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THE PSEUDOSPECTRA OF BOUNDED LINEAR
OPERATORS ON QUASI NORMED SPACE

AYMEN AMMAR, AMENI BOUCHEKOUA, AND NAWREZ LAZRAG

ABSTRACT. In this paper, we introduce the pseudospectra of bounded
linear operators on quasi normed space and study its proprieties. Be-
side that, we establish the relationship between the pseudospectra of a
sequence of bounded linear operators and its limit.

1. Introduction

It is well known that norm structure plays an important role in functional
analysis, for example in the study of the operators and the spectral theories.
But the classical definition is not satisfied for some field. For this problem, sev-
eral attempts came to generalize the norm structure in the literature. Among
them, we are interested in this paper of the notion of the quasi norm, denoted
by || - |4, in which the third statement of the definition of the classical norm
can be replaced by

o+ ylly < e{llelly + Nyl }

for some ¢ > 1 and for any x, y € X (see Definition 1.1). Many researchers
are interested to develop their works in quasi norm structure (e.g. [5,11]). In
[6], G. Rano introduced the topological concepts such as Cauchy sequence,
convergent sequence, open set, closed set and established some basic theorems
such as Hahn-Banach. In [6,7], G. Rano and T. Bag, defined and developed
continuity and boundedness of linear operators in quasi normed spaces and
quasi normed linear spaces of bounded linear operators.

The concept of pseudospectra has long whetted the interest and drew the
attention of various researchers in different spaces (e.g. [1-3]). This concept
was introduced by J. M. Varah [9], and has been subsequently developed by
several mathematician for example: E. B. Davies [4] and L. N. Trefethen and
M. Embree [8].
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Motivated by the methods used in the study of quasi normed space, we in-
troduce and analyze the pseudospectra. Moreover, we examine the relationship
between the pseudospectra a sequence of bounded operators and its limit.

We organize our paper in the following way: Section 2 contains preliminary
and auxiliary results that will be necessary in order to prove the main results.
Section 3 is devoted to investigate the characterization of the pseudospectra of
a bounded linear operators on a quasi normed space.

1.1. Preliminary and auxiliary results

The goal of this section consists in recalling the basic concepts of quasi norm
and quasi-Banach space, and some results of the theory of linear operator in a
quasi-Banach space, which are needed in the sequel. Now, we shall recall some
basic properties of quasi norms.

Definition 1.1. Let X be a vector space over K (= R or C). A quasi norm
on X isamap || - || : X — [0, +o0[ satisfying

(i) ||z|lq =0 if and only if z =0,

(i) [|[Azllq = |A| ||lz|lq for any € X and any A € K, and

(iii) there exists ¢ > 1 such that ||z + y||, < C{||x||q + ||y||q} for any z,
yeX.

Then, (X, | - ||4) is called a quasi normed linear space and the least value of
the constant ¢ > 1 is called the index of the quasi norm || - ||,.

Remark 1.2. (i) In a quasi normed linear space (X, || - ||) with quasi index ¢,

<t {Z ||£L‘k||q} , Vep € X, Vn > 1.
k=1

(ii) If ¢ = 1, then the quasi norm || - ||, is reduced to a classical norm on X

n

>

k=1

q

and <X, Il - ||q> is a normed linear space.

Definition 1.3. The quasi normed linear space (X, || - ||,) is called a strong
quasi normed linear space, if it satisfies the following additional condition:

Zxk < C{Zxk|q}, Vo € X, Vn > 1.
k=1 q k=1

Definition 1.4. Let (X, || - ||4) be a quasi normed linear space.

(i) A sequence (z,) C X is said to converge to = € X, denoted by
limy, 400 &n = @, if ||, — 2|y = 0 a8 7 — +00.
(ii) A sequence (x,) C X issaid to be a Cauchy sequence, if ||z, —2m [l — 0
as n,m — +00.
(iii) A subset E C X is said to be complete if every Cauchy sequence in F
converges in FE.
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(iv) A subset E C X is said to be bounded if there exists a real number
M > 0 such that ||z||, < M, Vz € E.

