
KYUNGPOOK Math. J. 63(2023), 251-261

https://doi.org/10.5666/KMJ.2023.63.2.251

pISSN 1225-6951 eISSN 0454-8124

c© Kyungpook Mathematical Journal

Geometry of (p, f)-bienergy variations between Riemannian
manifolds

Embarka Remli and Ahmed Mohammed Cherif∗

University of Mustapha Stambouli Mascara, Faculty of Exact Sciences, Department

of Mathematics, 29000, Algeria

e-mail : ambarka.ramli@univ-mascara.dz
and a.mohammedcherif@univ-mascara.dz

Abstract. In this paper, we extend the definition of the Jacobi operator of smooth maps,

and biharmonic maps via the variation of bienergy between two Riemannian manifolds.

We construct an example of (p, f)-biharmonic non (p, f)-harmonic map. We also prove

some Liouville type theorems for (p, f)-biharmonic maps.

1. Introduction

Let ϕ : (M, g) → (N, h) be a smooth map between two Riemannian manifolds.
The p-energy of ϕ is defined by

(1.1) Ep(ϕ;D) =
1

p

∫

D

|dϕ|pvg (p ≥ 2),

where D is a compact subset of M . We say that ϕ is a p-harmonic map if it is a
critical point of the p-energy functional, that is to say, if it satisfies the following
Euler-Lagrange equation (see [1, 2, 3, 6, 7])

(1.2) τp(ϕ) ≡ divM (|dϕ|p−2dϕ) = 0.

Let f be a smooth positive function on M . The (p, f)-energy of ϕ is defined by

(1.3) Ep,f (ϕ;D) =
1

p

∫

D

f |dϕ|pvg.

The (p, f)-energy functional (1.3) includes as a special case (f = 1) the p-energy
functional, and a special case (p = 2) the f -energy functional (see [4, 5, 13]). We
call (p, f)-harmonic (or generalized p-harmonic) a smooth map ϕ which is a critical
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point of the (p, f)-energy functional for any compact domain D.

Theorem 1.1. (The first variation of the (p, f)-energy [14]) Let ϕ be a

smooth map from Riemannian manifold (M, g) to Riemannian manifold (N, h),
and {ϕt}t∈(−ǫ,ǫ) a smooth variation of ϕ to support in D ⊂ M . Then

(1.4)
d

dt
Ep,f (ϕt;D)

∣

∣

∣

t=0
= −

∫

D

h(v, τp,f (ϕ))vg ,

where τp,f (ϕ) is the (p, f)-tension field of ϕ given by

(1.5) τp,f (ϕ) ≡ divM (f |dϕ|p−2dϕ) = fτp(ϕ) + |dϕ|p−2dϕ(gradM f),

and v = dϕt

dt

∣

∣

∣

t=0
denotes the variation vector field of {ϕt}t∈(−ǫ,ǫ).

The extension of p-harmonic and f -harmonic maps between Riemannian manifolds
has been studied by several authors (see for example, P. Baird [2], N. Course [4],
A. M. Cherif, M. Djaa, R. Nasri, S. Ouakkas and K. Zagga [5, 13]). In this paper,
we extend the definition of p-biharmonic maps between Riemannian manifolds.
Liouville type theorems for p-harmonic and p-biharmonic maps between complete
smooth Riemannian manifolds have been done by many authors. J. Liu, D. J. Moon,
H. Liu, S. D. Jung [9, 11] and N. Nakauchi [12] proved the Liouville type theorem
for p-harmonic maps. A. M. Cherif [10] also proved the Liouville type theorem for p-
biharmonic maps. The purpose of this article is also to provide a proof of Liouville’s
type theorem for (p, f)-biharmonic maps from compact orientable Riemannian man-
ifold without boundary (resp. from complete non-compact Riemannian manifold)
into a Riemannian manifold with non-positive sectional curvature.

2. Main Results

In the following, we will compute the second variation formula of the (p, f)-
harmonic maps.

