examined the features of iteration digraph
representing a dynamic system in number theory. In [2], Asim and Khalid
investigated a new class of graphs that arrived from exponential congruences.
In this paper, we define a new class of graphs called square congruence graph
and investigate its properties. For number theoretic concepts we refer [1].

2. Main results

Definition 2.1. For each positive integer n, a square congruence graph S(n) is
the graph with vertex set H = {1, 2, 3, . . . , n} and two vertices a, b are adjacent
if they are distinct and a2 ≡ b2 (mod n).
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Theorem 2.1. A square congruence graph S(n) has at least one isolated vertex
if and only if n is a square-free number.

Proof. Let S(n) be a square congruence graph with vertex set {1, 2, 3, . . . , n, }.
We begin the proof by showing all vertices in S(n) other than n, n/2 are non
isolated.

Choose k : 1 ≤ k ≤ n−2
2 for n is even and 1 ≤ k ≤ n−1

2 for n is odd. Then

(n− k)
2 − k2 = n2 − 2nk = n(n− 2k). Hence, (n− k)2 ≡ k2 (mod n).

Therefore, (n− k) is adjacent to k. To prove there exists at least one isolated
vertex, assume the converse of n is a square-free number. Let p be a prime
number such that p2 divides n. Then (n/p)

2
= n

(
n/p2

)
= mn ≡ n2 (mod n).

Hence n/p is adjacent to n and n is not an isolated vertex.
In the above case when p = 2, we get n and n/2 are adjacent. Which means

S(n) has no isolated vertices. That is, if S(n) has at least one isolated vertex,
then n is a square-free number.

Next we have to show that if n is a square-free number, then S(n) has at
least one isolated vertex.

Let n be a square-free number. Then n = p1p2 · · · pn.
If n is not an isolated vertex, there exists a vertex vi such that

(p1p2 · · · pn)2 ≡ v2i (mod p1p2 · · · pn).

That is, p21p
2
2 · · · p2n − v2i = k(p1, p2 · · · pn) for some integer k. Hence

p1p2 · · · pn (p1p2 · · · pn − k) = v2i .

LHS is not a perfect square. Therefore S(n) has at lest one isolated vertex. □

Corollary 2.1. For a square-free number n, the vertex n is an isolated vertex
of S(n).

Theorem 2.2. For a square congruence graph S(n), clique number ω(S(n)) is
1 + ∆(S(n)).

Proof. For a graph G, ω(G) ≤ χ(G) and χ(G) ≤ 1 + ∆(G). From these two
facts we get ω(S(n)) ≤ 1 + ∆(S(n)).

Next we show that 1 + ∆(S(n)) ≤ ω(S(n)).
Let S(n) be a square congruence graph with ∆(S(n)) = k and vk be a vertex

such deg(vk) = k. That is, vk is adjacent with k vertices say v0, v1, v2, . . . , vk−1.
That is

v2k ≡ v20 (mod n),(1)

v2k ≡ v21 (mod n),(2)

v2k ≡ v22 (mod n),(3)

...

v2k ≡ v2k−1 (mod n).
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Applying symmetric and transitive properties of congruence in equations (1)
and (2) gives v0 is adjacent to v1. Similarly we get all vertices v2, v3, . . . , vk−1

are adjacent to v0.
Apply this same procedure in equations (2) and (3) we get v1 is adjacent to

v2, and all other vertices v3, v4, . . . , vk−1 are adjacent to v1. Finally we get a
complete graph of order k+1 with vertex set v0, v1, . . . , vk−1, vk. If there exists
another complete graph Km with order of Km is greater than k+1, then degree
of vertices of Km is greater than k, which is a contradiction to our assumption
∆(S(n)) = k. Hence ω(S(n)) = k + 1. □

Corollary 2.2. For a square congruent graph S(n), χ(S(n)) = 1 +∆(S(n)).

Proof. For a graph G, ω(G) ≤ χ(G) ≤ 1+∆(G). Then for a square congruence
graph S(n), ω(S(n)) ≤ χ(S(n)) ≤ 1 + ∆(S(n)). By Theorem 2.2, we have
ω(S(n)) = 1 +∆(S(n)). Hence χ(S(n)) = 1 +∆(S(n)). □

Theorem 2.3. Let p be a prime number and G be a graph with n vertices.
Then size of the graph

S(n) =

{
n−1
2 if n = p,

n−2
2 if n = 2p.

