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EXISTENCE AND NONEXISTENCE OF SOLUTIONS FOR A
CLASS OF HAMILTONIAN STRONGLY DEGENERATE
ELLIPTIC SYSTEM

NGUYEN VIET TUAN

ABSTRACT. In this paper, we study the existence and nonexistence of
solutions for a class of Hamiltonian strongly degenerate elliptic system
with subcritical growth
—Azu—pv =[P~y inQ,
—A\v—pu=|ul?ly  inQ,
u=v=0 on 0%,
where p,q > 1 and Q is a smooth bounded domain in RN, N > 3.
Here A is the strongly degenerate elliptic operator. The existence of at

least a nontrivial solution is obtained by variational methods while the
nonexistence of positive solutions are proven by a contradiction argument.

1. Introduction

In the past years the study on the existence and nonexistence of solutions
of the following Lane-Emden elliptic system

—Au = vty in ,
(1) —Av = |u|T in Q,
u=v=0 on 01},

where p,q > 1 and € is a bounded subset of RV, N > 3 has been considered
by many authors. If p,q > 0 and satisfy

! + ! >1

p+1 g¢g+1 ’
the so-called subquadratic case. In this case, the existence results have been
established in [5,7,11]. In the superquadratic but subcritical case, i.e., p,q > 0

Received March 24, 2022; Revised February 22, 2023; Accepted March 16, 2023.

2020 Mathematics Subject Classification. Primary 58B34, 58J42, 81T75.

Key words and phrases. Hamiltonian elliptic system, variational methods, strongly de-
generate, existence and nonexistence.

(©2023 Korean Mathematical Society

741
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and satisfy
1> 1 n 1 S N -2
p+1 q+1 N’
we can refer to [10,12,13,15]. On the contrary, in the critical case
1 1 N -2
+ = ;
p+1 qg+1 N
nonexistence results have been proved in [20, 26].
For more general nonlinearities, the system (1) has also received great inter-
est, and related results can be seen in [6,8,24] and the references therein.
In this paper, we study the existence and nonexistence of solutions for a
class of Hamiltonian strongly degenerate elliptic system has form

—Ayu—p = |pP~ 1y in Q,
(2) —A\v — pu = |uli u in Q,
u=v=0 on 0%},

where p,q > 1 and Q is a smooth bounded domain in RV, N > 3, and p is a
positive constant. Here

N oo ou
_ O [\20., 9% _ N
A)\u—;:l o ()\J(x)ax]), z=(z1,...,on) € RY,

is the strongly degenerate elliptic operator which was first introduced by Franchi
and Lanconelli [14], and reconsidered in [16] by Kogoj and Lanconelli under
the additional assumption that the operator is homogeneous of degree two with
respect to a group dilations in RY. This A-Laplace operator contains many
degenerate elliptic operators such as the Grushin type operator

Go = Ay + [2]**A,, >0, (z,y) € RV x R,
and the strongly degenerate operator P, g in [25] of the form
Pop=2A8c+ Ay + |x|2a|y|2ﬂAz’

with (z,y,2) € RVt x RNz x RN (N; > 1,i = 1,2,3), o, 3 > 0 are two positive
constants. The operator Ay belongs to the class of degenerate elliptic operators
which has received considerable attention over the years. For some elementary
properties, typical examples and recent results of the operator Ay, we refer to
the papers [1-4,9,19,21-23] and a recent survey paper [17].

In this note, we are interested in the subcritical growth, i.e., p,¢ > 1 and
satisfy

1 1 Q-2

3 + > ,

®) p+1 qg+1 Q

where @ > 4 (the number @ is defined in Subsection 2.1 below).
The main results of this paper are the following theorems.
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Theorem 1.1. Assume (3) holds. Then, there exists jio > 0 such that for all
€ (0, 1), the problem (2) admits at least two weak solutions, where at least
one is nontrivial.

Theorem 1.2. Assume (3) holds. Then the problem (2) has no positive so-
lutions for any p > w1, where py is the first eigenvalue of —Ax on Q with
homogeneous Dirichlet boundary condition.

Remark 1.3. The results presented here seems to be new in the case strongly
degenerate elliptic operator Ay, and our results complement the existing results
in [1,4,9,21-23].

The plan of the paper is as follows. In Section 2, we present some preliminary
results which will be used later on. In Section 3 we prove the main results, we
prove the existence of a nontrivial solution in Theorem 1.1 in Subsection 3.1,
while in Subsection 3.2 we prove the nonexistence in Theorem 1.2.