Theorem 2.1. (The second variation of the (p, f)-energy) Let ϕ be an (p, f)-
harmonic map from Riemannian manifold (M, g) to Riemannian manifold (N, h),
and {ϕt,s}(t,s)∈(−ǫ,ǫ)×(−ǫ,ǫ) a smooth variation of ϕ to support in D ⊂ M . We set

(2.1) v =
∂ϕt,s

∂t

∣

∣

∣

t=s=0
, w =

∂ϕt,s

∂s

∣

∣

∣

t=s=0
.

Then we have

(2.2)
∂2

∂t∂s
Ep,f (ϕt,s;D)

∣

∣

∣

(t,s)=(0,0)
=

∫

D

h(Jϕ
p,f (v), w)vg ,

where Jϕ
p,f (v) is the generalized Jacobi operator of ϕ given by

Jϕ
p,f (v) = −f |dϕ|p−2 traceg R

N (v, dϕ)dϕ − traceg ∇
ϕf |dϕ|p−2∇ϕv

−(p− 2) traceg ∇〈∇ϕv, dϕ〉f |dϕ|p−4 dϕ.(2.3)
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Proof. Let φ : M × (−ǫ, ǫ)× (−ǫ, ǫ) → N be a smooth map defined by

φ(x, t, s) = ϕt,s(x), ∀(x, t, s) ∈ M × (−ǫ, ǫ)× (−ǫ, ǫ).

We have φ(x, 0, 0) = ϕ(x), and the variation vectors fields v, w associated to the
variation {ϕt,s}(t,s)∈(−ǫ,ǫ)2 are given by

(2.4) v(x) = d(x,0,0)φ(
∂

∂t
), w(x) = d(x,0,0)φ(

∂

∂s
), ∀x ∈ M.

Let {ei} be an orthonormal frame with respect to g on M , such that ∇M
ej ei = 0 at

x ∈ M , for all i, j = 1, ...,m. We compute

∂2

∂t∂s
Ep,f (ϕt,s;D)

∣

∣

∣

t=s=0
=

1

p

∫

D

f
∂2

∂t∂s
|dϕt,s|

p
∣

∣

∣

t=s=0
vg.(2.5)

First, note that

∂2

∂t∂s
|dϕt,s|

p =
∂

∂t

(

∂

∂s

(

|dϕt,s|
2
)

p
2

)

=
∂

∂t

(

p

2

(

|dϕt,s|
2
)

p
2
−1 ∂

∂s
(|dϕt,s|

2)

)

=
∂

∂t

(

p|dϕt,s|
p−2h(∇φ

∂
∂s

dφ(ei, 0, 0), dφ(ei, 0, 0))
)

.

So that

∂2

∂t∂s
|dϕt,s|

p = p
∂

∂t
(|dϕt,s|

2)
p−2

2 h(∇φ
∂
∂s

dφ(ei, 0, 0), dφ(ei, 0, 0))

+p|dϕt,s|
p−2h(∇φ

∂
∂s

∇φ
∂
∂t

dφ(ei, 0, 0), dφ(ei, 0, 0))

+p|dϕt,s|
p−2h(∇φ

∂
∂s

dφ(ei, 0, 0),∇
φ
∂
∂t

dφ(ei, 0, 0)).

Thus

∂2

∂t∂s
|dϕt,s|

p = p(p− 2)|dϕt,s|
p−4h(∇φ

∂
∂t

dφ(ej , 0, 0), dφ(ej , 0, 0))

h(∇φ
∂
∂s

dφ(ei, 0, 0), dφ(ei, 0, 0))

+p|dϕt,s|
p−2h(∇φ

∂
∂s

∇φ
∂
∂t

dφ(ei, 0, 0), dφ(ei, 0, 0))

+p|dϕt,s|
p−2h(∇φ

∂
∂s

dφ(ei, 0, 0),∇
φ
∂
∂t

dφ(ei, 0, 0)).

