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STUDY OF DYNAMICAL MODEL FOR PIEZOELECTRIC
CYLINDER IN FRICTIONAL ANTIPLANE CONTACT
PROBLEM

S. MEDJERAB*, A. AISSAOUI AND M. DALAH

ABSTRACT. We propose a mathematical model which describes the fric-
tional contact between a piezoelectric body and an electrically conduc-
tive foundation. The behavior of the material is described with a linearly
electro-viscoelastic constitutive law with long term memory. The mechan-
ical process is dynamic and the electrical conductivity coefficient depends
on the total slip rate, the friction is modeled with Tresca’s law which the
friction bound depends on the total slip rate with taking into account the
electrical conductivity of the foundation both. The main results of this
paper concern the existence and uniqueness of the weak solution of the
model; the proof is based on results for second order evolution variational
inequalities with a time-dependent hemivariational inequality in Banach
spaces.
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1. Introduction

The present paper concerns the study of contact problems involving piezo-
electric materials for which the mechanical properties are viscoelastic are also
called electro-elastic. Background of the theory of piezoelectric materials can be
found in [6, 13, 20]. General models for three-dimensional linear can be found
in [1].

Antiplane shear deformations are one of the simplest examples of deformations
that solids can undergo: in antiplane shear of a cylindrical body, the displace-
ment is parallel to the generators of the cylinder and is independent of the axial
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coordinate. Mathematical and mechanical state of the art on contact mechanics
can be found in [22, 23].

This work is interested in dynamic contact problem for electro-viscoelastic
materials with long term memory in frictional contact with a conductive foun-
dation; (more details for dynamic contact problem see [17]). We assume that the
contact is bilateral, i.e. there is no loss of the contact during the process, more-
over, the friction bound and the electric conductivity coefficient are assumed to
depend on the total slip rate with taking into account the electrical conductivity
of the foundation both in the friction law and in the electrical condition on the
contact surface.

The present paper represents a continuation of [4], there a mathematical
model which describes the antiplane shear deformation of an electro-viscoelastic
cylinder with long term memory in frictional contact and a rigid foundation was
assumed to be electrically conductive, the process was assumed to be mechan-
ically quasistatic and electrically static, therefore, the variational formulation
of this model was given by a system of two coupled an evolutionary variational
equality for the displacement field and a time-dependent variational equation
for the potential field, which was solved by using results on integro-differential
inequality. In this work, we consider a similar physical setting like [4], in which
the material behavior is modeled with a linear electro-viscoelastic constitutive
law with long term memory, but the mechanical process is assumed to be dy-
namic and the electrical conductivity coefficient depends on the total slip rate.
In a quasistatic version of Tresca’s friction law, we assumed that the friction
bound depends on the total slip rate and on difference between the potential on
the foundation and the body surface; this dependence of friction bound is used
in the study of antiplane problems with a total slip rate dependent or since the
foundation is supposed to be electrically conductive. We derive a variational
formulation of the problem which is of the form of a system coupling a sec-
ond order evalutionary variational inequality for the displacement field with a
time-dependent hemivariational inequality for the electric potential field.

The rest of the paper is structured as follows. In Section 2 we describe the
model of frictional contact between an electro-viscoelastic cylinder body with
long memory and a conductive foundation. In Section 3 we derive the varia-
tional formulation of this problem, which is in the form of a system coupling
a class of evolutionary variational inequality for the displacement field with a
time dependent hemivariational inequality for the electric potential with inte-
grals terms. In Section 4 we need to present a main result in which we apply
it in our proof of theorem 3.1 in section 5; the proof is based on arguments
of evolutionary variational and a time-dependent hemivariational inequalities in
Banach spaces .
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2. Statement of the problem

We consider a piezoelectric body B identified with a region in R?, it occu-
pies in a fixed and undistorted reference configuration. We assume that B is a
cylinder with generators parallel to the x3-axes having a cross section that is a
regular region ) C R? in the z1,zo-plane, Oz 2223 being a Cartesian coordi-
nate system. The effects in the axial direction are negligible since the cylinder is
assumed to be sufficiently long, thus, B = Q x (—o0, +00). We assume that the
material is nonhomogeneous and we model its behavior with the linear isotropic
version of Tresca’s law.

The body which occupies a bounded domain € is submitted to the action of
body forces of density fy and has volume free electric charges of density gg. It is
also constrained mechanically and electrically on the boundary.

To describe the boundary conditions, we denote by 02 = I" the boundary of €2
and we assume a partition of I' into three open disjoint parts I'y, I's and I's, such
that meas T'y > 0. We assume that the cylinder is clamped on I'; X (—o0, +00)
and it is in contact with a rigid foundation on I's X (—o00, +00).

On the one hand, we consider a partition of I'y X (—o0, +00) UT's X (—00, +00)
into two open parts I', X (—00, +00) and I'y X (—00, +00), such that meas 'y, > 0.
On the other hand, the cylinder is subjected to time-dependent volume forces of
density fy in Q x (—o0, +00) and to time-dependent surface tractions of density
fo on Ty X (—00,+00). We also assume that the electrical potential vanishes
in Ty, X (—00,400) and a surface electric charge of density g is prescribed on
Iy X (—00,+00).

We are interested in the deformation of this body on the time interval of
interest [0,7], with T > 0. Everywhere in this paper, the dots represent the

derivatives with respect to time, i.e. @ = %, i = % and the index that follows
a comma represents the partial derivative with respect to the corresponding
spatial variable, i.e. u; = g—;, i=1,2.

