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A NOTE ON UNICITY OF MEROMORPHIC FUNCTIONS
IN SEVERAL VARIABLES

YEZHOU L1 AND HEQING SUN

ABSTRACT. Let f(z) be a meromorphic function in several variables sat-
isfying
o 0BT )
imsup ————=
700 s
We mainly investigate the uniqueness problem on f in C" sharing poly-

=0.

nomial or periodic small function with its difference polynomials from a
new perspective. Our main theorems can be seen as the improvement
and extension of previous results.

1. Introduction and main results

Let f(z) and g(z) be two meromorphic functions on C™, and a € P! =
C'U{oo}. If f —a and g — a have the same zeros with the same multiplicities
(ignoring multiplicities), we say that f and g share « CM (IM). Certainly,
all CM shared values are IM shared values as well. It is well-known that in
1926, Nevanlinna [16] proved that if two non-constant meromorphic functions
on complex plane C! share five distinct values IM in P!, then they must be
equal identically.

As we know, the numbers of distinct values in Nevanlinna five-value theorem
cannot be reduced to four. For instance, entire functions e* and e~* share
0,1,—1 and oo IM in P!, but e* # e~ ?. Note here that they have a shared
value co. In 1997, Li [12] further considered the case of sharing small functions
(not including the constant function co) for entire functions, and proved that
two non-constant entire functions in C™ must be identically equal if they share
four distinct small meromorphic functions.

In this paper, we assume that the reader is familiar with standard notations
and terms in the value distribution theory such as T'(r, f) and m(r, f), etc.
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(see, e.g., [9,17,18]). A meromorphic function a(z) on C™ is called a small
function with respect to f if T(r,a) = o(T(r, f)) as r — oo outside a possible
exceptional set of finite logarithmic measure. Denote by S(f) the family of all
small functions of f(z). The order p(f) and the hyper-order pa(f) of f are,
respectively, defined by

. logT(r, f) ) loglog T'(r, f)

p(f) = lim sup “logr p2(f) = lim sup g
In the last decades, uniqueness problems on meromorphic function with
its derivative or differential polynomial have been studied deeply (see, e.g.,
[10,13,14]). In 2001, Li and Yang [14] investigated the uniqueness of entire
function f sharing a finite value a(# 0) CM in P* with f’ and £, and they

claimed that f must satisfy
fla) = e - =9,

c

where b, ¢ are non-zero constants with ¢~ =1, n € N*(> 2). Meanwhile, Li
and Yang also considered the case of general higher order differential polynomial
L(f) = arf' +asf” + -+ anf™, an #0,
with ai1,as,...,a, being constants, and the corresponding uniqueness result

has been obtained (see, [9, Theorem 2.104]).

With the establishment of difference analogues of the lemma on the loga-
rithmic derivative, the research on uniqueness of meromorphic function with its
difference or difference operators was also widely concerned (see, e.g., [3-5,7,
11,19]). Let ¢ = (¢1,¢2, ..., cm) € C™\{0}. For a given meromorphic function
f(z) : C™ — P!, we define its shift by f(z + ¢) and its difference operators by

Acf(z) = f(zl +Cl722 +ca,..2m +Cm) - f(zl7z27'~~vzm)7
ALf(2) = Ac(AT f(2)), (n€N,n>2)

for any z = (21, 22,...,2m) € C™. In particular, we set Aof( ) f(2).
the definition of A” f(z), one knows that A” f(z) = >"1'_( PO f(z+ k;c
and > (—1)"7%(}) = 0 for k € N. Hence, the exact dlfference " f(z)(£0)

can be extended to a general form (see [15])
Po(f) =aof(z) +arf(z+¢c)+ - +anf(z+nc), n € NT,

where z € C™, ¢ € C™\{0} and a;, € C are not all zero complex num-
bers satisfying >} _jar = 0. Obviously, Py(f) = AIf(z) provided that
ar = (=1)"7%(}). In 2018, Deng et al. [6] studied the uniqueness problem
for meromorphic functions sharing polynomial with their difference operators,
and obtained the following result.

Theorem 1.1 ([6]). Let f(z) be a non-constant meromorphic function of finite
order, and a(z) be a non-constant polynomial in one complex variable. If f(z),
A.f(z) and AT f(2) share a(z), oo CM, then f(z) = A.f(z) for all z € CL.



DIFFERENCE UNIQUENESS IN SEVERAL COMPLEX VARIABLES 861

On the other hand, many authors have also investigated the case of mero-
morphic functions that share periodic small function with their difference op-
erators or difference polynomial. In [8], Gao et al. considered the meromorphic
function f(z) with pa(f) < 1 on C!, and proved that if f(z) and its exact dif-
ference A7 f(z)( 0) share three distinct periodic small functions with period
1 CM, then AT f(z) = f(z). In [15], Liu and Zhang, using the value distribu-
tion theory for meromorphic functions in several complex variables, obtained a
difference analogue of [9, Theorem 2.104] on meromorphic function f(z) with
its difference polynomial Py(f). We restated it as follows.