By (2.4), and the definition of the curvature tensor of (N, h), with

∇φ
∂
∂t

dφ(ei, 0, 0) = ∇φ
(ei,0,0)

dφ(
∂

∂t
), ∇φ

∂
∂s

dφ(ei, 0, 0) = ∇φ
(ei,0,0)

dφ(
∂

∂s
),
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we obtain the following equation

1

p
f

∂2

∂t∂s
|dϕt,s|

p
∣

∣

∣

t=s=0
= (p− 2)f |dϕ|p−4h(∇ϕ

ejv, dϕ(ej))h(∇
ϕ
eiw, dϕ(ei))

+f |dϕ|p−2h(RN(w, dϕ(ei))v, dϕ(ei))

+f |dϕ|p−2h(∇ϕ
ei∇

φ
∂
∂s

dφ(
∂

∂t
)
∣

∣

∣

t=s=0
, dϕ(ei))

+f |dϕ|p−2h(∇ϕ
eiw,∇

ϕ
eiv).(2.6)

The first term on the left-hand side of (2.6) is given by

(p− 2)f |dϕ|p−4h(∇ϕ
ejv, dϕ(ej))h(∇

ϕ
eiw, dϕ(ei)) = divMω1

−(p− 2)h(w, traceg ∇〈∇ϕv, dϕ〉f |dϕ|p−4dϕ),(2.7)

where 〈∇ϕv, dϕ〉 = h(∇ϕ
ejv, dϕ(ej)), and ω1 ∈ Γ(T ∗M) is defined by

ω1(X) = (p− 2)h(w, 〈∇v, dϕ〉f |dϕ|p−4dϕ(X)), ∀X ∈ Γ(TM).

By the (p, f)-harmonicity condition of ϕ, the third term on the left-hand side of
(2.6) is given by

f |dϕ|p−2h(∇ϕ
ei∇

φ
∂
∂s

dφ(
∂

∂t
)
∣

∣

∣

t=s=0
, dϕ(ei)) = divMω2,(2.8)

where ω2 ∈ Γ(T ∗M) is defined by

ω2(X) = h(∇φ
∂
∂s

dφ(
∂

∂t
)
∣

∣

∣

t=s=0
, f |dϕ|p−2dϕ(X)), ∀X ∈ Γ(TM).

The fourth term on the left-hand side of (2.6) is given by

f |dϕ|p−2h(∇ϕ
eiw,∇

ϕ
eiv) = ei

(

h(w, f |dϕ|p−2∇ϕ
eiv)

)

− h(w,∇ϕ
eif |dϕ|

p−2∇ϕ
eiv)

= divMω3 − h(w, traceg∇
ϕf |dϕ|p−2∇ϕv),(2.9)

where ω3(X) = h(w, f |dϕ|p−2∇ϕ
Xv), for all X ∈ Γ(TM). Substituting (2.7), (2.8)

and (2.9) in (2.6), we obtain

1

p
f

∂2

∂t∂s
|dϕt,s|

p
∣

∣

∣

t=s=0
= divM ω1 − (p− 2)h(w, traceg ∇〈∇ϕv, dϕ〉f |dϕ|p−4dϕ)

−f |dϕ|p−2h(RN (v, dϕ(ei))dϕ(ei), w) + divMω2

+divMω3 − h(w, traceg∇
ϕf |dϕ|p−2∇ϕv).(2.10)

By the equations (2.5), (2.10), and the divergence Theorem, we get

∂2

∂t∂s
Ep,f (ϕt,s;D)

∣

∣

∣

t=s=0
=

∫

D

h
(

− f |dϕ|p−2tracegR
N(v, dϕ)dϕ

−(p− 2) traceg ∇〈∇ϕv, dϕ〉f |dϕ|p−4dϕ

−traceg∇
ϕf |dϕ|p−2∇ϕv, w

)

vg.
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This completes the proof of the theorem. 2

In [8], G. Y. Jiang calculated the first variation formula of the bienergy func-
tional, thereby finding the biharmonic maps between two Riemannian manifolds.
A. M. Cherif [10], introduced the notion of p-biharmonic maps. In the following,
we extend the definition of p-biharmonic maps between Riemannian manifolds.
The (p, f)-bienergy of a smooth map ϕ : (M, g) → (N, h) between two Riemannian
manifolds is defined by

E2,p,f (ϕ;D) =
1

2

∫

D

|τp,f (ϕ)|
2vg (p ≥ 2),

where f is a smooth positive function on M , and D a compact subset of M . A map
is called (p, f)-biharmonic (or generalized p-biharmonic), if it is a critical point of
the (p, f)-bienergy functional over any compact subset D of M . Under the above
notation, we obtain the following result.

