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ABSTRACT. This paper aims to apply the concept of Pythagorean fuzzy soft
sets (PFSSs) to UP-algebras. Then we introduce five types of PFSSs over
UP-algebras, study their generalization, and provide illustrative examples.
In addition, we study the results of four operations of two PFSSs over UP-
algebras, namely, the union, the restricted union, the intersection, and the
extended intersection. Finally, we will also discuss t-level subsets of PFSSs
over UP-algebras to study the relationships between PFSSs and special
subsets of UP-algebras.
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1. Introduction and Preliminaries

The concept of fuzzy sets (FSs) was first considered by Zadeh [42] in 1965.
Zadeh’s and others’ FS concepts have found numerous applications in mathe-
matics and other fields. Following the introduction of the concept of F'Ss, various
researchers were interviewed about generalizations of the concept of FSs, includ-
ing: Atanassov [3] defined a new concept called an intuitionistic fuzzy set (IFS)
which is a generalization of a FS, Torra and Narukawa [38, 37] introduced the
notion of hesitant fuzzy sets (HFS). Yager [40] introduced a new class of non-
standard fuzzy subsets called a Pythagorean fuzzy set (PFS) and the related
idea of Pythagorean membership grades.

In 1999, to solve complicated problems in economics, engineering, and envi-
ronment, we cannot successfully use classical methods because of various un-
certainties typical for those problems. Uncertainties cannot be handled using
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traditional mathematical tools but may be dealt with using a wide range of ex-
isting theories such as the probability theory, the theory of (intuitionistic) fuzzy
sets, the theory of vague sets, the theory of interval mathematics, and the theory
of rough sets. However, all of these theories have their own difficulties which
are pointed out in [17]. In 2001, Maji et al. [16] introduced the concept of
fuzzy soft sets as a generalization of the standard soft sets, and presented an
application of fuzzy soft sets in a decision making problem. In 2013, Rehman
et al. [22] studied properties of fuzzy soft sets and their interrelation with re-
spect to different operations such as union, intersection, restricted union and
extended intersection. Then, they illustrate properties of AND and OR oper-
ations by giving counter examples. In 2015, Peng et al. [20] introduced the
concept of PFSSs and defined the operations such as complement, union, in-
tersection, and, or, addition, multiplication, necessity, and possibility. In 2017,
Satirad et al. [32] discussed the relationships among (prime, weakly prime)
hesitant fuzzy UP-subalgebras (resp., hesitant fuzzy UP-filters, hesitant fuzzy
UP-ideals and hesitant fuzzy strongly UP-ideals) and some level subsets of a
HFS on UP- algebras. In 2018, Satirad et al. [26] introduced eight types of
subsets and of fuzzy sets of fully UP-semigroups, and investigate the algebraic
properties of fuzzy sets under the operations of intersection and union. In 2019,
Satirad and Tampan [27, 28] introduced ten types of fuzzy soft sets over fully
UP-semigroups, and investigate the algebraic properties of fuzzy soft sets un-
der the operations of (extended) intersection and (restricted) union. Jana et al.
[14] used Dombi operations to create a few Pythagorean fuzzy Dombi aggrega-
tion operators. Additionally, by examining the book [13], they also presented
recent research examining the theoretical and practical elements of fuzzy set the-
ory and its actual applications in the disciplines of engineering and science. In
2020, Tougeer [39] introduced the notion of intuitionistic fuzzy soft a-ideals in
BClI-algebras, described connections between various types of intuitionistic fuzzy
soft a-ideals and intuitionistic fuzzy soft ideals and characterized using the idea
of soft (d,n)-level set. In 2022, Satirad et al. [25, 24] applied the concept of
rough sets to PFSs in UP-algebras and studied the relationships between rough
Pythagorean fuzzy sets and rough sets in UP-algebras under analyzing t-level
subsets of rough Pythagorean fuzzy sets. Palanikumar et al. [19] presented a
communication which deals with some new methods to solve multiple attribute
decision-making problems based on Pythagorean neutrosophic normal interval-
valued set. Jana et al. [10] solved the Pythagorean fuzzy multiple attribute
decision making problem by using Pythagorean fuzzy power Dombi weighted
averaging and Pythagorean fuzzy power Dombi weighted geometric operators to
design an algorithm for the proposed approach.

In this paper, we apply the concept of PFSSs to UP-algebras and intro-
duce five types of them, namely, Pythagorean fuzzy soft UP-subalgebras (PF-
SUPSs), Pythagorean fuzzy soft near UP-filters (PFSNUPFs), Pythagorean
fuzzy soft UP-filters (PFSUPFs), Pythagorean fuzzy soft UP-ideals (PFSUPISs),
and Pythagorean fuzzy soft strong UP-ideals (PFSSUPIs). Then we study the
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operations on five types of PFSSs such as the union, the restricted union, the
extended intersection, and the intersection. Moreover, we investigate t-level
subsets of PFSSs over UP-algebras in order to discuss the relationships between
PFSSs and special subset of UP-algebras.

First, let’s review the definition of UP-algebras.

Definition 1.1. [6] A UP-algebra is one that has the algebra U = (U, *,0) of
type (2,0), where U is a nonempty set, x is a binary operation on U, and 0 is a
fixed element of U if it meets the following axioms:
(Vu,v,w € U)((v*w) * ((uxv) * (u*xw)) =0), ( )
(Vu € U)(0*u = u), (UP-2)
(Vu e U)(u*0=0), ( )
Vu,v eU)(uxv=0,v*u=0=u=nuv). ( )
For more examples of UP-algebras, see [1, 2, 4, 7, 9, 18, 30, 31, 29, 33, 34].
According to [6], we know that the concept of UP-algebras is a generalization
of KU-algebras (see [21]).

Unless otherwise indicated, we will assume that I/ is a UP-algebra (U, %, 0).
In U, the following assertions are valid (see [6, 7]).

(Vu e U)(u*u=0), (1.1)
Vu,v,w eU)(urxv=0,vxw=0=u*rw=0), (1.2)
Vu,v,w eU)(urxv=0= (w*u)* (w*v)=0), (1.3)
(Vu,v,w €U)(uxv=0= (vxw)* (uxw) =0), (1.4)
(Vu,v,w € U)(u* (v*u) =0, in particular, (v*w)* (ux (v*w)) =0), (1.5)
Vu,v eU)((vru)*xu =0 u=0v*u), (1.6)
(Vu,v e U)(ux (v*v) =0), (1.7)
(Va,u,v,w € U)((u* (vxw))* (u* ((axv)*(axw))) =0), (1.8)
(Va,u,v,w € U)((((axu) * (a*xv)) *w) * ((u*v)*w) =0), (1.9)
(Vu,v,w € U)(((u*xv) *w) x (v*w) =0), (1.10)
Vu,v,w e U)(urxv =0=ux(wxv) =0), (1.11)
(Vu,v,w € U)(((uxv) *w) * (ux (v*w)) =0), (1.12)
(Va,u,v,w € U)(((u*v) xw) * (v*(a*xw)) =0). (1.13)

According to [6], the binary relation < on U is defined as follows:
Vu,v el)(u <vEeuxv=0).
Definition 1.2. [5, 6, 8, 36] A nonempty subset S of U is called
(1) a UP-subalgebra (UPS) of U if it satisfies the following condition:
(Vu,v € S)(uxv €9), (1.14)
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(2) a near UP-filter (NUPF) of U if it satisfies the following condition:

Vu,v eUd)(ve S=uxveS), (1.15)
(3) a UP-filter (UPF) of U if it satisfies the following conditions:
the constant 0 of ¢/ is in S, (1.16)
Vu,v el)(uxv e S,ueS=veSs), (1.17)
(4) a UP-ideal (UPI) of U if it satisfies the condition (1.16) and the following
condition:
Vu,v,w eU)(ux (v w) € S,v e S =>uxw e S), (1.18)

(5) a strong UP-ideal (SUPI) of U if it satisfies the condition (1.16) and the
following condition:

(Vu,v,w e U)((wxv)x (wru) € S,v eSS =uell). (1.19)
From [5, 6, 8, 36] allows us to know that the concept of UPSs is a generalization

of NUPFs, NUPFs is a generalization of UPFs, UPFs is a generalization of UPIs,
and UPIs is a generalization of SUPIs. They also proved that ¢/ is the only SUPI.

