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CLASSIFICATION OF SOLVABLE LIE ALGEBRAS WHOSE

NON-TRIVIAL COADJOINT ORBITS OF SIMPLY

CONNECTED LIE GROUPS ARE ALL OF CODIMENSION 2

Hieu Van Ha, Vu Anh Le, Tu Thi Cam Nguyen, and Hoa Duong Quang

Abstract. We give a classification of real solvable Lie algebras whose
non-trivial coadjoint orbits of corresponding to simply connected Lie

groups are all of codimension 2. These Lie algebras belong to a well-

known class, called the class of MD-algebras.

1. Introduction

The problem of the classification of Lie algebras (as well as Lie groups) has
received much attention since the early 20th century. However, this is still an
open problem. By Levi’s decomposition and the Cartan’s theorem, we know
that the problem of classification of Lie algebras over any field of characteristic
zero is reduced to the problem of classification of solvable ones. However, until
now, there is no a complete classification of n dimensional solvable Lie algebras
if n ≥ 7. And this classification problem seems to be impossible to solve, unless
there is a suitable change on the definition of term “classification” or there is
a completely new method to classify those Lie algebras [3].

As we know, the Lie algebra of a (simply connected) Lie group is commu-
tative if and only if all of its coadjoint orbits are trivial (or of dimension 0).
However, Lie groups which have a non-trivial coadjoint orbit are much more
complicated. In 1980, while searching for the class of Lie groups whose C∗-
algebra can be characterized by BDF K-functions, Do Ngoc Diep proposed to
study a class of Lie groups whose non-trivial coadjoint orbits have the same
dimension [4]. He named this class as MD-class. Any Lie group which belongs
to this class is called an MD-group and the Lie algebra of any MD-group is
called an MD-algebra.

It can be said that Vuong Manh Son and Ho Huu Viet were the authors
who faced the problem of classification MD-algebras (as well as MD-groups)
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firstly. In 1984, they gave not only the classification of MD-groups whose non-
trivial coadjoint orbits are of the same dimension as the group but also some
important characteristics of this class. For example, they showed that any
non-commutative MD-algebra is either 1-step solvable or 2-step solvable, i.e.,
the second derived algebra is commutative [17]. Afterward, from 1990, Vu A.
Le and Hieu V. Ha (the authors of this paper) gave the classification (up to
isomorphic) of some subclasses; including all MD-algebras of dimension 4 [19],
all MD-algebras of dimension 5 [20, 22], all MD-algebras which have the first
derived ideal of dimension 1 or codimension 1 [21].

Besides, a list of all simply connected Lie groups whose coadjoint orbits are
of dimension up to 2 was given by D. Arnal et al. in 1995 [1]. In 2019, Michel
Goze and Elisabeth Remm used Cartan class to give the classification of all Lie
algebras that all non-trivial coadjoint orbits of corresponding Lie groups are
of dimension 4 [5]. Remark that the Lie algebras classified in [1] and [5] are
all MD-algebras in terms of Diep. Moreover, Goze and Remm also gave some
characteristics of the class of MD-algebras whose non-trivial coadjoint orbits
are of codimension 1. Recently, in an earlier article [6], we have classified all
real solvable Lie algebras whose non-trivial coadjoint orbits are of codimension
1. Now, we will give the complete classification of real solvable Lie algebras
whose non-trivial coadjoint orbits are of codimension 2.

The paper is organized into 6 sections, including this introduction. In Section
2, we will recall some basic preliminary concepts, notations and properties
which will be used throughout the paper. In Section 3 and Section 4, we will
give the classification of 1-step solvable Lie algebras whose non-trivial coadjoint
orbits are of codimension 2 [Theorem 3.1, Theorem 4.7]. In Section 5, we will
study the case of such 2-step solvable Lie algebras [Theorem 5.1], and complete
the results in Sections 3 and 4. Tables containing a list of results are provided
in the last section.

2. Preliminaries

We now introduce some key definitions, notations and terminologies. For
more details, we refer the readers to [9].

• Throughout this paper, the underlying field is always the field R of real
numbers and n is an integer ≥ 2 unless otherwise stated.

• For any Lie algebra G and 0 < k ∈ N, the direct sum G ⊕ Rk is called
a trivial extension of G.

• A Lie algebra (G, [·, ·]) is said to be i-step solvable or solvable of degree
i if its i-th derived algebra Gi := [Gi−1,Gi−1] is commutative and non-
trivial (i.e., ̸= {0}), where G0 := G and 0 < i ∈ N.

• An n × n matrix whose (i, j)-entry is aij will be written as (aij)n×n.
While the (i, j)-entry of a matrix A will be denoted by (A)ij . The
transpose of A will be denoted by At. For an endomorphism f on
a vector space V of dimension n, the matrix of f with respect to a
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basis b := {x1, . . . , xn} of V will be denoted by [f ]b. For short, if
U := ⟨xk, . . . , xn⟩ is the subspace of V spanned by {xk, . . . , xn} and if
g : U → U is a linear endomorphism on U , then the notation [g]b will
be used to denote the matrix of g with respect to the basis {xk, . . . , xn}
of U .

• As usual, the dual space of V will be denoted by V ∗. It is well-know
that if {x1, x2, . . . , xn} is a basis of V , then {x∗

1, . . . , x
∗
n} is a basis of

V ∗, where each x∗
i is defined by x∗

i (xj) = δij (the Kronecker delta
symbol) for 1 ≤ i, j ≤ n.

• For any x ∈ G, we will denote by adx the adjoint action of x on G,
i.e., adx is the endomorphism on G defined by adx(y) = [x, y] for every
y ∈ G. By ad1x and ad2x, we mean the restricted maps of adx on G1 and
G2, respectively. Since G1 and G2 are ideals of G, ad1x and ad2x will be
treated as endomorphisms on G1 and G2, respectively.

• In this paper, we will use the symbol I to denote the 2 × 2 identity
matrix, and use J to denote the following 2 × 2 matrix

[
0 1
−1 0

]
. We

shall denote by 0 the zero matrix of suitable size.

Definition 2.1. Let G be a Lie group and let G be its Lie algebra. If Ad :
G → Aut(G) denotes the adjoint representation of G, then the action

K : G → Aut(G∗)

g 7→ Kg

defined by
Kg(F )(x) = F (Ad(g−1)(x)) for F ∈ G∗, x ∈ G.

is called the coadjoint representation of G in G∗. Each orbit of the coadjoint
representation of G is called a coadjoint orbit, or a K-orbit of G.

For each F ∈ G∗, the coadjoint orbit for F is denoted by ΩF , i.e.,

ΩF = {Kg(F ) : g ∈ G}.
The dimension of each coadjoint orbit is determined via the following proposi-
tion.

Proposition 2.2 ([9]). Let F be any element in G∗. If {x1, x2, . . . , xn} is a
basis of G, then

dimΩF = rank
(
F ([xi, xj ])

)
n×n

.

Remark 2.3. The dimension of each K-orbit ΩF is always even for every F ∈ G∗.
Moreover, dimΩF > 0 if and only if F |G1 ̸= 0.

As mentioned in previous section, this paper is concerned with Lie algebras
whose non-trivial coadjoint orbits are all of the same dimension.

Definition 2.4 ([4, 17]). An MD-group is a finite-dimensional, simply con-
nected and solvable Lie group whose non-trivial coadjoint orbits are of the
same dimension. The Lie algebra of an MD-group is called an MD-algebra.
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An MD-algebra G is called an MDk(n)-algebra if dimG = n and the same
dimension of non-trivial coadjoint orbits is equal to k.