The indices ¢ and j denote components of vectors and tensors and run from 1
to 3, summation over two repeated indices is implied. We use S for the linear
space of second order symmetric tensors on R? or, equivalently, the space of
symmetric matrices of order 3, and “-”, || - || will represent the inner products

and the Euclidean norm on R3 and S3; we have:

u-v=uw;, |v]=(w-v)"? forallu=(u), v=(v;) € R

1/2

o 7 =0y, |l =(r-7)* forallo = (oy), T = () € S*

We assume that the forces and the electric charges are given by
f02(0707f0) with f0:f0($1,$27t):QX[O,T]%R, ( )
f2:(0707f2) with fg:fg(.’El,J?Q,t)ZFg X [O7T]_>Ra (2)
qo = qo(z1,x2,t) : QA x [0, T] = R, (3)
q2 = qg(:cl,xQ,t) : Fb X [O,T] — R. ( )
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The displacement u and the electric potential field ¢ which are independent
on x3 and have the form

u=(0,0,u) with u=u(zy,x2,t):Qx[0,7] = R, (5)
o =p(x1,22,t) : QA x [0,T] = R. (6)
The strain tensor e(u) = (¢;;(u)) and and the electric field E(p) = (E;(¢))

1
eij(w) = 5 (uij +uza), Eilp) = —pi.

The stress tensor o = (0;;) and the electric displacement field D = (D;) are
modeled the material behavior by a linear isotropic electro-viscoelastic constitu-
tive law with long term memory of the form

o = Atre(u))I + 2pe(u) + 2}9(16 — s)e(u(s))ds -
t 0 7

-I-{C(t — s)tr(e(u(s)))Ids — E*E(p),

D = &e(u) + SE(p), (8)

where ¢ and 6 are relaxation coefficients that are time dependent, A and p are
the Lamé coefficients, tr €(u) = £;;(u), I is the unit tensor in R3, 3 is the electric
permittivity constant, £ represents the third-order piezoelectric tensor and £*
is its transpose. We assume that

6(813 +€31)
Ee = 6(623 + 632) Ve = (Eij) € 83, (9)
€E€33

where e is a piezoelectric coefficient. We also assume that the coefficients 0, u, 8
and e depend on the spatial variables x1, x5, but are independent on the spatial
variable z3. Since £e-v = -E*v for all e € 83, v € R3, it follows from (9) that

0 0 en
E'v=| 0 0 ev Vv = (v;) € R3. (10)
eV evey evs

In the antiplane context (5), (6), using the constitutive equations (7), (8) and
equalities (9), (10) it follows that the stress field and the electric displacement
field are given by

0 0 J13
g = 0 0 023
031 o3 0

o13(t) = 031(t) = pu1(t) + }H(t — s)u1(s)ds + ep,1 (1),
¢ (11)

093(t) = o32(t) = puo(t) + gﬁ(t — s)uz(s)ds + ep,s ().
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€U, _68071
D= |eus—Bps|. (12)
0

We assume that the process is mechanically dynamic and electrically static and,
therefore, is governed by the balance equations

Dive +fy =pii, DivD—¢=0 in B x (0,7),
where Divo = (0, ;) represents the divergence of the tensor field o and p

denotes the density of mass. Taking into account (11), (12), (5), (6), (1) and
(3), the equilibrium equations above reduce to the following scalar equations

div (,uVu(t) + /9(75 — s)Vu(s)ds + eVgo(t)) + fo(t) = pii(t), in Q,Vte[0,T],
0

(13)

div(eVu(t) — BVe(t)) = qo(t), in Q,Vt € [0,T]. (14)

During the process the cylinder is clamped on T'; X (—o0,+00) x (0,7) and

the electric potential vanishes on I'y X (—o0,+00) x (0,7); thus, (5) and (6)
imply that

u=0 onTy x(0,7), (15)

=0 onT,x(0,T). (16)

The Cauchy stress vector and the normal component of the electric displacement

field are given by
t

ov(t) = (o, 0, udyu(t)+ / H(t—s)ayu(s)dereaycp(t)),D~V(t) = edyu(t)—Bd, (1),
0
(17)
where v denote the unit normal on ' x (—oo, +00) defined by
v = (v1,12,0) with v; =vi(z1,22): T >R, i=1,2 (18)

Taking into account (2), (4) and (17), the traction condition on I'y and the
electric conditions on I', are given by

uoyu(t) + /9(t — 5)0,u(s)ds + ed,(t) = fa(t) on o, Vit € [0,T], (19)
0

edyu(t) — BO,p(t) = q2(t) on I'y, Ve € [0,T). (20)
The contact is bilateral, so the boundary conditions on I's x (—o00, 4+00) are
t
u-(t) = (0,0,u(t), (1) = (0,0, ud,ul) + / 0(t — )0y u(s)ds + eDyp(t))-

0
(21)
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In the antiplane shear context, we assume that the friction is modeled with
the dependence of g on both S(u) and the electric variables ¢ — ¢ (since the
foundation is supposed to be electrically conductive) by the following form

nBuut) + [0t )0,u(s)ds + (s |<g(Z|u lds. ¢(t) - o).

pou(e) + [0t = 5)Du(s)ds + eDuip(t) (£|u $)lds, p(t) = r ) it a(t) # 0,

(22)
and the electric contact is modeled by

edyu(t) — Bo,p(t) /|u )ds)(¢ —¢r) onTs,Vte[0,T], (23)

where Su(t f|u )|ds, for all ¢ € [0,T], represents the total slip rate, ¢p

represents the electrlc potential of the foundation assumed to be given and the

electric charges on the contact surface are proportional to the difference of po-

tential (¢ — pp) with a total slip rate dependent proportionality coefficient.
Finally, we prescribe the initials displacement and velocity by

u(0) = ug, w(0) =wuy; in Q, (24)

where ug and u; are given functions in 2. We have the following problem:
Problem P: Find the displacement u : € x [0, 7] — R and the electric potential
¢ : Q% [0,7] — R such that

div (uVu(t) + g&(t — 8)Vu(s)ds + eVp(t)) + fo(t) = pii(t) in Q
div (eVu(t) + BVe(t)) = qo(t) in Q
u(t) =0 on I'y
@(t) =0 on I,
uoyu(t) + {O(t — 8)0vu(s)ds + edvp(t) = fa(t) in Ty
edyu(t) — B p(t) = qa(t) inT

|udul(t) + i@(t — $)dyu(s)ds + edyp(t)] < g(

O— =

[i(s)|ds, o — or )

uou(t) + g@(t — s)Ovu(s)ds + edyp(t) = —g (z|u(s)|d5, p— gop) %, on I's
eduu(t) — B p(t) = k(Su(t))(p(t) — ¢r) on I's
u(0) = uo, u(0) = uy in Q