Definition 1.3. [42] A fuzzy set (FS) F in a nonempty set U is described by its
membership function pp. To every point u € U, this function associates a real
number pp(u) in the closed interval [0, 1]. The real number pp(u) is interpreted
for the point as a degree of membership of an object u € U to the FS F, that is,
F = {(u,pr(u)) | v € U}. We say that a FS F in U is constant fuzzy set if its
membership function pp is constant.

In 2013, Yager [40], and Yager and Abbasov [41] introduced the concept of
PF'Ss for the first time.

Definition 1.4. [40, 41] A Pythagorean fuzzy set (PFS) P in a nonempty set U
is described by their membership function pp and non-membership function vp.
To every point u € U, these functions associate real numbers pp(u) and vp(u)
in the closed interval [0, 1], with the following condition:

(Vu € U)(0 < pp(u)?® +vp(u)? < 1). (1.20)

The real numbers up(u) and vp(u) are interpreted for the point as a degree of
membership and non-membership of an object u € U, respectively, to the PFS
P, that is, P := {(u, pp(w),vp(u)) | € U}. For the sake of simplicity, a PFS P
is denoted by P = (up,vp). We say that a PFS P in U is constant Pythagorean
fuzzy set (CPFS) if their membership function pp and non-membership function
vp are constant.

Definition 1.5. [23] A PFS P = (up,vp) in U is called

(1) a Pythagorean fuzzy UP-subalgebra (PFUPS) of U if it satisfies the fol-
lowing conditions:

(Vu,v € U)(pp (uxv) = min{pp(u), pp(v)}), (1.21)
(Vu,v € U)(vp(uxv) < max{vp(u),vp(v)}), (1.22)
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(2) a Pythagorean fuzzy near UP-filter (PFNUPF) of U if it satisfies the
following conditions:

(Vu,v € U)(up(uxv) > pp(v)), (1.23)

(Vu,v € U)(vp(uxv) < vp(v)), (1.24)

(3) a Pythagorean fuzzy UP-filter (PFUPF) of U if it satisfies the following
conditions:

(Y € U) (1 (0) > pp (), (1.25)

(Vu € U)(vp(0) < vp(u)), (1.26)

(Vu, v € U)(pp (v) = min{pp (ux v), pp(u)}), (1.27)

(Vu,v € U)(vp(v) < max{vp(uxv),vp(u)}), (1.28)

(4) a Pythagorean fuzzy UP-ideal (PFUPI) of U if it satisfies the conditions
(1.25) and (1.26) and the following conditions:

(Vu,v,w € U)(up(u+w) > min{up(u* (vxw)), up(v)}), (1.29)

(Vu,v,w € U)(vp(uxw) < max{vp(u*x (vxw)),vp(v)}), (1.30)

(5) a Pythagorean fuzzy strong UP-ideal (PFSUPI) of U if it satisfies the
conditions (1.25) and (1.26) and the following conditions:

(Vu,v,w € U)(up(u) > min{up ((w * v) *x (ww)), pp(v)}), (1.31)
(Vu,v,w € U)(vp(u) < max{vp((w*v) * (w*u)),vp(v)}). (1.32)

Satirad et al. [23] proved that the concept of PEFUPSs is a generalization of
PFNUPFs, PENUPFs is a generalization of PFUPFs, PFUPFs is a generaliza-
tion of PFUPIs, and PFUPIs is a generalization of PFSUPIs. Furthermore, they
proved that PFSUPIs and constant PFSs coincide in U.

Pythagorean fuzzy UP-subalgebra

t
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t
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t

Pythagorean fuzzy UP-ideal

t

Pythagorean fuzzy strong UP-ideal

'
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FIGURE 1. PFSs in UP-algebras
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Definition 1.6. [36] Let F be a FS with the membership function pp in ¢. The

sets
U(pr,t) ={u el | pp(u) > t},
Ut (pr,t) = {u €U | pr(u) > t},
L(pr,t) ={u el | pr(u) < t},
L™ (pp,t) ={u el | pr(u) <t}

E(ur,t) ={u €U | ur(u) =t}

are referred to as an upper t-level subset, an upper t-strong level subset, a lower
t-level subset, a lower t-strong level subset, and an equal t-level subset of F,
respectively, for any ¢ € [0,1].

The following three theorems are proved in [25].

Theorem 1.7. P is a PFUPS (resp., PFENUPF, PFUPF, PFUPI, PFSUPI) of
U if and only if U(up,t) and L(vp,t) are, if the sets are nonempty, UPSs (resp.,
NUPFs, UPFs, UPIs, SUPIs) of U for every t € [0,1].

Theorem 1.8. P is a PFUPS (resp., PFNUPF, PFUPF, PFUPI, PFSUPI) of
U if and only if Ut (up,t) and L™ (vp,t) are, if the sets are nonempty, UPSs
(resp., NUPFs, UPFs, UPIs, SUPIs) of U for every t € [0, 1].

Theorem 1.9. P is a PFSUPI of U if and only if E(up, pp(0)) and E(vp, vp(0))
are SUPIs of U.

Definition 1.10. [40] Let {P; = (up;, vp;) }icr be a nonempty family of PFSs
in a nonempty set U where I is an arbitrary index set. The intersection of P;,
denoted by A,.; Pi, is described by theirs membership function HAser P and
non-membership function VAsey Pi which defined as follows:

(w e U)(pp, ., p:(u) = inf{pp;(u)}icr),

(weU)(wp,_, p,(u) =sup{vp;(u)}icr).
The union of P, denoted by \/;; P, is described by theirs membership function
PN, P and non-membership function W,e, Ps which defined as follows:

(w e U)(py,., p,(u) = sup{up;(u) }icr),

(wel)(vy,_, p,(u) = inf{vp;(u)ticr).

In particular, if I = {1,2,...,n}, the intersection of P1,Ps,...,P,, denoted
by P1 APy A...AP,, is described by theirs membership function pp, ap,a...AP,
and non-membership function vp, ap,a...Ap,, Which defined as follows:

(u € U) (1P, APon..AP, (1) = min{pupy (w), ppo(u), . .., ppy(u)}),
(’LL € u)(Vpl/\Pz/\m/\P" (’LL) = maX{VPI(u)7 VPQ(u)7 RN Vpn(u)})
The union of Py, Ps, ... P, denoted by P; VP> V... VP, is described by theirs

membership function pp,vp,v..vp, and non-membership function vp,vp,v.. .vp,
which defined as follows:
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(u € U)(pup,veyv..ve, (1) = max{ppy (u), ppo(u), ..., pp,(u)}),
(uw e U)(vp,vpyv . .vp, (v) = min{vpy (u), vpa(u), ..., vpy(u)}).

Theorem 1.11. The intersection of any nonempty family of PFUPSs of U is
also a PFUPS.

Proof. Assume that P; is a PFUPS of U for all i € I. Let u,v € U. Then
i, v, (wxv) = inf{jup, (ux o) bies
> inf{min{pp,(u), up;(v)} }ier
min{inf{up;(u)}ier, nf{pp;(v)}bier}
=min{up,_, p,(u), s, p,(v)} and
VA, ey Pi (uxv) =sup{vp;(u*v)}icr
< sup{max{vp;(u), vp;(v)}}icr
= max{sup{vp;(u)}icr, sup{rpi(v)}icr}
max{u/\iel p,(u), v Aics P p,(v)}.
Hence, A\,.; P; is a PFUPS of U. O

The following example show that the union of two PFUPSs of UP-algebra
may be not a PFUPS.