Lemma 1.5 ([7, Lemma 3.1]). Let (X, || - |l) be ¢ quasi normed linear space
and (x,,) be a sequence in X such that im,,_, o x, = . Then,
zllq = | nEIfooanq <c hrfoo [0 lq-

Definition 1.6. Let (X, || - |lq,) and (Y, || - |l4,) be quasi normed linear spaces.
The linear operator 7' : X — X is called bounded, if there exists M > 0 such
that

ITx|q, < M|z|q, for all z € X.

The set of all bounded linear operators from X to Y is denoted by £(X,Y).
If X =Y, then £L(X, X) = L(X).

Lemma 1.7 ([7, Theorem 3.2]). Let (X, ||-|lq,) and (Y, || |lq.) be quasi normed
linear spaces. For T € L(X,Y), we define

Tx
(L1) iTl, = sup 1E2le
z€X\{0} ||17qu

Then, (L(X,Y), |- llq) is a quasi normed linear space.

Remark 1.8. Let (X,| - |lq) and (Y,] - |lg) be quasi normed linear spaces. If
T e L(X,Y), then

IT[lg = sup [|Tz]g,-
zeX
lzllqy =1
Y =Kand ||| =11, then (£L(X,K), | - ||;) which is called the set of
all bounded linear functional defined on (X, || - ||4,), is called the dual space of
(X, [+ flg,)-
For simplicity, we use | - |4 for both the quasi norm on X and the quasi

operator norm on £(X).

Definition 1.9. Let (X, || - ||,) be a quasi normed linear space. If T € L(X),
then
(i) T is said to be one-to-one if N(T) = {0}.
(ii) T is said to be onto if R(T) = X.
(iii) T is said to be invertible if it is both one-to-one and onto.

Remark 1.10. Let (X, || - ||4) be a quasi normed linear space and let T' € L(X).
If T is invertible, then there exists a unique bounded linear operator denoted
T7': X — X called the inverse of T such that 7717 = TT~! = I, where
Ix : X — X is the identity operator.

Proposition 1.11 ([7, Theorems 3.1 and 3.3]). Let (X, ||-||q) be ¢ quasi normed
linear space.

(i) If T, S € L(X) and XA € K, then T + S, XT belong to L(X).
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(ii) If (X, || - |lq) is complete, then space (L(X),] - |lq) is a complete quasi
normed linear space.

Lemma 1.12. Let (X, ||-||4) be a strong quasi Banach space and let T € L(X).
If|IT||q < 1, then (Ix — T) is invertible and (Ix —T)~" = > _po  T*.

Proof. Putting S, = Y _,T*. Then, we have

n

Sullx =T) =) T - zn:T’““
k=0

k=0
(1.2) =1Ix—T",

(Ix =T)S, =Y TF=> Tk
k=0 k=0
(1.3) =1Ix—T"
Since T € L(X), then for all z € X, we have
1T lly = 1T(T" )z,
< | Tlg 17" 2l

< |ITllg llllq-

This leads to

n Tz
(1.4) I, = sup 1Tl

< |75
sexvior  lzllg ¢

Based on the assumption [|T'[|; < 1, we infer that |T'(|7 — 0asn — +oc.
Hence, it follows from (1.4) that ||T"|; — 0 as n — +oo which yields

T" — 0 as n — +oo.

Letting n — +o00 in (1.2) and (1.3), we obtain

(Ix —T)iT’“ = (iT’“) (Ix —T) = Ix.
k=0 k=0

Moreover, we have

k=0

>r
k=0

q

<e¢ lim
n—-+oo

(by Lemma 1.5)

q
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T°+ f: T
k=1

<c¢ lim
n—-+oo

q

n

> T

k=1

< tm | |19, +

- n—+4oo

(by Definition 1.1(iii))

q

¢ lim <|T0|| —l—cZHT’“H) (by Definition 1.3)

n—-+o0o

cgnm,o(won F3I,) ez
n

= 03 nBI—Poo Z HTqu

k
(1.5) <& YTk
k=0

The fact that lim, 4o ¢ . < 1 implies that >32 HT||I; is convergent.