(25)
for all ¢ € [0, T7.
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3. Variational formulation and main results

We introduce the function spaces
V={weH Q) :v=00nT1}, W={ypecH (Q):9p=00nT,}

where, here and below, we write w for the trace yw of a function w € H(Q) on
I". Since measI'y > 0 and measI', > 0, it is well known that V' and W are real
Hilbert spaces with the inner products

(u,v)V:/Vwadx Yu,v € V, (cpmb)W:/Vap-dew Yo, p € W.
Q Q
Moreover, the associated norms

[ollv = IVullzzorzy Yo e Voo 9llw = [[Vl2@mre)y VY €W (26)

are equivalent on V' and W, respectively, with the usual norm || - |[g1(q). By
Sobolev’s trace theorem we deduce that there exist two positive constants ¢y, > 0
and cy > 0 such that

[ollz2rs) < cevivlly Yo eV, [[Wllezr,) < ewllvllw Vo € W (27)
Given a real Banach space (X, |.||x) we use the standard notations for the

Lebesgue space L2(0,T; X) and L>(0,T; X) as well as the Sobolev space W12(0,
T; X). We recall that the norms on this spaces are given by

T
el 0.7 x) = / ()| dt,
0

[l Lo (0,7,x) = esssup|lu(t)| x,
t

T T
a2 0.2 = / u(t) 3 dt + / () % .
0 0

We use the notation W12(0,T) for the space W2(0,T;R) and the notation
||-||W1>2(0,T) for the norm ||~HW1‘2(O,T;R)-

In the study of problem P we assume that the mass density, the viscosity
coefficient, the Lamé coefficient, the electric permittivity coefficient and the
piezoelectric coefficient satisfy
a)p € L () and there exists p* > 0 such that p(x) > p*

a.e. x € .

b)o € WH2(0,T).
c)pu € L (Q) and there exists p* > 0 such that p(x) > p*

a.e. x € Q.

d)B € L*°(Q)and there exists §* > 0 such that 3(x) > *

a.e. x € Q.

e)e € L>(Q).
The forces and surface free charge densities have the regularity

H(c):
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H(f): fo € WH2(0,T, L3(2)), fo € WH2(0,T,L?(T)).
H(q): qo € WH2(0,T,L%(Q)), q2 € WH2(0,T, L3(T})).
The functions g, k, j and J satisfy
(a)g: T3 x R? — Ry;
(b)3Ly > 0 such that
H(g): |g($, r1, 51) - g(Ivr% 82)‘ < Lg”(rlﬁ 81) - (TQ’ 52)”7
Vri,re, 81,82 €E R a.e. x €lg;
(c)vr,s € R, g¢(.,r ) is Lebesgue measurable on I's;
(d)g(,0,0) € LQ(F3)
(a)k: s x R — Ry
(b)ALy > 0 such that |k(z,r1) — k(z,r2)| < Li|ry — 7o,
H(k): Vri,re € R ae. x e€ls;
(c)vr e R, k(.,r) is Lebesgue measurable on T's;
()0 < k(x,r) <ko,Vre R ae. xe€Tls, with k> 0.

J
H(j): (a)vn € L?(T'3),Yv; € W, j(n,v1,.)is convex et i.s.c on V.
) (b)Vn € L*(T'3),Vve € V, j(n,.,v2) is convex et i.s.c on W.
(€)4(0,.,.) € LY(T3).
J: L*(I'3) x W? — Rand,
(a)Vn € L3(T'3),Vv1 € W, J(n,v1,.)is convex et i.s.c on W.
(b)Vn € L*(T'3),Yv € W, J(n,.,v2) is convex et i.s.c on W.
(c)J(0,.,.) € LY(T3).
The initial data and the electric potential of the foundation are given by
H(0): (up,u1) € V x L3(Q).
H(SOF): YF € L2(F3)
Next, we define the bilinear forms a, : V xV = R, ac : VX W —= R,
a;y W xV =R, and ag: W x W — R, by equalities

H(J):

a,(u,v) = / uwVu-Vodz, (28)
Q
ae(u7 QO) = / eVu - v@ dx = a:(go,u), (29)
Q
wp(o) = [ BV Vs (30)

for all u, v € V and ¢, € W.

Assumptions H(c) imply that the integrals above are well defined and, using
(26) and (27), it follows that the forms ag, a, a, a} and ag are continuous;
moreover, the form a, (resp. ag) is symmetric and V-elliptic (resp. ag is sym-
metric and W-elliptic), since

au(v,v) > p*v]|}y Yo eV, (31)
ag(¥,0) = B[l v € W, (32)
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By assumptions H(f) and H(g), We can define the mappings f : [0,7] — V'
and ¢ : [0,T] — W’ respectively, by

(0, 0)yry = /Q fotydz+ [ pa(tyvda. (33)

(a(t), E)wrcw = /Q qo(t) dz — / g2(t) da, (34)

forallv e V, ¢ € W and ¢ € [0,T]. The assumptions H(f) and H(q) combined
with the trace theorem implies that f and ¢ have the regularity

fewh(0,T; V"), (35)

q € W0, T; W). (36)

We will use a modified inner product on H = L?({) besides the canonical

inner product (.,.)z. We use assumption H(c):a) define a modified inner product
on H, given by

((U,U))H = (/)U,, U)LQ(Q) vua vE H7

that is, it is weighted with p, and we let |.| be the associated norm, i.e.,

|v|H:(pv,v)% Vv € H.

L2(Q)

It follows from assumption H(c):a) that ||.||.2(q) and |.|g are equivalent norms
on H, and the inclusion mapping of (V,||.||v) into (H,|.|rr) is continuous and
dense. We denote by V' the dual of V. Identifying H with its own dual, we can
write the Gelfand triple

VcH=H cV'.