Theorem 2.2. (The first variation of the (p, f)-bienergy) Let ϕ : (M, g) →
(N, h) be a smooth map between two Riemannian manifolds, and {ϕt}t∈(−ǫ,ǫ) a

smooth variation of ϕ to support in D ⊂ M . Then

(2.11)
d

dt
E2,p,f (ϕt;D)

∣

∣

∣

t=0
= −

∫

D

h(v, τ2,p,f (ϕ))vg ,

where τ2,p,f (ϕ) is the (p, f)-bitension field of ϕ given by

τ2,p,f (ϕ) = −f |dϕ|p−2 traceg R
N(τp,f (ϕ), dϕ)dϕ − traceg ∇

ϕ f |dϕ|p−2 ∇ϕ τp,f (ϕ)

−(p− 2) traceg ∇〈∇ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4 dϕ,(2.12)

and v = dϕt

dt

∣

∣

∣

t=0
denotes the variation vector field of {ϕt}t∈(−ǫ,ǫ).

Proof. Let φ : M × (−ǫ, ǫ) → N be a smooth map defined by φ(x, t) = ϕt(x) for
all (x, t) ∈ M × (−ǫ, ǫ), we have φ(x, 0) = ϕ(x), and the variation vector field v
associated to the variation {ϕt}t∈(−ǫ,ǫ) is given by v(x) = d(x,0)φ(

∂
∂t ), for all x ∈ M .

Let {ei} be an orthonormal frame with respect to g on M , such that ∇M
ej ei = 0 at

x ∈ M for all i, j = 1, ...,m. We compute

(2.13)
d

dt
E2,p,f (ϕt;D)

∣

∣

∣

t=0
=

∫

D

h(∇φ
∂
∂t

τp,f (ϕt), τp,f (ϕt))
∣

∣

∣

t=0
vg,

By using (1.5), we have

∇φ
∂
∂t

τp,f (ϕt) = ∇φ
∂
∂t

∇φ
(ei,0)

f |dϕt|
p−2dφ(ei, 0).

From the definition of curvature tensor of (N, h), we get

∇φ
∂
∂t

∇φ
(ei,0)

f |dϕt|
p−2dφ(ei, 0) = RN (dφ(

∂

∂t
), dφ(ei, 0))f |dϕt|

p−2dφ(ei, 0)

+∇φ
(ei,0)

∇φ
∂
∂t

f |dϕt|
p−2dφ(ei, 0).(2.14)
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By the compatibility of ∇φ with the metric h, we obtain
h(∇φ

ei∇
φ
∂
∂t

f |dϕt|
p−2dφ(ei, 0), τp,f (ϕt))

= ei
(

h(∇φ
∂
∂t

f |dϕt|
p−2dφ(ei, 0), τp,f (ϕt))

)

−h(∇φ
∂
∂t

f |dϕt|
p−2dφ(ei, 0),∇

φ
(ei,0)

τp,f (ϕt)).(2.15)

By using the property

∇φ
Xdφ(Y ) = ∇φ

Y dφ(X) + dφ([X,Y ]),

(see [1]), with X = ∂
∂t , and Y = f |dϕt|

p−2(ei, 0), and by a simple calculation, we
get

∇φ
∂
∂t

f |dϕt|
p−2dφ(ei, 0) = f |dϕt|

p−2∇φ
(ei,0)

dφ(
∂

∂t
)

+(p− 2)f |dϕt|
p−4h(∇φ

(ej ,0)
dφ(

∂

∂t
), dφ(ej , 0))dφ(ei, 0).