Theorem 1.2 ([15]). Let f : C™ — P! be a non-constant meromorphic func-
tion of finite order, and let b(z),d(z)(# 0) € S(f) be two periodic meromorphic
functions with period ¢, where z,c € C™. If f(z) — b(z), Po(f) — d(z) and
A Py(f) — d(z) share 0, co CM, then Py(f) = A Po(f).

It is known that logarithmic difference lemma plays an important role in the
study of uniqueness problem. In 2020, Cao and Xu [2, Theorem 2.1] obtained
a new version of the logarithmic difference lemma for meromorphic function
f(2z) on C™ such that

(1.1) lim sup =0.

log T'(r, f)
r—00 r
By simple analysis, one can deduce that the set of meromorphic functions
satisfying the condition (1.1) consists of all meromorphic functions with hyper-
order pa(f) < 1 and some of hyper-order p(f) = 1. Motivated by this, one
naturally asks whether the growth condition of meromorphic function of “finite
order” in Theorem 1.1 and Theorem 1.2 can be relaxed to condition (1.1)?

The aim of this paper is to give a positive answer to the above question
using different methods from that in [6,15]. Here, we further consider a more
general polynomial

(1.2) P(f) =Y mp(2)f(z+ke), (n€N,n>2),

where my,(z) € S(f) are non-zero polynomials satisfying >, mi(z) = 0 for
z € C™ (0 <k <n) Itisobvious that P(f) can be degenerate into Py(f)
provided that mg(z) = ax (0 < k < n). Firstly, we get an extension of Theorem
1.1 for meromorphic functions satisfying (1.1) from one complex variable to
several complex variables. We show our result as follows.

Theorem 1.3. Let f(z) be a transcendental meromorphic function for z € C™

satisfying
lim sup log T(r, /) (. f) =0,
r—00 r
and a(z) be a non-constant polynomial on C™. If f(z), A.f(z) and P(f) share

a(z), oo CM, then A.f(z) = Af(z) + (1 — A)a(z), where A is a non-zero
constant. In particular, if P(f) = A" f(z), then f(z) = A.f(2).
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Let m = 2, ¢ = (1,1) and a(# 0) be a finite constant. We set f(z) =
em(z1+22) 4 o By simple calculation, one can deduce that A.f(z) = P(f) =
0, and f, A.f(z), P(f) share a, oo CM, but A“ch(_zi_a = iy is not a
constant. This implies that the condition “a(z) is a non-constant polynomial”
in Theorem 1.3 is necessary.

Remark 1.4. According to the result of Theorem 1.3, the type of function f(z)
can be roughly given. Consider the meromorphic solution f(z) of the difference
equation

Acf(z) = Af(2) + (1 — A)a(z)

on C™. If m = 1, it follows from the basic knowledge of difference equation
that f(z) = (1 + A)ck1(2) + Q1(z), where k1(2) is a c-periodic function and
Q1(z) is a polynomial such that Q1(z) = 0 when A = 1. For the case of m > 2,
we can also roughly know the expression of such function f(z) under certain
conditions. For example, m = 2 and a(z) = az; + S22+ (a, 8,7 are complex
numbers), one can deduce that

LR -1 A—-1 A—-1
f(z) = (14 A)Vea+es ko (2) + I (az1 + Bz2) + 7(0401 +Bca) + a7
(

where z = (21, 22), ¢ = (c1,¢2) # (0,0), V', 0" € C'\{0} and k2 (%) is a c-periodic
function on C2.

The following examples show that the condition and conclusions of Theorem
1.3 can be satisfied in the higher dimension space C™ (m > 2).

Example 1.5. Let m = 2, n = 3, ¢ = (0,2), z = (21,%2). Suppose that
a(z) = az; + Bzz, where a, 8 € C'\{0}, and that P(f) = —7f(z) + 15f(z +
c) —10f(z + 2¢) + 2f(z + 3¢), i.e., P(f) # A2f(z). We can easily know that
the meromorphic function

4z €A TTZ2 a4 By B
2 + + —
z1 2

fz) =3

2
is a solution of difference equation f(z + ¢) — 3f(z) + a(z) = 0. Obviously,
f(z) —a(z), Acf(2) — a(z) and P(f) — a(z) share 0, co CM, and A.f(z) =
2f(z) — a(z).
Example 1.6. Let m =3, n = 2, ¢ = (1,1,0), 2 = (21,22, 23). Set f(z) =
273 CU Then f(z + ke) = 25 f(2) (k = 0,1,2) and P(f) = (mo() +
2mq(z) + 4dma(2)) f(2).