Proof. Suppose a and b are two adjacent vertices in S(n). Then a2 ≡ b2

(mod p). That is a2 − b2 = mp, where m is any positive integer. Which means
(a+b)(a−b) = mp. Since p is a prime number, either a+b or a−b is a multiple
of p. Here maximum value of a+ b is p+p−1 = 2p−1, which is not a multiple
of p. Therefore maximum value of a+ b which is a multiple of p is p. For in the
case of a − b, the maximum value is p − 1. Hence a − b cannot be a multiple
of p. Therefore in the product (a − b)(a + b), a + b should be a multiple of p.
Which happens only if a = p − k and b = k for 1 ≤ k ≤ n−1

2 . Hence p − k

is adjacent with exactly one vertex say k for 1 ≤ k ≤ n−1
2 . Therefore there

exist n−1
2 K2’s. Since p is a square-free number, by Corollary 2.1 the remaining

vertex n is the only isolated vertex. □

Theorem 2.4. For n = 2p, the components of square congruence graph S(n)
are the isolated vertices n, n

2 and n−2
2 K2’s.

Proof. If a and b are two adjacent vertices in S(n), then a2 ≡ b2 (mod 2p).
That is a2 − b2 = m2p, where m is any positive integer. Which means (a +
b)(a−b) = m2p. Since p is a prime number, either a+b or a−b is a multiple of
p. Here maximum value of a+ b is 2p+2p−1 = 4p−1, which is not a multiple
of p. Then possible chances of a+ b that are multiples of p are p, 2p, 3p.

Case 1: a + b = p, which happens when a = p − k and b = k for a positive
integer k ≤ p. Then a − b = p − 2k is an odd number and not a multiple of
2m. Hence this case is not possible.
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Case 2: a + b = 2p, which happens when a = 2p − k and b = k. That is
a = n − k and b = k. From the proof of Theorem 2.1 it is clear that n − k is
adjacent with k for 1 ≤ k ≤ n−2

2 .
Case 3: a + b = 3p which happens when a = 2p − k and b = p + k for

0 ≤ k ≤ p−1
2 . Then a− b = 2p− k− (p+ k) = p− 2k, which is an odd number,

not a multiple of 2m.
For the case of a− b, the maximum value of a− b is 2p− 1. Then possible

chance of a− b, which is a multiple of p is p. Which happens only if a = 2p− k
and b = p− k for 0 ≤ k ≤ p− 1. In this case a+ b = 2p− k+ p− k = 3p− 2k.
Which is an odd number. Hence this case is not possible. Therefore 2p− k is
only adjacent with k for 0 ≤ k ≤ 2p−2

2 . Therefore there exist n−2
2 K2’s. The

remaining vertices are n, n
2 . Since 2p is a square-free number, by Corollary 2.1

n is an isolated vertex.
If n

2 is not an isolated vertex, then (n2 )
2 = ( 2p2 )2 ≡ v2 (mod 2p). That is,

p2 ≡ v2 (mod 2p). Then either p + v or p − v is a multiple of 2p. Which
happens when v = p or v = 2p. When v = p, p − v = 0 and when v = 2p,
(p+2p)(p−2p) = −3p2, not a multiple of 2p. Hence n

2 is an isolated vertex. □

Theorem 2.5. For a prime number p, every vertices in the square congruence
graph S(pn) are non-isolated.

Proof. From the proof of Theorem 2.1 all vertices in S(pn) other than n, n
2 are

non isolated. Hence we need to prove only the cases pn and pn

2 . pn is odd for

p ̸= 2. In the case of p = 2, n
2 is same as pn−1.

Consider two vertices pn and pn−1. Then

(pn)2 − (pn−1)2 = p2n − p2n−2 = p2n−2(p2 − 1).

Hence (pn)2 ≡ (pn−1)2 (mod pn).
That is, for any prime number p, the vertex pn is adjacent with pn−1. □
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