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APPROXIMATION OF DRYGAS FUNCTIONAL EQUATION
IN QUASI-BANACH SPACEf
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ABSTRACT. In this paper, we investigate the Hyers-Ulam-Rassias stability
for a Drygas functional equation

g(u+v) +g(u —v) = 2g(u) + g(v) + g(—v)
in the setting of quasi-Banach space using fixed point approach. Also, we
give general results on hyperstability of a Drygas functional equation. The
results obtain in this paper extend various previously known results in the
setting of quasi-Banach space. Some examples are also illustrated.
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1. Introduction and Preliminaries

The theory of functional equations is a vast area of non-linear analysis which is
rather hard to explore. Functional equations find many applications in the study
of statistics, geometry, game theory, measure theory, dynamics, economics, and
many other allied fields. The study of solutions and stability results of functional
equations is a hot topic in the research field of analysis. The stability results of
functional equations are employed in the non-linear analysis, especially in fixed
point theory. The stability results are used to study the asymptotic properties
of additive mappings.

In the theory of Ulam’s stability, one can find efficient tools to evaluate the
errors, that is, to study the existence of an exact solution of the perturbed func-
tional equation which is not far from the given function. In 1940, the stability
problem for the functional equations was first raised by Ulam [34]. Hyers [18]
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gave an affirmative partial answer to Ulam in Banach space. After that, Aoki [5]
and Rassias [29] generalized Hyers theorem for additive and linear mapping by
considering an unbounded Cauchy difference. In 1994, Gavruta[l6] generalized
Rassias’ theorem and discussed the stability of linear functional equations.

A functional equation is hyperstable if a function satisfying this functional
equation approximately is a true solution of it. In 1949, Bourgin [8] gave the first
hyperstability result and concerned the ring homomorphisms. The hyperstability
results of the several functional equations in the literature have been studied
by many authors in recent years, (see [1] [2], [3], [6], [10], [11], [17], [22], and
references cited therein).

The quasi-normed space is one of the interesting generalizations of the normed
space (see [20], [21]). The difference between a norm and quasi-norm is that the
modulus of concavity of a quasi-norm is greater than equal to 1, while that
of a norm is equal to 1. The quasi-norm is not continuous in general, while
a norm is always continuous. However, every p-norm is a continuous quasi-
norm. By the Aoki-Rolewicz theorem [24] (see also [7]), each quasi-norm is
equivalent to some p-norm. It is important to emphasize that the standard basic
results of Banach space theory, such as the Uniform Boundedness Principle,
Open Mapping Theorem, and Closed Graph Theorem, which depend only on
completeness, apply to quasi-normed spaces. However, applications of convexity,
such as the Hahn-Banach Theorem, are not applicable (see [20], page 1102).

Various authors study the stability problems of many different functional
equations in the setting of quasi-normed space (see, for example, [13, 15, 25, 26]).
Motivated by these, we investigate the stability of Drygas functional equation
in quasi-normed space.

Now we present the basic notions and properties which are useful in the next
section.

Throughout this paper, N stands for the set of natural numbers, Z stands for
the set of integers, and R stands for the set of reals. Let Rt := [0, 00) be the set
of nonnegative real numbers and % # denotes the family of all mappings from
a nonempty set Z2 into a nonempty set ¥

Definition 1.1. (see [7], [24]) A quasi-norm ||.|| is a real-valued function on a
linear space 2 satisfying the following axioms:

(1) ul] > Oforalue & and |u||=0if u=0;

@2) M||=]A].-]Ju]| forall \ € R and all u € 2
(3) there is a constant K > 1 such that ||u+v || < K(|Ju || + || v ) for all
u,v € Z .
The pair (27, . ||) is called a quasi-normed space if || . || is a quasi-norm on 2"
A quasi-Banach space is a complete quasi-normed space.
A quasi-norm || . || is called a p-norm (0 <p < 1) if

Futo " <l ull”+ [ vl”,



Approximation of Drygas functional equation in quasi-Banach space 471

for all u,v € 2 . In this case, a quasi-Banach space is called a p-Banach space.
Given a p-norm, the formula d(u, v) := || u—v ||” gives us a translation invariant
metric on 2. By the Aoki-Rolewicz theorem [24] (see also [7]), each quasi-norm
is equivalent to some p-norm.