Case 1: Set mo(z) = 2(z1 + 22 + 23) + 3, m1(z) = =3(z1 + 22 + 23) — 5 and
mao(2) = 21 + 22 + 23 + 2, ie., P(f) # A2f(2). Obviously, f(z), A.f(z) and
P(f) share non-constant polynomial a(z), co CM, and A.f(z) = f(z).

Case 2: Set mg(z) = 1, m1(z) = —2 and ma(2) = 1, i.e., P(f) = A2f(2).
Then f(z2), Acf(2), A2 f(2) share polynomial a(z), co CM, and f(z) = A.f(2).
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Next, we consider the uniqueness problem of meromorphic function f(2)
sharing periodic small functions with P(f) and A.P(f) under the condition
(1.1), which is an accurate extension of Theorem 1.2.

Theorem 1.7. Let f(2) be a transcendental meromorphic function for z € C™
satisfying

:O’

lim sup
r—00

and let b(z),d(z)(# 0) € S(f) be two periodic meromorphic functions with
period c. If f(z) —b(2), P(f) —d(z) and A.P(f) — d(z) share 0, co CM, then
P(f) = AcP(f).

Similarly, the structure of the function f(z) can also be derived from the

equation P(f) = A P(f) under some certain cases. The following examples
show that the conclusion of Theorem 1.7 is reasonable.

log T'(r, f)
i

Example 1.8. Set m = 2, ¢ = (wi, i), z = (21, 22), d(z) = 3, and b(z) is a
small periodic function with period c. Let f(z) = e17?2 + b(z) and n(> 2) €
NT. Then f(z+ kc) = f(z) for all 0 < k < n. Obviously, f(z) — b(z) = e** %2,
P(f)—d(z) = =3, AP(f) — d(z) = —3 share 0 CM, and P(f) = A P(f).

Example 1.9. Set m =2, ¢ = (0,In2), 2 = (21, 22) and f(z) = iezl"’”. Let
n = 2. Then P(f) = (mo(z) + 2my(2) + dma(z)) Les T2,

Case 1: Set mg(z) = 221 — 5, mi(z) = —321 + 6 and ma(z) = 21 — 1,
Le., P(f) # AZf(2). It b(z) = 1, d(z) = 3, then f(2) = b(z) = emt= — 1,
P(f)—d(z) = 3(2—116““'2 1), AP(f)—d(z) = 3(+ -e*1%2 —1) share 0, co CM.
Thus, P(f) = A.P(f). However, f(z) # P(f) and f( ) £ AP(f).

Case 2: Assume that b(z) = d(2)(# 0). Set mo(z) = 1, mi(z) = —2 and
ma(z) =1, ie., P(f) = A2f(2). Then f(z), P(f), A.P(f) share b(z), oo CM,
and P(f) = AP(f) = f(2).

If b(z) = d(z)( 0) and mg(z) = (—=1)"7*(}), we obtain following result.

Corollary 1.10. Let f(z) be a non-constant meromorphic function for z € C™
satisfying (1.1), and let b(z)(# 0) € S(f) be a periodic meromorphic function
with period c. If f(2), A"f(2), AL f(2) share b(z), oo CM, then AT f(2) =
AL (2).

The remainder of this paper is organized as follows. In Section 2, some
basic notations and auxiliary lemmas on the value distribution theory on C™
are introduced, which are used frequency in the later proofs. The details of the
proofs of our main results are showed in Sections 3 and 4, respectively.

2. Preliminary lemmas

We firstly recall some basis notions in several complex variables (see also
[17,18]). Set ||z]|?> = |21]® + |22]® + -+ + |2m|? for 2z = (21, 22,...,2m) € C™.
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Let

Sm(r) ={z€C™ :||z]| =71}, Bn(r)={z€C™:|z|]| <r}
for r > 0. Introducing the differential operators d = 9 + 9, d° = %(5 —0).
This implies dd® = gaé. For z € C™\{0}, write

c c c m—1
Mon(2) = dd° 2|2, 0 (2) 2= d°log||2][* A (dd” o |=]]%) ™"

Let f(2) be a meromorphic function on C™ and a € P!. If f~1(a) # C™, we
denote by Vjoc_a the a-divisor of f, and set

nsra) s> [ w e,
Bm(’r')ﬁl/?7

Then the counting function of I/?_a is defined by

" dt
Ny(r,a) = / [ng(t,a) — nf(O,a)]7 +ns(0,a)logr,
0
where 7£(0, a) is the Lelong number of v _, at the origin. If
??ua = min{17 nga}a

then we can also define the reduced counting function N ¢(r,a). Usually, we

denote by N (r, ﬁ) = N¢(r,a) for a € C and N(r, f) = Ny(r,00) for a = oo,
respectively. The proximity function of f is defined by

|t li@ e, ita=o,

_ S (1)

myg(r,a) = 1
logt ————0,,(2), if a# oo,

/sm(r) | f(z) —a]

where log™ 2z =max{log z, 0}. Similar, we usually replace the notations mg(r, a)

by m(r, +2) for a € C and m(r, f) for a = co. Then Nevanlinna characteristic

function of f is defined as T'(r, f) = my(r,00) + Ny(r,00). A meromorphic

function f(z) on C™ is called transcendental provided that

When a # oo, the first main theorem can be stated as T'(r, f) = my(r,a) +
N¢(r,a) + O(1). To prove our main theorems in this paper, we need the fol-
lowing lemmas.