One of the most interesting characteristics on this class is about the degree
of solvability which is proven by Son & Viet [17].

Proposition 2.5 ([17]). If G is an MD-algebra, then the degree of solvability
is at most 2, i.e., G3 = {0}.

Therefore, the problem of classification of MD-algebras falls naturally into
two parts: (1) the classification of 1-step solvable ones, and (2) the classification
of 2-step solvable ones. However, if G is a 2-step solvable MD-algebra, then
G/G2 is a 1-step solvable MD-algebra [6, Theorem 3.5]. Hence, we should firstly
study some interesting properties of 1-step solvable MD-algebras.

Proposition 2.6 ([6]). Let G be a 1-step solvable Lie algebra of dimension n
such that its non-trivial coadjoint orbits are all of codimension k. If dimG1 ≥
n− k+ 1, then G is isomorphic to the semi-direct product L⊕ρ G1, where L is
a commutative sub-algebra of G and ρ is defined by

ρ : L × G1 → G1

(x, y) 7→ [x, y].

Moreover, if G is 1-step solvable, then [[x, y], z] = 0 for every x, y ∈ G,
z ∈ G1. It follows immediately from the Jacobi identity that ad1xad

1
y = ad1yad

1
x

for every x, y ∈ G.

Lemma 2.7. If G is 1-step solvable, then {ad1x : x ∈ G} is a family of com-
muting endomorphisms.

It is well-known that an arbitrary set of commuting matrices over an al-
gebraic closed field may be simultaneously brought to triangular form by a
unitary similarity [12, 13]. A similar version for the case of the real field is
given in the following proposition.

Proposition 2.8. Let S be a set of commuting real matrices of the same size.
Then S is block simultaneously triangularizable in which the maximal size of
each block is 2. In other words, there is a non-singular real matrix T so that

TST−1 =



∗2×2

. . . *
∗2×2

∗

0 . . .

∗


,

where each block ∗2×2 is of the form
[

a b
−b a

]
for some a, b ∈ R (b is not necessary

to be non-zero).
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The following lemma is a straightforward but useful consequence of Propo-
sitions 2.6, 2.8 and Lemma 2.7.

Lemma 2.9. Let G be a 1-step solvable MDn−2(n)-algebra such that m :=
dimG1 is strictly greater than 2. Then there is a basis b := {x1, . . . , xn} of G
so that

• G1 = ⟨xn−m+1, . . . , xn⟩ is commutative,
• [xi, xj ] = 0 for every 1 ≤ i, j ≤ n−m,

• The matrices [ad1x1
]b, [ad

1
x2
]b, . . . , [ad

1
xn−m

]b are of the block triangular
form in the sense of Proposition 2.8.

Remark 2.10. In the above lemma, we can choose b so that the space L in the
semi-direct sum L ⊕ρ G1 of G is spanned by {x1, . . . , xn−m}. If so, for each
F ∈ G∗,

(F ([xi, xj ]))n×n =

[
0 PF

−P t
F 0

]
,

where PF is an (n−m)×m matrix which is defined by:

(PF )ij := F ([xi, xn−m+j ]) .

By Proposition 2.2,

dimΩF = 2 rank (PF ) for every F ∈ G∗.

Finally, if G is an MDn−2(n)-algebra, then G/G2 is an MDn−2(n− dimG2)-
algebra [6, Theorem 3.5]. Hence, we should recall here the classifications of
MDn−1(n)-algebras and MDn(n)-algebras which are solved by Ha et al. [6] and
Son & Viet [17], respectively.

Proposition 2.11 ([6]). Let G be a real MDn−1(n)-algebra with n ≥ 5. Then
G is isomorphic to one of the followings:

(1) A trivial extension of aff(C), namely R⊕aff(C), where aff(C) := ⟨x1, x2,
y1, y2⟩ is the complex affine algebra defined by

[x1, y1] = y1, [x1, y2] = y2, [x2, y1] = −y2, [x2, y2] = y1.

(2) The real Heisenberg Lie algebra

h2m+1 := ⟨xi, yi, z : i = 1, . . . ,m⟩, (m ≥ 2),

with [xi, yi] = z for every 1 ≤ i ≤ m.
(3) The Lie algebra

s5,45 := ⟨x1, x2, y1, y2, z⟩,
with

[x1, y1] = y1, [x1, y2] = y2, [x1, z] = 2z, [x2, y1] = y2, [x2, y2] = −y1, [y1, y2] = z.

Proposition 2.12 ([17]). Let G be a real MDn(n)-algebra. Then G is isomor-
phic to one of the following forms:

(1) The real affine algebra aff(R) := ⟨x, y⟩ with [x, y] = y.
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(2) The complex affine algebra aff(C) defined in Proposition 2.11.

Remark 2.13. Note that the dimension of any coadjoint orbit is even [Remark
2.3], therefore if G is an MDn−2(n)-algebra, then n must be even. The case
n = 2 is trivial. The case n = 4 is solved completely in [19]. Namely, up to
an isomorphism, in the MD2(4)-class there are 5 decomposable algebras and 8
indecomposable ones as follows:

(1) The decomposable case:
(i) aff(R)⊕ R2.
(ii) s3⊕R, where s3 ∈ {n3,1, s3,1, s3,2, s3,3}, i.e., s3 is a non-commuta-

tive solvable Lie algebra of dimension 3 according to the notation
of [16].

(2) The indecomposable case: n4,1, s4,1, s4,2, s4,3, s4,4, s4,5, s4,6, s4,7 ac-
cording to the notation of [16].

Hence, to completely classify the MDn−2(n)-class, we only have to consider
the remaining case when n ≥ 6. Therefore, unless otherwise stated, we make
the assumption n ≥ 6 from now on.

3. One-step solvable MDn−2(n)-algebras with dimG1 ≥ 3

According to Proposition 2.5 and Lemma 2.9, the classification of MDn−2(n)-
algebras falls naturally into three problems:

• The problem of classification those 1-step solvable algebras which have
the derived algebra of dimension at least 3.

• The problem of classification of those 1-step solvable algebras which
have the derived algebra of dimension at most 2.

• The problem of classification of those 2-step solvable algebras.

We will solve the first item in this section. The remaining items will be solved
in the next sections.

Theorem 3.1. Let G be a 1-step solvable MDn−2(n)-algebra of dimension n ≥
6 and dimG1 ≥ 3. Then n = 6. Furthermore, if G is indecomposable, then G is
isomorphic to one of the following families: s6,211, s6,225, s6,226, s6,228

1 listed
in [16]. These algebras are described in Table 4 at the end of the paper.

Remark 3.2. If G is a decomposable MD4(6)-algebra, then G is a trivial ex-
tension of either an indecomposable MD4(5)-algebra or an indecomposable
MD4(4)-algebra [6, Theorem 3.1]. These indecomposable MD-algebras are clas-
sified in [17, 20, 22]. Based on their classification, there are exactly one inde-
composable MD4(4)-algebra aff(C) and exactly one indecomposable MD4(5)-
algebra s5,45 in Proposition 2.11. Hence, if G is a decomposable MD4(6)-
algebra, then G is either isomorphic to R2 ⊕ aff(C) or isomorphic to R⊕ s5,45.

