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ABSTRACT. In this paper, we investigate the spherical indicatrices of a new relationship
between Bertrand pair curves in Euclidean 3-space. We obtain necessary and sufficient
conditions for this type of Bertrand pair curves to be slant helix, and provide an example.

1. Introduction

In 1802, Lancret [17] defined a helix as a curve whose tangent vector makes a
constant angle with a fixed straight line, called the directrix. Later in 1845, Saint
Venant [21] showed that a necessary and sufficient condition for a curve to be a
general helix is that the ratio of curvature to torsion be a constant. In 1995, Scofield
studied closed-form arc-length parametrizations for curves of constant precession
and slant helices with a constant speed of precession [23]. In 2004, Izumiya and
Takeuchi introduced the concept of slant helix in E? saying that the principal normal
lines make a constant angle with a fixed direction. They showed a curve to be a
slant helix if and only if the principal image of the major normal indicatrix has
a constant geodesic curvature [14]. In 2005, Kula and Yayli investigated spherical
indicatrices of a slant helix and showed that the curve of constant precession is a
slant helix in E3 [15]. A family of curves with constant curvature but non-constant
torsion is called Salkowski and a family of curves with constant torsion but non-
constant curvature is called anti-Salkowski [22]. In 2009, Monterde studied some
characterizations of these curves and he proved that the principal normal vector
makes a constant angle with a fixed straight line [20]. In 2010, Kula et al. studied
the relationship between slant helices and helices and they characterized slant helices

* Corresponding Author.

Received August 30, 2022; revised March 13, 2023; accepted March 14, 2023.

2020 Mathematics Subject Classification: 53A40, 53A04.

Key words and phrases: Bertrand curves, General helices, Spherical indicatrices, Slant
helices, Euclidean 3-space.

263



264 S. Tamta and R. S. Gupta

in E? in terms of differential equations [16]. In 2011, Ali and Lopez studied slant
helix in Minkowski 3-space [1]. In 2012, Ali studied the position vector of a slant
helix with respect to the standard frame in terms of Frenet equations in E3 [2].
In 2013, Camci et al. studied spherical slant helix in E? [8]. In 2014, Menninger
studied a generic characterization of the slant helix in E3 in terms of its curvature
and torsion and derived an explicit arc-length parametrization of its tangent vector
[19]. In 2019, Yilmaz and Has studied the position vectors of slant helices using an
alternative moving frame in Minkowski 3-space [29]. In the fields of computer-aided
design and computer graphics, helices can be used for the tool path description, the
simulation of kinematic motion, the design of highways, etc. [28]. Helix and slant
helix curves play an important role in curve theory, and have numerous applications
in biological sciences, physics, etc. For instance, in biological sciences, curves are
used in the analysis of Deoxyribonucleic Acid (DNA), and in physics, they are used
in characterizing the motion of particles in a magnetic field.

In 1845, Saint Venant [21] posed a question whether the principal normal of
a curve is the principal normal of another curve on the surface generated by the
principal normal of the given one. Bertrand [7] gave an answer to this question
in 1850 and introduced curves with a property that the principal normal vector
of a curve « coincides with the principal normal vector of another curve a* at
their corresponding points. Further, these curves were characterized in E? with
condition ak + b7 = 1, where a and b are nonzero constants and k and 7 are
the curvature and torsion of the curve, respectively [11]. In [18], Matsuda and
Yorozu studied generalized Bertrand curves in E. Llater they were studied in E”
by Cheng and Lin [10]. The spherical indicatrix is useful to visualize the motion
of an indicatrix on a sphere with the help of the Frenet frame of the curve. In [5],
Babaarslan and Yayli examined Bertrand curves of the tangent, normal, binormal,
and Darbouz indicatrices of a space curve in E3. In [25], Tuncer and Unal studied
a new representation of spherical indicatrices of Bertrand pair curves in E3. On the
other hand, the Bertrand pair curves were studied in pseudo-Riemannian spaces by
many authors, please see [4, 6, 13, 26, 27] and the references therein.

In [9], Camci, et al. introduced a new relationship between Bertrand pair

curves « and a* in E? by not taking the vector c_u—*?v parallel to a normal vector
of Bertrand curve «. Using this approach, the authors introduced and studied a
new parametrization of Bertrand partner D-curves in Euclidean 3-space [24].