Lemma 2.1 ([2]). Let f(z) be a non-constant meromorphic function on C™,
and let ¢ € C™\{0}. If limsup 225 — 0 then
T—00

T

- ( f<f(+)>> m ( f(f(j)) = o(T(r, )
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and
T(r, f(z+c) =T(r,f) +o(T(r,f)), N(r,f(z+¢c))=N(r, f) + o(N(r, f))

holds for all v & E, where E is a set with zero upper density measure, i.e.,

densE = lim sup fEﬂ[l . Ldt =o.

T—>00
Lemma 2.2 ([1, Corollary 4.5]). Let f1(2), fa(2),. .., fn(2) be n non-zero mero-
morphic functions on C™, and ¢1(2),...,g9n(2) be n entire functions on C™

satisfying

n

Zfi(z)egi(z) =0.

If forall1<i<n -
T(r, fi) = o(T(r,e%=%)), (1 <j#k <n),
then fi(z) =0 for 1 <i<n.
Lemma 2.3 ([15, Lemma 2.7]). Let f(z) be a polynomial in z € C™. If

f(2) is of degree n(> 1), then deg(f(z + ¢) — f(2)) < n holds for any given
c=(c1,¢2,...,¢pm) €C™.

Remark 2.4. Let f(z) be a non-constant polynomial on C™ and P(f) be
defined as in (1.2). Then deg P(f(z)) < deg f(z) holds for any given ¢ =
(c1,¢2, -y Cm)-

Proof. Based on a similar argument as to that in [15, Lemma 2.7], we assume
that f(z) is a polynomial of degree n(> 1). Set

n—1
f(z) = Z ar(z1)"(z9)2 - (2m)"™ + Z br(z1) (22)%2 - (2m)'™,

[T|=n |1]=0
where a;(# 0), by are complex numbers and I = (i1,142,...,%,) € N satisfies
|[I| =i14+i2+ -+ im. For c = (c1,¢2,...,¢m) € C™ and k € N, one has

flz4+ke) = Z ar(z1 4+ ker)™ (2o 4+ keo)2 -+ - (2 + ke
| I|=n

n—1

+ > br(z1 4 ker)™ (22 + kea) -+ (2 + kem)™
|1]=0

= Z ar(z1)"(22)2 -+ (2m)™ + Dp_1.1(2),
| I|=n

where D,,_1 ;(2) is of degree at most n — 1. Noting that Y ,_,my(z) = 0, it
follows from (1.2) that
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_ka nlk )

Since mk(z) € S(f) and f(2) is a non-constant polynomial, then my, (0 < k <
n) are non-zero constants. It follows that

= < —
deg(P(f)) = mix deg{Dy-1x(2)} < n— 1.
This completes the proof. O

Lemma 2.5 ([19, Lemma 5]). Let f(z) be a non-constant meromorphic func-
tion for z € C™ and a;j(z) (j = 1,2,...,q) be distinct small functions with
respect to f. If ¢ > 3, then

,Trf qu:N(rf ! >+0(T(T7f))

—a;
Jj=1 J

holds for all r € [0,4+00) outside a Borel subset F of the interval [0, +00) with
Jpdr < +oc.

For brevity, throughout this paper, we denote by S(r, f) any quantity satis-
fying S(r, f) = o(T'(r, f)) holds for all sufficiently large r at most outside two
possible exceptional sets of zero upper density and finite linear measure, which
may vary in each appearance.

3. The proof of Theorem 1.3

Since f(z), Acf(z) and P(f) share a(z), oo CM, then there exist two entire
functions a(z) and (2) such that

P(f) —al(z) — (?) Acf(z) —al(z) — PR
f(z) —a(z) ©f(z) —a(?) '
Set F(z) = f(z) — a(z). Owing to a(z) € S(f), we have T'(r, f) = T(r, F) +
S(r, f) and a(z) € S(F). By the definitions of P(f) and A.f(z), one has
(3.2) Acf(z) = AcF(2) + Aca(z), P(f(z)) = P(F(2)) + P(a(z)).
It follows from (3.1) that
P(F)+ P(a) —a(z) _ () AF(2) + Aca(z) — a(2) _ )
F(z) ’ F(z) '
Noting that P(a) — a(z) £ 0 and A.a(z) — a(z) £ 0. We set
®(2) := (a(z) — P(a))e’® — (a(z) — Aca(z))e®™
(a(z) — P(a))AcF(z) — (a(z) — Aca(z))P(F)
F(z) '
Since a(z) € S(F), together with (3.3), (1.2) and Lemma 2.1, one can obtain
that T'(r,®) = S(r, F). Next, the fact that T(r,e®) = S(r, f) and T(r,e?) =
S(r, f) will be proved. We consider two cases.