Example 1.12. Let & = {0,1, 2,3} be a UP-algebra with a fixed element 0 and
a binary operation x defined by the following Cayley table:

A

i€l

*‘O 1 2 3
0(0 1 2 3
110 0 1 3
210 0 0 3
3/0 01 0

We define two PFSs Py = (up,,vp,) and Py = (up,, vp,) as follows:

ulo 1 2 3
pp, 0.8 03 0.8 0.2
vp, [0.2 0.5 0.2 0.6
pp, | 0.8 02 0.1 0.6
vp, [0.2 0.8 0.9 0.7

Then P; and Py are PFUPSs of U. Since pp,vp,(3-2) = up,vp,(1) = 0.3 #
0.6 = min{0.6,0.8} = min{up,vp,(3), tp,vr,(2)}, we have P; V Py is not a
PFUPS of U.

Theorem 1.13. The intersection of any nonempty family of PENUPFs of U is
also a PFNUPF.

Proof. Assume that P; is a PENUPF of U for all ¢ € I. Then
B, P (uxv) = inf{up;(uxv)}tier
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> inf{pp;(v) bier
= pip, ., p;(v) and
VA, ., P (uxv) = sup{vp;(uxv)}ier
< sup{vp(v)}ier
= VAier p, (V).
Hence, A\;c; P; is a PENUPF of U. O

Theorem 1.14. The union of any nonempty family of PENUPFs of U is also
a PFNUPF.
Proof. Assume that P; is a PFNUPF of U for all ¢ € I. Then
/e, pi(uxv) = sup{up;(uxv)}ier
> sup{p;(v) bier
= py,_, p;(v) and
Wy, ., P, (uxv) = inf{vp;(uxv)ticr
<inf{vp;(v)}ier
=W, P (v).
Hence, \/;c; P is a PENUPF of U. O

Theorem 1.15. The intersection of any nonempty family of PFUPFs of U is
also a PFUPF.

Proof. Asusume that P; be a PFUPF of U for all 4 € I. Then
KA, i (0) = inf{up;(0)}ies
> inf{pp;(u)}ier
= pA, ., i (),
HEAcr P (v) = inf{pp;(v) }ier
= inf{min{pp;(u*v), pp;(u)}tier
= min{inf{up; (v *v) }ier, inf{up;(u)}bics }
= min{up,_, e (ko) pp, (W)}
VA,e, P:(0) = sup{ve;(0)}ier
< SUP{VP (u)tier
Aicr P p,(u), and
VAier Pi (v) = SUP{VPi( )}ier
< sup{max{vp;(u*v),vei(u)}tier
= max{sup{vp;(u*v)}icr, inf{ve;(u) }icr}

= max{u/\iel p, (u*v), VAses Ps (u)}.
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Hence, A\, ; P; is a PFUPF of U. O

i€l
The following example show that the union of two PFUPFs of UP-algebra
may be not a PFUPF.

Example 1.16. Let & = {0,1, 2,3} be a UP-algebra with a fixed element 0 and
a binary operation x defined by the following Cayley table:

|0 1 2 3
0]0 1 2 3
100 0 2 2
2/0 1 0 1
310 000

We define two PFSs Py = (up,,vp,) and Pa = (up,, vp,) as follows:

ujlo 1 2 3
pp, | 0.7 0.7 04 04
vp, |02 02 05 0.5
pp, | 0.8 02 05 0.2
vp, |02 0.6 0.3 06

Then Py and Py are PFUPFs of U. Since up,vp,(3) = 0.4 # 0.5 = min{0.5,0.7} =

min{up, v, (2) =, pp,ve, (1)} = min{pp,vp, (1-3), pp,vp, (1)}, we have Py V Py
is not a PFUPF of U.

Theorem 1.17. The intersection of any nonempty family of PFUPIs of U s
also a PFUPI.

Proof. Asusume that P; be a PFUPI of U for all 4 € I. Then
inf{sip;(0)}ier
inf{ip;(u)ticr
FAer p, (1),
BN, P (uxw) = inf{pp;(uxw)}ier
> inf{min{jup, (ur (05 w)), g0, (0) e
min{inf{jup, (u* (v 0)) }ie s inf{ip, (0) bier}
min{pp,_, p,(ux (Vxw)), pp,_, p.(v)}
sup{vp;(0) }ier
SUP{VP (u)bier
p,(u), and

Up,, bk W) = sup{upxu*w»ia

< sup{max{vp;(u* (vxw)), vp;i(v)}}tier

= max{sup{vp;(u* (v*w))}icr,inf{vp;(v)}icr}

=max{vp, _ p,(ux(v*xw)),vp,_ p,(0)}

I, P:(0)

v

v

Z//\iEI P; (0)

IN

ZEI
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Hence, A\, ; P; is a PFUPI of U. O

i€l
The following example show that the union of two PFUPIs of UP-algebra
may be not a PFUPIL.

Example 1.18. In Example 1.16 We define two PFSs Py = (pup,,vp,) and
Py = (up,, vp,) as follows:

Uulo 1 2 3
pp, | 104 0.7 04
vp, | 0 05 03 0.5

pp, | 0.9 0.7 0.1 0.1
vp, |02 04 09 0.9

Then P; and Py are PFUPIs of U. Since pp,vp,(0-3) = up,vp,(3) = 0.
0.7 = mln{07307} = min{/.tplvpz(l),,uplvpz (2)} = min{p’Pﬂ/PQ (O : (2 ' 3)
, P, vP,(2)}, we have Py V Py is not a PFUPI of U.

Theorem 1.19. The intersection of any nonempty family of PFSUPIs of U is
also a PFSUPI. Moreover, the union of any nonempty family of PFSUPIs of U
is also a PFSUPI.

2. PF'SSs over UP-algebras

From now on, we shall let E be a set of parameters. Let PF(U) be the set of
all PFSs in U. A subset A of E is called a set of statistics.

Definition 2.1. Let A C E. A pair (IS,A) is called a Pythagorean fuzzy
soft set (PFSS) over U if Pis a mapping given by P: A — PF(U), that
is, a PFSS is a statistic family of PFSs in 4. In general, for every a € A,
Pla] = {(u,,ulg[a](u),yf,[a](u)) | w € U} is a PFS in U and it is called a
Pythagorean fuzzy value set of statistic a.

We call a PFSS (ﬁ,A) over U that is a constant Pythagorean fuzzy soft set
(CPFSS) based on the element a € A (we shortly call an a-constant Pythagorean
fuzzy soft set (a-CPFSS)) of U if a PFS lg[a] in U is a CPFS. If (P, A) is an a-
CPFSS of U for all a € A, we say that (P, A) is a CPFSS of U.

By Definition 2.1, we can find an example of PFSSs over U as follows:

Example 2.2. Let & = {0,1,2,3} be a set which represents a collection of 4
Thai paintings. Define binary operation x on U as the following Cayley tables:

[0 1 2 3
0[0 1 2 3
1/0 0 0 3
200 1 0 3
3]0 1.2 0

Then U = (U, %,0) is a UP-algebra. Let (P, A) be a PFSS over U where
A = {identity, beauty, skill}.
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Then Plidentity], P[beauty], and P[skill] are three PFSs in U. We define them
as follows:

P 0 1 2 3
identity (0.4,0.5) (0.3,0.3) (0.1,0.6) (0.8,0.2)
beauty (0.9,0.3) (0.2,0.5) (0.1,0.2) (0.8,0.4
skill  (0.3,0.5) (0.3,0.7) (0.5,0.6) (0.7,0.7)

Definition 2.3. [20] Let A, B C E and (P, A), (Q, B) be two PFSSs over U. If
(15, A) and (Q, B) satisfy the following two conditions:

(1) BC A4,

(2) (WeBue U)(NQ[b] (u) < HB[p] (), YQm) (u) = VB (w)),

then we call (Q,B) the Pythagorean fuzzy soft subset of (f’,A), denoted by
(Q,B)C(P, A)

Definition 2.4. [20] Let A, B C E and (P, A), (Q, B) be two PFSSs over U. If
(Q, B)C(P, A) and (P, A)C(Q, B), then we call (P, A) equal (Q, B), denoted by
(Q, B)=(P, A), meaning, A = B and P[a] = Q[a] for all a € A.