2. Preliminary results
2.1. Ax-Laplace operator

We recall the functional setting in [16]. We consider the operator of the form

N
Ay = Z 8(131' ()‘?8@)’
1=1

where 0, = %, i =1,...,N. Here the functions ); : RV — R are con-

tinuous, strictly positive and of class C*(RN \ []) for i = 1,..., N, where
II={(z1,...,2n) € RV : Hfil x; = 0}. As in [16] we assume that \; satisfy
the following properties:

(1) )\1(.’E) = ]., )\Z(l') = )\z (.’Eh. .. ,I'ifl), L= 2, .. .,N;

(2) For every z € RN, \;(z) = N\i(z*), i =1,..., N, where

" = (|x1],...,|zn]|) 2= (x1,...,2N);
(3) There exists a constant p > 0 such that
0 <0y Ni(x) < phi(z) VEe {1,...,i—1}, i=2,...,N,

and for every x € RY = {(z1,...,an) e RN 12, >0Vi=1,...,N};
(4) There exists a group of dilations {d; }+>0

5 RN 5 RN, 6,(x) = 64(x1, ..., an) = (t921,..., tVy),
where 1 < ¢e; < ey <--- < ey, such that \; is d;-homogeneous of degree
€ — 1, i.e.,

Ni(0(z)) =t ANz) V2 e RN, t>0,i=1,...,N.

This implies that the operator A, is d;-homogeneous of degree two,
ie.,

A (u(b(2))) = 2(Axu)(6e(z)) Yu € CF(RYN).
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We denote by @ the homogeneous dimension of RY with respect to the group
of dilations {0 }+>0, i.€.,
Q=€+ +en.

2.2. Function spaces and setting functional

First, we recall some function spaces which will be used to study problem
(2).
For p > 1, we denote by W}\’p(Q) the completion of C§° () in the norm

p
_ p
ol = ([ 19supae)”,

where Vyu = (A10z,u, ..., ANOzyu). We define Wf’p(Q) as the space of all
functions v such that

ou 0 ( ou

u € LP(Q)v )‘Z(x)ax € LP(Q)a AZ(:C)% A](m)ax> € LP(Q)a i,j=1,..., N,
4 ? J

with the norm

N
0 ou p
lallwzr = | [ o+ 930+ 32 o)) 0
We see that Wf’p(Q) and W}\’p(ﬂ) are Banach spaces. When p = 2, the spaces
Wf2(ﬂ) and W;z(ﬂ) are Hilbert spaces with the following inner products

N ou ov
(Ua”)wf'z = (u,v)p2 + ;(Ai£7>\i£)Lz

(3

N
+ 2 (Ai%(/\jéhj)’/\im(/\j&rj

ij=1

0 ou 0 Ov )>
L2

and
N

ou v
04503 (o3 o

A .
1=
respectively. The following useful embedding was established in [16].
Lemma 2.1 ([16, Proposition 3.2]). The embedding

WL2(Q) < LB(Q), where 25 = o3

is continuous. Moreover, the embedding
Wi2(Q) = L7
N () = L7(Q)
is compact for every v € [1,25).
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We also have the following lemma.

Lemma 2.2 ([4, Lemma 2.2)). The embedding W (Q) N V(I)/}\Z(Q) — L7(Q)

is continuous with 1 < v < 622—?4 and Q > 4.

We consider the operator

—Ay WA Q) NWYQ) = LA(Q),
and set A = —A,, then by Lemma 2.1, A is a linear, positive, self-adjoint

operator with compact inverse. Consequently, there exists an orthonormal

basis of L?(2) consisting of eigenfunctions ¢; € W}\’Q(Q), j=1,2,... of the
operator A with eigenvalues

O<pr <pp<--- and pj; — +o0 as j — +00.
We denote, E* = D(A®), s > 0, with the inner products

(u,v) gs :/AsuAsvdx, u,v € E°,
Q

where
o0 oo o0 B
D(A?%) = {gp = Zajtpj, a; € R| Zuja? < +oo} and A°p = Zaj,u]? ;.
j=1 j=1 j=1

We notice that, as a consequence of Lemma 2.2 and the interpolation theorem,
we have the following important embeddings which will be frequently used
later.

Lemma 2.3 ([4, Lemma 2.3]). The embeddings

ES < LY(Q) and E'<— L°(Q)

are continuous if % > % — 5, % > % — é, and they are compact if these

inequalities are strict.

For s >t > 0 such that s +t = 2, we consider £ = E* x E!, the Hilbert

space with the inner product
(Z,U)E = (ua @)Eé + (U7w)Et for z = (ua U)a n= (90,1/1) € E.