Remark 1.1. [4] The sequence space 2" =, 0 < p < 1, with the function

ol = (i o |p>;

i=1
is not a normed space, because the condition triangle inequality of the norm is
not satisfied. To explain this remark, we consider the following example.

Example 1.2. Suppose that sequence space Z = E%, and
u={u;} = {0,1,0,0,0,...} € ¢z and v = {v;} = {0,0,2,0,0,..} € (=.
Then we have

[lu+ || = <i|ui+vi |1/2> = (14+v2)?

i=1
and
[[ull + lloll = (Z | u; 1/2> + (Z | s |1/2> =3.
i=1 i=1

It is clear that
[+ vll > [lul] + [|o]
Thus, the space % is not a normed space.

Example 1.3. The sequence space 2" = (P, 0 < p < 1, with the function

1
o0 P
[[ull = (Z | wi |p>
i=1

is a quasi-Banach space (see [4]).

Theorem 1.4. ([23], Theorem 1). Let (%, ||.||) be a quasi-normed space,
p =logyi 2 with K > 1 and

p

n
|U:Zuj,uj eY,n>1},

Jj=1

n
[oulll = inf{ { D [l
j=1

for allu € . Then |||.||| is a p-norm on %, that is for all u,v € ¥,
w4+ of[|” < [[[ul[[” + [[[o]]]". (1)
Moreover, for allu € %,

1
— < < . 2
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If ||.]| is a norm, then p =1 and |||.||| = ||-||-

Definition 1.5. (see [32]) Let £  be a nonempty set, # be a normed space,
€€ ]Iff_{n and Vi, Vs be operators mapping from a non empty set D C Z % into
@ *" . We say that the operator’s equation

Vlw(ul,ug,...,un) =V2<p(u1,u2,...,un), (3)

for uy,us, ..., u, € Z is e—hyperstable provided that every ¢y € D which satis-
fies

| Vigo(ur,ug, ..., un) — Vawpo(ug, ug, ..y un) || < e(ug,ug, ..., uy)
fulfils the equation (3).

Theorem 1.6. (][9], Theorem 1)

(1) Let & be a nonempty set, (#,d) be a complete metric space,
(2) 91,92, 9k : X = X and ly,la, ..., 1 : & — R be given mappings.
(3) Let A: Rf — Rf be a linear operator defined by

k
Ad(u) = 3 dlgu(w), @

for§€Rf_{ and u € Z .
4) If T : %% — &% is an operator satisfying the inequality

k
d(TE(u), Tu(u)) < Zli(U)d(ﬁ(gi(U)%u(gz-(U))), ()

forallé,pe¥? ue 2.
(5) There exist e : Z° — Ry and a mapping p : & — ¥ satisfy

d(Te(u), p(u)) < e(u)
and for every u € 2,

e (u) = ZA"e(u) < 00.

Then for every uw € 2, the limit
Y(u) = ILm T"p(u)
exists and the function ¢ € %% so defined is the unique fized point of T with

d(p(u),P(u) < e*(u),
forallue Z.

Using the concept of the papers [7, 9], Dung et al. [13] proved the following
result.

Theorem 1.7. [13] Suppose that
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(1) 2 is a nonempty set, % is a quasi-Banach space and T : U % — A%
is a given function .

(2) There exist g1,92, ..., 9k : X — Z and l1,la, ...l : Z — Ry such that
for all &, € %%, and for allu € X

I 7€(u) u) < Zl ) 1€ = m)gi(u) |, (6)

(3) There exist function e : Z — Ry and p: X — ¥ satisfy conditions

I Te(u) = o(u) [|< e(u), (7)
for every u € Z.
(4) For everyu € 2, and 0 = logyy 2, with K > 1,

oo

e*(u) =Y (A")” (u) < o0, (8)

n=0
where A : Rf’f — ]Rfff be a linear operator defined by
k

AS(u) =" " Li(u)d(gi(u)), 9)
i=1
for(SeRf and u € 2.
Then we have
(5) For every u € 2, the limit
Tim T () = (), (10)
exists and the function i : X — ¥, so defined a fized point T satisfying
| p(u) = w(u) [|°< de*(u), (11)

forallue 2.
(6) For everyue X2, if

o 6
u) < <MZ(A"5) (u)> < 0, (12)
n=1

for some positive real number M, then the fixed point of T is unique.