Definition 2.5. [20] Let (P1, A1) and (P, Ay) be two PFSSs over Y. The union
of (P1,A;) and (Py, Ay) is defined to be the PFSS (Py, A;)U(Py, A5) = (P, A)
satisfying the following conditions:

(1) A=Ay UA; and

(2) for all a € A,

Pl[a] ifae A1 \AQ
P[CL] = PQ[CL] ifae€ A, \ Ay
Pl[a]\/Pg[a] ifae A1 N As.

The restricted union of (P, A1) and (Py, Ay) is defined to be the PFSS
(P1, A1)U(Py, Ay) = (P, A) satisfying the following conditions:

(1) A:Al ﬂAQ #@ and

(2) Pla] = Py[a] V Py[a] for all a € A.

Definition 2.6. Let (P, A1) and (Py, Ay) be two PFSSs over U. The extended
intersection of (P1, A1) and (P2, A3) is defined to be the PFSS (P, A;)N(P2, A3) =
(P, A) satistying the following conditions:

(1) A=A, UA, and
(2) for all a € A,

Pl[a] ifae Al \AQ

P[CL] = PQ[CL] ifa € A2 \ A1

Pl[a]/\lgz[a] ifae A1 N As.
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The intersection [20] of (ﬁl, Ay) and (f’g, Ay) is defined to be the fuzzy soft set
(P1, A1)f(Pa, Ay) = (P, A) satisfying the following conditions:

(1) A=A;N Ay # 0 and

(2) Pla] = Py[a] A Py[d] for all a € A.

2.1. Pythagorean Fuzzy Soft UP-Subalgebras.

Definition 2.7. A PFSS (ﬁ,A) over U is called a Pythagorean fuzzy soft UP-
subalgebra (PFSUPS) based on the element a € A (we shortly call an
a-Pythagorean fuzzy soft UP-subalgebra (a-PFSUPS)) of U if a PFS 15[ | inU is
a PFUPS. If (P, A) is an a-PFSUPS of U for all a € A, we say that (P, A) is a
PFSUPS of U.

Theorem 2.8. (ﬁ,A) is a PFSUPS of U if and only if U(Mﬁ[a}vt) and L(Vlg[a], t)
are, if the sets are nonempty, UPSs for every a € At € [0, 1].

Proof. Assume (P, A) is a PFSUPS of U, that is, Pla] = (,ulg[a] I/P[a]) is a PEUPS
of U for all a € A. Let ¢ € [0,1] be such that U(up,,t), L(vp,,t) # 0. By
Theorem 1.7, we have U(ulg[a], t) and L(uﬁ[a},t) are UPSs of U for all a € A,t €
[0,1].

Conversely, assume for all a € A, ¢t € [0, 1], U(uﬁ[a],t) and L(l/f,[a], t) are UPSs
of U if the sets are nonempty. By Theorem 1.7, we have ﬁ[a] = ('uf’[a]’yf’[a]) is

a PFUPS of U for all a € A. Hence, (P, A) is a PESUPS of U. O

Theorem 2.9. (P, A) is a PFSUPS of U if and only if U*(,ulg[a],t) and
L_(I/lg[a],t) are, if the sets are nonempty, UPSs for every a € A,t € [0,1].

Proof. Assume (P, A) is a PFSUPS of U, that is, Pla] = (,up[a P[a ) is a PFUPS
of U for all a € A. Let t € [0,1] be such that U*( 1B t), L™ (Vg t) # 0.
By Theorem 1.8, we have U™ (up[a], t) and L™ (v ) are UPSs of U for all
a€ A te|0,1].

Conversely, assume for all a € A,t € [0,1], U+([Lf)[a],t) and L*(l/f,[a],t) are
UPSs of U if the sets are nonempty. By Theorem 1.8, we have P[a] = (Mi;[a] , l/lg[a])
is a PFUPS of U for all a € A. Hence, (P, A) is a PFSUPS of U. O

The proof of the following theorem can be verified easily.

Theorem 2.10. If (P, A) is a PESUPS of U and ) # B C A, then (P|p, B) is
a PFSUPS of U.

The following example shows that there exists a nonempty subset B of A such
that (P|p, B) is a PFSUPS of U, but (P, A) is not a PFSUPS of U.

Example 2.11. By Example 2.2, we have ls[beauty] is a PFUPS of U. But
P[identity] and P[skill] are not PFUPSs of Y. Indeed, Vp ](1 *1) =

identity
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Vﬁ[identity] (O) =05 ﬁ 0.3 = mln{03’03} = min{y}g[identity](l)’Vlg[identity](l)}
and “ﬁ[skill]@ x2) = I ki) (0) = 0.3 # 0.5 = min{0.5,0.5} = min{uﬁ[skm] (2),
uf,[skm]EQ)}. Hence, (P, A) is not a PFSUPS over U. We take B = {beauty}.
Thus (P|g, B) is a PFSUPS of U.

Theorem 2.12. The extended intersection of two PFSUPSs of U is also a PF-
SUPS. Moreover, the intersection of two PFSUPSs of U is also a PFSUPS.

Proof. Assume that (f’l,Al) and (ﬁQ,Ag) are two PFSUPSs of U{. We denote
(P, A1)N\(P2, Ay) by (P, A) where A = Ay U Ay. Next, let a € A.

Case 1: a € Ay \ Ay. Then Pa] = Py[a] is a PFUPS of U.

Case 2: a € Ay \ A;. Then Pla] = Pyla] is a PFUPS of U.

Case 3: a € Ay N Ay. By Theorem 1.11, we have P[a] = P1[a] A Py[a] is a
PFUPS of U.

Thus (P, A) is an a-PFSUPS of U for all a € A. Hence, (P, A) is a PFSUPS
of U. ]

Theorem 2.13. The union of two PFSUPSs of U is also a PFSUPS if sets of
statistics of two PFSUPSs are disjoint.

Proof. Assume that (Py, A;) and (Ps, Ay) are two PFSUPSs of U such that
Ay N Ay = 0. We denote (P, A;)U(P3, A3) by (P, A) where A = A; U A, Since
A1 NAs =0, we have a € A1 \ Ay or a € Ay \ A;. Next, let a € A.

Case 1: a € Ay \ Ay. Then Pla] = Py[a] is a PFUPS of U.

Case 2: a € Ay \ A1. Then Pla] = Py[a] is a PFUPS of U.

Thus (P, A) is an a-PFSUPS of U for all a € A. Hence, (P, A) is a PFSUPS
of U. (]

The following example shows that Theorem 2.13 is not valid if sets of statistics
of two PFSUPSs are not disjoint.

Example 2.14. Let U/ be a set of four Thai foods, that is,
U = {Pad Thai, Som Tam, Laab, Tom Yum Goong}.

Define binary operation * on U as the following Cayley table:

* ‘ Pad Thai Som Tam Laab Tom Yum Goong
Pad Thai Pad Thai Som Tam Laab Tom Yum Goong
Som Tam Pad Thai Pad Thai Som Tam Tom Yum Goong
Laab Pad Thai Pad Thai Pad Thai Tom Yum Goong

Tom Yum Goong | Pad Thai Pad Thai Som Tam Pad Thai

Then U = (U, , Pad Thai) is a UP-algebra. Let (Py, A1) and (Py, Ay) are PFSSs
over U where
A; := {popularity, aroma}
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and

As := {popularity, deliciousness}
with ﬁl[popularity},f’l[aroma], lgg[popularity], and ﬁg[deliciousness} are PFSs
in U defined as follows:

P, Pad Thai Som Tam Laab Tom Yum Goong
popularity  (0.9,0)  (0.5,0.4)  (0.9,0) (0.3,0.5)
aroma (0.5,0.4) (0.4,0.8) (0.4,0.8) (0.4,0.8)
132 Pad Thai Som Tam Laab Tom Yum Goong
popularity ~ (0.9,0.1)  (0.3,0.7) (0.2,0.8) (0.7,0.2)
deliciousness  (0.5,0.5)  (0.3,0.7) (0.2,0.8) (0.1,0.9)

Then (f)l, Ay) and (ﬁg, As) are PFSUPSs of U. Since popularity € A1 N Ay, we
have

Tom Yum Goong * Laab)
](Som Tam)

Hp 1[popularity] VP [popularity] (

= lel [popularity]vlsg [popularity
=0.5

$0.7
= min{0.7,0.9}

- mln{,uf,l [popularity]VP;[popularity] (

(Laab)}.