For simplicity, we denote the norm in E by || - ||.

Using arguments as in [12] we can obtain the orthogonal decomposition
E = E* ® E~, where
(4) Et={(uw, A "w):uecE} and E ={(u,—A*"'u):uc E*}.
Forany z € E=ET®E~, wehave z = 2T + 2~ with 2T € Et, 2~ € E~ and
if we denote by P~ : E — E~ and PT : E — E7 the orthogonal projections,
then by (4) we obtain

P (2)=2" = %(u — A", 0 — AT M)
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and

1
Pr(z)=2" = 3 (u+ A"v,0 + A% M),

where z = (u,v) € E. Now, we define the functional ® : F = E* x E* — R
associated to the problem (2) by

(5) @(u,v):/ASuAtvda:fﬁ/(|u|2+|v|2)daj7/H(x,u,v)d:c,
Q 2 Ja Q

where

1 1
H(z,u,v) = ——|v[PT 4+ —— |9,
(@0,0) = = ol —fu

Here, we have selected s >t > 0 such that
2Q)

t=2, 1< .
s+ q+ 0—2t

and p+1<

2Q)
Q —2s
After some computations, we have
1
/ ASu Alvdr = §(||Z+H2 — 27113, 2= (u,v) € E*x E".
Q

Thus, we can write ® in the form

B(2) = 5112 = 1) = § [ (ol + oP)de = [ Hizuo)da.

T2
We can see that @ is well-defined on E and ® € C'(E,R) with

& (u,v)(p, ) = /Q(Asu Alyp + Alv Ap)dx — M/Q(ucp + vy)dx

(6) - /Q[goHu(ac7 u,v) + Y H, (2, u,v)] de.

One can also see that a critical point of ® is a weak solution of the problem
(2) in the following sense.

Definition 1. We say that z = (u,v) € E = E* X E' is a weak solution of (2)
if for all (¢,1) € E* x E' we have

/ASuAtz/Jdﬂc—,u/vz/Jd:r:/@/JHv(m,um)dx, Vi € EY,
(7) Q Q Q
/Athsgodx—,u/ucpdxz/goHu(x,u,v)das, Yo € E°.
Q Q Q

2.3. Critical point theory

Let E be a Hilbert space with the inner product (-,-)g, and ® : E — R
be a functional. Assume that £ = E+ @ E~, where ET, E~ are both infinite
dimensional subspaces of EF2. We assume further that, there exist sequences of
finite dimensional subspaces E; C Et, E, C E~ such that

Ef cEy c--- and |JEr =E*

n=1
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Denote
E, = E;L @®FE, and &,=9|g,.
We have

EiCEyC--- and UEan.
n=1

Definition 2. Let E be a Hilbert space and let ® € C'(E,R). We say that
® satisfies the (P.S)* condition with respect to the scale of subspaces (E,, ) if
every sequence {zy,}, such that
20 € By |®o(2a)| < C
and
(@5, (2n), M| < €nllnlle, V0 € En, en =0,
contains a subsequence which converges to a critical point of ®.

We shall use the following abstract critical point result in [18, Theorem 2].
Lemma 2.4. Let ® € C1(E,R) such that
(i) ® has a local linking at the origin, i.e., for some r > 0
®(2) >0 for 2 € EY, and ®(2) <0 for z € E~ with ||2||g < 7

(ii) ® maps bounded sets into bounded sets;

(iii) ®(2) = —o00 as ||z|| = o0, 2 € Ef & E~ for every n € N;

(iv) @ satisfies the (PS)* condition with respect to the scale of subspaces
Then ® has at least two critical points.

3. Proof of the main results

3.1. Existence of nontrivial solutions

In this subsection, we prove the existence of at least two weak solutions to
the system (2). We first check the condition (i) of Lemma 2.4 via the following
lemma.

Lemma 3.1. Assume (3) holds. Then there exists a p. > 0 such that for all
€ (0, uy), the functional ® has a local linking at the origin.