Substituting the last equation in (2.15), we obtain

h(∇φ
ei∇

φ
∂
∂t

f |dϕt|
p−2dφ(ei, 0), τp,f (ϕt))

∣

∣

∣

t=0

= divMη1 + divMη2 − f |dϕ|p−2h(∇ϕ
eiv,∇

ϕ
eiτp,f (ϕ))

−(p− 2)f |dϕ|p−4h(∇ϕ
ejv, dϕ(ej))h(dϕ(ei),∇

ϕ
eiτp,f (ϕ)),(2.16)

where η1 and η2 are defined by

η1(X) = f |dϕ|p−2h(∇ϕ
Xv, τp,f (ϕ)),

η2(X) = (p− 2)f |dϕ|p−4〈∇ϕ
Xv, dϕ〉h(dϕ(X), τp,f (ϕ)),

for all X ∈ Γ(TM). The equation (2.16) is equivalent to the following

h(∇φ
ei∇

φ
∂
∂t

f |dϕt|
p−2dφ(ei, 0), τp,f (ϕt))

∣

∣

∣

t=0

= divMη1 + divMη2 − divMη3 + h(v,∇ϕ
eif |dϕ|

p−2∇ϕ
eiτp,f (ϕ))

−divMη4 + (p− 2)h(v,∇ϕ
ejf |dϕ|

p−4〈dϕ,∇ϕτp,f (ϕ)〉dϕ(ej)).(2.17)

where η3 and η4 are defined by

η3(X) = f |dϕ|p−2h(v,∇ϕ
Xτp,f (ϕ)),

η4(X) = (p− 2)f |dϕ|p−4〈dϕ,∇ϕτp,f (ϕ)〉h(v, dϕ(X)),

for all X ∈ Γ(TM). By equations (2.13), (2.14), (2.17), and the divergence Theo-
rem, the Theorem 2.2. follows. 2
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Remark 2.3. For any smooth map ϕ : (M, g) → (N, h) between two Riemannian
manifolds, we have

τ2,p,f (ϕ) = Jϕ
p,f (τp,f (ϕ)).

From Theorem 2.2., the Euler-Lagrange equation for the (p, f)-bienergy functional
is τ2,p,f (ϕ) = 0. We deduce:

Corollary 2.4. A smooth map ϕ : (M, g) → (N, h) between two Riemannian

manifolds is (p, f)-biharmonic if and only if τ2,p,f (ϕ) = 0.

Remark 2.5. If the (p, f)-tension field of a smooth map ϕ : (M, g) → (Rn, 〈 , 〉Rn)
is parallel along ϕ (that is, the components of τp,f (ϕ) are constants), then ϕ is
(p, f)-biharmonic map.

Example 2.6. The smooth map

ϕ : (R2\{(0, 0)} × R, dx2 + dy2 + dz2) → (R2, du2 + dv2),

(x, y, z) 7→ (
√

x2 + y2, z)

is (p, f)-biharmonic non (p, f)-harmonic, where

f(x, y, z) = 2−
p
2 c

√

x2 + y2, ∀(x, y, z) ∈ R
2\{(0, 0)} × R,

for some constant c > 0, and p ≥ 2. Indeed; we have g = dx2 + dy2 + dz2

and h = du2 + dv2. We set ϕ1(x, y, z) =
√

x2 + y2 and ϕ2(x, y, z) = z, for all
(x, y, z) ∈ R

2\{(0, 0)} × R. We compute

|dϕ|2 = gij(hαβ ◦ ϕ)
∂ϕα

∂xi

∂ϕβ

∂xj

= δijδαβ
∂ϕα

∂xi

∂ϕβ

∂xj

=

(

∂ϕα

∂xi

)2

= 2.

Here, x1 = x, x2 = y, and x3 = z. Thus, the p-tension field of ϕ is given by

τp(ϕ) = 2
p−2

2

∂2ϕα

∂x2
i

∂

∂uα

=
2

p−2

2

√

x2 + y2
∂

∂u1
,
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where u1 = u and u2 = v. From equation (1.5), we get

τp,f (ϕ) =
2

p−2

2 f
√

x2 + y2
∂

∂u1
+ 2

p−2

2

∂f

∂xi

∂ϕα

∂xi

∂

∂uα

=
c

2

∂

∂u1
+

c

2

[

x2

x2 + y2
+

y2

x2 + y2

]

∂

∂u1
.

Therefore, the components of τp,f (ϕ) = (c, 0) are constants. According to Remark
2.4., the map ϕ is (p, f)-biharmonic.

Using the similar technique of Theorem 5 and Theorem 6 in [10], we have the
following Liouville type theorems for (p, f)-biharmonic maps.