Hence, we deduce that Y ;2 T" € £(X). O

Proposition 1.13 ([6, Theorem 3.4]). Let (X, |- |l4) be a quasi normed linear
space and f be a bounded linear functional which is defined on a subspace Z of
X. Then, f has a linear extension ffrom Z to Zy which is a higher dimensional
subspace of X and bounded on Zy satisfying || fllq < Hf||q <cl|flg-

Lemma 1.14. Let (X, -|q) be a quasi normed linear space and xo € X\{0}.
Then, there is a bounded linear functional f which is defined on X such that
f(@o) = [[zollq and 1 < |[fllq < c.

Proof. Let E be the subspace spanned by x and let us define g : E — K such
that g(azo) = allzoll,- Then, [lgl, = 1.

This implies that g is a bounded linear functional which is defined on a
subspace E of X. Then, we infer from Proposition 1.13 that g has a linear
extension f from F to X and bounded on X satisfying ||gllq < [fllq < ¢ llgllq-

Hence, f(z0) = g(x0) = [|zollq and 1 < [|flg <e. O

2. Main results

The goal of this section is to introduce and study some aspects of spectral
theory of bounded linear operators on a quasi normed space.

2.1. The spectrum of bounded linear operators

The aim of this subsection is to introduce and study the spectra and the
pseudospectra of bounded linear operators on a quasi normed space.
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Definition 2.1. Let (X, || -||;) be a quasi normed linear space and T' € L(X).
(i) The resolvent set of T' is defined by
p(T)={Ae€ C: X —T is invertible in L(X)}.
(ii) The spectrum of T is defined by o(T") = C\p(T').

Proposition 2.2. Let (X, ||-|l4) be a strong quasi Banach space and T € L(X).
(i) p(T) is open. B
(it) o(T) < B0, [ITllq), where B(0, | Tlq) = {A € C: [A[ < [|T]l}-

Proof. (i) If p(T) = 0, then p(T) is open. If p(T) # 0, then there exists
Xo € p(T). It sufficient to find » > 0 and B(Ag,7) = {A € C: |A = Xo| <7}
such that

(2.1) B(Xo,7) C p(T).
For A € C, we have
A—T=X=X+X—-T
= Ao —=T)[(A=X) Ao —=T)""+1].
If [A — Ao| < ||(Ao — T)~}||, then by using Lemma 1.12, we obtain
(A= o) (o —T)~"+ 117" € £(X).

The fact that A\g € p(T) implies that (A — T)~! € £(X). Consequently, \ €
p(T). Hence, we conclude that p(T") is open.

(ii) Let A ¢ B(0, |T||;). Then, A € C such that 0 < ||T||, < |A]. Hence, we
can write A — T'= A\(I — A~'T). Moreover, we have

AT Tl = AT Tl < AT AL =1

This implies from Lemma 1.12 that (A — 7)™t € £(X) which yields A € p(T).
Hence, we deduce that o(T") C B(0,||T,)- O

Remark 2.3. It follows from Proposition 2.2 that ¢(7') is compact.

Remark 2.4. Let (X, - |lq) be a quasi normed linear space and T' € L(X).
Then, A € o(T) if, and only if, A+ pu € o(T + p) for all u € C. Indeed, for
u € C, we have

(2.2) A=T=X4+pu—(T+p).
Let A € o(T). We assume that A\+p € p(T+pu), then A\+p— (T4 p) is invertible

1
and ()\ +u—(T+ ,u)) € L(X). Hence, by referring to (2.2), we infer that

A € p(T). This contradiction implies that A + p € o(T + ). Conversely, a
same reasoning as before leads to the result.