In view of this, we study the spherical indicatrices of such Bertrand pair curves
in E3. The paper is organized as follows: In Section 2 we recall some basic notation
for curves that will be used in the rest of the paper. In Section 3, we study the
spherical indicatrices of homothetic Bertrand pair curves. Section 4 is devoted to
the study of spherical indicatrices of non-homothetic Bertrand pair curves, and to
obtain a characterization of the Bertrand pair curves that are slant helix. Also, in
this section, we provide an example of such pair curves.
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2. Some Basic Concepts and Related Results

Let o = a(s) be a regular unit speed curve in the Euclidean 3-space where s
denotes arc-length. The Frenet formula of the curve « is given by [11]

T’ 0 k 0 T
(2.1) N |=| & o = N |,
B’ 0O -7 0 B

where triplet (T, N, B) denotes the Frenet frame and k, 7 are curvature and torsion
of «a, respectively.

Definition 2.1. For a given point, a set of curves such that any straight line
through the point intersects all the curves in the set at the same angle, then these set
of curves are called homothetic curves [12]. Otherwise, it is called non-homothetic
curves.

In [9], the authors introduced a new relationship between a pair of Bertrand
curves « and o™ as follows:

(2.2) a”(s%) = a(s) + u(s)T(s) + v(s)N(s) + w(s)B(s),

where u(s), v(s) and w(s) are differentiable functions. Furthermore, they obtained
the following result:

Theorem 2.2. ([9]) Let @ and a* be Bertrand pair curves with Frenet frames
(T, N, B) and (T*, N*, B*) satisfying (2.2). If

() there exist a homothety map between Bertrand pair curves a and o*, then

(2.3) T—aT*, N=eN*, B=e B,

(2.4) T* — T, N* — &, N, B* = , B,

(2.5) k=ek*(1+u —ovk), 7=e7"(1+u —vk),
(2.6) S G Zl'k— T T s k)’
(2.7) 9" (1l — k).

ds

(#i) there does not exist homothety map between Bertrand pair curves o and o*
then
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(2.8) T = " (mymshT* — B*), N = mymaN*,
B = "™ (mymsT* + hB*),
. mimaimsg
2.9 T = hT + B). N* = N opro mems . o5
( ) h? + 1( + )’ mimaiv, m ( + ),
(2.10) ko =mimamg(w' +vr)(hmsk® +mar),
| T = mmama(u + o) (mak* — mahr),
(2.11) B — mimg(hk — T) « _ mamg(k+ h1)

W +or)(R2+1) " W +or)(h2+ 1)’

ds*
(2.12) Y my(w' +or)Vh? + 1,
]
where €1, my,ma,mg € {—1,1}, w' +ovr #0, k, 7,5 and k*, 7%, s* are non-zero cur-
vatures, torsions and arc-lengths of a and o, respectively and h is a constant given
by h:1+u'7'uk )

w’ 4T

Izumiya and Takeuchi [14] characterized a curve to be a slant helix if and only if

the principal image of the major normal indicatrix has a constant geodesic curvature
k

g, 1.€.,

T/ k2
(2.13) kg = (E) (k2 + 72)3/2
is a constant function.
Following are the examples of slant helices:

Example 2.3. ([9]) The curve « given by

als) = (\_/—;

1
—=Ssins
V2 )

is a slant helix with k(s) = sins, 7(s) = coss and k; = —1.

cos V/2ssin s + 2 cos s sin v/2s, —= sin V/2ssin s — 2 cos s cos v/ 2s,

V2

Example 2.4. ([3]) The curve « given by

-1 -1 22
~(s) = (? V's2 4+ 1 cos(3 arctan s), ?\/ s2 4 1 sin(3 arctan s), Tf\/ s 4+ 1)

is a slant helix with k(s) = %, T(s) = % and kg = ﬁ
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Figure 1: curve a. Figure 2: curve 7.

Example 2.5. ([2]) The Salkowski curve given by
1/’@) = (7;[}1 (t)v 1/&@)#/’3@))’

where
Gi(t) = 5 | 355 cosl(2n + 1] + 3 cos[(2n — 1)1] - 2cosl],
Uolt) = [~ 2’;:_11 sin[(2n + 1)t] + 22t sin[(2n — 1)t] — QSin[t]],
Y3(t) = — gz cos[2nt]
is a slant helix with arc-length parameter s = sm—n(lnt), k(s) =1, 7(s) = 7255

and ky = m.