To obtain a Jordan and Von Neumann type characterization theorem for
the quasi-inner-product spaces, Drygas [12] consider the following functional

equation o) — o) 1o <u42rv) B <U'U>}7 (13)

for all u, v € R, which can be reduced to the following equation (see, [30], Remark
9.2, pp. 131)

g(u+v) +g(u—wv) =2g(u) + g(v) + g(-v), (14)
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for all u,v € R. This equation is known in the literature as Drygas equation and
is a generalization of the quadratic functional equation

g(u+v) +g(u —v) = 2g(u) + 29(v), (15)

for all u,v € R.

The general solution of Drygas equation was given by Ebanks et al. [14].
It has the form g(u) = H(u) + Q(v) for all w € R, where H : R — R is an
additive function and @ : R — R is a quadratic function (see also [19]). A set-
valued version of Drygas equation was considered by Smajdor [33]. Recently,
hyperstability of a Drygas functional equation studied by various authors see
[27], [32], [28] and [31].

In this paper, we discuss the generalized Hyers-Ulam-Rassias stability prob-
lem for a Drygas functional equation (14) in the setting of quasi-Banach spaces
by using Theorem 1.7. Also, we obtain some hyperstability results for this equa-
tion. Our results extend the corresponding results of Sirouni et al. [32].

2. Main Result

Throughout in this section 2" is a nonempty set, we write 2y := 2~ — {0},
and we denoted by Aut(Z") for the family of all automorphisms of Z". The
identity function on 2" will be denoted by Id -, and for each m € 2% we write
mu = m(u) for u € Z'and we defined —m by —mu := —m(u), 2mu = mu + mu
and m’ = m'u = (Idgr — m)u =u—mu for u e Z.

Theorem 2.1. Let 2 be a quasi-normed space and % be a quasi-Banach space.
Assume that g : & — % is a mapping such that

llg(u +v) + g(u—v) =2 g(u) = g(v) = g(=v)|| < e(u,v), (16)

where € : Zo X Zo — [0,00], u,v € £y such that u+v #0 and u —v # 0.
Assume that

UZ) :={m e Aut(Z) : m,—m,m’, (Idx — 2m) € Aut(Z),am <1}  (17)
is an nonempty set, where
= 2KAX(m) + K*X(m) + K3\ (—m) + K*X(Idx — 2m),
A(m) = inf{t € Ry : e(mu, mv) < te(u,v) Yu,v € 2o},

form e Aut(Z), K > 1.
Then, for each non empty subset A C I(Z") such that

aob=boa,(a,beA), (18)
there exists a unique function D : X — % satisfying (14) and
I D(u) = g(u) ||°< de*(u), (19)

for all u € Xy, where 0 = logy 2 and €*(u) := inf {ES(L”;””) im € A}.

1—-a?,
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Proof. Fix m € A. Replacing u by m’u and v by mu in (16), we have
lg(u) + g((Ids — 2m)u) — 2g(m's) — glmu) — g(~mu)|| < (', mu)
= em(u), (20)
for allu € 25. We define the operators Ty, : & %0 — & %0 and A, : Rfo — ]Rfo
by
Tt(u) = 26(m') + E(mu) +&(~muw) — €((Id- — 2m)u) (21)
and
Apd(u) := 2K5(m'u) + K25(mu) + K35(—mu) + K35((Id o — 2m)u), (22)
for all u € 25, € € W %o and5€Rf°.
Then (20) becomes ||g(u) — Tmg(u)|| < em(u), for all uw € Zj. The operator Ay,
has the form given by (9) with s = 4 and g¢1(u) = m'u, g2(u) = mu, gs(u) =
—mu, g4(u) = (Idg — 2m)u, l1(u) = 2K, lx(u) = K? and I3(u) = l4(u) = K3
for all u € Zy. Further, we have
Tont () — Traps(w) |
= [126(m'u) + &(mu) + &(—mu) — E((Ida — 2m)u) — 2p(mu)
— plma) — p(—mu) + p((Idz — 2m)u)|
< 2K|[¢(m"u) — p(m/u)|| + K2[[€(mu) — p(mu)|
+ K2|[e(=mu) — p(—=mu)|| + K°||E((Idar — 2m)u)
—u((Ide —2m)u)l],