1Some algebras contained in families listed in [16] are not MD-algebras, we will give the

details of Lie brackets of these Lie algebras (which are MD-algebras) in the final section.
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In order to prove Theorem 3.1, we will need the following lemma.

Lemma 3.3. Let f, g be two commutative endomorphisms on R4, i.e., f ◦ g =
g ◦ f . Assume that the matrices of f and g with respect to a basis b are equal
to

[f ]b =

[
A1 A2

0 I

]
, [g]b =

[
B1 B2

0 J

]
,

where A1, A2, B1, B2 are 2× 2 matrices. If either det(B2
1 + I) ̸= 0 or det(A1 −

I) ̸= 0, then there is a basis b′ of R4 so that

[f ]b′ =

[
A1 0
0 I

]
, [g]b′ =

[
B1 0
0 J

]
.

Proof of Lemma 3.3. Let’s denote the vectors in the basis b by {y1, y2, y3, y4}.
• If det(B2

1 + I) ̸= 0, then we first claim that there are α, β, γ, δ ∈ R so that[
−γ α
−δ β

]
= B2 +B1

[
α γ
β δ

]
.

Indeed, the above system is equivalent to
[
−γ
−δ

]
=

[
(B2)11
(B2)21

]
+B1

[
α
β

]
,[

α
β

]
=

[
(B2)12
(B2)22

]
+B1

[
γ
δ

]
,

or 
[
−γ
−δ

]
=

[
(B2)11
(B2)21

]
+B1

[
α
β

]
,

(B2
1 + I)

[
α
β

]
=

[
(B2)12
(B2)22

]
−B1

[
(B2)11
(B2)21

]
.

The existence of α, β, γ, δ follows from the non-singularity of B2
1 + I.

Let b′ := {y′1, y′2, y′3, y′4} be a basis of R4 defined by: y′1 = y1, y′2 = y2,
y′3 = y3 + αy1 + βy2,
y′4 = y4 + γy1 + δy2.

Then the matrices of f and g with respect to b′ are determined as

[f ]b′ =

[
A1 A′

2

0 I

]
, [g]b′ =

[
B1 0
0 J

]
for some 2× 2 matrix A′

2. Moreover,

f ◦ g = g ◦ f ⇐⇒ A′
2 × J = B1 ×A′

2 ⇐⇒


−
[
(A′

2)12
(A′

2)22

]
= B1

[
(A′

2)11
(A′

2)21

]
,[

(A′
2)11

(A′
2)21

]
= B1

[
(A′

2)12
(A′

2)22

]
.
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Hence, 
−
[
(A′

2)12
(A′

2)22

]
= B1

[
(A′

2)11
(A′

2)21

]
,

(B2
1 + I)

[
(A′

2)11
(A′

2)21

]
=

[
0
0

]
,

which implies, from det(B2
1 + I) ̸= 0, that A′

2 = 0.
• By the same manner as previous item, if det(A1 − I) ̸= 0, then there exist

α, β, γ, δ ∈ R so that

(A1 − I)

[
α γ
β δ

]
= −A2.

Equivalently, the matrix of f with respect to the basis b′ := {y1, y2, y3 +αy1 +
βy2, y4 + γy1 + δy2} is equal to

[
A1 0
0 I

]
. Once again, the commutation of f

and g implies that the matrix of g with respect to b′ is equal to
[
B1 0
0 J

]
. This

completes the proof of the lemma. □

Now, we begin to prove Theorem 3.1. The proof falls into three parts.
Firstly, we will prove that dimG = 6, and dimG1 ≤ 4. Secondly, we will prove
that there is no an MD4(6)-algebra with dimG1 = 3. Thirdly, we will classify
MD4(6)-algebras with dimG1 = 4.

Proof of Theorem 3.1. Let’s denote by m the dimension of G1 (m ≥ 3) and let
b be a basis of G which satisfies all conditions in Lemma 2.9. If so,

Px∗
n
=


x∗
n([x1, xn−m+1]) x∗

n([x1, xn−m+2]) · · · x∗
n([x1, xn])

x∗
n([x2, xn−m+1]) x∗

n([x2, xn−m+2]) · · · x∗
n([x2, xn])

...
...

...
x∗
n([xn−m, xn−m+1]) x∗

n([xn−m, xn−m+2]) · · · x∗
n([xn−m, xn])

 .

Because the matrices [ad1x1
]b, . . . , [ad

1
xn−m

]b are of block triangular form in
the sense of Proposition 2.8, they are of the form

[ad1xi
]b =

[
X Y
0 Z

]
m×m

,

where Z is either of size 1 × 1 or of size 2 × 2. Therefore, for every i =
1, 2, . . . , n−m and j = n−m+ 1, . . . , n− 2, the Lie bracket [xi, xj ] is a linear
combination of xn−m+1, . . . , xn−1. It follows that x∗

n ([xi, xj ]) = 0 for every
i = 1, 2, . . . , n−m and j = n−m+ 1, . . . , n− 2. In the other words, the first
(m− 2) columns of Px∗

n
are equal to zero. Hence,

rank (Px∗
n
) ≤ 2.

By Remark 2.10, we obtain dimΩx∗
n
≤ 4. Since each non-trivial coadjoint orbit

of G is of dimension n − 2, we get n − 2 ≤ 4, i.e., n ≤ 6. By the assumption,
n ≥ 6. Therefore, n must be 6. In particular, m = dimG1 < dimG = 6.

Now, we will prove that m ≤ 4. Assume the contrary that m = 5. Then all
but the first row of Px∗

n
is zero. This turns out that dimΩx∗

n
≤ 2, a contradiction
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to the fact that every non-trivial coadjoint orbit of an MDn−2(n)-algebra is of
dimension n− 2. Hence, 3 ≤ m ≤ 4.

However, if m = 3, then there is at least one block of size 1 in the triangular
form of the matrices

{
[ad1xi

]b : i = 1, 2, 3
}
. In the other words, we may assume

that

[ad1x1
]b =

[
∗2×2 ∗
0 a1

]
, [ad1x2

]b =

[
∗2×2 ∗
0 a2

]
, [ad1x3

]b =

[
∗2×2 ∗
0 a3

]
for some a1, a2, a3 ∈ R. If so,

Px∗
6
=

0 0 a1
0 0 a2
0 0 a3


which must have rank 1, or dimΩx∗

6
= 2, a contradiction. Therefore, m = 4.

Finally, let’s classify MD4(6)-algebras. By rewriting

[ad1x1
]b =

[
A1 A2

0 A3

]
and [ad1x2

]b =

[
B1 B2

0 B3

]
,

we have four possibilities for the 2× 2 matrices A3, B3 as follows:

• A3 and B3 are both of triangular form, i.e., (A3)21 = (B3)21 = 0.

• A3 = λI2 and B3 =
[

µ ζ
−ζ µ

]
for some λ, µ ∈ R, 0 ̸= ζ ∈ R.

• A3 =
[

µ ζ
−ζ µ

]
and B3 = λI2 for some λ, µ ∈ R, 0 ̸= ζ ∈ R.

• A3=
[

λ η
−η λ

]
and B3=

[
µ ζ
−ζ µ

]
for some λ, η, µ, ζ ∈ R with η ̸= 0, ζ ̸= 0.