Tom Yum Goong),

,U/ﬁl [popularity] VP, [popularity]

Thus f’l[popularity] \% f’g[popularity] is not a PFUPS of U, that is,

(f’l, Al)O(f’g, As) is not a popularity-PFSUPS of U. Hence,

(P1, A1)U(Py, Ay) is not a PESUPS of 2. Moreover, (P1, A;)U(Py, Ay) is not a
PFSUPS of U.

2.2. Pythagorean Fuzzy Soft Near UP-Filters.

Definition 2.15. A PFSS (13, A) over U is called a Pythagorean fuzzy soft near
UP-filter (PFSNUPF) based on a € A (we shortly call an a-Pythagorean fuzzy
soft near UP-filter (a-PFSNUPF)) of U if a PFS P[a] in U is a PENUPF. If
(P, A) is an a-PFSNUPF of U for all a € A, we say that (P, A) is a PESNUPF
of U.

Theorem 2.16. (f’,A) is a PFSNUPF of U if and only if U(uﬁ[a},t) and
L(I/lg[a],t) are, if the sets are nonempty, NUPFs for every a € A,t € [0, 1].

Proof. Assume (P, A) is a PFSNUPF of U, that is, Pla] = (15, V() 18 &
PFNUPF of U for all a € A. Let ¢ € [0, 1] be such that U(ppg)r ) L(ppy), t) # 0.
By Theorem 1.7, we have U(“ﬁ[a}vt) and L(les[a],t) are NUPFs of U for all
a€ Atel0,1].
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Conversely, assume for all a € A,t € [0,1],U(up,,t) and L(vp,,t) are
NUPFs of U if the sets are nonempty. By Theorem 1.7, we have Pla] =
(l‘ﬁ[a]vl’ﬁ[a]> is a PENUPF of U for all a € A. Hence, (P, A) is a PEFSNUPF
of U. O

Theorem 2.17. (P, A) is a PFSNUPF of U if and only if U+(,u§[a],t and
L_(I/I;[a],t) are, if the sets are nonempty, NUPFs for every a € A,t € [0,1].

Proof. Assume (P, A) is a PFSNUPF of U, that is, P[a] = (,u,lg[a]ﬂ/lg[a]) is a
PFNUPF of U for alla € A. Let t € [0, 1] be such that U+(u1;[a],t), L_(Vﬁ[a],t) £
(). By Theorem 1.8, we have U+(;Lf)[a],t) and L~ (vp,,t) are NUPFs of U for

all a € A,t € [0,1].
Conversely, assume for all a € A,t € [O,l],U*(ulg[a],t) and L_(lllg[a],t)

are NUPFs of U if the sets are nonempty. By Theorem 1.8, we have Pla] =

(ulg[a], Vﬁ[a]) is a PENUPF of U for all a € A. Hence, (P, A) is a PFSNUPF of

Uu. O
The proof of the following theorem can be verified easily.

Theorem 2.18. If (P, A) is a PFSNUPF of U and ) # B C A, then (P|p, B)
is a PFSNUPF of U.

From Figure 1, we have the following theorem.

Theorem 2.19. Fvery a-PFSNUPF of U is an a-PFSUPS. Moreover, every
PESNUPF of U is a PFSUPS.

The following example shows that the converse of Theorem 2.19 is not true.
Example 2.20. Let U be a set of four drinks, that is,
U = {Chocolate, Thai tea, Latte, Espresso}.
Define binary operation * on U as the following Cayley table:

* ‘ Chocolate  Thai tea Latte Espresso
Chocolate | Chocolate Thai tea Latte Espresso
Thai tea | Chocolate Chocolate Thaitea  Espresso
Latte Chocolate Chocolate Chocolate  Espresso
Espresso | Chocolate Thai tea  Thai tea  Chocolate

Then U = (U, *, Chocolate) is a UP-algebra. Let (P, A) be a PFSS over U where
A := {child, teen, adult}
with P[child], P[teen], and P[adult] are PFSs in U defined as follows:

P Chocolate Thai tea  Latte  Espresso
child (1,0) (0.3,0.4) (0.9,0.2) (0.2,0.5)
teen  (0.9,0.1) (0.8,0.2) (0.6,0.4) (0.7,0.4)
adult (0.7,0.4) (0.6,0.4) (0.1,0.6) (0.6,0.8)
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Then (P, A) is a child-PFSUPS of ¢4. But (P, A) is not a child-PFSNUPF of U

since

1B [enita) (Thal tea x Latte) = gy q (Thai tea)
=0.3

#0.9

= HB[child] (Latte)
and
Vp(enina) (Thai tea x Latte) = v

=04

% 0.2

= Vp[enild] (Latte).

chita) (Thai tea)

Hence, ﬁ[child] is not a PENUPF of U, that is, (f’,A) is not a child-PFSNUPF
of U.

Theorem 2.21. The extended intersection of two PFSNUPFs of U is also a
PFSNUPF. Moreover, the intersection of two PFSNUPFs of U is also a PFS-
NUPF.

Proof. Assume that (P, A;) and (Py, A3) are two PESNUPFs of 4. We denote
(P, A;)A(Py, Ay) by (P, A) where A = A; U Ay. Next, let a € A.

Case 1: a € Ay \ Ay. Then Pa] = Py[a] is a PENUPF of U.

Case 2: a € Ay \ A;. Then Pla] = Py[a] is a PENUPF of U.

Case 3: a € A; N Ay. By Theorem 1.13, we have P[a] = Py[a] A Pya] is a
PFNUPF of U. ~

Thus (P, A) is an a-PFSNUPF of U for all a € A. Hence, (P, A) is a PFSNUPF
of U. 0

Theorem 2.22. The union of two PFESNUPF's of U is also a PFSNUPF. More-
over, the restricted union of two PFESNUPFs of U is also a PFESNUPF.

Proof. Assume that (f)l, Ay) and (ﬁg, As) are two PFSNUPFs of U. We denote
(P, A1)U(P2, A3) by (P, A) where A = Ay U Ay. Next, let a € A.

Case 1: a € Ay \ Ay. Then Pa] = Py[a] is a PENUPF of U.

Case 2: a € Ay \ A;. Then Pla] = Py[a] is a PENUPF of U.

Case 3: a € A; N Ay. By Theorem 1.14, we have P[a] = P1[a] V Py[a] is a
PFNUPF of U.

Thus (P, A) is an a-PFSNUPF of U for all a € A. Hence, (P, A) is a PESNUPF
of U. g
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2.3. Pythagorean Fuzzy Soft UP-Filters.

Definition 2.23. A PFSS (13 A) over U is called a Pythagorean fuzzy soft UP-
filter (PFSUPF) based on a € A (we shortly call an a-Pythagorean fuzzy soft
UP-filter (a-PFSUPF)) of U if a PFS Pla ] in U is a PFUPF. If (P,A) is an
a-PFSUPF of U for all a € A, we say that (P, A) is a PESUPF of U.

Theorem 2.24. (P, A) is a PFSUPF of U if and only if Upp Bla]> t) and L(I/P[ P t)
are, if the sets are nonempty, UPF's for every a € A,t € [0,1].

Proof. Assume (P, A) is a PFSUPF of U, that is, P[a] = (/.tf)[ P z/P[a]) isa PFUPF
of U for all @ € A. Let ¢t € [0,1] be such that U(/VLP (]’ t), L(VP (]’ t) # (0. By
Theorem 1.7, we have U(,up[a] t) and L(Vp[a], t) are UPFs of U for all a € A,t €
[0, 1].