Proof. For z = (u,v) € ET, by the Poincaré inequality for the operator A® we
have .
JA%ule > pf flull e Vue B
Thus, by Lemma 2.3 we find that
0() = 3l =5 [ (ul? + o)z
Q
1

1
_?/ \v\pﬂdx—ﬁ/ \u|q+1dx
p Q q Q
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1 e 1
> - 2 B = 2S . 2/ _ ( g+1 p+1)
2 Sll=l” = 5 <M‘i [ullzs + Mtlvllgr> ullzs + (vl

1 n -
® 2 (5 gt ) I -l

2min{pui, pi}

where 7 > 2. Thus, let pu. = min{u$, u!}, then there exists a constant r > 0
such that

D(2) >0 Vpe(0,u), z€ BT, ||z]| <.
Next, for z = (u,v) € E~, we have

wa:—4uﬁ—§/wﬁ+wn
7 prtide = — [ i
p+1 q+1 Jq
©) < 2l
Thus, ®(z) <0 for z € E~ and ||z]| < r. O

Next, we check the condition (ii) of Lemma 2.4.
Lemma 3.2. ® maps bounded sets into bounded sets.

Proof. Let M C E = E* x E' be a bounded set. Then for all z = (u,v) € M,
there exists a positive constant C' > 0 such that

(10) ]

g <C and ||| <C.

Thus, for all z = (u,v) € E, from Lemma 2.3 and the Holder inequality, we
have

@ws/wmwm%/wuw>
/ lo[PHdx + 7/ lu| T dx
p+ p+1
< A%l 2| A 2 + 5 (llUHLz + lvllZ2)
1
+ 7|| 2He + i1 lul TH
(11) < ||u| gellvllze + C(lullps + vl + | + oI5,
Combining (10) and (11), we infer that
|[P(2)| < C Vze M.
Thus we obtain the conclusion of the lemma. O

We now check the condition (iii) of Lemma 2.4.
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Lemma 3.3. Letn € N be fized and z, € EF®E~ with B, is an n-dimensional
subspace of E*. Then

®(z) = —o0 whenever ||z|| — oo.

Proof. By (4), for each k € N, z, € E;f @& E~ can be written as
2k = (ug, A Tug) + (v, —A% o) for ug € ES and vy, € E°.
Hence, we find that

D(zg) /|Asuk| dI—/ | ASvy|?da

75/ (\uk +vk\ + |A°T t(uk—vk)| )da:
Q

1
q+1/|uk+vk|q+1d1’f +1/|A57t(uk—vk)|p+1d:€
Q

- %/Q (Juk + vi|? + A (ug — ) |?) dz

Be — vkl
(12) o / lug, + vg| T da — —/ | A5~ (ug — vp,) [P da.
q
Note that
lzel% = llun + vkl + 1A (ur — i) |5

= [luk + vkl B + A A (ug — vp)||72
Bo + 1A% (up — o) 132

= lluk + vkl B + llur — vill %

= |lug + vk

ZEs - Q(Uk, vk)Es

e+ llusl

2o+ 2(uk, ) B + |vk|

= [Ju]
(13) = 2(llullEs + llvkllE-) — oo
Case 1: If |jug||g- < C, then by (13) we obtain |lvg|| — oco. Therefore,
from (12) we easy obtain
D(z) = —o0.
Case 2: If |jug]

ps — 00, then we estimate (for some C, Cy,Cy > 0)

q+1

2
/ lug + vg| T de > C (/ [u +vk2dx>
Q Q

> C|ug +Ul~c||L2 ,

and since s > t, we get
+1

/ A (g — v) [P+ dz > Cy (/ A= (s — vk)|2dx)
Q

> Collux —vil|h5,
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where we used the Poincaré inequality || A%ul[z2(q) > M1% |l £2(q) for allu € E*.
Thus, for some 7 > 2, we get

(k) < e — © (g + oell 3+ s — wll75")
< lugll — © (s + vl + g = vill2)”
(14) < el = Clluelzs,

where we used the inequality 3(h(z) + h(y)) > h(3(z +y)) for the convex
function h(z) = 27, 7 > 2. And by the fact that E? is a finite dimensional
subspace, then two norms || - ||gs and || - |2 are equivalent on EZ. Therefore,
we can conclude from (14) that ®(z) — —oo as k — 0. O

Finally, we check the condition (iv) of Lemma 2.4.

Lemma 3.4. There exists i > 0 such that for all p € (0, ) the functional ®
satisfies the (PS)*-condition.