Remark that the change of basis x1 → x1 − η
ζ x2 and the change of basis

x1 ↔ x2 bring, respectively, the fourth item and the third item to the second
item. Hence, it is sufficient to consider only the two first possibilities. However,
if A3 and B3 are both of triangular form, then

x∗
6([xi, xj ]) = 0 ∀1 ≤ i, j ≤ 5,

and hence, rank (Px∗
6
) = 1, or dimΩx∗

6
= 2, a contradiction again.

Therefore, it suffices to consider the second item only:

A3 = λI and B3 = µI + ζJ (ζ ̸= 0).

If so, by the same manner, we obviously obtain λ ̸= 0. Now, by the following
change of basis: {

x1 → 1
λx1,

x2 → 1
ζ (x2 − µx1),

we may assume λ = 1, µ = 0 and ζ = 1.
Hence, without loss of generality, we may assume from beginning that

[ad1x1
]b =

[
A1 A2

0 I

]
, [ad1x2

]b =

[
B1 B2

0 J

]
.

Similarly, we have two possibilities for the forms of A1 and B1 as follows:
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• A1 and B1 are both of triangular form, i.e., (A1)21 = (B1)21 = 0.

• A1 =
[

λ η
−η λ

]
and B1 =

[
µ ζ
−ζ µ

]
with η2 + ζ2 ̸= 0.

However, if A1 and B1 are both of triangular form, then det(B2
1 + I) ̸= 0.

It follows from Lemma 3.3 that we may assume A2 = B2 = 0. If so, it is
elementary to check that{

x∗
4([x1, x5]) = x∗

4([x1, x6]) = x∗
4([x2, x5]) = x∗

4([x2, x6]) = 0,
x∗
4([x1, x3]) = x∗

4([x2, x3]) = 0.

Therefore,

Px∗
4
=

[
0 ∗ 0 0
0 ∗ 0 0

]
which has rank exactly 1. Hence, dimΩx∗

4
= 2, a contradiction again.

In summary, we may assume that

[ad1x1
]b =

[
λI + ηJ A2

0 I

]
, [ad1x2

]b =

[
µI + ζJ B2

0 J

]
with η2 + ζ2 ̸= 0.

Besides, it is elementary to check that{
det(λI + ηJ − I) = 0 ⇐⇒ (λ, η) = (1, 0),
det

(
(µI + ζJ)2 + I

)
= 0 ⇐⇒ (µ, ζ) = (0,±1).

Hence, in light of Lemma 3.3, we shall split the rest of the proof into two cases
as followings:

(1) Case 1: A1 = I and B1 = ±J . If so, by the following change of basis:
x4 → −x4 if necessary, we can assume that B1 = J . In the other words,

[ad1x1
]b =

[
I A2

0 I

]
, [ad1x2

]b =

[
J B2

0 J

]
.

By the following change of basis: x5 → x5+(B2)12x3+(B2)22x4, we can assume
(B2)12 = (B2)22 = 0. If so, the commutation of ad1x1

and ad1x2
implies that

(A2)11 = (A2)22, (A2)12 = −(A2)21.

In the other words, we can assume that

[ad1x1
]b =


1 0 ν θ
0 1 −θ ν
0 0 1 0
0 0 0 1

 , [ad1x2
]b =


0 1 χ 0
−1 0 ω 0
0 0 0 1
0 0 −1 0

 .

Let’s denote this Lie algebra by L(ν, θ, χ, ω). Then, via the following change
of basis: 

x3 → (χ+ ω)x3 − (χ− ω)x4,
x4 → (χ− ω)x3 + (χ+ ω)x4,
x5 → x5 − x6 + χx3 + ωx4,
x6 → x5 + x6,

(if χ2 + ω2 ̸= 0),
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we easily see that

(3.1) L(ν, θ, χ, ω) ∼= L(ν, θ, 1, 0) (if χ2 + ω2 ̸= 0).

Remark that by basis changing: x3 → −x3 if necessary, we can assume that
ν ≥ 0.

Similarly, via the following change of basis:{
x3 → νx3 − θx4,
x4 → θx3 + νx4,

(if ν2 + θ2 ̸= 0),

we easily see that

(3.2) L(ν, θ, 0, 0) ∼= L(1, 0, 0, 0) (if ν2 + θ2 ̸= 0).

In summary, we conclude from the equations (3.1) and (3.2) that

L(ν, θ, χ, ω)∼=

L(0, 0, 0, 0) if ν2 + θ2 = χ2 + ω2 = 0,
L(1, 0, 0, 0) if ν2 + θ2 ̸= 0, and χ2 + ω2 = 0,
L(ν, θ, 1, 0) (with ν ≥ 0) if χ2 + ω2 ̸= 0.

Remark that L(1, 0, 0, 0) and L(ν, θ, 1, 0) (with ν ≥ 0) are, respectively, isomor-
phic to s6,211 and s6,225 listed in [16]. While L(0, 0, 0, 0) belongs to the family
s6,226 listed in [16].

These algebras are described in Table 1.

Table 1. Indecomposable 1-step solvable MDn−2(n)-algebras
G which have n ≥ 6 and dimG1 ≥ 3 (Case 1).

Algebras Non-trivial Lie brackets Notes

s6,211

[·, ·] x3 x4 x5 x6

x1 x3 x4 x5 + x3 x6 + x4

x2 −x4 x3 −x6 x5

s6,225(ν, θ)

[·, ·] x3 x4 x5 x6

x1 x3 x4 x5 + νx3 − θx4 x6 + θx3 + νx4

x2 −x4 x3 −x6 + x3 x5

ν ≥ 0

s6,226(λ, µ, ζ)

[·, ·] x3 x4 x5 x6

x1 λx3 λx4 x5 x6

x2 µx3 − ζx4 ζx3 + µx4 −x6 x5

λ = ζ = 1, µ = 0

(2) Case 2. Either A1 ̸= I or B1 ̸= ±J . If so, we can assume that
A2 = B2 = 0 [Lemma 3.3], or

[ad1x1
]b =

[
λI + ηJ 0

0 I

]
, [ad1x2

]b =

[
µI + ζJ 0

0 J

]
with η2 + ζ2 ̸= 0.

Let’s denote the corresponding Lie algebra as L(λ, η, µ, ζ). Then for any F =
a1x

∗
1 + · · ·+ a6x

∗
6 ∈ G∗, we have

PF =

[
λa3 − ηa4 ηa3 + λa4 a5 a6
µa3 − ζa4 ζa3 + µa4 −a6 a5

]
.
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Therefore, rank (PF ) = 2 for any F ∈ G∗ with F |G1 ̸= 0 if and only if λζ−µη ̸=
0. In the other words, L(λ, η, µ, ζ) is an MD4(6)-algebra if and only if

(3.3) λζ − µη ̸= 0.

Furthermore, by the following change of basis:
x1 → 1

λζ−µη (ζx1 − ηx2),

x2 → 1
λζ−µη (−µx1 + λx2),

x3 ↔ x5,

x4 ↔ x6,

we can see that

(3.4) L(λ, η, µ, ζ) ∼= L(
ζ

λζ − µη
,− η

λζ − µη
,− µ

λζ − µη
,

λ

λζ − µη
).

Similarly, by the following change of basis: x4 → −x4, we get

(3.5) L(λ, η, µ, ζ) ∼= L(λ,−η, µ,−ζ);

and by the following change of basis:
x2 → −x2,
x4 → −x4,
x5 → x6,
x6 → x5,

we get

(3.6) L(λ, η, µ, ζ) ∼= L(λ,−η,−µ, ζ).