Theorem 2.7. (Liouville type theorem for (p, f)-biharmonic maps: com-

pact case) Let (M, g) be a compact orientable Riemannian manifold without bound-

ary, and (N, h) a Riemannian manifold with non-positive sectional curvature. Then,

every (p, f)-biharmonic map from (M, g) to (N, h) is (p, f)-harmonic.

Proof. Let ϕ : (M, g) → (N, h) be a smooth (p, f)-biharmonic map, fix a point
x ∈ M , and let {ei} be an orthonormal frame with respect to g on M , such that
∇M

ej ei = 0 at x ∈ M , for all i, j = 1, ...,m. We have

0 = −f |dϕ|p−2 traceg R
N(τp,f (ϕ), dϕ)dϕ − traceg ∇

ϕf |dϕ|p−2∇ϕτp,f (ϕ)

−(p− 2) traceg ∇〈∇ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4dϕ.

Calculating at x, we get

f |dϕ|p−2h(RN(τp,f (ϕ), dϕ(ei))dϕ(ei), τp,f (ϕ))

= −h(∇ϕ
eif |dϕ|

p−2 ∇ϕ
eiτp,f (ϕ), τp,f (ϕ))

−(p− 2)h(∇ϕ
ei〈∇

ϕ τp,f (ϕ), dϕ〉f |dϕ|
p−4dϕ(ei), τp,f (ϕ)).(2.18)

Let θ1, θ2 ∈ Γ(T ∗M) defined by

θ1(X) = f |dϕ|p−2h(∇ϕ
X τp,f (ϕ), τp,f (ϕ)),

θ2(X) = (p− 2)〈∇ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4h(dϕ(X), τp,f (ϕ)),

where X ∈ Γ(TM). So that

divM θ1 = h(∇ϕ
eif |dϕ|

p−2∇ϕ
ei τp,f (ϕ), τp,f (ϕ))

+f |dϕ|p−2h(∇ϕ
ei τp,f (ϕ), ∇ϕ

eiτp,f (ϕ)),

divM θ2 = (p− 2)h(∇ϕ
ei〈∇

ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4dϕ(ei), τp,f (ϕ))

+(p− 2)〈∇ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4h(dϕ(ei),∇

ϕ
eiτp,f (ϕ)).

(2.19)
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By (2.18) and (2.19), we obtain

f |dϕ|p−2h(RN (τp,f (ϕ), dϕ(ei))dϕ(ei), τp,f (ϕ))

= − divM θ1 + f |dϕ|p−2h(∇ϕ
ei τp,f (ϕ),∇

ϕ
eiτp,f (ϕ)) − divM θ2

+(p− 2)〈∇ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4h(dϕ(ei),∇

ϕ
eiτp,f (ϕ)).

The last equation is equivalent to the following

f |dϕ|p−2h(RN (τp,f (ϕ), dϕ(ei))dϕ(ei), τp,f (ϕ))

= − divM θ1 + f |dϕ|p−2|∇ϕτp,f (ϕ)|
2 − divM θ2

+(p− 2)〈∇ϕτp,f (ϕ), dϕ〉
2f |dϕ|p−4.

Since the sectional curvature of (N, h) is non-positive, we conclude that

(2.20) − divM θ1 + f |dϕ|p−2|∇ϕτp,f (ϕ)|
2 − divM θ2 ≤ 0.

By using the Green Theorem, and equation (2.20), we have

(2.21)

∫

M

f |dϕ|p−2|∇ϕτp,f (ϕ)|
2vg = 0.

Consequently, ∇ϕ
Xτp,f (ϕ) = 0 for all X ∈ Γ(TM). Thus, τp,f (ϕ) = 0. 2

We also get the following result.

Theorem 2.8. (Liouville type theorem for (p, f)-biharmonic maps: non-

compact case) Let (M, g) be a complete non-compact Riemannian manifold, (N, h)
a Riemannian manifold with non-positive sectional curvature and p ≥ 2. Then,

every (p, f)-biharmonic map ϕ from (M, g) to (N, h) satisfying

(2.22)

∫

M

f |dϕ|p−2|τp,f (ϕ)|
2vg < ∞,

∫

M

f |dϕ|p−2vg = ∞,

is (p, f)-harmonic.