(3.1)

—_—

(3.3) -
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e &(z) = 0. This means (a(z) — P(a))A.F(z) = (a(z) — Aca(z))P(F) for
any z € C™. By (3.2) and some calculations, one can deduce

(a(z) = P(a))(Acf(z) — a(z)) = (a(z) — Aca(2))(P(f) — a(2)).
Further, it follows from (3.1) and the above equality that
P(f) — CL(Z) _ ea(z)—B(z) _ G(Z) — P(a‘)

Acf(z) —alz) ~a(z) — Aca(z)’
If e(2)=B(2) is not a constant, then it must be transcendental, which is impos-
sible for a(z) is a polynomial. Therefore, we may suppose that there exists a
non-zero constant C' such that e*(*)=8() = €. It follows that % =C.
By Lemma 2.3 and Remark 2.4, we know that degA.a(z) < dega(z) and
deg P(a) < dega(z). Then, one can deduce that C = 1 and a(z) is a constant
polynomial, which is a contradiction.
o O(z) £ 0. It follows from (3.3) that
eB2) e(2)
(a(z) — P(a))w =1+ (a(z) - Aca(z))w~

By Lemma 2.5 and the fact that T'(r, ®) = S(r, F), a(z) € S(F'), one has
B

T (r, (a— P(a))‘;) <N (r, (a = Pla)) ) +N (1, (aﬁ(a))eg)

<N (r, = ica)ea)i S{r(a— P(a))i) + S(r, F)
=9 (7“, (a — P(a))i) +S(r,F)

This implies that T'(r, (a — P(a))%) = S(r, F') and

T(r,ef) < T (r, (a — P(a))(i) +T (T’ a—i(a))
— S(r, F).

By (3.3), we can also get T'(r,e®) = S(r,F). Owing to T(r,f) = T(r, F) +
S(r, f), then T(r,e®*) = S(r, f), T(r,e?) = S(r, f).

To complete the proof of Theorem 1.3, we first consider the case of 5(z) is
a non-constant entire function. Using the second equation in (3.1), we have

Flzt0) = Auf(2) + £(2)
= (P 1 1) f(2) + (1 = #@)a(2).
Define u;(2) = e#) + 1, v1(2) = (1 — **))a(z). Then
fz+¢) =ur(2)f(2) + v1(2),
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f(z+2¢) =u1(z+ ui(2) f(2) + u1(z + c)v1(2) + v1(z + ¢),

For k € NT, using mathematical induction, one can deduce

f(z+ke) = up(2) f(2) + vk(2),

where
k—1 ‘ k—1 k—1
un(2) = [T +1), oyz) = Y wie+ie) [ w(e+je).
i=0 i=0 j=i+1

In particular, if 7+ > k& — 2, then H?;ilﬂ ui(z + je) = 1. For k = 0, we set
up(z) = 1, vo(2) = 0. By the definition of P(f), we have

P(f) =Y mu(2)f(z + ke)
k=0

= Z mg(2)ug(2)f(z) + Z my(2)vk(2)
k=0 k=0

(3.4) = Un(2)f(2) + Va(2),

where Uy, (2) = Y p_g mu(2)ug(z) and V,,(2) = 7 me(2)vk(2).
Set w(z +ic) = B(z +ic) — B(z) for any i € N, it can be deduced that

Upn(2) = mo +my (1 + eﬁ(Z)) + ma(1+ GB(Z))(]_ + eﬁ(z+6)) 4o
+my(1+ eﬁ(z))(l + 65(2+C)) (1 Pzt (n=1)e))

mo +my (1 + 6ﬁ(f:)) + ma(1+ BB(Z))(l + ew(Z+C)eB(Z)) 4o
(3.5) +m,(1+ eﬁ(z))(l + ew(z+0)eﬁ(Z)) (14 ew(z+(n—1)0)eﬂ(Z)).