Using the notation (.,.)y /v to represent the duality pairing between V' and
V', we have

(w,v)vixy = ((u,v))n = (pu,v)r20) Yu € HyvoeV. (37)
For every t € [0,T] we need to consider the operator S defined by
S:Wh(0,T;V) — W0, T; L*(T3)),

t

Su(t) :/|v(s)|ds a.e. on I'3. (38)
0

From (38), it follows that the for all vi,ve € WH2(0,T;V) and t € [0,T], the
following inequality holds

t
1S61(£) — Sva(t) |2y < / o1 (s) — va(8) | a0y ds. (30)
0
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Here and bellow C' represents a positive constant whose values may change
from line to line. And From (27), the inequality (39) becomes

1Sv1(t) = Sva(t)[[2(ry) < C/llvl(S) — va(s)[lvds. (40)
0

We define now the functionals j : (L?(I'3) x W) x V — Ry and J : L?(I'3) x
W? — R, respectively by

J((n.),0) = /gm,@—w)wda, Ve [Ty Vo e Wooe V. (41)
I's

J(n,p,9) = /k(n)lso — op|lYlda, Vne L*(Ts),Y(p, 1) € W2 (42)
I's

We assume in what follows that the couple (u, ¢) is a smooth solution to problem

P and t € [0,T] such that u(t) € V and ¢(t) € W. Let v € V and ¢ € W. From
(13), (15) and (19), we obtain

t

/pii(t)(v —u(t))dz + /(uVu(t) + /9(t —5)(Vu(s))ds + EVLp(t)>V(U —u(t))dx
Q Q 0

= /fo(t)(v —u(t))dz + /fg(t)(v —u(t))da + /(uayu(t) + /9(t — 8)0yu(s)ds
o) T,

I's 0
+ed,p(t)) (v = i(t))da,
and from (14), (16), (20) and (23), we obtain
[ (evutt) - 5960 Vvds = [ax(tyoda ~ [anltyvus

Q Ty

Q
+ / K(S(t))((t) — pr)da,

Using the frictional contact condition (22) on I's x (0,7"), we deduce that
t
(u&,u(t) + /0(t — 8)d,u(s)ds + e@,,go(t)) (v —u(t)) (43)
0
> g(Su(t), p(t) — r)u(t)| — g(Su(t), o(t) — @r)lv].
Using the electric contact condition (23) on I's x (0,T"), we deduce that
K(Si(1))(o(t) — r)0 < k(Si(D) (D) — orl . (44)
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From (28), (29), (37),(33) and (43) we obtain

(i1(t), v — @t vy + ap(u(t),v — a(t)) + (/H(t ~ Syuls)ds, v —i(t))

+ac(p(t),v —u(t) + 5 ((Su(t), p(t), v) — §((Su(t), p(t)), u(t))
> (f(t),v—u(t))vxv, Vv €V, p.p.t €[0,T].

From (29), (30), (34) and (44) we obtain
ag(p(t), ¥) — ae(u(t), ) + J(Su(t), ¢(t), ) = (a(t), V)wxw, Vi € W, p.p.t € [0,T].

We obtained the following variational formulation of problem P:
Problem Py . Find the displacement w : [0,7] — V and the electric potential
¢ :[0,T] = W such that

|4

((t),v —u(t))vixv +au(u(t),v —u(t)) + (/9(75 —s)u(s)ds,v — u(t))
0 (45)
+ac(p(t), v —u(t) +5((Su(t), o (1)), v) — 5((Su(t), ¢ (1)), u(t))

> (f(t),v—a(t))vixv,Yv €V, t €[0,T],
ag(p(t), ¥) — ac(u(t),y) + J(Su(t), p(t), ) > (q(t), V)w'xw, YV € W, t € [?,T)].
46
(u(0),(0)) = (uo, u1). (47)

We have the following existence and uniqueness result.

Theorem 3.1. Assume that H(c),H(f),H(q), H(j),H(J),H(k), H(g),H(oF)
and H(0) hold. Then there exists a unique solution of problem Py . Moreover,
the solution satisfies

we W22(0,T;V), i€ L*(0,T;V') and ¢ € WH2(0,T;W).  (48)

The proof of theorem 3.1 will be carried in several steps.

4. First existence and uniqueness result

We consider the following problem.
Problem P{,. Find u: [0,7] — V and ¢ : [0,7] — W such that

(), v —ult))vxv +au(u(t),v —ut)) + j((Su(t), ¢(t)), v)
—j((S’ll(t),<p(t)),ﬂ(t)) > (f(t),v - ’ll(t))lev VveV, te [07T]7

aB(go(t),z/)) - a(i(u(t)7,(/)) + J(Su(t)? @(t)ﬂﬁ) Z (q<t)a w)W’XWVw S W) te [06 T])
50

(u(0),u(0)) = (uo, u1). (51)

We have the following existence and uniqueness result.

(49)
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Theorem 4.1. Under hypotheses H(c)(a,c,d,e), H(f),H(q), H(j),H(J),H(k),
H(g),H(or) and H(0), problem PY. admits a unique solution which satisfies

uw € W2(0,T;V), ieL*0,T;V') and e WhH2(0,T;W). (52)

The proof of theorem 4.1 will be carried in two steps:

Step.1. Solvability of problem 7385.

Problem P, . For all £ € Wh?(0,T; L*(I'3)). Find ug : [0,7] — V and ¢ :
[0,T] — W such that
(iig (1), v — tie (0))vrxv + ap(ug(t), v — ug(t)) + 5(((1), pe(t)), v)
— 3((&(1), e (), e () = (f(1),v — e () v/ xv Vo eV, t€l0,T],
a@((pﬁ(t)’w) - ae(uﬁ(t)’w) + J(&(t)’ @ﬁ(t)a 1/}) Z (Q<t)a w)W’XWVw € Wa te [(077)—‘}
54
(g (0), 1(0)) = (o, 1), (55)
Theorem 4.2. For £ € W2(0,T; L*(T'3)). Under hypotheses H(c)(a,c,d,e),

H(f),H(q), H(j),H(J),H(k), H(g),H(pr) and H(0), problem 'Pxo/g admits a
unique solution which satisfies

ug € W22(0,T;V), g € L*(0,T; V') et e € WH2(0,T;W). (56)

(53)