4
= " liu) || &(gi(w)) — ulgi(w)) |,
1=0

for all w € 25 and &, € # %0, Using the definition of A\(m), e(mu, mv) <
A(m)e(m/u, mu) for all u,v € £y we have to show that Al e, (u) < alt.e(m'u, mu)
for all u € 2, where oy, = 2KA(m’) + K2A\(m) + K3A(—m) + K3\(id g — 2m).
If n = 0, then &,,(u) = e(m'u, mu). If n =1, we have
Ape(u)
= 2K e (m'u) + K2, (mu) + K3e,, (—mu)
+ K3 ((ida — 2m)u)

= 2Ke (m/(m'u), m(m'u)) + K2e (m/ (mu), m(mu))

+ K3 (m/ (—mu, m(—mu))

+ K3 (m/((Id g — 2m)u), m((Idg — 2m)u))
=2Ke (m/(m'u),m (mu)) + K2 (m(m'u), m(mu))
+ K3 (—m(m'u), —m(mu))
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+ K3 ((Idg — 2m)(m/(u), (Ida — 2m)(mu))
< 2K N (m")e(m/u, mu) + K2 X(m)e(m'u, mu)
+ K3XN(—=m)e(m/u, mu) + K3XN(Id o — 2m)e(m/u, mu)
= 2K\(m') + K*\(m) + K3\(—m)
+ K3\Id g — 2m)e(m’u, mu)
= ame(m’'u, mu).
Now, further, if » = 2, we have
A2e,, (u)
= A [Aey (u)]
= 2K A e (m'u) + K2 A e (mu) + K3A, e (—ma)
+ KPAem((Idg — 2m)u)
= 2K apme (m/(m'u), m(m'u)) + K2ame (m' (mu), m(mu))
+ K3ape (m! (—mu, m(—mu)))
+ K3 (m/(Idg — 2m)u), m((Idg — 2m)u))
= 2K e (m' (m'u), m’ (mu)) + K2ame (m(m'u), m(mu))
+ K3ame (— !
+ K3apme (Idg — 2m)(m/u), (Id2 — 2m)(mu))
< 2K ap A(m/)e(m'u, mu) + K2am A(m)e(m’u, mu)
+ K3apuA(—m)e(m'u, mu) + K*X(Idg — 2m)e(m’u, mu)
= ap(2KAN(m') + K2X(m) + K3\ (—m)

+ K3\Idg — 2m)) e(m/u, mu)

2
m

m(m'u), —m(mu))

= a;,e(m'u, mu).

Proceeding on the similar lines, we get
Al em(z) < alte(m'u,mu), (23)

for all u € Zp and n € Ny. Hence

oo oo

e (u) =D (Anem)’ (u) < ¥ (mlu,mu) Yl =

n=0 r=0
for all u € Zy. Therefore by the Theorem 1.7, there exists a solution D, : 2~ —
% of the equation

D, (u) = 2Dy, (m'u) + Dy (mu) + Dy (—mu) — Dy ((Idg — 2m)u),  (24)
for all u € Zp, which is a fixed point of 7, such that
[’ *
[Dim(u) — g(w)||” < 4™ (u), (25)

e?(m’u, mu)
70 < OO,
1—-ab,



Approximation of Drygas functional equation in quasi-Banach space 477

for all u € 2. Moreover, D, (u) = hm T

m L

g(u) for all u € 2.

Now, to prove that D,, satisfies the functlonal equation (14) on 2y, we have
to prove the following inequality

| Tmg(u+v) + Trg(u —v) = 2T59(u) = Trhg(v) — Thg(—v) |
< o) e(u,v), (26)

for all u,v € £y such that u+v # 0, u —v # 0, and r € Ny. Indeed if »r =0
then (26) is simply (16). So we suppose that (26) holds for r € N and u,v € 2
such that u+v # 0, u — v # 0. Then from (21) and the triangle inequality, we
get