• If η = 0, then it follows from the equation (3.3) that λζ ̸= 0. Hence,
the equation (3.4) becomes

(3.7) L(λ, 0, µ, ζ) ∼= L(
1

λ
, 0,

−µ

λζ
,
1

ζ
).

By combining the equations (3.5), (3.6) and (3.7), we obtain

L(λ, 0, µ, ζ) ∼= L(λ′, 0, µ′, ζ ′),

where 0 < ζ ′ ≤ 1, µ′ ≥ 0, λ′ ̸= 0; and if ζ ′ = 1, then |λ′| ≤ 1. This
class of MD-algebras coincides with the family s6,226 in [16], except
some non MD-algebras cases. Hence, we also use the notation s6,226 to
denote this class.

• If η ̸= 0, then by the same manner, we obtain

L(λ, η, µ, ζ) ∼= L(λ′, η′, µ′, ζ ′),

where λ′η′ − µ′ζ ′ > 0 and µ′ ≥ 0. This class of MD-algebras coincides
with the family s6,228 in [16], except some non MD-algebras cases.
Hence, we also denote this class by s6,228.

In this case, these algebras are described in Table 2.
The proof is completed. □
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Table 2. Indecomposable 1-step solvable MDn−2(n)-algebras
G which have n ≥ 6 and dimG1 ≥ 3 (Case 2).

Algebras Non-trivial Lie brackets Notes

s6,226(λ, µ, ζ)
[·, ·] x3 x4 x5 x6

x1 λx3 λx4 x5 x6

x2 µx3 − ζx4 ζx3 + µx4 −x6 x5

{
λ ̸= 0, µ ≥ 0, 0 < ζ ≤ 1

if ζ = 1, then |λ| ≤ 1

s6,228(λ, µ, η, ζ)

[·, ·] x3 x4 x5 x6

x1 λx3 − ηx4 ηx3 + λx4 x5 x6

x2 µx3 − ζx4 ζx3 + µx4 −x6 x5

λζ − µη > 0, µ ≥ 0

4. One-step solvable MDn−2(n)-algebras which have
low-dimensional derived algebras

In order to obtain a complete classification of 1-step solvable MDn−2(n)-
algebras, we need to solve the problem for dimG1 ≤ 2. The classification
of Lie algebras which have low-dimensional derived algebras has been studied
by T. Janisse [7], C. Schöbel [15], Vu A. Le et al. [10], F. Levstein & A. L.
Tiraboschi [11], and C. Bartolone et al. [2].

Proposition 4.1 ([7, 10, 15]). Let G be a real n-dimensional Lie algebra with
n ≥ 5.

• If dimG1 ≤ 2, then G1 is commutative.
• If dimG1 = 1, then G is an trivial extension of either aff(R) or h2m+1

(n ≥ 2m+ 1,m ≥ 1).
• If dimG1 = 2 and G1 is not completely contained in the centre C(G) of
G, then G is isomorphic to one of the following forms:
(i) G5+2k := ⟨x1, x2, . . . , x5+2k⟩ (n = 5+2k, k ∈ N) with [x3, x4] = x1

and

[x3, x1] = [x4, x5] = · · · = [x4+2k, x5+2k] = x2.

(ii) G6+2k,1 := ⟨x1, x2, . . . , x6+2k⟩ (n = 6 + 2k, k ∈ N) with [x3, x1] =
x1 and

[x3, x4] = [x5, x6] = · · · = [x5+2k, x6+2k] = x2.

(iii) G6+2k,2 := ⟨x1, x2, . . . , x6+2k⟩ (n = 6 + 2k, k ∈ N) with [x3, x4] =
x1 and

[x3, x1] = [x5, x6] = · · · = [x5+2k, x6+2k] = x2.

(iv) aff(R)⊕ h2m+1 (m ≥ 1).
(v) A trivial extension of one of Lie algebras listed above in (i), (ii),

(iii) and (iv).
(vi) A trivial extension of aff(R)⊕ aff(R).
(vii) A trivial extension of a Lie algebra H of dimension less than 5

such that dimH1 = 2 and H1 is not contained in the centre of H.
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It is easy to see that G5+2k,G6+2k,1, G6+2k,2, aff(R)⊕ h2m+1 and any trivial
extension of aff(R)⊕ aff(R) listed above are not MD-algebras for every k. For
example, G5+2k has a coadjoint orbit of dimension 2 and a coadjoint orbit of
dimension 4 + 2k:

dimΩx∗
1
= 2, dimΩx∗

2
= 4 + 2k.

Corollary 4.2. Let G be an MDn−2(n)-algebra with n ≥ 6.

• If dimG1 = 1, then G is isomorphic to h2m+1 ⊕ R, where m = n−2
2 .

• If

{
dimG1 = 2
G1 ̸⊆ C(G) , then G is isomorphic to aff(C)⊕ R2.

Now, we will investigate the remaining case:{
dimG1 = 2,
G1 ⊆ C(G).

Firstly, it is easy to check that G1 ⊆ C(G) if and only if G is 2-step nilpotent,
i.e., G2 := [[G,G],G] is trivial (a 2-step nilpotent Lie algebra is also called a
metabelian Lie algebra).

Because G is 2-step nilpotent with dimG1=2, there is a basis b :={x1, . . . , xn}
of G such that G1 = ⟨xn−1, xn⟩ and [xi, xn−1] = [xi, xn] = 0 for all i. Therefore,
G determines a pair of (n−2)×(n−2) skew-symmetric matrices (M,N) defined
by

(M)ij := x∗
n−1([xi, xj ]); (N)ij := x∗

n([xi, xj ]).

Since dimG1 = 2, M and N are linearly independent in the sense that there
is no (0, 0) ̸= (α, β) such that αM + βN = 0. The matrices (M,N) are called
the associated matrices of G with respect to the basis b (we also say that G is
associated by the matrices (M,N) with respect to b). Conversely, let (M,N)
be any pair of skew-symmetric matrices of size (n − 2) × (n − 2) which are
linearly independent. Then we can define a Lie algebra G of dimension n as
follows: G is spanned by a basis {x1, . . . , xn}, and the Lie brackets are defined
via that basis as follows:{

[xi, xn−1] = [xi, xn] = 0 1 ≤ i ≤ n,
[xi, xj ] = (M)ijxn−1 + (N)ijxn 1 ≤ i, j ≤ n− 2.

In 1999, F. Levstein & A. L. Tiraboschi [11] proved the correspondence between
the isomorphism of two such 2-step nilpotent Lie algebras with the (strict)
congruence of vector spaces spanned by their associated matrices, as stated in
the following proposition.

Proposition 4.3 ([11]). Let G and G′ be two 2-step nilpotent Lie algebras which
have dimG1 = dimG′1 = 2. Suppose that G and G′ are associated (with respect
to some bases) with (M,N) and (M ′, N ′), respectively. Then G is isomorphic
to G′ if and only if there is a nonsingular matrix T so that

T · ⟨M,N⟩ · T t = ⟨M ′, N ′⟩.
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In particular, if the pencils M−ρN and M ′−ρN ′ are strictly congruent, i.e.,
there is a nonsingular matrix T (which does not depend on ρ) so that T (M −
ρN)T t = M ′−ρN ′, then their associated Lie algebras are isomorphic. Although
the converse of the later statement is not true in general, the statement is still
useful to classify Lie algebras in this paper. The classification (up to strict
congruence) of pencils of complex/real matrices which are either symmetric
or skew-symmetric was solved by R. C. Thompson [18] (the skew-symmetric
case was classified in [14]). Because we are concerning with real skew-symmetric
matrices, we will state his theorem for the case of pencils of real skew-symmetric
matrices only.