Conversely, assume for all a € A,t € [0,1], U(pf,[a},t) and L(I/ls[a], t) are UPFs
of U if the sets are nonempty. By Theorem 1.7, we have f’[a] = (,ulg[a],l/lg[a]) is

a PFUPF of U for all a € A. Hence, (P, A) is a PFSUPF of U. O

Theorem 2.25. (ﬁ,A) is a PFSUPF of U if and only if Ut (p 15 (q) ,t) and
L_(l/f,[a],t) are, if the sets are nonempty, UPFs for every a € A,t € [0,1]

Proof. Assume (P, A) is a PFSUPF of U, that is, P[a] = (,ulg[a] ylg[a]) isa PFUPF
of U for all @ € A. Let t € [0,1] be such that U*(,uPa]7 t), L™ (s t) # 0.
By Theorem 1.8, we have U™ (,up[a] t) and L™ (Vp[a], t) are UPFs of U for all
a€ Atel0,1].

Conversely, assume for all a € A,t € [0, 1],U+(u13[a],t) and L_(ulg[a],t)

are UPFs of U/ if the sets are nonempty. By Theorem 1.8, we have ﬁ[a] =
(Nﬁ[a]’yﬁ[a]) is a PFUPF of U for all a € A. Hence, (P, A) is a PFSUPF of
U. O

The proof of the following theorem can be verified easily.

Theorem 2.26. If (P, A) is a PFSUPF of U and §) # B C A, then (P|p, B) is
a PESUPF of U.

From Figure 1, we have the following theorem.

Theorem 2.27. Every a-PFSUPF of U is an a-PFSNUPF. Moreover, every
PFSUPF of U is a PFSNUPEF.

The following example shows that the converse of Theorem 2.27 is not true.

Example 2.28. Let U be a set of four Apple’s product, that is,
U = {iPhone, iPad, Mac, Watch}.
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Define binary operation * on U as the following Cayley table:

* ‘ iPhone iPad Mac  Watch
iPhone | iPhone iPad Mac Watch
iPad | iPhone iPhone Mac Watch
Mac | iPhone iPhone iPhone Watch
Watch | iPhone iPhone iPhone iPhone

Then U = (U, %,iPhone) is a UP-algebra. Let (P, A) be a PFSS over U where
A := {student, athlete, programmer}
with P[student], P[athlete], and P[programmer] are PFSs in ¢/ defined as follows:

P iPhone iPad Mac Watch
student  (0.9,0.1) (0.7,0.4) (0.8,0.2) (0.2,0.6)
athlete  (0.7,0.4) (0.6,0.5) (0.7,0.4) (0.2,0.6)

programmer (0.8,0.2) (0.5,0.7) (0.6,0.5) (0.8,0.2)

Then (P, A) is a programmer-PFSNUPF of ¢/. But (P, A) is not a programmer-
PFSUPF of U since

iPad) = 0.5
#0.6
= min{0.8,0.6}
= min{up [programmer] (iPhone), HPB[programmer] (Mac)}

= min{us [programmer] (Mac  iPad) Mac)}

'u’ls[programmer] (

» B [programmer] (
and
iPad) = 0.7

£ 0.5

= max{0.2,0.5}

= max{vp (programmer] (hONE), V5

Vp [programmer] (

(Mac)}
(Mac)}.

programmer]

= maX{Vﬁ [programmer] (Mac * IPad)’ Vls[programmer]

Hence, f’[programmer] is not a PFUPF of U, that is, (ﬁ, A) is not a programmer-
PFSUPF of U.

Theorem 2.29. The extended intersection of two PFSUPFs of U is also a
PFESUPF. Moreover, the intersection of two PFSUPFs of U is also a PFSUPF.

Proof. Assume that (Py, A;) and (Py, Ay) are two PFSUPFs of U. We denote
(P, A;)A(Py, Ay) by (P, A) where A= A; U Ay. Next, let a € A.

Case 1: a € Ay \ Ay. Then P[a] = Py[a] is a PFUPF of U.

Case 2: a € Ay \ Ay. Then P[a] = Pya] is a PEUPF of U.
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Case 3: a € Ay N Ay. By Theorem 1.15, we have P[a] = P1[a] A Py[a] is a
PFUPF of U. -

Thus (P, A) is an a-PFSUPF of U for all a € A. Hence, (P, A) is a PFSUPF
of U. d

Theorem 2.30. The union of two PFSUPFs of U is also a PESUPF if sets of
statistics of two PFSUPF's are disjoint.

Proof. Assume that (Py,A;) and (Py, A;) are two PFSUPFs of U such that
A1 NAs = (. We denote (ﬁ,Al)G(f’Q,AQ) by (IB,A) where A = A; U As. Since
A1 NAy =0, we have a € A; \ Ay or a € Ay \ A;. Next, let a € A.

Case 1: a € A1 \ Ay. Then Pla] = P1[a] is a PFUPF of U.

Case 2: a € Ay \ Ay. Then P[a] = Py[a] is a PFUPF of U.

Thus (P, A) is an a-PFSUPF of U for all a € A. Hence, (P, A) is a PFSUPF
of U. 0

The following example shows that Theorem 2.30 is not valid if sets of statistics
of two PFSUPF's are not disjoint.

Example 2.31. Let U be a set of four seasons, that is,
U = {Spring, Rains, Summer, Winter}.
Define binary operation * on U as the following Cayley table:
* ‘ Winter Rains Spring Summer
Winter | Winter Rains  Spring Summer
Rains | Winter Winter Spring  Spring
Spring | Winter Rains Winter  Rains
Summer | Winter Winter Winter Winter

Then U = (U, , Winter) is a UP-algebra. Let (Py, A;) and (Py, Ay) are PFSSs
over U where
Aj,:= {coldness, moisture}
and
As = {moisture, excitement, warmth}

with P1 [coldness], Py [moisture], P2 [moisture], Py [excitement], and Py [warmth] are
PFSs in U defined as follows:

P, Winter Rains Spring  Summer
coldness (0.9,0.4) (0.2,0.7) (0.2,0.7) (0.2,0.7)
moisture  (0.8,0.2) (0.8,0.2) (0.3,0.4) (0.3,0.4)

P, Winter Rains Spring  Summer
moisture  (0.9,0.1) (0.1,0.7) (0.5,0.4) (0.1,0.7)
excitement (0.6,0.5) (0.3,0.8) (0.6,0.5) (0.3,0.8)
warmth  (0.5,0.5) (0.5,0.5) (0.5,0.5) (0.5,0.5)
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Then (P1, A;) and (P3, Ay) are PESUPFs of Y. Since moisture € A; N Ay, we
have

'u’151 [moisture] VP [moisture] (Summer)

=0.3

#0.5

= min{0.5,0.8}

= W{L5, (oisture] B moisture) (SPTING),

H'B, [moisture] VP [moisture] (Rains) }

= min{yp, [moisture] VP, [moisture] (Rains * Summer),

(Rains)}.

Hp, [moisture] VP [moisture]

Thus Py [moisture]VPy[moisture] is not a PFUPF of i, that is, (P1, A1)U(Pa, Ay)
is not a moisture-PFSUPF of . Hence, (P, A;)U(P2, Az) is not a PFSUPF of
U. Moreover, (P, A;)U(Py, Ag) is not a PFSUPF of U.

2.4. Pythagorean Fuzzy Soft UP-Ideals.

Definition 2.32. A PFSS (IS,A) over U is called a Pythagorean fuzzy soft UP-
ideal (PFSUPI) based on a € A (we shortly call an a-Pythagorean fuzzy soft
UP-ideal (a-PFSUPI)) of U if a PFS Pla] in U is a PFUPL If (P, A) is an
a-PFSUPI of U for all a € A, we say that (P, A) is a PFSUPI of U.

Theorem 2.33. (P, A) is a PFSUPI of U if and only if U(uf,[a], t) and L(uﬁ[a], t)
are, if the sets are nonempty, UPIs for every a € A,t € [0,1].