Noting that T'(r,e#*)) = S(r, f), then lim sup M < lim sup M =
r—00 r—00
0. It follows from Lemma 2.1 that for 0 <:<n—1

_ Bz+ic)
m(r, ew(z—i—w)) =m|r € — S(T, eﬁ(Z))_
eﬂ(z)

And since m(z) (0 < k < n) are polynomials, there are T(r, my) = S(r, e#(*)).
Thus, (3.5) can be rewritten as follows:

(3.6) Un(z) = bo(z) + bl(z)eﬁ(z) + bz(z)eQﬂ(z) N bn(z)enﬁ(z)7

where T'(r,b;(2)) = S(r,e*)) for all 0 < j < n. Here, by(z) = mo+my +- -+
m,, = 0 and by, (2) = my, (2)e?ZHe) ... gwlztn=l)e) +£

Noting that a(z) € S(f). By the definition of V,,(2) and (3.6), Lemma 2.1,
one knows

T(r, Vo (2)) + T(r,Us(2)) < O(T(r, 6’8(2))) +T(rya(z))+ S(r, eﬁ(z))
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(3.7) = S(r, f).
Together with the first equation in (3.1) and (3.4), we have

(Un(z) - ea<2>) £(2) = a() (1 - ea@) — V(2).
If Uy, (2) — e*®) £ 0, it can be deduced from (3.7) and above equation that
T(r, f) < T(r, Va(2)) + T(r, Un(2)) + 2T (r,e*®) + S(r, f)
= 2T(T’ ea(z)) + S(Tv f) = (T7 1),

o(z)

which is impossible. Hence, U, (z) — e =0, ie.,

(3.8) bi(2)eP®) 4+ by(2)e?P @) o b, (2)ePR) = (@),

Since ((z) is a non-constant entire function, then three cases are needed to
be discussed.
e T(r,e*) = S(r,e?). Applying Lemma 2.2 to (3.8), it can be seen that
e2(®) =0 and b;j(2) =0 (1 <j <n), a contradiction.
o T(r,e®) = O(T(r,e?)) and T(r,e?) = O(T(r,e®)). It follows from (3.8)
that T(r,e%) = nT(r,e?) + S(r,e?). This implies that S(r,e®) = S(r,e?) and
a(z) — B(z) is not a constant for n > 2. From (3.8), we have

bi(z) + bg(z)eﬁ(z) S bn(z)e(n—l)B(Z) = a()=8(2)
By Lemma 2.5, one has
(n—1)T(r,e?) = T(r,e® ) + S(r,e?)

_ — 1 — 1
a—p _ - - -
< N(r,e )+N(r’ea*ﬁ)+N(r’ea*5—b1

~ 1
<T’ eﬂ(bg —+ b365 44 e(n2)ﬂ)> + S(T7e )
< (=T (") + S, ¢?),

which is impossible.
o T(r,ef) = S(r,e®). Tt follows from T'(r,b;(2)) = S(r,e?) (1 < j < n) and
(3.8) that

)+ S(r, )

T(r,e®) = T(r,bie? + bge®® 4 - 4+ b,e"P)
<nT(r,e?) + S(r,e?) = S(r,e®),

a contradiction can also be derived.

Hence, ((z) is a constant for 2 € C™. That is, there exists a non-zero
constant A = e satisfying W = A. The first conclusion of Theorem
1.3 holds.

Furthermore, we consider the case of P(f) = Af(z) (n > 2). By the

z

definition of A f(z) and the fact that A.f(z) = Af(z) + (1 — A)a(z), one has
A2f =AAf + (1 — A)Aa(z) = A%f + (1 — A)[a(z)A + Aca(2)].
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By similar calculation, it is easy get for n > 2
ALf(z) = A"TIACf(2) + (1 = AT, (2)
= A"f(2) + (1 = A)[A" a(2) + T, (2)]
(3.9) = A"f(z) + (1 - A)T,.(2),
where T/ (z) = S AP 171 ALa(z) and T, (2) = S0, AP 1 iALa(2).
By (3.9) and the first equality of (3.1), we get
(e — A" f(2) = (1 = A)Tu(2) — (1 = *@)a2).

Owing to a(z) € S(f) and T(r,e®) = S(r, f), one can deduce that e*(*) = A™.
In fact, if e*(?) — A™ £ 0, it follows from Lemma 2.1 and Lemma 2.3 that

(1= A)T(2) — (1 — e*@)a(2)
T(Taf) _T<7“, calz) _ An > :S(rvf)a

a contradiction. Then, by the first equation of (3.1) again and e®(*) = A", one
has

AZf(z) = f(z)e” —a(z)e” +a(z)
=A"f(z) + (1= A")a(z)
(3.10) = A"TALf(2) + (1 — A" Ha(z).

Assume that A7 f(z) # A.f(z), which means A"~ # 1. Together with the
first equality of (3.9) and (3.10), we have

n—1
(3.11) (1—A)) A ALa(z) = (1 - A)T)(2) = (1— A" a(2).
i=1

Note here that a(z) is a non-constant polynomial on C™. Using Lemma 2.3,
one knows that deg Ala(z) < dega(z) for i > 1, which is a contradiction.