Proposition 4.4 ([18, Theorem 2]). Let A and B be real skew-symmetric
matrices. Then a simultaneous (real) congruence of A and B exists reducing
A− ρB to a direct sum of types m, ∞, α, and β, where

m :=

[
0 Le(ρ)

−Le(ρ)
t 0

]
, ∞ :=

[
0 ∆f − ρΛf

−∆f + ρΛf 0

]
,

α :=

[
0 (a− ρ)∆g + Λg

(a+ ρ)∆g − Λg 0

]
, β :=

[
0 Γh(ρ)

−Γh(ρ) 0

]
with

Le(ρ) :=


ρ

1
. . .

. . . −ρ
1


(e+1)×e

,∆f :=

 1

. .
.

1


f×f

,Λf :=


0

. .
.

1

. .
.

. .
.

0 1


f×f

,

and

Γg(ρ) :=



0


R

..
.

S

. .
.

. .
.

R S




R

..
.

S

. .
.

. .
.

R S

 0


g×g

, R :=

[
c d− ρ

d− ρ −c

]
, S :=

[
0 1
1 0

]

for some a, c, d ∈ R : c ̸= 0.

We can now return to the problem of classification of such 2-step nilpotent
MD-algebras. According to Proposition 2.2, dimΩF = rank (F ([xi, xj ]))n×n

for every 0 ̸= F := λx∗
n−1 + µx∗

n ∈ G∗. Hence, G is an MDk(n)-algebra if and
only if rank (λM + µN) = k for every (0, 0) ̸= (λ, µ) ∈ R2. Moreover, the type
β is the unique nonsingular type among the types m,∞, α, β in the sense that
every non-zero matrix of the type β is nonsingular. This proves the following
proposition.

Proposition 4.5. Let G be a 2-step nilpotent MDn−2(n)-algebra such that
dimG1 = 2. Then there is a basis b := {x1, . . . , xn} of G so that [xi, xn−1] =
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[xi, xn] = 0 for every i and the associated pencil of G with respect to b is equal
to a direct sum of matrices of the form β defined in Proposition 4.4.

Corollary 4.6. If G is a 2-step nilpotent MDn−2(n)-algebra which has dimG1

= 2, then n− 2 is divisible by 4.

Proof. It is straightforward from the fact that the type β is of the size (2g)×(2g)
where 2 divides g. □

Note that a proof of this corollary was given in Differential Geometry [8,
Proposition 3].

Now, we will give illustrations for n = 6 and n = 10.

• Let n = 6. Then there is a basis {x1, x2, . . . , x6} of G6 such that
G1
6 = ⟨x5, x6⟩ and

(x∗
5([xi, xj ]))4×4 =


0 0 b a
0 0 a −b
−b −a 0 0
−a b 0 0

 , (x∗
6([xi, xj ]))4×4 =


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0


for some non-zero b ∈ R. By applying the change of basis:{

x6 → ax5 − x6,
x5 → bx5,

we can assume a = 0 and b = 1. This Lie algebra is isomorphic to n6,3
listed in [16].

• Let n = 10. Then there is a basis {x1, x2, . . . , x10} of G such that
G1 = ⟨x9, x10⟩ and the associated pencil M −ρN := (x∗

9([xi, xj ]))8×8−
ρ (x∗

10([xi, xj ]))8×8 is either a direct sum of two 4×4 blocks of the type
β or just an 8× 8 matrix of the type β. Hence, we have either

M − ρN =



0 0 b1 a1 − ρ
0 0 a1 − ρ −b1

−b1 −a1 + ρ 0 0
−a1 + ρ b1 0 0

0 0 b2 a2 − ρ
0 0 a2 − ρ −b2

−b2 −a2 − ρ 0 0
−a2 − ρ b2 0 0


or

M − ρN =



0 0 0 0 0 0 b1 a1 − ρ
0 0 0 0 0 0 a1 − ρ −b1
0 0 0 0 b1 a1 − ρ 0 1
0 0 0 0 a1 − ρ −b1 1 0
0 0 −b1 −a1 − ρ 0 0 0 0
0 0 −a1 − ρ b1 0 0 0 0

−b1 −a1 − ρ 0 −1 0 0 0 0
−a1 − ρ b1 −1 0 0 0 0 0
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for some non-zero b1, b2 ∈ R. Equivalently, G is isomorphic to one of
the following forms:
(i) G10,1(a1, b1, a2, b2) := ⟨x1, x2, . . . , x10⟩ with [xi, x9] = [xi, x10] = 0

for all i and

x2 x3 x4 x5 x6 x7 x8

x1 0 b1x9 a1x9 − x10 0 0 0 0
x2 a1x9 − x10 −b1x9 0 0 0 0
x3 0 0 0 0 0
x4 0 0 0 0
x5 0 b2x9 a2x9 − x10

x6 a2x9 − x10 −b2x9

x7 0

(b1b2 ̸= 0)
If so, by the change of basis:

xi ↔ xi+4 : i ∈ {1, 2, 3, 4},
we easily see that

(4.1) G10,1(a1, b1, a2, b2) ∼= G10,1(a2, b2, a1, b1).

Similarly, by the following change of basis:{
x10 → −a1x9 + x10,
x9 → b1x9,

we obtain

(4.2) G10,1(a1, b1, a2, b2) ∼= G10,1(0, 1,
a2 − a1

b1
,
b2
b1
).

We conclude from the isomorphism (4.1) that we always can as-
sume 0 < |b2| ≤ |b1|, and from the isomorphism (4.2) that a1 =
0, b1 = 1, i.e.,

G10,1(a1, b1, a2, b2) ∼= G10,1(0, 1, µ, λ) (0 < |λ| ≤ 1).

(ii) G10,2(a1, b1) := ⟨x1, x2, . . . , x10⟩ with [xi, x9] = [xi, x10] = 0 for all
i and

x2 x3 x4 x5 x6 x7 x8

x1 0 0 0 0 0 b1x9 a1x9 − x10

x2 0 0 0 0 a1x9 − x10 −b1x9

x3 0 b1x9 a1x9 − x10 0 x9

x4 a1x9 − x10 −b1x9 x9 0
x5 0 0 0
x6 0 0
x7 0

(b1 ̸= 0)
By the change of basis: x10 → a1x9 − x10, we easily see that

G10,2(a1, b1) ∼= G10,2(0, λ) (λ ̸= 0).

In summary, we have proven the following theorem.
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Theorem 4.7. Let G be an MDn−2(n)-algebra of dimension n ≥ 6 with dimG1

≤ 2.

(1) If dimG1 = 1, then G is isomorphic to R⊕ h2m+1, where 2m = n− 2.
Note that this algebra is 2-step nilpotent.

(2) If dimG1 = 2 and G is not 2-step nilpotent, then G is isomorphic to
R2 ⊕ aff(C).

(3) If dimG1 = 2 and G is 2-step nilpotent, then n = 4k + 2 for some
k ∈ N, and the associated pencil of G is a direct sum of type β. In
particular,

• If n = 6, then G is isomorphic to n6,3 which is defined in [16] and
described in Table 6.