Proof. We note that (15) and (16) yield ue(t) € V and @¢(t) € W. For i = 1, 2,
let & € WH2(0,T, L3(T'3)) and (u;(t), ¢;(t)) be the solution to problem 7385 for
& = &; such that
(i (s) — tdiz(s), w1 (s) — 2(s))v/xv + au(ui(s) — ua(s), i (s) — tz(s)) <
+5((61(5), p1(8)), t2(s)) — G((€1(8), p1(8)), w1 (s)) + 5 ((€2(s), pa(s)), i (s))
—j((fg(S),(pg(S)),iLg(S)), Vs € [07T]7
which implies

Sl (®) = i ®ff + - [ur() — w0l < [H(@ ) 1(6), tao)ds

—/j((fl(s)aWl(s))aul(s))ds + /j((fz(s)a802(5))71l1(8))d8 - /J’((fz(s)a802(5))7?12(8))618,
ZA(s)ds

(57)
for all ¢ € [0,T]. On the other hand, we have
7(§1(5), p1(s)), i2(s)) — G ((§1(s), pa(s)), i (s)) =
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/9(51(8), p1(s) — wr)([iz(s)] — [ (s)])da,

s
J((&2(5), p2(5)), 1 (s)) — j((&2(5), p2(s)), ua(s)) =
/9(52(5)7402(5) —r)(Jua(s)] — |ua(s)])da.

s
Thus
A) = [ (900 2(6) = p8) = 9(E(9).105) = 98) )11 ()] = ia(s)])da
< [1(16a(6) = 0 + loals) = 15 lis () ()] da

< C{lla(s) = &) Baqry) + 1 () = e2(s)lIFy + i (s) = wa(s)] }-
Then, (57) becomes

Slin(6) = i@} + 4 e (0) w0 < ] / l€2(5) — & (5) 3y s

/Ilwz s \|st+/|\u1 ) —din(s) [ ds .

(58)
Moreover, if we take ¢ = ¢ — p; for (i = 1,2) in inequality (54), we find

ag(p1(t) — @2(t), p1(t) — @1(t)) < ac(ui(t) —ua(t), p1(t) —1(t))
+ J(&1(1), p1(t), pa(t) — @1()) + J(§2(2), p2(t), p1(t) — @a(t)), (59)

B(t)
and
B(O) = [ (HE)(1(6) = 0r) + KEa®)(pa(®) — or))la(8) - alt)lda
< [ (Luwoléa(t) = €(6)] + 2u0ko) 1 6) = a(t) da (60)

< Cll&r(t) = &2()72ry) + %II%(t) — p2(t) 3

Hence (59) becomes

Eler) — el < {0 —w®l} + 16(0) ~ SO, }. 6D
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Integrating between 0 and ¢ with ¢ € [0, T], we obtain

£ / l1(s) — ga(s) s < O / s (5) — wa(s) s + / I€1() — E2($)22(r s}
(62)
We combine (58) et (62) to obtain

Slin(® = aa®)l} + 5-lur () = us(@)1 < O{ [l61(5) ~ (o) e,y s
0

¥ / Jun (5) — ua(s) s + / i (5) — ta(s) 3 ).

(63)

Gronwall’s inequality implies

a1 (t) = a2 (I + llua (t) — w2 ()]} < C/H&(S) — &(8)ll72(r,)ds. (64)
0

Integrating between 0 and 7', we find
T

lan = ol 22070y + llur = w2ll72 0,71y < C/||§2(t) — &) F2rydt.  (65)

From (65) and since ¢ € W2(0,T; L2(T'3)), we deduce that u € W1H2(0,T; V).
And from (61) we have the regularity » € L%(0,T; W).
On the other hand, we also have

Jie)llve = sup |(S-ie(t),0), |

[lv]lv <1

We integrate between 0,7 under the initial condition (55), we find

/llﬂe(t)llwdt< sup /\ O)vievldt < lie(T) — uallv,
ollv <1 o
0
and
/HWHLQOTV/ dt<C/esssupHug Wlydt < Cllite(T) — v
thus

; c,.
|| 220, 75v7) < TH“&(T) —uv. (66)
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Since 1w € L%(0,T; V), we have the regularity iie € L?(0,T; V"), which implies
ue € W22(0,T; V).

On other hand, for all ¢ € [0, T, we consider t1,%2 € [0,T] and we rewrite the
inequality (54) for t = t1 with ¥ — ¢ (t) = pe(t2) — @e(t1), and for t = to with
1 — pe(t) = pe(t1) — @e(ta), then we add the results, we obtain

2 lleettn) — pely < Ofluetn) —ue(t) I} +llatta) — atta)

11€(t) — €62 32y }-

Since ¢ € WL2(0,T;W’),& € Wh2(0,T; L*(T'3)) and ug € WL2(0,T; V),
then the inequality (67) implies that ¢ : [0,7] — W is an absolutely continuous
function and verifies

lee®i < C{Hus(t)l\% + a5 + IIff(t)IIiQ(rg)},Vt € [0,7T]. (68)

and since ug € L?(0,T;V),q € L*(0,T;W’) and ¢ € L*(0,T;L?*(I's)), which
shows that ¢¢ € L2(0,T;W).
Which proves (56) and we complete the proof of theorem 4.2. O

(67)

Step.2. Application of the Banach fixed point theorem. Next, for each
& € WH2(0,T; L*(T'3)), we denote by (ug, p¢) the solution of problem 77‘0/5. We
define the operator

A:WE0,T, L*(T'3)) — WH2(0,T, L*(T3))

AE(t) = Ste(t). (69)
We have the following result.

Proposition 4.3. The operator A has a unique fized point £&* € W12(0,T; L?(T'3)).