Proof. Assume (P, A) is a PFSUPI of U, that is, P[a] = (K [q) Vp[q)) 1s @ PFUPI
of U for all a € A. Let ¢ € [0,1] be such that U(ulg[a],t),L(ylg[a],t) # (. By
Theorem 1.7, we have U([Lf)[a],t) and L(Vf,[a],t) are UPIs of U for all a € A,t €
0,1].

| 7C]onversely7 assume for all a € A,t € [0,1], U(ulg[a],t) and L(Vlg[a], t) are UPIs
of U if the sets are nonempty. By Theorem 1.7, we have Pla] = (,ulg[a],ylg[a]) is
a PFUPI of U for all a € A. Hence, (P, A) is a PFSUPI of U. O

Theorem 2.34. (P, A) is a PFSUPI of U if and only ifU*(uﬁ[a} ,t) and L*(Vlg[a], t)
are, if the sets are nonempty, UPIs for every a € A,t € [0,1].

Proof. Assume (P, A) is a PFSUPI of U, that is, ﬁ[a] = (,ulg[a],ljf)[a]) is a PFUPI
of U for all @ € A. Let t € [0,1] be such that U*(ulg[a],t),L*(l/lg[a],t) # 0.
By Theorem 1.8, we have U+(u15[a],t) and L_(l/l‘s[a],t) are UPIs of U for all
a€ Atel0,1].
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Conversely, assume for all a € A,t € [0, 1],U+(u13[a],t) and L_(l/lg[a],t) are
UPIs of U if the sets are nonempty. By Theorem 1.8, we have Pla] = (/Lﬁ[a] , Vﬁ[a])
is a PFUPI of U for all a € A. Hence, (P, A) is a PFSUPI of U. O

The proof of the following theorem can be verified easily.

Theorem 2.35. If (P, A) is a PFSUPI of U and () # B C A, then (P|, B) is
a PFSUPI of U.

From Figure 1, we have the following theorem.

Theorem 2.36. Every a-PFSUPI of U is an a-PFSUPF. Moreover, every PF-
SUPI of U is a PFSUPF.

The following example shows that the converse of Theorem 2.36 is not true.
Example 2.37. Let U be a set of four types of film, that is,
U = {Fantasy, Horror, Comedy, Action}.
Define binary operation x on U as the following Cayley table:

* ‘ Comedy Fantasy Horror  Action
Comedy | Comedy Fantasy Horror  Action
Fantasy | Comedy Comedy Horror  Horror

Horror | Comedy Fantasy Comedy Horror
Action | Comedy Fantasy Comedy Comedy

Then U = (U, , Comedy) is a UP-algebra. Let (P, A) be a PFSS over U where

A := {variety, violence, entertainment}

with P[variety], P[violence], and P[entertainment] are PFSs in ¢/ defined as fol-
lows:

P Comedy Fantasy  Horror Action
variety (0.7,0.3) (0.3,0.5) (0.2,0.9) (0.2,0.9)
violence  (0.5,0.5) (0.2,0.7) (0.7,0.7) (0.4,0.8)

entertainment (0.8,0.2) (0.5,0.7) (0.6,0.5) (0.6,0.5)

Then (P, A) is a variety-PFSUPF of . But (P, A) is not a variety-PFSUPI of
U since

FB[variety] (Horror * Action)

= Hp [variety] (HOI‘I‘OI‘)

=0.2

#0.3

= min{0.7,0.3}

= min{ B [variety] (Comedy), B variety] (Fantasy)}

= min{ B [variety] (Horror * (Fantasy * Action)) | (Fantasy)}

» Hp [variety
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and

Vp [variety] (HOI’I‘OI‘ * ACtiOH)

=Vp [variety] (HOI‘I‘OI‘)

=09

£0.5

= max{0.3,0.5}
= max{vp variety] (Comedy), v (variety] (Fantasy)}

= max{Vp, oy (Horror x (Fantasy x Action)), Vg, ;1 (Fantasy)}.

Hence, lg[variety] is not a PFUPI of U, that is, (13, A) is not a variety-PFSUPI
of U.

Theorem 2.38. The extended intersection of two PFSUPIs of U is also a PF-
SUPI. Moreover, the intersection of two PFSUPIs of U is also a PFSUPL

Proof. Assume that (Py, A;) and (P,, Ay) are two PFSUPIs of 2. We denote
(P, A1)A(Py, Ay) by (P, A) where A = A; U Ay. Next, let a € A.

Case 1: a € Ay \ Ay. Then P[a] = Py[a] is a PFUPI of U.

Case 2: a € Ay \ A;. Then P[a] = Pya] is a PFUPI of U.

Case 3: a € A; N Ay. By Theorem 1.17, we have P[a] = P1[a] A Pya] is a
PFUPI of U.

Thus (P, A) is an a-PFSUPI of U for all a € A. Hence, (P, A) is a PFSUPI
of U. 0

Theorem 2.39. The union of two PFSUPIs of U is also a PFSUPI if sets of
statistics of two PFSUPIs are disjoint.

Proof. Assume that (P, 4;) and (Ps, Ay) are two PFSUPIs of U such that
A1 NAs = (. We denote (13, Al)O(f’g, As) by (13, A) where A = A; U Ay. Since
A1 N Ay =0, we have a € A; \ Ay or a € Ay \ A;. Next, let a € A.

Case 1: a € Ay \ Ay. Then Pa] = Py[a] is a PFUPI of U.

Case 2: a € Ay \ A;. Then P[a] = Pya] is a PFUPI of U.

Thus (P, A) is an a-PFSUPI of U for all a € A. Hence, (P, A) is a PFSUPI
of U. O

The following example shows that Theorem 2.39 is not valid if sets of statistics
of two PFSUPIs are not disjoint.

Example 2.40. In Example 2.31, we have (P1, A1) and (Py, Ay) are PFSUPIs
of U. Since moisture € A1 N Ay, we have

,U/lSl [moisture] VP [moisture] (Wlnter * Sumlner)

= Mf’l[moisture]\/lgg[moisture] (Summer)

=03
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#05
= min{0.8,0.5}
(Rains),

= mln{ulsl [moisture] VP [moisture]
,U/iSI [moisture] VP [moisture] (Sprlng)}
= min{up, (moisture]vPs [moisture] ( W inter x (Spring « Summer)),
'u’131 [moisture] VP [moisture] (Spnng)}
Thus Py [moisture] V Py [moisture] is not a PFUPT of U, that is, (P1, A1)U(P3, As)
is not a moisture-PFSUPI of ¢. Hence, (Py, A1)U(Py, As) is not a PFSUPI of
U. Moreover, (P1, A;)U(Py, Ay) is not a PFSUPI of .
2.5. Pythagorean Fuzzy Soft Strong UP-Ideals.
Definition 2.41. A PFSS (ﬁ, A) over U is called a Pythagorean fuzzy soft strong
UP-ideal (PFSSUPI) based on a € A (we shortly call an a-Pythagorean fuzzy

soft strong UP-ideal (a-PFSSUPI)) of U if a PFS P[a] in U is a PFSUPL If P[q]
is an a-PFSSUPI of U for all a € A, we say that Pla] is a PFSSUPI of U.

Theorem 2.42. (P, A) is a PFSSUPI of U if and only z'fU(ulsla],t) and L(Vlg[a], t)
are, if the sets are nonempty, SUPIs for every a € A, t € [0, 1].
Proof. Assume (P, A) is a PFSSUPI of U, that is, Pla] = (o) VL)) 18 @
PFSUPL of U for all a € A. Let t € [0,1] be such that U(up,. 1), L(vp,, 1) # 0.
By Theorem 1.7, we have U(uﬁ[a],t) and L(Vlg[a],t) are SUPIs of U for all a €
A, te[0,1].