• If n = 10, then G is isomorphic to one of the following families:
G10,1(0, 1, µ, λ) (0 < |λ| ≤ 1) and G10,2(0, λ) (λ ̸= 0) defined in
Table 6.

5. Two-step solvable MDn−2(n)-algebras

Finally, to complete the classification of MDn−2(n)-algebras, we only need
to classify 2-step solvable MDn−2(n)-algebras with n ≥ 6. Surprising, such a
Lie algebra is decomposable and has dimension exactly 6.

Theorem 5.1. Let G be a 2-step solvable real Lie-algebra whose non-trivial
coadjoint orbits are all of codimension 2. Then G is isomorphic to R⊕ s5,45.

Proof. Recall that for every x, y, z ∈ G, we have:

[[x, y], z] = [x, [y, z]]− [y, [x, z]] .

It follows that
adxady − adyadx = ad[x,y].

Hence, for every x ∈ G1, we have

(5.1) trace(adx) = trace(ad1x) = trace(ad2x) = 0.

According to Theorem 3.5 in [6], 1 ≤ dimG2 ≤ 2. Therefore, we will divide the
proof into two cases:

• Case 1: dimG2 = 2. If so, H := G/G2 is a 1-step solvable Lie al-
gebra whose non-trivial coadjoint orbits are all of the same dimension as H
[6, Theorem 3.5]. In the other words, H is an MDn(n)-algebra. According to
Proposition 2.12, H is isomorphic to either aff(R) or aff(C). Since dimG ≥ 6,
H ∼= aff(C). It implies the existence of a basis b := {x1, x2, y1, y2, z1, z2} of G
such that:

G1 =⟨y1, y2, z1, z2⟩, G2 = ⟨z1, z2⟩,
H =⟨x1, x2, y1, y2⟩ ∼= aff(C),

where

[x1, y1] = y1, [x1, y2] = y2 and [x2, y1] = y2, [x2, y2] = −y1.
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Since G1 and G2 are both ideals of G, the Lie brackets in G can be determined
as follows:

x1 x2 y1 y2 z1 z2
x1 0 λ1z1 + λ2z2 y1 + λ3z1 + λ4z2 y2 + λ5z1 + λ6z2 λ7z1 + λ8z2 λ9z1 + λ10z2
x2 0 y2 + λ11z1 + λ12z2 −y1 + λ13z1 + λ14z2 λ15z1 + λ16z2 λ17z1 + λ18z2
y1 0 λ19z1 + λ20z2 λ21z1 + λ22z2 λ23z1 + λ24z2
y2 0 λ25z1 + λ26z2 λ27z1 + λ28z2
z1 0 0

Since G2 is commutative, we can obtain directly from the Jacobi identity that
ad2y1

ad2y2
= ad2y2

ad2y1
. By Proposition 2.8, we can assume that [ad2y1

]b and

[ad2y2
]b are both either of the diagonal form or of the form aI + bJ . Without

loss of generality, we can assume that

either


[ad2y1

]b =

[
a 0
0 b

]
,

[ad2y2
]b =

[
c 0
0 d

]
,

or


[ad2y1

]b =

[
a b
−b a

]
,

[ad2y2
]b =

[
c d
−d c

]
.

Moreover, it follows from the equation (5.1) that

trace(ad2y1
) = trace(ad2y2

) = 0.

It turns out that

either


[ad2y1

]b =

[
a 0
0 −a

]
,

[ad2y2
]b =

[
c 0
0 −c

]
,

or


[ad2y1

]b =

[
0 b
−b 0

]
,

[ad2y2
]b =

[
0 d
−d 0

]
.

In both cases, there is (0, 0) ̸= (λ, µ) ∈ R2 so that λad2y1
+µad2y2

= 0. Now, by

applying the Jacobi identity to (x2, λy1 + µy2, z) for any z ∈ G2, we easily see
that

0 = ad2x2
ad2λy1+µy2

− ad2λy1+µy2
ad2x2

= ad2[x2,λy1+µy2] = −µad2y1
+ λad2y2

.

Therefore,

λad2y1
+ µad2y2

= −µad2y1
+ λad2y2

= 0.

This clearly forces ad2y1
= ad2y2

= 0, and consequently G2 is spanned by

{[y1, y2]}, a contradiction to dimG2 = 2. Hence, this case is excluded.

• Case 2: dimG2 = 1. If so, H := G/G2 is a 1-step solvable Lie-algebra
whose non-zero coadjoint orbits are of codimension 1. It follows from Propo-
sition 2.11 that H is isomorphic to one of the followings: h2m+1, R ⊕ aff(C).
Furthermore, if H ∼= h2m+1, then dimG1 = 2 and dimG2 = 1. This is impossi-
ble because G1 is nilpotent. Hence, H ∼= R⊕ aff(C).

Equivalently, we can fix a basis {x1, x2, y1, y2, y3, z} of G so that{
G1= ⟨y1, y2, y3⟩, G2 = ⟨z⟩,
H = ⟨y3⟩ ⊕ ⟨x1, x2, y1, y2⟩,
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where the Lie brackets in H are the same as those in R⊕ aff(C), i.e.,
[x1, y1] = y1, [x1, y2] = y2 and [x2, y1] = y2, [x2, y2] = −y1.

It implies that the Lie brackets in G must have the form:

x1 x2 y1 y2 y3 z
x1 λ1z y1 + λ2z y2 + λ3z λ4z λ5z
x2 y2 + λ6z −y1 + λ7z λ8z λ9z
y1 λ10z λ11z λ12z
y2 λ13z λ14z
y3 λ15z

If so, it follows from the equation (5.1) that

λ12 = λ14 = 0.

This means [y1, z] = [y2, z] = 0. Because G2 ̸= {0}, we must have λ10 ̸= 0. By
basis changing z → 1

λ10
z, we may assume λ10 = 1.

Now, by checking the Jacobi identity to the following triples (x1, y1, y2);
(x2, y1, y2); (y1, y2, y3); (x1, x2, y3); (x1, y1, y3); and (x1, y2, y3); we obtain

λ5 = 2, λ9 = λ15 = 2λ8 + λ1λ15 = λ11 + λ2λ15 = λ13 + λ3λ15 = 0.

Hence,

λ5 = 2, λ8 = λ9 = λ11 = λ12 = λ13 = λ14 = λ15 = 0.

By basis changing y3 → y3 − λ4

2 z if necessary, we get G decomposable. In the
other words, G is isomorphic to a direct sum of R with a Lie algebra G′. Since
G is 2-step solvable, so is G′. Furthermore, non-zero coadjoint orbits of G′ and
G have the same dimension [6, Theorem 3.1]. In the other words, G′ is a 2-step
solvable MD-algebra whose non-trivial coadjoint orbits are all of codimension
1. According to Proposition 2.11, G′ must be isomorphic to s5,45. Equivalently,
G is isomorphic to R⊕ s5,45. This completes the proof. □

6. Concluding remarks

In summary, the paper has introduced the classification of MDn−2(n)-class
with 2 ≤ n ∈ N as follows:

• There are 14 different MDn−2(n)-algebras (up to an isomorphism) of
dimension n < 5 listed in Table 3.

• The subclass of all non 2-step nilpotent MDn−2(n)-algebras with n ≥ 6
is also classified (up to an isomorphism) and listed in Table 4.

• Table 5 indicates that any decomposable 2-step nilpotent MDn−2(n)-
algebra with n ≥ 6 is always isomorphic to h2m+1⊕R, where n = 2m+2,
m ≥ 2.