Proof. Let ¢ € WH2(0,T; L?(T's)). We denote by (u;, ;) the solutions of P‘(}g
for £ =¢; (for i = 1,2). We have

t
[AEL () = A&o(t)|72(ry) = [1ST(t) — Stia(t) |72 (ry) < C/Hl’u(S) — tia(s)|[3ds.
0
(70)
By integrating between 0 and T', we obtain by (65) that
T T
1461 = Aalftaio raacryy < € [ lia(®) — da®)lf e < C [ ea(t) — € () e,
0 0

(71)

since

616 - &) = [ (6165) - &) s,
0
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then
t
J61(6) = (0)1Eary) < C [ Ia(s) = o),y
0

therefore (71) yields

IAE: = A& |20 sty < / 1€a(t) — E4(1) 20 - (72)

And, we also have

H%A&(t) - %Afz(t ‘

thus, by (65) we have

2

= a0l - liato

< [ - e (o)

L2(Ty) L(T) L2(Ty)

T T
2 . . 2 2
|Gae = gaell, L < [lin® - @l d <€ [ l6a(o) - & @)acr,
0 0
(73)
From (72) and (73), we obtain
[AS1 — A2 |lwr2 0,502 (rg)) < Cll2 — &llwrzo,mL2(1s)) - (74)

Reiterating the previous inequality p times, we find that

CcrTP
p!

APy — AP&ollwrz(o,7sr2(ry)) < €2 = &illwrzo ey (75)
This last inequality shows that for a sufficiently large p, the operator AP is a
contraction on the Banach space W2(0,T; L?(I's)) and, therefore, there exists
a unique element £* € W12(0,T; L?(T'3)) such that A* = £*, which shows that
£* is the unique fixed point of A. O

We have now all the ingredients to provide the proof of theorem 4.1.
Proof. Existence: Let £* be the fixed point of the operator A obtained in prepo-
sition 4.3. Since £* = A" = Stg-(t), it follows from problem ’P‘O,5 that (ue-, pe-)
is a solution of problem Py, which concludes the existence part.

Uniqueness: The uniqueness of the solution follows from the uniqueness of the
fixed point of the operator A defined by (69). O

5. Proof of theorem 3.1

In the first step of proof, we consider the following variational problem.
Problem Py, .
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For all n € W'2(0,T;V'). Find u,, : [0,7] — V and ¢, : [0,7] — W such that
(i (), v — Uy () v v + ap(un(t), v — iy (t) + (0(t), v — @y (t))vrxv
+ 3 (St (1), ¢5(t)), v) = §((Sty (1), 0y(1)), i (t)) (76)
> (f(t),v =iy (t)vixv Yo eV, tel0,T],
ag(on(t), ¥) = ac(uny(t), ¥) + J(Sty(t), pn(t), ¥)
> (q(t), V)wrxw, VY € W, t € [0,T7,
(un(0), 1 (0)) = (uo, ur). (78)

(77)

We have the result.

Theorem 5.1. Under hypotheses H(c)(a,c,d,e), H(f),H(q), H(j),H(J),H(k),
H(g),H(¢r) and H(0), problem Py, admits a unique solution which satisfies

e W22(0,T;V), i, € L*(0,T;V') and ¢, € WH2(0,T;W).  (79)

Proof. Forn € WH2(0,T; V') and from Riesz’s representation theorem we define
the function f, : [0,T] — V' by

(o), v)vixv = (f(t), 0)vxv = (), v)vixy Vv eV, t€[0,T].  (80)
The regularity of f € WH2(0,T;V’) and n € W12(0,T;V’), it follows that
fn € WH2(0,T; V).
The problem Py, becomes
(i (1), v = Uy (1) )7 v + @ (g (t), v — ( ) +3((Siy (1), o0 (1)), )
= J (St (1), 05 (1)), iy (£)) = (fy(t), v = iy (t))vr v Vv €V, ¢ €10,T],
ag(en(t), 1) — ac(un(t), ) +J(Sun( )y (t), )
= ( ( )a )W’XW7 WJ € VV» te [OaT]a
(uy (0), 1y (0)) = (uo, u1).
Therefore, it follows from the results of theorem 4.2, that there exists a unique

solution (uy,¢,) € W22(0,T;V) x Wh2(0,T; W) such that i, € L*(0,T;V").
t

For allp € W'2(0,T;V’). Let (uy, ;) the solution of problem Py, and Br(t)
an element of V' defined by

t
(Bao).0),, = (/0(t ~ SJug()ds,v) +az(py(0),0), (81)
0
for all v € V and t € [0,T]. L'operator B is well defined; if n € W12(0,T; V")

implies that Bn belongs to W12(0,T; V).
We also note that

((%Bn) (t),v)

t

= (00)uy(0)+ [0t~ Sy (s)ds,v) +az(en(®)0), (52)

0

V'xV
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for all n € WH2(0,T;V’), v € V and t € [0, T].
We have the following result.

Lemma 5.2. Loperator B : W12(0,T; V') — W12(0,T; V') admits a unique
fized point n* € WH2(0,T;V").

Proof. Let n; € W12(0,T; V"), i = 1,2. To simplify the notation, we denote by
(us, i) the unique solution of problem Py,. We choose v = 1z(s) in the first
inequality, and v = u1(s) in the second inequality, then we add the results, we
result

3 (@ (s) = a(s), i1 (s) = ta(8))) r + 5 g5 au(ui(s) — ua(s), ur(s) — ua(s))
< —(m(s) = m2(s), i (s) — a(s))vixv + C{HSiLl(S) = Su2(8) |72y
Fla1 (s) = aa ()7 + lor(s) — 902(5)”%4/},

by integrating the previous inequality between 0 and ¢ with ¢ € [0, 7], we obtain

1H@l(lt) —az(t)|3 + IL*Hul(t) —uz ()T < —(m(t) — m2(t), ua () — ua(t))vrxv

+ [ Ga(s) = a(s). u1<>-u2<>xﬂxvds%-67t/MSul — S ()25

/ml —ia(s mw+/w1 p2(s) s .