Hence A"f(z) = A.f(z) and A"~' = 1. Next, we claim that 4 = 1.
Otherwise, from (3.11) we obtain

n—1
T!(2) = Z A" AT G(2) = 0,
i=1

which contradicts the fact that a(z) is a non-constant polynomial. That we
complete the proof of Theorem 1.3.

4. The proof of Theorem 1.7

Assume to the contrary that P(f) # A.P(f) for some z € C™. Obviously,
P(f) # 0. By assumption, there also exist two entire functions a(z) and 3(z)
such that

P(f) —d(z) a(z) AcP(f) —d(2) — PR

1) o0 ¢ iR )
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It follows that
(4.2) P(f(2)) = d(z) + e*P(f(2) = b(2))

and
AP(f(2)) = d(2) + "D (f(2) = b(2))
for z,c € C™. Note here that b(z),d(z)(Z 0) € S(f) are two periodic mero-
morphic functions with period c¢. By the definition of A.P(f(z)) and (4.2), one
has
d(z) + e (f(z +¢) = b(2)) = P(f(z +¢))

=AcP(f(2) + P(f(2))

=2d(2) + (2 + ")) (f(2) - b(2)).
Therefore,
(4.3) f(z+¢) =b(z) = M(2)(f(2) = b(2)) + h(2),
where M(z) = (e*(*) + e8(*))e=(2+¢) and h(z) = d(z)e~ 19,

Next we claim that T(r,e*) = S(r,f) and T(r,e®) = S(r,f). To this
end, we set W(z) := e*®) — A3 (#£ 0). Since b(z) € S(f) with period c
and >_;_,mi(z) =0, it follows from (4.1) and Lemma 2.1 that
T(r,¥) = m(r, e®(2) _ eﬁ(z))

()

<n (i) (7 )

S, FE R bzt k) (AP P(f)
) (,; SEORE )* (" )

= S(r, f) +5(r, P(f)).

In addition, we know

T(r, P()) < Y AT(r, f(z + ke)) + T(r,mi)} = O(T(r, f)).
k

0

This implies that T'(r, ¥) = S(r, f). Further, by Lemma 2.5, one has

—~

T(r,e*)<T (7‘, +T(r,0)
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By the same argument, we can also deduce that T(r,e?) < S(r, f) + S(r, ?).
It follows that T'(r,e®) = S(r, f) and T(r,e?) = S(r, f). This means that

(4.4) T(r,M(z)) = S(r, f), T(r,h(2)) = S(r, f).

In the following, we use the short notations for ¢ € C™\{0} and f : C™ — P!
as follows:

f(Z) = fO(Z),f(Z+C) = fc(z)7' . af(z +k’C) = fkc(z)? ke N.
It follows from (4.3) that

fe(2) = b(2) = Mo(2)
fae(2) = b(2) = Mc(2)
)

f3e(2) = b(2) = Mac(2)(fae(2) — b(2)) + hac(2)
= )

By the same method, one can deduce for k € NT

fkc _b (H Mzc > b( ))"’hO(z)MC(Z)M(k—l)C(Z)
(4.5) + he(2)Mae(2) - M(g—1ye(2) + -+ + h—1)e(2)-
For brevity, we set
k-1
T = H M;e(z) = Mo(2)Mc(2) - - - M1—1)c(2),

Go = ho(2)Mo(2) - M1ye(2) + - + hie_pyol2).

Then fi.(2) — b(2) = v (fo(z) — b(2)) + {&. In particular, we define 9 = 1,
Co = 0. Using (4.4) and Lemma 2.1, one knows

(4.6) T(r,y) =S, f), T(r,Gk) = S(r, f).
On the other hand, it follows from (1.2) and (4.5) that

ka (fre(2) = b(2)) —d(2)

(4.7) = (fo(2) = b(2)) ka'Yk + ) mie — d(z)
k=0 k=0

Noting that f(z)—b(z) and P(f)—d(z) share 0 CM, which implies that the zeros
of f(z) — b(z) must be the zeros of P(f)—d(z) — (fo(z) —b(2)) Yo mu(2)Vk-
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If >0 o muCe — d(z) # 0, by (4.6) and (4.7), we get

1 1
o) = (smmea) 5o

In addition, owing to d(z) # 0, by means of (4.1) and Lemma 2.1 we always

have
NSEPRARINE
<m ( fﬂf)b) T (re®) + S(r, f) = S(r, ).

This implies that T'(r, f) = T'(r, ﬁ) +0(1) = S(r, f), which is impossible. So
Y oreo miCr — d(z) = 0. It follows from (4.7) that

. my(2)ve = P = d(z) =23
(4.8) kzzo W2 = S5 =50 ,n>2.