• The remaining subclass of all indecomposable 2-step nilpotent
MDn−2(n)-algebras with n ≥ 6 is classified by canonical forms of asso-
ciated pencils of matrices, in which algebras of dimension n ≤ 10 are
listed in Table 6.
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In the following tables, {x1, x2, . . . , xn} is used to denote a basis of corre-
sponding MDn−2(n)-algebra G.

Table 3. List of all MDn−2(n)-algebras with n = 2, 4.

n Algebras Non-trivial Lie brackets Notes
2 R2 -
4 n4,1 [x2, x4] = x1, [x3, x4] = x2

s4,1 [x4, x2] = x1, [x4, x3] = x3

s4,2 [x4, x1] = x1, [x4, x2] = x1 + x2, [x4, x3] = x2 + x3

s4,3 [x4, x1] = x1, [x4, x2] = αx2, [x4, x3] = βx3 0 < |β| ≤ |α| ≤ 1, (α, β) ̸= (−1,−1)
s4,4 [x4, x1] = x1, [x4, x2] = x1 + x2, [x4, x3] = αx3 α ̸= 0
s4,5 [x4, x1] = αx1, [x4, x2] = βx2 − x3, [x4, x3] = x2 + βx3 α > 0
s4,6 [x4, x2] = x2, [x4, x3] = −x3

s4,7 [x4, x2] = −x3, [x4, x3] = x2

aff(R)⊕ R2 [x1, x2] = x2

n3,1 ⊕ R [x2, x3] = x1

s3,1 ⊕ R [x3, x1] = x1, [x3, x2] = αx2 0 < |α| ≤ 1
s3,2 ⊕ R [x3, x1] = x1, [x3, x2] = x1 + x2

s3,3 ⊕ R [x3, x1] = αx1 − x2, [x3, x2] = x1 + αx2 α ≥ 0

Table 4. List of all MDn−2(n)-algebras with n ≥ 6 which are
not 2-step nilpotent.

dimG1 Algebras Non-trivial Lie brackets Notes
1 There is no MDn−2(n)-algebra
2 aff(C)⊕ R2 [x3, x1] = −x2, [x3, x2] = [x4, x1] = x1, [x4, x2] = x2

≥ 3 s6,211

[·, ·] x3 x4 x5 x6

x1 x3 x4 x5 + x3 x6 + x4

x2 −x4 x3 −x6 x5

s6,225(ν, θ)

[·, ·] x3 x4 x5 x6

x1 x3 x4 x5 + νx3 − θx4 x6 + θx3 + νx4

x2 −x4 x3 −x6 + x3 x5

ν ≥ 0

s6,226(λ, µ, ζ)

[·, ·] x3 x4 x5 x6

x1 λx3 λx4 x5 x6

x2 µx3 − ζx4 ζx3 + µx4 −x6 x5

{
λ ̸= 0, µ ≥ 0, 0 < ζ ≤ 1

if ζ = 1, then |λ| ≤ 1

s6,228(λ, µ, η, ζ)

[·, ·] x3 x4 x5 x6

x1 λx3 − ηx4 ηx3 + λx4 x5 x6

x2 µx3 − ζx4 ζx3 + µx4 −x6 x5

λζ − µη > 0, µ ≥ 0

s5,45 ⊕ R

[·, ·] x1 x2 x3

x2 0 0 x1

x4 2x1 x2 x3

x5 0 x3 −x2

Table 5. List of all decomposable 2-step nilpotent
MDn−2(n)-algebras with n ≥ 6.

n Algebras Non-trivial Lie brackets Notes
2m+ 2, m ≥ 2 h2m+1 ⊕ R [xi, xm+i] = x2m+1 ∀i = 1, . . . ,m dimG1 = 1
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Table 6. List of all indecomposable 2-step nilpotent
MDn−2(n)-algebras with 6 ≤ n ≤ 10.

n Algebras Non-trivial Lie brackets Notes
6 n6,3 [x1, x3] = x5, [x2, x4] = −x5, [x1, x4] = [x2, x3] = x6

8 There is no indecomposable MD6(8)-algebra

10 G10,1(0, 1, µ, λ)

[·, ·] x3 x4 x7 x8

x1 x9 −x10 0 0
x2 −x10 −x9 0 0
x5 0 0 λx9 µx9 − x10

x6 0 0 µx9 − x10 −λx9

0 < |λ| ≤ 1

G10,2(0, λ)

[·, ·] x5 x6 x7 x8

x1 0 0 λx9 −x10

x2 0 0 −x10 −λx9

x3 λx9 −x10 0 x9

x4 −x10 −λx9 x9 0

λ ̸= 0
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de Lie, J. Operator Theory 11 (1984), no. 1, 77–90.
[18] R. C. Thompson, Pencils of complex and real symmetric and skew matrices, Linear

Algebra Appl. 147 (1991), 323–371. https://doi.org/10.1016/0024-3795(91)90238-R

[19] L. A. Vu, On the foliations formed by the generic K-orbits of the MD4-groups, Acta
Math. Vietnam. 15 (1990), no. 2, 39–55.

[20] L. A. Vu, H. V. Ha, and N. T. T. Hieu, Classification of 5-dimensional MD-algebras

having non-commutative derived ideals, East-West J. Math. 13 (2011), no. 2, 118–132.
[21] L. A. Vu, H. V. Ha, N. A. Tuan, C. T. T. Hai, and N. T. M. Tuyen, Classification of

real solvable Lie algebras whose simply connected Lie groups have only zero or maximal

dimensional coadjoint orbits, Rev. Un. Mat. Argentina 57 (2016), no. 2, 119–143.
[22] L. A. Vu and K. P. Shum, Classification of 5-dimensional MD-algebras having com-

mutative derived ideals, in Advances in algebra and combinatorics, 353–371, World Sci.
Publ., Hackensack, NJ, 2008.

Hieu Van Ha

University of Economics and Law

Ho Chi Minh City, Vietnam
and

Vietnam National University

Ho Chi Minh City, Vietnam
Email address: hieuhv@uel.edu.vn

Vu Anh Le
University of Economics and Law

Ho Chi Minh City, Vietnam

and
Vietnam National University
Ho Chi Minh City, Vietnam

Email address: vula@uel.edu.vn

https://doi.org/10.1016/j.laa.2019.11.031
https://doi.org/10.1016/j.laa.2019.11.031
https://doi.org/10.1080/00927879908826572
https://doi.org/10.1007/978-1-4612-1200-3
https://doi.org/10.1007/978-1-4612-1200-3
https://doi.org/10.1007/BF01214270
https://doi.org/10.1007/BF01214270
https://doi.org/10.1016/0034-4877(93)90053-H
https://doi.org/10.1016/0034-4877(93)90053-H
https://doi.org/10.1090/crmm/033
https://doi.org/10.1090/crmm/033
https://doi.org/10.1016/0024-3795(91)90238-R


858 H. V. HA, V. A. LE, T. T. C. NGUYEN, AND H. D. QUANG

Tu Thi Cam Nguyen

University of Science

Ho Chi Minh City, Vietnam
Can Tho University, Can Tho, Vietnam

Email address: camtu@ctu.edu.vn

Hoa Duong Quang

Faculty of Information Technology

Hoa Sen University
Ho Chi Minh City, Vietnam

Email address: hoa.duongquang@hoasen.edu.vn