-0.5

Now onwards, we denote by I', I'*, I, I'y, I'f, I'; the geodesic curvature of the
principal image of the principal normal indicatrix of a Bertrand pair curve a, a*
and their tangent indicatrix oy, o and binormal indicatrix ap, aj, respectively.
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Proposition 2.6. Let o and o* be Bertrand pair curves satisfying (2.2), then
HI

14 r= — —
(14) k(1 + H2)3/2

where H =2 and H' = 22
k ds

Proof. Suppose a and o* are homothetic. Using (2.5) in (2.13), we get
erk*(1+ o —vk)(1+ H2)3/2 ds

Using (2.7) in (15), we obtain (14).

Suppose a and a* are not homothetic. Using (2.10) in (2.13), we get

(15) =

(16) r— mu 'k ds”
(w' +v7)V1 4 h2(k*2 4 7%2)3/2 ds
Using (2.12) in (16), we obtain (14). This completes the proof. O

Proposition 2.7. Let « and o* be Bertrand pair curves satisfying (2.2). If «* and
«a are homothetic, then

* f/
1 (DR

If o* and o are not homothetic, then

. maf
(18) r = W

where f = L.

Proof. Using (2.13), we have

N/ k*2

1 S o G
( ) Lo+ (k*2 +T*2)3/2

Suppose a* and « are homothetic. Using (2.6) in (19), we get
(1+u' —vk)f" ds
erk(1+ f2)3/2 ds*
Using (2.7) in (20), we obtain (17).
Suppose a* and « are not homothetic. Using (2.11) in (19), we have

ms f'k*(w' + v7)V1 + h? ds
my (k2 4 72)3/2 ds*’

(20) r* =

(21) I =

Using (2.12) in (21), we obtain (18). Whereby proof is complete. O
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3. Spherical Indicatrices of Homothetic Bertrand Pair Curves in Eu-
clidean 3-space

In this section, we study the tangent, normal, and binormal indicatrices of
Bertrand pair curves satisfying (2.2) in E3.

First of all, we study tangent indicatrices oy =T and o =T*. We have:

Theorem 3.1. Let o and o* be homothetic Bertrand pair curves satisfying (2.2),
then the tangent indicatrices oy and o of Bertrand pair curves o and o are also
homothetic. Also, we have,

(3.1) T, =T}, Ny = e1N;, By = e1 By},

(3.2) T, =N 7Nt:ﬁ(—T +H§, ),Bt(: \/H;?(B + HT™),
ke :k::m’ﬁ:ﬁ*:m’ e = o =k,

where (Ty, Ny, Bt) and (T, Ny, By) the Frenet frames, ki, k¥, ¢, 7, and s, s; are
the curvatures, torsions and arc-lengths of oy and o , respectively.

Proof. The Frenet formula for the tangent indicatrix ay is given by
(33) Ttl = k/’tNt,Nt/ = _ktTt + TtBt, Bt/ = _TtNt'

Since, the tangent indicatrix of @ and a* is given by ay = T and o = T™. Then
from (2.3), we have

(3.4) o = €105

Differentiating (3.4) with respect to s; and using (2.1) and (3.3), we obtain

(3.5) T, = T} (%).

Taking the inner product of (3.5) with itself, we have
(3.6) T, =Ty, ds; =ds;.

From the first relation of (3.3) and using (3.6), we get
(3.7) k.= ki, N,=e Ny

From the second relation of (3.3) and using (3.6) and (3.7), we get
(3.8) 7w =17, By =¢€1B].

Using (3.6), (3.7) and (3.8), we obtain (3.1).
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Now, we will find the Frenet frame of a;. From (2.3), we have
(3.9) ap =T,

Differentiating (3.9) with respect to s* and using (2.1) and then taking inner
product with itself, we obtain

dSt
ds*

(3.10) T, = e, N*, 228 — .
Differentiating (3.10) with respect to s; and using (2.1) and first relation of
(3.3), we obtain

(3.11) N, = ﬁ(—:r’* +HB*), ks = /1 + H2.

Differentiating Ny in (3.11) with respect to s; and using (2.1) and (3.10), we
obtain
dN;  e(=k*(1+ H?*)?N*) + H'(B* + HT*)

12 =
(812) ds, k*(1+ H2)3/2

Using (3.10), (3.11) and (3.12) in second relation of (3.3), we get

€1 H,
By = ————(B* + HT*), 7y = —————_.
v T b )

Using (3.10), (3.11) and (3.13). We obtain (3.2). This completes the proof of
the Theorem. O

(3.13)

Next, we study normal indicatrices o, = N and aj, = N*. We have:

Theorem 3.2. Let o and o* be homothetic Bertrand pair curves satisfying (2.2),
then normal indicatrices oy, and o, of o and o* are also homothetic. Also we have,

(314) Tn = €1T;, Nn = 61N;:, Bn = ElB:L,
T = s (=T" + HB"),
N, =-—S—(HH'T*—Fk*(1+ H??N*+ H'B"),

pV1+H?2
o (WVITHZP—p)T* +VITHZQN" +(\/1+ H2R1pH) B*)

(3.15) B, ;
V(VITHZP—p)2+(1+H?)Q>+(VIT H2R+pH)?
o NITHPP )2+ (4 H?) Q24 (VIT A2 RipH)?