I Tt g(u+ ) + Tl g(u = v) = 277 g () = T g(v)
~ T g(=0) ||

=[ 2Tng(m (u+v)) + Trg
— Tmg((Ida —2m)(u +v) "(u—

+ Tng(=m(u—v)) = Tpg((Ida — 2m)(u —v)) — 4T g(m’' (u))
= 2Tn9(m(u)) — 2T59(=m(u)) + 27,,9((Id 2 — 2m)(u))

= 279(m' (v)) = Trg(m(v)) — Trg(—m(v))

+ Tng((Ida —2m)(v)) — 2T9(m' (—v)) = Tg(m(—v))
= Tng(=m(=v)) + T9((Idz —2m)(—v)) |

< 2K || Trg(m!(u+0)) + Trg(m'(u — v)) = 2T59(m’ (u))
= Tmg(m/ (v)) = Trg(m'(—v)) |

+ K2 || Trg(m(u+v)) + Trg(m(u —v)) — 27, g(m(u))

= Tng(m(v)) = Trng(m(—v) |

+ K2 || Thg(=m(u+v)) + Trg(=m(u —v)) = 275 g(~m(u))

= Tng(=m(v)) = Trg(=m(=v) |

+ K7 || Tog((Ider —2m)(u+v)) + T g((Ida — 2m)(u — v))
—2T,9((Id2 —2m)(u)) — T 9((Id o — 2m)(v))

= Tn9((Ida —2m)(—v) |

< al [2Ke(m'u,m'v) + K%e(mu, mv) + K3e(—mu, —muv)

+ K3((Ida — 2m)u, (Ida — 2m)v))

al RKX(m') + K2X(m) + K3\(—m) + K3X\(Id, — 2m)]e(u,v)
r+1

+ Tng(=m(u +v))

( )
) m'(u—v)) + Trg(m(u —v))

m(u+ v)
+27,9(

=, e(u,v).
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By induction, we have shown that (26) holds for all » € N. Therefore from (2)
and (26), we have

[ Tog(u+v) + Thglu—v) — 2T g(u) — Tng(v) — T g(—v)]||°

< K"%ar%% (u,v).

(27)

Letting  — oo in (27) and using the definition of I(.2"), we have
Dy (w4 v) + Dip(u — v) = 2Dy, (u) + D (v) + Dy (—v), (28)

for all u,v € Zy. Thus we have prove that for every for m € A there exists a
function D,, : Zy — % which is the solution of functional equation (14) on 2
and satisfies

O(m'u, mu
R e

for all u € 25.

Now, we prove that D,, = D, for all m,q € A. Fix m,q and note that D,
satisfies (25) with m replaced by ¢. Hence by replacing (u,v) with (m'u, mu) in
(28) and using (1) and (2), we get TD; = D;, for j =m, ¢ and

11 Dm(w) = Da(u)|[|” < [[[Dim(w) = g()[[|* + ||| Dg () — g(w)]]|”
4€9 (u) 48 (u)
< m
- (l—afn) * (1—(12 ’
for all u € Z. It follows from the linearity of A and (23) that
11 Dm(w) = Dy(u)l[|® = [[[T" D (u) = T" Dy u)]||®
AnEB (U) An&ﬁ(u)
< m q
(A (v

< (am)"Um(u) + (0q)"Uq(w),

0
where Uy, (u) = 4% for all u € Zy and n € N. Letting n — oo, we get
D, = Dy = D. Thus, we have
0
lg(u) = D(w)[|” < Un(u),
for all w € 2y, m € A. Thus, we derive (19). Due to (28), it is easy to notice
that D is a solution of (14). Now to prove the uniqueness of the mapping D,
let us assume that there exists a mapping D' : 2 — % which satisfies (14) and
inequality
0 *
lg(u) = D'(u)||” < 4e”(u).
Using(2), we have

I1D(w) = D' (u)]]|” < 8&*(u).
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Further 7D'(u) = D’'(u) for all u € 2. Consequently, with a fixed m € A
11D(u) = D' (w)]||* = [[[T"D(u) = T"D'(u)][|”
< 8A"e*(u)
8A"Ef (u)
1-af,
8o eq (1)
1—af
for all u € Z5,m € A and n € N. Taking n — oo, we get D = D’. The proof of

the theorem is complete.
O

In the following theorem, we prove the hyperstability of the equation (14) in
the Banach spaces.