THE PSEUDOSPECTRA OF BOUNDED LINEAR OPERATORS 779

2.2. The pseudospectra of bounded linear operators

The aim of this subsection is to introduce the pseudospectra of bounded
linear operators on a quasi normed space and study its proprieties.
We start by discussing the stability of solutions of the following equation

(2.3) (A= T)z =y,
where T is a bounded linear operator on quasi normed linear space X and
xz,y € X. For A € p(T), the equation (2.3) admits the unique solution which
expressed in the form z = (A — T)~1y. We perturb (2.3) by 7 € X such that
I7|lq < € and we obtain
(2.4) A=—Try=y+71, 1 € X.
As above, r1 = (A —T)~!(y + 7) is a unique solution of (2.4) for A € p(T). It
follows that

lz = @1llg = (A = T) =74
Since A € p(T'), then by the boundedness of the operator (A — T)~!, we have

lz = zally < A=) Mg lI7llg
<e A =1)" g

For z is very close to x1, we need to know that [|(A — T)7!||, is small. This
implies that |[(A —T)7|, < 1. Hence,

1 1
repm{rec:in-n, <<}

Definition 2.5. Let (X, || - ||;) be a quasi normed linear space, T' € £L(X) and
let € > 0. The pseudospectrum of T is defined by

_ 1
w0 =omU{recio-n,> 1,
by convention ||(A = T)~!||, = +oo if and only if A € o(T).

Theorem 2.6. Let (X, ||-||q) be a strong quasi normed linear space, € > 0 and
let T'e L(X). If there exists a bounded operator S € L(X) such that ||S|q < e
and X € o(T + S), then A € 0.(T).

Proof. Let us assume that there exists a bounded operator S € £(X) such that
IS|| < eand A € o(T+S). We argue by contradiction. Suppose that A ¢ o.(T)
which yields A € p(T) and [[(A\ = T)~![|; < L. Let us consider the operator C

defined on X by
—+oo

C=0-1)13 (SO T)—l)".

n=0

The fact that
ISA=T)" g < [ISllg [A=T)""lg <1,
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implies from Lemma 1.12 that > (S(/\ - T)*l)n € L(X). Moreover, we
have (A — T)~! € L£(X). By referring to Proposition 1.11(i), we infer that
C € L(X). Again by Lemma 1.12, we can write

1

C=M\-T)" (I — S\ — T)—l)_
-1
- [(I —SA=T)" (A - T)}
=\A\-T-85)""
This implies that A — T — S is invertible with C = (A — T — S)~L. O
Remark 2.7. The proof of Theorem 2.8 is same as [4, Theorem 9.2.13].

Theorem 2.8. Let (X, || - |lq) be a quasi normed linear space with index c,
e>0andletT € L(X). If X € 0.(T), then there exists a bounded operator
S € L(X) such that ||S|| <ce and A € o(T + S).

Proof. Let us assume that A € o.(T"). We discuss two cases.
First case. If A € o(T), then we may put S = 0.

Second case. Suppose that A € 0-(T) and A ¢ o(T). Then, there exists y €
X\{0} such that

_ 1
(2.5) 1A =T)""yllg > Zlylly-

Putting = (A — T)"'y. Then, y = (A — T)z. By referring to (2.5), we infer
that ||[(A = T)z|; < ¢]lz|lq- Consequently,
x

IO = Throlly < &, w0 = —.
! lzllq
At this level, by using Lemma 1.14, there exists a linear functional f defined
on X satisfying f(xg) =1 and 1 < ||f]| < ¢. We consider the following linear
operator

Sy = f(y)(A = T)zo.
Let us observe that
15yl < [FW] 1A =T)zollg < c ellyllg-

Then we infer that ||S]|, < ce and D(S) = X. This implies that S is bounded.
Moreover, we have (A =T — S)zg = 0, ||zoll; = 1. Hence, A — T — S is not
invertible. This enables us to conclude that A € o(T + 5). O

Remark 2.9. The only difference between the proof of Theorem 2.6 and its
Banach counterpart [4, Thoerem 9.2.13] is the index c.

As a direct consequence of Theorems 2.6 and 2.8, we infer the following
result:
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Corollary 2.10. Let (X,| - |l,) be a strong quasi normed linear space with
index ¢, e >0 and let T € L(X). Then

U o+98) co(m)c |J o(T+59)

Sl<e 1Sl <ee

Remark 2.11. We should notice that
o(T)= | J o(T+59),

lSli<e
only for c=1 (ie., (X,] - |lq) will be a normed linear space).
Lemma 2.12. Let (X, -||4) be a strong quasi normed linear space with index

¢, e,0>0andlet T € L(X).