E*(1+H2)2 )
ds, __ dsy _
kn =k = magmee @b T @t = RV H?,
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where

VH? + (14 H2)902,

=—p'HH'(14+ H?)+ pHH"(1+ H?) + p°,

Pk*(14+ H?)® — k¥ p(1 + H?)® — 3pHH'k*(1 + H?)?,
=-—H'p/(1+H?) — HH?p+ H"p(1 + H?) — k**p(1 + H?)3,

(3.16)

IO TR
Il

(Ty, Ny, By) and (T, N}, B}) the Frenet frames, ky, kX, 7, 7.1
curvatures, torsions and arc-lengths of cu,, and o, respectively.

n’

*
, Sn, Sy are the

Proof. The Frenet formula for the normal indicatrix «,, is given by
(3.17) T, = kyNp, N, = —k, Ty, + 7B, B, = —1, Ny,

Since, the normal indicatrix of o and a* is given by a,, = N and «), = N*.
Then from (2.3), we have

(3.18) ap, = €10,

Differentiating (3.18) with respect to s, and using (2.1) and (3.17), we obtain

(3.19) T, =T} (Zi: )

Taking the inner product of (3.5) with itself, we have
(3.20) T, =eaTl;, ds, =ds),.

From the first relation of (3.17) and using (3.20), we get
(3.21) kn =k, N,=eN,).

From the second relation of (3.17) and using (3.20) and (3.21), we get
(3.22) Tn =T, By, =e1B;.

Using (3.20), (3.21) and (3.22), we obtain (3.14).

Now, we will find the Frenet frame of «,,. From (2.3), we have
(323) Qp = ElN*.

Differentiating (3.23) with respect to s* and using (2.1) and then taking inner
product with itself, we have

€1 dsy,
3.24 T, = ———(-T"+ HB"), =k*1+ H2.
(3:24) hJFHQ( +HB"), - 2%
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Differentiating (3.24) with respect to s, and using (2.1) and first relation of
(3.17), we get

€1

pV1+ H?

Differentiating N,, in (3.25) with respect to s, and using (2.1) and (3.24), we
have

(HH'T* — k*(1+ H?)2N* + H'B*), k, = p

.25) N, = —_—.

dN, _ e(PT* + QN* + RB*)

.2 =
(3.26) ds,, pk*(1 + H?)3/2

Using (3.24), (3.25) and (3.26) in second relation of (3.17), we get

~ _ VITHPP— )+ (L B Q* +(VITH? Rt pH)?
n - k*(1+H?)?
(3.27) B _ e1 (VI+H2P—p)T*+V1+H2QN* +(\/TR+I[)H)B*).
" V(VIFHZP—p)?+(1+H2)Q?+(VI+ H2 R+pH)?

From (3.24), (3.25) and (3.27), we obtain (3.15). Whereby proof is complete. [
Now, we study binormal indicatrices a; = B and oj = B*. We have:

Theorem 3.3. Let o and o* be homothetic Bertrand pair curves satisfying (2.2),
then the binormal indicatrices o, and of of Bertrand pair curves a and o are also
homothetic. Also we have,

(3.28) Tb = 61Tl;k, Nb = 61Nl;k, Bb = €1Bg,
T =—eN* N T HB By = ‘L__(B*+ HT™),
(3.29) { " v i )ds b \/?( )
ky= k=5 =1 = *(1+H2)’ ds* = @ =T

where (Tp, Ny, By) and (T}, Ny, By) the Frenet frames, ky, ki, 7, 7o and sy, sp
are the curvatures, torsions and arc-length of aw and aof, respectively.

Proof. The Frenet formula for the binormal indicatrix «y is given by
(3.30) Ty = kyNy, Ny' = —kTy, + 1, By, By’ = —1, Ny,

Since, the binormal indicatrix of o and o is given by a;, = B and o = B*.
Then from (2.3), we have

(3.31) ap = €104,

Differentiating (3.31) with respect to s, and using (2.1) and (3.30), we obtain

(3.32) Ty = e, T} (‘;SZ)
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Taking inner product of (3.32) with itself, we have
(3.33) T, = 1Ty, dsp = dsy,.