Theorem 2.2. Let 2 be a quasi-normed space and % be a quasi-Banach space,
and € be as in the above Theorem 2.1. Suppose that there exists a non empty set

Ael(Z) such thata o b="b o a for all a,b € A and

inf ’(m'u,mu) =0

meA (29)
sup a,, < 1.

meA

u € 2y, then every g : & — ¥ satisfying (16) is a solution of (14) on Zp.

Proof. Suppose that g : 2" — % is a mapping which is satisfies (16). Then,
by the Theorem 2.1, there exists a mapping D : 2" — ¢/, which satisfies (14)
and ||g(u) — D(u)||® < e*(u) for all u € 25. Since, from (29), ¢*(u) = 0 for all
u € Zp. This implies that g(u) = D(u) for all u € Zp, where

g(u+v) +g(u—wv) =2g(u) + g(v) + g(—v),
for all u,v € Zy. Which satisfies the functional equation (14) on Zp. O

From Theorems 2.1 and 2.2, we can obtain the following corollaries as natural
results.

Corollary 2.3. Let 2 be a quasi-normed space, and % be a quasi-Banach
space. Assume that p < 0, ¢ < 0 and ¢ is a positive number. If g : X — ¥
satisfies

| g(u+v) +g(u—v) —2g(u) — g(v) — g(—v) ||°
<@ (ullP + ) ull)’,

for all u,v € Zy, then g is a solution of the functional equation (14) on Zy.

(30)

Proof. The proof follows from the above Theorem 2.2 by taking £%(u,v) = ¢’
(lwllP + || v [|9)? for all u,v € 2§ with some real numbers ¢ > 0, p < 0 and
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q < 0. For each j € N, define m;: 2y — 2o by m;xz := m;(x) = —ju and
mj:Zo — Zo by mju :=mj(u) = (1 + j)u. Then
¥ (mju, mypv) = %(—ju, —kv)

= o (I —ju P+ || =kv )’

= lps? | wllP +ok? || v |9’

< (" +kDe(l w [P+ 1 o )7

= (P + k9)%% (u,v),
for all u,v € Zp and k, j € N. Hence

lim se(mgu, m;v) < lim ((14 7)° + 50 &% (u,v) = 0,
J—0 j—oo

for all u,v € 25 and k, j € N. Then (29) is valid with A(m;) = 57+ j? for j € N,
and there exists ng € N such that j > ng and

Ay =2 (L4 )P + (14 5)1) + 2057 +59) + (1 +25)” + (1 +2j)? < 1.

Therefore we can say that (17) is satisfied with A := {m; € Aut(Z") : j € Npo}.
Hence, by the Theorem 2.2, every g : 2~ — % satisfying (30) is a solution of
the functional equation (14) on 2. O

Now, we extend the main result of Piszczek et al. [27] (Theorem 2) in the
framework of quasi-Banach space.

Corollary 2.4. Let Z be a quasi-normed space and % be a quasi-Banach space.
Assume that p < 0 and @ is a positive number. If g : X~ — ¥ satisfies

I g(u+v)+g(u—v) —2g(u) — g(v) — g(—v)
<@ (lullP+ vl

1°
(31)
for all u,v € Zy, then g is a solution of the functional equation (14) on Zp.
Proof. 1t is easily seen that the function € given by
0

e (w,v) = [p (| uwll” + [l v 7)),

for all u,v € 2y satisfies (29), since
‘ . 0 . 0
e’ (ju, ko) = [ || ju P +¢ | kv [P]” < [P + k) (| w P + | v |7)]
= (" + k)% (u, v),

for all u,v € Zy,k,j € N and kj # 0. The remaining part of the proof is similar
to the Corollary 2.3. (]

Remark 2.1. Piszczek et al. [27] obtained Corollary 2.4 in the setting of a
Banach space.
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If 2 is a quasi-normed space and g : & — % satisfies (31) for u,v € Zp,
with p < 0, then by Theorem 2.2, we know that g satisfies the Drygas functional
equation on 2. It is easy to see that if g(0) = 0, then ¢ satisfies the Drygas
functional equation on £ . So we have the following corollary.