Let w(z) = B(z) — a(z). Then T(r,e*) < T(r,e*) + T(r, Gﬁ) = S(r, f) and
lim sup w = 0. Noting that forall 0 <: < k—1

T—00
(4.9) M;o(z) = etie)maGne(2)[] 4 o@(2) L gwic(z)=w(2)] = ), 4 9,e9(2)

where n; = e¥ic(:)=%+1e(2) and 0; = nevi=(?)=«() Tt follows from Lemma 2.1
that

T(r,n:) = m(r,m) = S(r, %),

(4.10) T(r,0;) =m(r,0;) < S(r,e*)+ S(r,e”).
Further, by the definition of v, and (4.8), we have
(4.11) bo(2) — e* 4+ by(2)e” + by(2)e™ 4 - + by (2)e™ = 0,

where b;(z) are functions in myg, 7;, 6; for all 0 < j < n. In particular, one
can know bg(z) = mg + ming + manom + -+ + mpnon1 - - Mn—1 and b, (2) =
mn9091 ce 971,1 ;é 0.

Owing to w(z) = B(2) — a(z) # 0, then e“*) and e*(*) must satisfy one
of the following: (1) e¥(*) and e*(*) are constants; (2) ¢**) and e**) are
non-constant entire functions; (3) either e“(*) or e*(*) is a non-constant entire
function. From the perspective of characteristic function, the above three cases
will lead to T(r,e®) = S(r,ev), ;E:ng — O(1)(> 0) or T(r,e¥) = S(r,e*) as
r — 0o. Below we discuss these three cases separately.

e Assume T(r,e®) = S(r,e¥). Since e(*) is a transcendental entire function
and my(z) (0 < k < n) are polynomials, then T'(r,my) = S(r,e¥). By the
definition of b;(z), one can deduce that T'(r,b;) = S(r,e*) for all 0 < j < n.
Applying Lemma 2.2 and (4.11), we obtain by(2) —e®(*) = 0 and b;(2) =0 (1 <
j < n), which contradict the fact that b,(z) # 0.
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e T(r,e®) = O(T(r,e)). Noting that P(f) # A.P(f). If e**) and e*(*) are
constants for z € C™, then there exist two distinct constants Cp, Cy satisfying

=(C; and e¥ = % = g—f In view of (4.3), one can deduce
02 d(Z)
4.12 Mio(2) = M =1+ 22, hjo(z) = h = 2
(112) 2 + G i) =h =
for all 0 < i < k — 1. By the definitions of 7 and ( for 0 < k <n
h(1 — M*
T =M"=(14Cy/Cy)", Ck:h(M’H+~--+M+1)=ﬁ

Since d(z) # 0 and >, _, mi(2) = d(2), it follows from (4.8) and (4.12) that
Cr= ka(z)% = ka(Z)Mk7

— Mk n
CQ —-d=— ka 1 % ) = ka(Z)Mk,

which is impossible.

If e(*) and e*(*) are non-constant entire functions, then S(r,e®) = S(r, e*).
It follows from (4.10) and (4.11) that T'(r,b;) = S(r,e*) for 0 < j < n. Next,
we consider two conditions for by(z) # 0 and bg(z) = 0. Assume that bo(z) # 0.
By (4.11) and Lemma 2.5, we have

nT(r,e?) =T(r,e*) + S(r,e*)

_ — 1 — 1
SN(r,eo‘)+N<r,>+N<r, >—|—S(7‘,ea)
e e® — by
1
+ S(r,e”)

=N
(Ta €w<b1+b2€w+ ._+bne(n—1)w>>
<(n—1T(r,e*)+ S(r,e”),

which is a contradiction. Suppose that by(z) = 0. Then we can rewritten (4.11)
as follows:

by + boe® + -+ + bW = e“ ™%, n>2.
If a(z) — w(z) is a constant, then applying Lemma 2.2, one can obtain
b1 = e* ¥ and b; = 0 for 2 < j < n, which yields a contradiction for b, (z) # 0.
Now let’s consider that a(z) —w(z) is not a constant. By Lemma 2.5, one has

(n—1T(r,e*)=T(r,e**) + S(r,e”)

< N(ﬁ ea_w) +N (7‘7 1_) +N (T, _1> + S(r7 ew)
ea w ea w _bl
=N <7" L ) + S(r,e”)
"ew(by + bger + - Fe(nm2w ’
< (n—=2)T(r,e”) 4+ S(r,e”),

which is impossible.
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T(r,e?) = S(r,e*). It follows from (4.9) that for 0 <i <k —1
T(T7 Mw(z)) = T(T7 i + eiew) = S(Tv eoz)'

Using (4.8) and the definition of -y, we have

T(?", ea) < Z(T(Ta mk) + T(Ta ’Yk)) = S(T7 ea)’
k=0

a contradiction can also be derived. This completes the proof of Theorem 1.7.
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