) o(T)+{NeC:|A<e} Co(T).

(ii) o5(T) +{N € C: A <€} C o2 cres(T).

Proof. (i) Suppose that A € o(T) + {A € C : |A] < €}. Then, there exist
A1 € o(T) and |A2] < € such that A = Ay + Ay. This implies from Remark 2.4
that

A=A+ A €0(TH+ Aa).
The use of Theorem 2.6 allows us to conclude that A € o.(T).

(ii) Let us assume that A € o.(T) + {A € C : |A\] < §}. Then, there exist
A1 € 0-(T) and |A2] < ¢ such that A = A\ + Ag. This implies from Theorem
2.8 that there exists S € £(X) such that [|S|; < ce and Ay € o(T' + 5). From
Remark 2.4, we infer that

A=A+ ea(T+ S+ M)
Moreover, S 4+ Ay € L(X) and
15+ Aallg < c(llS]lq + [A2])

<c(ce+ )

< e+
Hence, by using Theorem 2.6, we deduce that A € o2 .1 5(T). O
Proposition 2.13. Let (X,] - ||l,) be a quasi normed linear space, € > 0 and

let T € L(X). Then
(1) oc(T)=0c()U{AeC: Tz e X and |(A—T)xl|lq < ellz|q}-
(i) o.(T)=0(T)U{reC:3 2, € X,||zn|lg =1 and
im0 Tl < <),
Proof. (i) Let A\ ¢ o(T) and A e {A e C:3zx € X and ||(A —T)z|q < ellzlq}
Then, we have A € p(T) and

(2.6) |

(A =T)zllq < ellzllq-
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Putting y = (A= T)z. Then, z = (A —T) "'y and z € X. It follows from (2.6)
that

_ 1
(2.7) I =1) " yllg > ~lylla-

At this level, we are going to prove that (2.7) holds for y # 0. We assume that
y = 0. Then, (A — T)z = 0 which yields x € N(A — T). The fact that A = T
is invertible implies that x = 0. By referring to (2.6), we obtain 0 < 0. This
contradiction implies that y # 0. Since

A —T)""yllq

IO =T)", =
o Wls

, y#0,

then by (2.7), we infer that

_ 1
I=T)" > .

Hence, A € 0.(T"). Thus, we conclude
o(T) U{)\ €eC:3zeX and |[(A—T)z|q <ellz|lq} € o(T).

Conversely, let A € 0.(T)\o(T). Then, A € p(T) and ||(A —T)*||; > L. This
implies from (1.1) that there exist y # 0 such that
A—T)"1
1= 7) "yl
lyllg

Putting x = (A — T)~'y. Then, x € X and y = (A — T)z. This implies from
(2.8) that ||(A —T)zl||q < €]|z||4. Hence,

(2.8)

m | =

o0e(T) =0o(T) U{/\ eC:3zeX and [(A—T)z|q < ellz|q}-

(ii) Let us assume that A € o.(T)\o(T). Then, A € p(T) and [|[(A—=T)", >
%. This implies from Remark 1.8 that

IA=T)""g= sup [[(A=T)""yll-
-

Using the characterization of the upper bound, we obtain that for all § € R
there exists (yn)n such that [|y,|lq = 1 and

(2.9) [O=T)" g =8 <A =T) " ynlly < [(A=T)7"{|g for alln €N,
For § = %, we have
_ 1 - - .
A =T)""lg - ~ <l =T) Yallg <[A=T)""|lg for all n € N*.
Now, letting n — +00, we obtain

(2.10) im [[(A=T) " yallg = (A =T)7 -

n—-+o0o
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At this level, putting z, = [[(A=T)""ynll;'(A=T)"'yn. Then, [|2,[/; = 1 and
I = Dznllg = 1A = DA =T) gl (A= T) "yl
= =T) ynlly 1A =T)A=T) " ynlly
= A =T)"'ynlly" lynlly

= =1) " ynllg
The use of (2.10) makes us conclude that
A =TDaallg = A =T)7I7" <e.

lim ||
n—-+oo
It is show that

o=(T) Co(T)| {A € C: T 2 € X, 2]y = 1 and A =Tz, < e}

lim ||
n—-+oo
Conversely, let A € p(T') such that there exists z,, € X, ||z, || = 1 and
(2.11) lim [[(A=T)z,|lq <e.