Proof. Let (z,) be a (PS)*-sequence of ® with respect to E,, i.e., z, € E, and
(15) |®]p, ()] < C and [(¥]g, (2n), w)| < enllw] Yw € En,

where €, — 0 as n — oo. This implies that

(I) Zn /AsunAtvn T — */(|un|2+|vn| )

q+1/ |, |1 dx — +1/ v, [P dx — C,
Q

and
V)t = [ (Aund+ A0, Ao — 1 [ (anp+ 0,0
Q Q
(16) = [l i+ ol ) < 0,0

where w = (p, ) € E.
(i) We first show {z,} is bounded in E. Indeed, it is easy see that

D(z0) — (¥ (20).20) = ( - ) [

qg+1
1 1
L)
2 p+]. QO
< C + enllznl|-

Moreover, since p,q > 1 we have

(17) / [un] " da < C + en([[unll 5+ + [|vn]l 50
Q
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and
(13) [ tonlr e < €+ ol + o)
Q

Note that A*"tu, € E!, indeed, since u, € E* implies that A'(A* tu,
Asu,, € L?, thus A*~'u, € E'. Then we can choose w = (0, A5~ 'u,) in (
we obtain

) =
16),
/ | A% up|*da < ,u/ |vnAS_tun|dx—|—/ |on [P A*~ | da

Q Q Q

+ €n ||As_tunHE‘ )
and hence

e < pllonllzz]|A° unl| 2

_p_ 1
P+1d p+1 Asft P+1d p+1
+ U € | Up| € + énllun|
Q Q

By Lemma 2.3 and (17), we obtain

[[un]

Es-.

p
% < %nvnnpnunnw +(C + enll[unllme + [[vnllz)) 7 |fuun -
1

+€nHunHE37
and thus
(19) [[wn|

H et

Es < EHU'IL”Et + En(HunHES + ”UnHE‘)p +C.
1

Analogously, we also get that

P
ge + |[vnllgr) T+ C.

(20) onl| e < %nm 5o+ en(||un]
1

Combining (19) and (20) we obtain
U 0

(21) (1— ﬂ) (Ul + loallzr) < en (lnlles + lonlls)” + C,
1

where § < 1. We now choose ji = u?, then it follows from (21) that ||u,| zs +
[lvn |l gt is bounded for all u € (0, ).

(ii) We now prove {z,} converges strongly in E. By the boundedness of
{zn}, without loss of generality, we may assume that, there is a subsequence of
{zn} (not relabel) such that

2n = (Un,vn) — 2 = (u,v) weakly in E = E* x E".
Note that the maps A° : E* — L?(Q) and A=t : L?(Q) — E! are continuous
isomorphisms, then we obtain
Af(up, —u) =0 in L*(9),
A (up, —u) =0 in E".
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By the embeddings E* — LP*T1(Q) and E* — L2(Q2) are compact, it follows
that

A*7(u, —u) — 0 strongly in LPT'(Q) and L*(Q).
Next, we choose w = (0, A5~ (u, —u)) € E* x E! in (16),

/ (|A%u, | — APu, A%u) da
Q

< N/ |U”As_t(un - U,)|d$ +/ |U"|p|AS_t(un —u)|dz + €n||As_t(un —u)| g
Q Q

< pllonll 22 1457 (un — w)l 2 + [Jonlb 1 1A (un = w)|ps1 + €nllun — ull 5
— 0 asn — oo.

This implies that
/ | ASuy, |2dx — / |A*ul?dz as n — oo.
Q Q
Similarly, we also get
/ |Atv,, |2 dz — / |Atv|?dz as n — oo.
Q Q

Therefore, we can conclude that z, — z strongly in E. The proof is complete.
O

Proof of Theorem 1.1. Taking po = min{f, p.} and using the above Lemmas
3.1-3.4 we see that all conditions of Lemma 2.4 are satisfied. Thus, the prob-
lem (2) admits at least two weak solutions, where at least one solution is non-
trivial. (]

3.2. Nonexistence of positive solutions

Proof of Theorem 1.2. Suppose on the contrary, (u,v) is a positive solution
of (2). Denote by ¢ is the first eigenfunction of —Ay on 2 with homogeneous
Dirichlet boundary condition. Multiplying equations of the system (2) by ¢4
and integrating by part, we have

(22) u1/52v¢1dm:—/QA)\vngldac:ﬂ/§2u¢1dx+/ﬂuq¢1dx,
(23) /ll/QU(Z51d$:—/QA)\UQHd%ZAL/QU¢1dx+/QUp¢1dOC~

Since v > 0, we deduce from the second integral identity (23) that

/v¢1dx§ &/ugbldx.
Q BoJa

Replacing this inequality into (22), we get

2
,u/ u¢1dx+/ wIprdr < al uprde,
Q Q BoJa
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this is equivalent to

2 9
(W) / uprdr > 0,
H Q

which implies that p; > p. This contradicts with g > p;. Thus, (2) has no

nontrivial positive solution for any p > p1. (]
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