(83)

D\ﬂ

From (40), we have

Mmm*wwﬁ4ﬂ%m®*w@%SCHm®*W®WWMﬂ*w®M

/wl nzuwmm»ﬂm»ww+/wl-wmnww

/wl pa(9)vds}.

we use inequality
a2
ab < — + 2mb2,
2m

for all a,b > 0 and m > 0. For a practical choice of m we obtain

Sl (0) — (O + 2 s () — a1 < o (0) ~ ()3
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+ / i (5) — 72(3)|2ds + / a1 () — wals) |2 ds + / lin () — ()2 ds

On the other hand, from (61) we also have

—/nwl — s >||st<c/|\u1 )~ uals >||Vds+/||u1 )= n(s) [ ds ).
(55

We combine (84) et (85) and we use the Gronwall inequality, we find

Jia(0)=ia(0) [ -+lus (-2 @)l < C{lm©-ne(0)F+ [ Iia(s)a(o)Fls .
0

(86)
We integrate (86) between 0 et T, we have

Hul - a2||%2(0,T;V) + ||U1 - U2||2L2(0,T;v) < CH771 - 772”%/1/112(0,T;V’)' (87)

Therefore, for all v € V and ¢ € [0,T], we have

(B (t),v)vixy = </9(t — s)ul(s)ds,v)v + al(p1(t),v).
0

t

(Bna(t),v)vixy = </9(t — s)uQ(s)ds,v)v + al(pa(t),v).
0
By definition

1Bn1(t) = Bz (t)[lv = sup [(Bi(t) — B&(t), v)vixvl,

llvllv<1

which shows that
1B (0) - B0 < C{ [ lur(s) = uas) 3 + in () = w2l .
0

and
| B — 8772”%2(0,T;V’) < Cllur — u2||12/V1v2(0,T;V)'
From (87) we have
[Bm — B772||2L2(0,T;V/) <Clm - 772||%/V112(0,T;V’)' (88)
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Therefore, from (82) we have

t

((%Bm)(t),v) = (9(0)ul(t) + /é(t — S)UI(S)dS7U)V +a;(p1(t),v),

VIxV 0
((%5772) (t),v) — (0(O)uz(t) + /H(t — s)uQ(s)ds,v)V +a’(pa(t),v).
0

Thus

(=-Bm)(t) — (= B) (t)
B0~ G

< 0O [lur(t) = u2(®)llv + Cllga(t) = Pa(B) [

+/|9(t—5)IHU1(S) — ug(s)[lvds (89)

Avad

0

The hypothesis b of H(c) results

| LBy 0 — (Lm0}, < L) w0, + [l (s) ~ o) s
dt dt v 0

1) = @a(t) 3 }.

by integrating the previous inequality between 0 and 7', then using the estimates
(85) and (86), we obtain

< Ollm = n2llwrzo,13v7)- (90)

d d
B - 2B \
Hdt n dt "2 L2(0,T;V")

We combine (87) and (90), we obtain

HBm —BnZH < Cllm — mallw2,rv7)-

W1,2(0,T;V")
This inequality shows that the operator B is a contraction on the Banach

space W12(0,T; V') and, therefore, there exists a unique point fixed n* €
WL2(0,T; V') such that Bn* = n*. O

We have now all the ingredients to provide the proof of theorem 3.1.

Proof. Existence. Let n* € W12(0,T;V’) be the fixed point of the operator
B. We denote by (uy-,@,~) the solution of problem Py, obtained for n = n*,
such that n* = Bn*, we result by (76)—(78) that (u,-,yy+) is a unique solution
of problem Py, with regularity (u,«,¢,+) € W22(0,T;V) x W+2(0,T; W) such
that di,- € L?(0,T; V"), which concludes the part of existence.

Uniqueness. Let (u1,¢1) and (ug,@2) are solutions of problem Py and let
t € [0,T]. Using an argument similar to that in the proof of (83), we obtain

i1 (t) = a2 (@O, + llua(t) — w2 @I}, < C{ZIIM(S) —ua(s)[|} ds



Study of dynamical model for piezoelectric cylinder in frictional antiplane contact problem 507

+ [l (s) — o (s) I3 ds}.
0

The Gronwall inequality shows that
la1 (t) — a2} + [lus(t) — u2(®)}, < 0.
Which implies

llur — u2||%/vlv2(0,T;V) =0.
Moreover, we have
T
|ltia — ii2||L2(0,T;V/) < Cess SquHill(t) — iz (t)[|v-dt < 0.
t€[0,7] 0

From (91) and (92), we find that

lur — uallw=22(0,1;v) = 0.

So U1 = Uug.
On the other hand, we use (85) to find that

T T
i1 = ¢l < € [ ) ~ uato)lpde + [in(0) - (o)t}
0 0

From (91), we have
o1 = pallLz0,mw) < Cllur — uzllwzz2(0,7;v) = 0.
For h € R such that [t,t + h] C [0,T], we have
t+h
o1t +h) —p1(t) = /gbl(s)ds a.e. t€(0,7),

t
t+h

st + 1) — pa(t) = /¢2(s)ds ac. t € (0,T).
t
Thus
t+h

(r(t+ 1) — or(8)) — (pa(t + 1) — @a(t)) = / ($1(5) — @als))ds,

therefore
t+h

(1t +h) = 1(t) = (w2t + h) — pa(t))[lw < /Ilsbl(S)—sbz(S)des,

(91)

(92)

(93)

(94)

(95)

(96)

(97)
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Since ¢ € L*(0,T; W), therefore, ¢ : [0,T] — W is an absolutely continu-
ous function and the inequality (97) shows that ¢ : [0,7] — W is absolutely
continuous function, and

t+h
410 = a®)llw < Jim 5 [ 62(5) — pals)lwads =0, (98)

h#£0

By combining (94) and (98), finding ¢1 = 2, which ends the uniqueness
part. O

Conflicts of interest : The authors declare no conflict of interest.

Data availability : In this section, please i would like to provide details
regarding where data supporting reported results can be found : see please the
links: https://www.researchgate.net/profile/ Adel-Aissaoui
https://scholar.google.co.in/citations?user=9e¢PD5;YAA A A J&hl=en

Acknowledgments :We would like to thank the anonymous reviewers at
Research Ethics and two anonymous reviewers at Theoria for commenting on
earlier versions of this paper. For discussions on the topic and comments on the
paper, thanks to participants of the practical mathematics working group at the
University of Jijel, Algeria deserves our thanks for proofreading the paper. As
always, any remaining errors are our own.

REFERENCES

1. A. Borrelli, C.O. Horgan, M.C. Patria, Saint-Venant’s principle for antiplane shear defor-
mations of linear piezoelectic materials, STAM J. Appl. Math. 62 (2002), 2027-2044.