From the first relation of (3.30) and using (3.33), we get
(3.34) ko = ki, Ny=eNy.

From the second relation of (3.30) and using (3.33) and (3.34), we get
(3.35) 7, =17, By =e1B;.

Using (3.33), (3.34) and (3.35), we obtain (3.28).

Now, we will find the Frenet frame of «p. From (2.3), we have
(3.36) a = 1B,

Differentiating (3.36) with respect to s* and using (2.1) and then taking inner
product with itself, we have

dSb

(3.37) T, = —e N7, I =

Differentiating (3.37) with respect to s, and using (2.1) and first relation of
(3.30), we obtain

(3.38) No= — (B, By = L
Vit I ’ H

Differentiating N, in (3.38) with respect to s, and and using (2.1) and (3.37),
we obtain

ANy e(k*(1+ H?)?N* — H'(B* + HT™))

3.39 =
(3:39) dsy (1 + H2)3/2

Using (3.37), (3.38) and (3.39) in second relation of (3.30), we get

H/
L (B*+ HTY), 7

3.40 By = LS
(3.40) ’ 1+ H? (1 + H?)

Using (3.37), (3.38) and (3.40). We obtain (3.29). Thus, proof is complete. O
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4. Spherical Indicatrices of Non-homothetic Bertrand Pair Curves in
Euclidean 3-space

In this section, we study the tangent, normal, and binormal indicatrices of a
non-homothetic Bertrand pair curves satisfying (2.2) in E3.

Now, we study tangent indicatrices of non-homothetic Bertrand pair curves ay =T
and of = T". We have:

Theorem 4.1. Let a and o be non-homothetic Bertrand pair curves satisfying
(2.2) with their tangent indicatrices oy and of. Then

T, =mimamsN*, N, = "m2ms (_T* 4 [ B*),

VI
(4.1) By =" (B*+ HT™*), sy, = [ \/hiﬁ(mgmghk* — 7*)ds*,
k2 = E*V1+H?V1+h? = H'V/14h?

(mamshkr—77) > A+ H?)(mamahks—77)

Ty =mN,Nj = U (-T+[B), Bf = Zm_(B+ fT),

(4.2)
« _ VIFRE1+f2 ' IThZ .
ki =—Gp = m st = | Zek(h — f)ds,
Proof. From (2.8), we have
(4.3) ap = U2 msh T — BY).

V14 h?

Differentiating (4.3) with respect to s*, using (2.1) and then taking inner prod-
uct with itslef, we have
dSt 1
4.4 T, = N* — = —— hk* —1%).
( ) t mimaoms ) ds* m(QO?) T )
Differentiating (4.4) with respect to s; and using (2.1) and first relation of (3.3),
we obtain
mimoms

45 N, = T2 pe gk,
( ) t \/W( ) t

Differentiating /V; in (4.5) with respect to s; and using (2.1) and (4.4), we obtain

 EV1+ H?2V1 4 h?

(maomghk* — 7%)

dN; (—(1+H?*?2k*N*+ H' (B*+ HT*))Vh? + 1
(4.6) —— = mymams . .
dSt (1+H2)3/2(m2m3hk* —T*)

Using (4.4), (4.5) and (4.6) in second relation of (3.3), we get

(4.7) B, = T2 (pe L gTY), 7 = HV1+h
' Vit E? T (U 4 H2)(mamghkt —77)
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Using (4.4), (4.5) and (4.7). We obtain (4.1).

From (2.8), we have

mi
4.8 Y = ——(hT + B).
( ) Qy m( )

Differentiating (4.8) with respect to s and using (2.1) and then taking inner
product with itself, we have

dsy 1
4 = T = (hk — 7).

Differentiating (4.9) with respect to s; and using (2.1) and first relation of (3.3),
we obtain

(4.9) T = my N,

21/1 hQ
(4.10) Ny = \/%(—T—i-fB), k=Y 1?}{_ f)+ .