Conversely, assume for alla € A,t € [0, 1], U(ulg[a], t) and L(I/f)[a] ,t) are SUPIs
of U if the sets are nonempty. By Theorem 1.7, we have ls[a] = (Mf’[a]71/15[a]) is

a PFSUPI of U for all a € A. Hence, (P, A) is a PESSUPI of U. O

Theorem 2.43. (P A) is a PFSSUPI of U if and only if U*(/VLP (]’ t) and
L_(Vlg[a],t) are, if the sets are nonempty, SUPIs for every a € A,t € [0, 1].

Proof. Assume (P, A) is a PFSSUPI of U, that is, Pla] = (Wpa) Vpig)) 18 2
PFSUPI of U for all a € A. Let t € [0, 1] be such that U+(u13[a],t), L™ (Vg t) #
(. By Theorem 1.8, we have U™ (,uP (]’ t) and L*(Vf)[a],t) are SUPIs of U for all
a€ A tel0,1].

Conversely, assume for all a € At € [0,1],U+(u15[a],t) and L*(z/lg[a],t)
are SUPIs of U if the sets are nonempty. By Theorem 1.8, we have f’[a] =
(ulg[a], Vﬁ[a]) is a PFSUPI of U for all a € A. Hence, (P, A) is a PFSSUPI of
Uu. O

Theorem 2.44. (P, A) is a PESSUPI of U if and only if E(pi ), i, (0)) and
E(Vﬁ[a]”’ﬁ[a] (0)) are SUPIs of U.
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Proof. Assume (P, A) is a PFSSUPI of U, that is, Pla] = (i, ¥p,) is &
PFSUPI of U for all @ € A. By Theorem 1.9, we have E(u];[a]7ﬂ§[a] (0)) and
E(Vﬁ[a]vyﬁ[a] (0)) are SUPIs of U.

Conversely, assume for all a € A,E(pf,[a],ulg[a] (0)) and E(I/lg[a], VBla] (0)) are
SUPIs of U. By Theorem 1.9, we have Pla] = (Mﬁ[a]”/ﬁ[a]) is a PFSUPI of U for
all a € A. Hence, (P, A) is a PFSSUPI of U. O

The proof of the following theorem can be verified easily.

Theorem 2.45. If (P, A) is a PFSSUPI of U and § # B C A, then (P|p, B) is
a PFSSUPI of U.

From Figure 1, we have the following theorems.

Theorem 2.46. a-PFSSUPI and a-CPFSS coincide inUU. Moreover, PESSUPI
and CPFSS coincide in U.

Theorem 2.47. FEvery a-PFSSUPI of U is an a-PFSUPI. Moreover, every PF-
SSUPI of U is a PFSUPIL.

The following example shows that the converse of Theorem 2.47 is not true.
Example 2.48. Let U be a set of four games of E-sports, that is,
U = {DOTA, Pokemon, Call of Duty, FIFA}.

Define binary operation x on U as the following Cayley table:

* ‘ DOTA FIFA Call of Duty Pokemon
DOTA DOTA FIFA Call of Duty Pokemon
Pokemon DOTA DOTA FIFA Pokemon
Call of Duty | DOTA DOTA DOTA Pokemon
FIFA DOTA FIFA Call of Duty DOTA

Then U = (U, *, DOTA) is a UP-algebra. Let (P, A) be a PFSS over U where

A := {pressure, planning, relaxation}

with P[pressure], P[planning], and P[relaxation] are PFSs in ¢/ defined as follows:

P DOTA  FIFA  Call of Duty Pokemon
pressure (1,0)  (0.7,0.3) (0.7,0.3) (0.2,0.8)
planning  (0.8,0.4) (0.6,0.6)  (0.6,0.6)  (0.3,0.9)

relaxation (0.2,0.4) (0.3,0.4) (0.3,0.6) (0.6,0.4)

Then (P, A) is a planning-PFSUPI of 4. But (P, A) is not a planning-PFSSUPI
of U since

'uﬁ[planning]
(Call of Duty)
=0.6
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#0.8

= min{0.8,0.8}
= min{'u’l;[planning] (DOTA)7 Mﬁ[planning] (DOTA)}
= min{,u];[planning] ((Call of Duty * DOTA) % (Call of Duty x Call of Duty)),

Mls[planning] (DOTA)}

and

Vlg[planning]
(Call of Duty)
=0.6

£0.4
= max{0.4,0.4}

= Inax{uﬁ [planning] (DOTA)7 Vlg[planning] (DOTA)}

= max{Vp( ;. 1ning ((Call of Duty x DOTA) x (Call of Duty  Call of Duty)),
DOTA)}.

Vp [planning)] (

Hence, ﬁ[planning] is not a PFSUPI of U, that is, (ﬁA) is not a planning-
PFSSUPI of U.

Theorem 2.49. The extended intersection of two PFSSUPIs of U is also a
PFSSUPI. Moreover, the intersection of two PFSSUPIs of U is also a PFSSUPL

Proof. Assume that (P1, A;) and (P, A3) are two PFSSUPISs of U. We denote
(P, A1)N(P2, A3) by (P, A) where A = Ay U Ay. Next, let a € A.

Case 1: a € Ay \ Ay. Then Pa] = Py[a] is a PFSUPI of U.

Case 2: a € Ay \ A;. Then Pla] = Py[a] is a PFSUPI of U.

Case 3: a € Ay N Ay. By Theorem 1.19, we have P[a] = P1[a] A Py[a] is a
PFSUPI of U.

Thus (P, A) is an a-PFSSUPI of U for all a € A. Hence, (P, A) is a PFSSUPI
of U. g

Theorem 2.50. The union of two PFSSUPIs of U is also a PFSSUPI. More-
over, the restricted union of two PFSSUPIs of U is also a PFSSUPI.

Proof. Assume that (P1, A;) and (P, A3) are two PFSSUPISs of U. We denote
(P, A1)U(P2, A3) by (P, A) where A = Ay U Ay. Next, let a € A.

Case 1: a € Ay \ Ay. Then Pa] = Py[a] is a PFSUPI of U.

Case 2: a € Ay \ A;. Then Pla] = Pya] is a PFSUPI of U.

Case 3: a € A; N Ay. By Theorem 1.19, we have P[a] = P1[a] V Py[d] is a
PFSUPI of U.

Thus (P, A) is an a-PFSSUPI of U for all a € A. Hence, (P, A) is a PFSSUPI
of U. (]
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3. Conclusions and Future Works

In this paper, we introduced five types of PFSSs of UP-algebras and proved
that the concept of PFSUPSs is a generalization of PFSNUPFs, PFSNUPFs is
a generalization of PFSUPFs, PFSUPFs is a generalization of PFSUPIs, and
PFSUPIs is a generalization of PFSSUPIs. Furthermore, they proved that PF-
SSUPIs and CPFSSs coincide. We got the diagram of generalization of PFSSs
over UP-algebras, which is shown with Figure 2.

Pythagorean fuzzy soft UP-subalgebra

t

Pythagorean fuzzy soft near UP-filter

t

Pythagorean fuzzy soft UP-filter

f

Pythagorean fuzzy soft UP-ideal

t

Pythagorean fuzzy soft strong UP-ideal

'

Constant Pythagorean fuzzy soft set
FI1GURE 2. PFSSs over UP-algebras

After, we found that the (extended) intersection of two PFSUPSs (resp., PFS-
NUPFs, PFSUPFs, PFSUPIs, PFSSUPIs) is also a PFSUPS (resp., PFSNUPF,
PFSUPF, PFSUPI, PFSSUPI) but the (restricted) union is not satisfy except
PFSNUPFs and PFSSUPIs.

Finally, we connected between PFSSs and special subset of UP-algebras under
upper t-level subsets, upper t-strong level subsets, lower t-level subsets, lower
t-strong level subsets, and equal t-level subset of PFSs.

Research topics that will expand on this study in the near future include:

(1) to study Fermatean fuzzy sets based on the concept of Senapati and
Yager [35],

(2) to introduce the concept of bipolar Pythagorean fuzzy soft sets based on
the concept of Jana and Pal [11],

(3) to study Pythagorean fuzzy sets based on Pythagorean fuzzy points and
Pythagorean fuzzy numbers according to Jana et al.’s approach [15, 12].
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