Proof. Let ϕ : (M, g) → (N, h) be an (p, f)-biharmonic map. We have at x

0 = −f |dϕ|p−2RN(τp,f (ϕ), dϕ(ei))dϕ(ei)−∇ϕ
eif |dϕ|

p−2∇ϕ
eiτp,f (ϕ)

−(p− 2)∇ϕ
ei〈∇

ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4dϕ(ei),

where {ei} is an orthonormal frame on (M, g) such that ∇M
ej ei = 0 at x for all

i, j = 1, ...,m. Let ρ be a smooth function with compact support on M . Since the
sectional curvature RN is non-positive, we obtain

0 ≥ −h(∇ϕ
eif |dϕ|

p−2∇ϕ
eiτp,f (ϕ), ρ

2τp,f (ϕ))

−(p− 2)h(∇ϕ
ei 〈∇

ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4dϕ(ei), ρ

2τp,f (ϕ)).
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Let β1, β2 ∈ Γ(T ∗M) defined by

β1(X) = h(f |dϕ|p−2∇ϕ
Xτp,f (ϕ), ρ

2τp,f (ϕ)),

β2(X) = h(〈∇ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4dϕ(X), ρ2τp,f (ϕ)),

for all X ∈ Γ(TM). So, the last inequality is equivalent to the following

0 ≥ − divM β1 + ρ2f |dϕ|p−2h(∇ϕ
eiτp,f (ϕ),∇

ϕ
eiτp,f (ϕ))(2.23)

+2ρei(ρ)f |dϕ|
p−2h(∇ϕ

eiτp,f (ϕ), τp,f (ϕ)) − (p− 2) divM β2

+(p− 2)ρ2〈∇ϕτp,f (ϕ), dϕ〉f |dϕ|
p−4h(dϕ(ei),∇

ϕ
eiτp,f (ϕ))

+2(p− 2)ρei(ρ)〈∇
ϕτp,f (ϕ), dϕ〉f |dϕ|

p−4h(dϕ(ei), τp,f (ϕ)).

By Young’s inequality, we have

−2ρei(ρ)f |dϕ|
p−2h(∇ϕ

eiτp,f (ϕ), τp,f (ϕ))

≤
1

2
ρ2f |dϕ|p−2|∇ϕ

eiτp,f (ϕ)|
2 + 2ei(ρ)

2f |dϕ|p−2|τp,f (ϕ)|
2,

−2ρei(ρ)〈∇
ϕτp,f (ϕ), dϕ〉f |dϕ|

p−4h(dϕ(ei), τp,f (ϕ))

≤ ρ2〈∇ϕτp,f (ϕ), dϕ〉
2f |dϕ|p−4 + ei(ρ)

2f |dϕ|p−2|τp,f (ϕ)|
2.

According to the last two inequalities, (2.23) becomes

pei(ρ)
2f |dϕ|p−2|τp,f (ϕ)|

2 ≥ − divM β1 +
1

2
ρ2f |dϕ|p−2|∇ϕ

eiτp,f (ϕ)|
2(2.24)

−(p− 2) divM β2.

Let ρ = ρR : M → [0, 1] be a smooth cut-off function with ρ = 1 on BR(x), ρ = 0 off
B2R(x) and | gradρ| ≤ 2

R . From the inequality (2.24), and the divergence Theorem,
we find that

4p

R2

∫

B2R(x)

f |dϕ|p−2|τp,f (ϕ)|
2vg ≥

1

2

∫

BR(x)

f |dϕ|p−2|∇ϕ
eiτp,f (ϕ)|

2vg.(2.25)

Since
∫

M f |dϕ|p−2|τp,f (ϕ)|
2vg < ∞, when R → ∞, we get

(2.26)

∫

M

f |dϕ|p−2|∇ϕ
eiτp,f (ϕ)|

2vg = 0.

Therefore, |∇ϕ
eiτp,f (ϕ)|

2 = 0 for all i = 1, ...,m, that is the function |τp,f (ϕ)|
2 is

constant on M . By the assumption (2.22), we conclude that τp,f (ϕ) = 0, that is
the map ϕ is (p, f)-harmonic. 2
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