Differentiating N} in (4.10) with respect to s; and using (2.1) and (4.9), we
obtain

ANy (= (4 f2)?kN+ f'(B+ fT))Vh? +1

(4.11) ds; = k(14 f2)3/2(hk — f)

Using (4.9), (4.10) and (4.11) in second relation of (3.3), we get

FVIFR
i+ 0 - )

(4.12) B = X _(B+fT), 7 =

Vg

Using (4.9), (4.10)and (4.12), we obtain (4.2). Thus, the proof is complete. [

Now, we study normal indicatrices of non-homothetic Bertrand pair curves a,, =
N and o), = N*. We have:

Theorem 4.2. Let o and a* be non-homothetic Bertrand pair curves satisfying
(2.2) with their normal indicatrices o, and . Then

= um (_T* 4 [BY),

T
N, =T (HH'T* - k*(1+ H?)?N* + H'B"),

myma ((VITHZP—p)T* +VITHZQN" + (/11 H2R{pH)B")

(4.13) B, = ,
V(VIFHZP—p)?+(14+H?)Q2+(VI+ H2 R+pH)?
o= V(VIHHZP—p)2+(1+H?)Q*+(VI+H? R+pH)?

kx(1+H2)2 )
ko = wrmmprs o= [KV1+ H2ds,
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T* — _mimg —T B N* — _mima /T _ 1 2 2N /B
g = mma(VHPU-9THIFPVN /TP W 461)B)
(414) { " VW PU =0 4 PV (/T PW e
e AVNIFPU=02 414V TL W46 )?
Tn - k(1+f2)2 )
Ko = s = R/ Ps,

where,
p =\ H? 4+ (1+ H)k?,
(4.15) P =—p'HH'(14+ H?)+ pHH"(1+ H?) + p?,
Q =k (1+H?3— k" p(1+ H?)3 —3pHH'k*(1 4+ H?)?,
R =-Hp(1+H?) —HH"?p+H"p(1+ H?)—k*t*p(1 + H?)3,
¢ =20+ )RR
(4.16) U ==¢'ff U+ ) +off"(1+ H?) + ¢7
’ Vo =@k (L 2 = K o(1+ f2)° = 3af f'k(1+ [2)?,
W =—f¢'(1+f2) = ffP0+ f"o(1+ f2) — ko1 + f2)°.

Proof. From (2.3), we have
(4.17) ap = mimaN™.

Differentiating (4.17) with respect to s* and using (2.1) and then taking inner
product with itself, we have

mi1mo dsy,
4.18 T,= ——(-T*+ HB* =k*\1+ H2.
(418) " e L B g =RV

Differentiating (4.18) with respect to s, and using (2.1) and first relation of
(3.17), we get

mimso
pvV1+ H?

p

419) N, = o
(4.19) k= (1 + H2)3/2

(HH'T* —k*(14+ H*)?N*+ H'B*), k, =
Differentiating N,, in (4.19) with respect to s, and using (2.1) and (3.24), we

have

dN,,  mima(PT* + QN* + RB¥)
dsn pk*(1 + H?2)3/2

(4.20)
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Using (4.18), (4.19) and (4.20) in second relation of (3.17), we get

VTP (L H) Q2 (VI H TR pH)
noo k*(1+H?)2
(4.21) B, = muma((VI+H2P—p)T"+V1+H?QN* +(\/1+H2R+pH)B )|

V(VTHHZP—p)2+(1+ H2)Q2+(v/ 1+ H2 Rt pH)?
From (4.18), (4.19) and (4.21). We obtain (4.13).

From (2.3), we have
(4.22) oy = e N.

Differentiating (4.22) with respect to s and using (2.1) and then taking inner
product with itself, we find

(4.23) T = \/%(—TJF IB), % =kV1+ 2.

Differentiating (4.23) with respect to s’ and using (2.1) and first relation of
(3.17), we get

¢

€1
4.24 N* = x _ .
( ) n k(1+f2)3/2

g1+ f2

Differentiating N;® in (4.24) with respect to s} and using (2.1) and (4.23), we
have

(ffT* —k(1+ f2)?N+ f'B), k

(4.25) dN;  eUT+VN+WB
' dsy, k(1 + f2)3/2

Using (4.23), (4.24) and (4.25) in second relation of (3.17), we find

. VWIIU-92+(14£2) V2+(\/1+f2W+¢>f)2

n - k(1+£2)2
(4.26) B o (V172U =) T+/TH 2V N+( \/Wwwf)s)

" VT EU=6)2 4+ (1 F2)V2H (/T P W 4 6)2
From (4.23), (4.24) and (4.26), we obtain (4.14). Whereby proof is complete. [

Now, we study binormal indicatrices of non-homothetic Bertrand pair curves
op = B and o = B*. We have:

Theorem 4.3. Let a and a® be non-homothetic Bertrand pair curves satisfying
(2.2) with their binormal indicatrices oy, and oj. Then

T, = mymamsN*, Ny = %(—T* + HBY),

(4.27) By =mmams (B4 HT"), s, = [ —b— (mamah® — hr*)ds*
k _ K*V1+H2V1+h? T = H'\/14h?
b (momsk*—ht*) ? (1+H2)(m2m3k*7h7*)7
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Ty = —mimamgN, N} = 77“”;5;’;3 (' - fB),
* mimeam * k(1+h
(4.28) By = -mEm(B 4 fT), s = [ {5 ds
B — V1+f2V1+h2 o F'V1FR?
b ey v = RATRHI) "

Proof. From (2.8), we have
mimoms

= e

Differentiating (4.29) with respect to s* and using (2.1) and then taking inner
product with itself, we have

(429) (mgmgT* + hB*)

dsy, 1
4. T, = N*, — = —— k* — ht™).
(4.30) b= mumamsN™, -2 m(mzmg ")

Differentiating (4.30) with respect to s, and using (2.1) and first relation of
(3.30), we obtain

mimoms

v14+ H?

Differentiating N, in (4.31) with respect to s, and using (2.1) and (4.30), we
obtain

CEVI+ H2VT A B2

(4.31) No = (momgk* — hr*)

(=T*+ HB"), ky

AN, VI R2( = k*(1+ H2)2N* + H'(B* + HT*))
(432) — = M1Mmoms .
dsp (1 + H2)3/2(mamgk* — hr*)

Using (4.30), (4.31) and (4.32) in second relation of (3.30), we get

H'\/14+ h?
(4.33) By = T2 gy T, 1y = + .
V1+ H? (1+ H?)(momszk* — h7*)

Using (4.30), (4.31) and (4.33). We obtain (4.27).
From (2.8), we have

mimams

V14 h?

Differentiating (4.34) with respect to s and using (2.1) and taking inner product
with itslef, we have

(4.34) af = (—T + hB).

dsy 1
4.35 T} = —mimamsN, —2 = ————(k + h1).
( ) b 177627763 ds m( )
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Differentiating (4.35) with respect to s} and using (2.1) and first relation of
(3.30), we obtain

(4.36) Ny = TS (p _ fB), kf =

Vi

Differentiating Ny in (4.36) with respect to s} and using (2.1) and (4.35), we
get

VIt PVIER
(1+hf) ’

dN} VI+h2(k(1+ f?)2N — f(B+ [T))

Using (4.35), (4.36) and (4.37) in second relation of (3.30), we obtain

fV1I+h2
(L+f2)A+nf)

(4.38) By = - (B4 ), 7 = -

VIt P

Using (4.35), (4.36) and (4.38), we obtain (4.28). This completes the proof of
the Theorem. O

Next, using Proposition 2.6, Proposition 2.7, Theorem 3.1, and Theorem 3.3,
we have

Corollary 4.4. Let « and o* be homothetic Bertrand pair curves satisfying (2.2),
then

* Tt ) Tt* Tl;k
4.39 P T T _ T
(4.59) ke Ry kf K

Using Proposition 2.6, Proposition 2.7, Theorem 4.1, and Theorem 4.3, we have

Corollary 4.5. Let o and o be non-homothetic Bertrand pair curves satisfying
(2.2), then

T* 7_*
4.40 T'* = o b
( ) ms k? ms3 k; )
Tt Th
4.41 r=-—%=2

Theorem 4.6. A non-helical and non-planar Bertrand pair curves satisfying (2.2)
s a slant heliz if and only if their tangent indicatriz or binormal indicatriz is a
spherical heliz.
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Proof. Let « be a slant helix. Therefore, from (4.41), we have

Tt To
4.42 I'= — = — = constant.
(4.42) i

Conversely, let the tangent indicatrix or binormal indicatrix of the Bertrand
curve be a spherical helix. Then from (4.39), we get I' is constant. Hence, the proof

is complete.
The proof is similar to the Bertrand mate curve.

Proposition 4.7. The I'y, I'y, I'y and I'; of a tangent indicatrices and binormal

indicatrices of Bertrand pair curves o and o satisfying (2.2) are given by

(443) T, =T, =

(1+ H?)32(H"k*(1+ H?) - 3k*HH'® — H'k*' (1 + H?))