2. H. Brézis, Problémes unilatérauz, J. Math. Pures Appl. 51 (1972), 1-168.

3. M. Campillo, I.R. Ionescu, Initiation of antiplane shear instability under slip dependent
friction, Journal of Geophysical Research 102 B9 (1997), 363-371.

4. A. Derbazi, M. Dalah, A. Megrous, The weak solution of an antiplane contact problem
for electro-viscoelastic materials with long-term memory, Applications of Mathematics 61
(2016), 339-358.

5. G. Duvaut, J.L. Lions, Inequalities in Mechanics and Physics, Springer-Verlag, Berlin,
1976.

6. A.C. Eringen, G.A. Maugin, Electrodynamics of Continua, Springer-Verlag, New York,
1989.

7. K. Fernane, M. Dalah, A. Ayadi, Ezistence and uniqueness solution of a quasistatic electro-
elastic antiplane contact problem with Tresca friction law, Applied Sciences 14 (2012),
45-59.

8. W. Han, M. Sofonea, FEvolutionary variational inequalities arising in viscoelastic contact
problems, SIAM J. Numer. Anal. 38 (2001), 556-579.

9. W. Han, M. Sofonea, Quasistatic Contact Problems in Viscoelasticity and Viscoplastic-
ity, Studies in Advanced Mathematics, Americal Mathematical Society, Providence, RI-
International Press, Somerville, MA, 30, 2002.



Study of dynamical model for piezoelectric cylinder in frictional antiplane contact problem 509

10. W. Han, M. Sofonea, Time-dependent variational inequalities for viscoelastic contact prob-
lems, Journal of Computational and Applied Mathematics 136 (2001), 369-387.

11. C.O. Horgan, Anti-plane shear deformation in linear and nonlinear solid mechanics, STAM
Rev. 37 (1995), 53-81.

12. C.O. Horgan, K.L. Miller, Anti-plane shear deformation for homogeneous and inhomoge-
neous anisotropic linearly elastic solids, J. Appl. Mech. 61 (1994), 23-29.

13. T. Ikeda, Fundamentals of Piezoelectricity, Oxford University Press, Oxford, 1990.

14. Z. Lerguet, M. Shillor, M. Sofonea, A frictional contact problem for an electro-viscoelastic
body, Electronic Journal of Differential Equations 170 (2007), 1-16.

15. F. Maceri, P. Bisegna, The unilateral frictionless contact of a piezoelectric body with a
rigid support, Math. Comp. Modelling 28 (1998), 19-28.

16. A. Matei, T.V. Hoarau-Mantel, émes antiplans de contact avec frottement pour des
matériauz viscoélastiques & mémoire longue, Annals of University of Craiova, Math. Comp.
Sci. Ser. 32 (2005), 200-206.

17. S. Migoérski, A. Ochal, M. Sofonea, A dynamic frictional contact problem for piezoelectric
materials, J. Math. Anal. Appl. 361 (2010), 161-176.

18. S. Migdrski, A. Ochal, M. Sofonea, Analysis of a dynamic contact problem for electro-
viscoelastic cylinders, Nonlinear Analysis 73 (2010), 1221-1238.

19. C. Niculescu, A. Matei, M. Sofonea, An Antiplane Contact Problem for Viscoelastic Ma-
terials with Long-Term Memory, Math. Model. Anal. 11 (2006), 213-228.

20. V.Z. Patron, B.A. Kudryavtsev, Electromagnetoelasticity, Piezoelectrics and FElectrically
Conductive Solids, Gordon and Breach, London, 1988.

21. M. Shillor, M. Sofonea, J.J. Telega, Models and Analysis of Quasistatic Contact, Lect.
Notes Phys., 655, Springer, Berlin Heidelberg, 2004.

22. M. Sofonea, M. Dalah, A. Ayadi, Analysis of an anti plane electro-elastic contact problem,
Adv. Math. Sci. Appl. 17 (2007), 385-400.

23. M. Sofonea, El H. Essoufi, A piezoelectric contact problem with slip dependent coefficient
of friction, Mathematical Modelling and Analysis 9 (2004), 229-242.

24. M. Sofonea, El H. Essoufi, Quasistatic frictional contact of a viscoelastic piezoelectric
body, Adv. Math. Sci. Appl. 14 (2004), 613-631.

25. M. Sofonea, A. Matei, Mathematical Models in Contact Mechanics, United States of Amer-
ica By Cambridge University Press CB2 8RU, 398, UK, 2012.

26. M. Sofonea, A. Matei, Variational Inequalities with Applications. A Study of Antiplane
Frictional Contact Problems, Advances in Mechanics and Mathematics, 18, Springer, New
York, 2009.

S. Medjerab received M.Sc. from Mohammed Seddik Benyahia University, Jijel, Algeria.
She is currently working as Assistant Professor at Mohammed Seddik Ben Yahia University,
Jijel, Algéria. Her research interests are Antiplane Frictional Contact Problems.

Department of Mathematics, Laboratory of Analysis, Optimization and Treatment of infor-
mation (LAOTTI), Faculty of Exact Sciences and Informatic, Mohammed Seddik Ben Yahia
University, B.P. 98. Ouled Aissa, Jijel 18000, Algeria.

e-mail: medjerab.samia@yahoo.com, medjerab.samia@univ-jijel.dz

A. Aissaoui received Ph.D. degree from University of El Oued, Algeria. He is currently a
professor at University of El Oued. His research interests are Frictional Contact Problems.

Department of Mathematics, Laboratory of Operator Theory and PDE, Foundations and
Applications, Faculty of Exact Sciences, University of El Oued. B.P. 789. El Oued, Eloued
39000, Algeria.

e-mail: aissaouiadel@gmail.com



510 S. MEDJERAB, A. AISSAOUI, M. DALAH

M. Dalah received Ph.D. degree from Freres Mentouri Constantine University, Algeria. He
is currently a professor at University of Constantine. His research interests are Frictional
Contact Problems and Numerical methods.

Department of Mathematics, Faculty of Exact Sciences, Freres Mentouri Constantine Uni-
versity, B.P. 325. Route Ain El Bey, Constantine 25017, Algeria.
e-mail:mdalah.ufmc@gmail.com