+o0

n—
Putting y, = ||(A — T)z,|| "' (A = T)xp,. Then, ||y,|, = 1 and
I =T) " ynllg = IA = Dzallg llaallg
(2.12) = (A =TD)an| ;"
It follows from Remark 1.8 that [[(A — T) " ty,lly < [[(A = T)7Y|,. Hence, by
using (2.12), we obtain
(2.13) I = D)zl < I =T)7 -
Now, letting n — +o00, we infer from (2.11) and (2.13) that

_ 1
I =T) e > <.

Thus, o(T)U{A € C:F z, € X,|z,]|q =1 and lir_irrl lA =Dz, < e} C
n—-—+0o0
o.(T). O

In the following result, we discussed the pseudospectra of a sequence of
bounded linear operators.

Theorem 2.14. Let (X, || - ||q) be a strong quasi normed linear space with
index ¢ > 1, € > 0, (T,,) be a sequence of bounded linear operators on X and
T € L(X) such that ||T,,—T||; — 0 when n — +oo. Then, there exists ng € N
such that ny > ny such that

Oe=1:(T) C 0p—2.(Tn) C 0ce(T) for all n > no.

Proof. Let A ¢ c-(T). Then, A € p(T) and |[[(A—T)7 |, < L. The fact that
|T, — T|l|q — 0 as n — 0 implies that there exists ny € N such that

Ty —T||q < ce — € for all n > ny.
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This implies that

(T = 1) (A =T) Y|, < 1T = T, (A = T) 7,

ce — ¢

ce

1
<1l-—-
c

< 1.

It follows from Lemma 1.12 that

> k
(2.14) (I—(Tn—T) A—T)" ) Z( YA —T)~ ) .
k=0
Now, we can write
A=T,=A\-T+T-T,
(2.15) - (1 (T, —T)(A— T)_l) (A —T).
Based on the assumption A\ € p(T'), we infer from (2.14) and (2.15) that A €
p(T),) and
—1
=T, = H (T, — T) (/\—T)_l) (A—T))
q
> k
<fo-n7, )2 (@ -ne-n7)
k=0 q
Substituting T for (T, — T) (A — T) " in (1.5) yields
> k
6=, < 0=, @ | (T - Do -D7)

q
<AA-1" A=T
<017 gH |
<@ -no-n7
R 1
<< 1
T

C
1
(2.16) < —

This shows that A\ € o.-3.(T},). Let us assume A ¢ o3 (
Using the fact that ||,

and [(A = To) 7 <

_1
c 3 e’

TTL) Then, A S p(Tn)
7T||q*>()asn%0
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implies for all > 0 that there exists ny € N such that
|7 —Tl|lq <n for all n > ng.

Now, we write

(2.17) cle—cBe=c3e(c7-1).

Since ¢ > 1 and ¢ > 0, then by (2.17), we infer that ¢c~*c < ¢~3¢. Hence, for
3 4e, we obtain

n=c¢e—c
T, — Ty < ¢ 3e—c e for all n > ny.
Consequently,

H(Tn - T) ()‘ - Tn)_lHq < HTn - T||q H()‘ - Tn)_luq

- c3e—cte
c 3¢
o4
< 1.
This implies from Lemma 1.12 that
1 n k?
(2.18) (I—(Tn—T) (A—T)‘l) - ((Tn—T) (A—T)_l) .
k=0
Now, we can write
AT, =A\—T+T-T,
(2.19) = (1— (T, — T) (/\—T)_l) (A—T).

Based on the assumption A € p(T},), we infer from (2.18) and (2.19) that
A € p(T). Substituting T, for T and T for T,, in (2.16) yields

Ja=77, < @ -7, 3 -1 -1
k=0

q

< .
~ ¢ e O

Remark 2.15. Theorem 2.14 is a strong quasi normed with index ¢ > 1 coun-
terpart of [10, Proposition 1.1].
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