(k*2(1+H2)3+H’2)3/2

(L+ S22 (f'k (L + f2) = 3kS 1 — 'K (1 + )
(k2(1—|—f2)3—|—f’2)3/2

(4.44) Ii=T; =

/_ dH i _ d*H o _ dk* ’_ n__ d*f _
where H s*’H —ds*z;k S*;f_ds’f _d82’k_

Proof. Using (2.13), we have

Tt / ktZ
4.45 I'i=\(—) =535
(4.45) = (1) (k2 + 72)3/7
Using k: and 7 from (3.2) or from (4.1) in (4.45), we obtain (4.43).

Now, again using (2.13), we have

Ty ]4;2
(4.46) Ly = (kb) CET e

Using kp and 7, from (3.29) or from (4.27) in (4.46), we obtain (4.43).
Using (2.13), we have

TN/ k*2
4.47 Iy = (—t) —_—t
( ) t k%k (kzk2 +Tt*2)3/2
Using k; and 7;° from (3.2) or from (4.2) in (4.47), we obtain (4.44).

Now, again using (2.13), we have

. Tb k*2
(4.48) ry = ( k) GEE

Using k; and 7 from (3.29) or from (4.27) in (4.48), we obtain (4.44). Thus,

proof is complete.
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Theorem 4.8. The spherical image of tangent and binormal indicatrices oy and
ap are spherical slant heliz if and only if o is a slant helix.

Proof. From (14) and (4.43), we get the relation

1+ HH)IY
4.49 I'y=1%= .
( ) t b (k*2(1 + H2)3 + H"?)3/2
Thus we have the proof of the Theorem. O
5. Example

Example 5.1. Let us consider the curve in E3 given by
-2

V3
V2

+sin s Sin\/gs,—— cos s |,
V3 )

. . 2
sinv/3s cos s + sin s cos V/3s, — cos v/3s cos s

a(s) = ( 7

with curvature k = v/2 cos s and torsion 7 = /2 sin s.
The Frenet frame of « is given by

T = %( —V/3coss cosV/3s — sin s sin v/3s, —/3 sin v/3s cos s+
sin s cos \/gs, \/5 sin s),

N = % (\/§ sin \/35, —/2 cos \/gs, 1),

B :%(fsin\/gs cos s+ v/3sins cos\/gs, cos s cos v/3s+
V/3 sin s sin \/38, V2 cos s)

Moreover, from (14), we find

-1
(5.1) L=

Using (2.2), the Bertrand mate curve a* is given by

-1
o = (— sin V/3s (2 COSS — S CSC s) + sin s cos \/gs7

V3

1
— cosV/3s (2 COSS — S CsC s) + sin s sin \/gs,

V3

-2 (3
— f—i—coss—l—scscs)),
V3 \2

where u = —(s+sin s), v= —% and w = —(cos s + s cot s).
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Computing the curvature and torsion of a*, we get

o V2sin® s . V2sin?scoss
=T = .
s —cosssins’ 5 —coss sins

Further, the Frenet frame of o* is given by
T = % (V3 sin s cos v/3s — sin v/3s cos s, V/3 sin s sinv/3s+
cos /35 cos s,v/2 cos s),
N* :%(—\/ﬁSiﬂ\/ﬁS,\/ﬁCOS\/gS,—l),
B* =L (—sins sin v/3s — /3 cos s cos \/gs,sins cos v/3s—

V3
V/3 sinv/3s cos s, v/2 sins).

Also from (18), we have

5.1 r"=—.
(5.1) 7
Now, the tangent indicatrix of Bertrand curve « is oy = T.
Using (4.1), we get the curvature and torsion of o, as follows:
1 -1
5.2 = k= .
( ) t \/5 COS S t COS s
Now, the binormal indicatrix of Bertrand curve « is ap = B.
Using (4.27), we obtain the curvature and torsion of ay as
-1 1
5.3 = by = —.
( ) 7o \/i sin s b sin s
From (5.1), (5.2) and (5.3), we have

T Tb
5.4 R
( ) kt kb
Now, the tangent indicatrix of Bertrand mate curve o* is of = T*.
Using (4.2), we obtain the curvature and torsion of o as
-1 -1
5.5 =k = —.
( ) t \/§ iIlS’ t sin s
Now, the binormal indicatrix of Bertrand mate curve o* is af = B*.
Using (4.28) the curvature and torsion of of as follows:

=T.

1 1
5.6 e k= ——.
(5.6) To V2 cos s b7 coss
From (5.1), (5.5) and (5.6), we find
T .
(5.7) i
ki ki

This example also supports Theorem 4.6.
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Figure 7: Curve oy, Figure 8: Curve o
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