Corollary 2.5. Let 2 be a quasi-normed space, % be a quasi-Banach space.
Assume that p < 0 and ¢ is a positive number. If g : & — % satisfies g(0) =0
and inequality

| g(u+v) + g(u —v) = 2g(u) = g(v) = g(=v) ||’
0
< (ulP+1vP),
for all u,v € Zy, then g is a solution of the functional equation (14) on Z .

(32)

Corollary 2.6. Let 2 be a quasi-normed space, % be a quasi-Banach space.
Assume that p+ q¢ < 0 and @ is a positive number. If g : X~ — ¥ satisfies

I g(u+v) +g(u—v) —2g(u) — g(v) — g(—v) ||°
< (JulPlv]9)’,

for all u,v € Xy, then g is a solution of the functional equation (14) on Zp.

(33)

Proof. 1t is easily seen that the function € given by
0
e’ (u,v) = (e ([ u Pl v 9)°
for all u,v € 2y satisfies (29), since
. ) 0 . 9
&% (ju, kv) = o (|| ju Pl kv |9)” < o (5PRD° (L w 7] 0 1|9)
= (j°k1)°" (u, v),

for all u,v € 20, k,j € N and kj # 0. On the similar lines of the Corollary 2.3,
we get the results. O

By an analogous conclusion, the function & given by
0
e'(w,v) = (Jul” + Lo 17+ [ u Pl v |9,
for all u,v € 2y satisfies (29), since
. . . 0
e (ju ko) = ¢ (|| ju [P + || kv |7+ || ju ||| kv |19)
. ) 0
=" (77 | w [P +& || v | +57K | w [P] 0 [|9)
< (R 4 57k (u,v),
for all u,v € Zy,k,j € N and kj # 0. So we have the following corollary.

Corollary 2.7. Let Z be a complex quasi-normed space, % be a quasi-Banach
space. Assume that p < 0, ¢ < 0, p+q < 0 and ¢ is a positive number. If
g: X — X satisfies

| 9(u+v) + g(u —v) = 2g(u) — g(v) — g(—v) |’

34)
8 (
< P+ lollf+TulPl o),
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for all u,v € Xy, then g is a solution of the functional equation (14) on Zp.

The following result corresponds to the results on the non-homogeneous Dry-
gas functional equation (35).

Corollary 2.8. Let 2 be a quasi-normed space, % be a quasi-Banach space,
e as in Theorem 2.1 and H : 2% — % . Suppose that | H(u,v) ||?< £%(u,v)
for all u,v € Zy, where H(ug,vg) # 0 for some ug,vo € Zo and there ex-
ists a nonempty A € I(Z") such that (18) and (29) satisfies. Then the non-
homogeneous equation

g(u+v) +g(u—v) = 2g(u) +29(v) + g(—v) + H(u,v), (35)
for all u,v € Zy, has no solution in the class of functions g : Z~ — ¥ .
Proof. Let us assume the g : £ — & is a solution to (35). Then
I g(u+v) + g(u —v) = 2g(u) = 29(v) — g(=0) ||°
=[ 29(u) + g(v) + g(~v) + H(u,v) — 2g(u) — g(v) — g(~v) |’

=Il H(u,v) ||°

< &%(u,v),

for all u,v € Z5. Consequently, by Theorem 2.2, g is a solution of (14). There-
fore, we have

H (ug,vo) = g(uo +vo) + g(uo — vo) — 2g(uo) + g(vo) — g(—vo) =0,

which is contradiction. Hence non-homogeneous equation (35) has no solution
in the class of functions g : 2~ — %' O

The following example shows that the assumption in the above Corollary is
essential.

1 2
Example 2.9. Let 2 =% =Lz[0,1] and || u ||2=| u ||l#= (fol | u(t) |% dt)
for all u € Z', where
L2[0,1] = {g:[0,1] = R : | g |2 is Lebesgue integrable} and g(z) = u* + u?

2
for all u € 27, e(u,v) = (fol (2v3 [ u(t)v(t) |) dt) for all u,v € £ such that
u+v,u—v#0.

[lg(u+v) + g(u = v) = 29(u) = g(v) = g(=v)]|| < &(u,v) (36)

but g does not satisfy the functional equation (14).
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Proof. Note that 2" and % are quasi-Banach spaces
llg(u+v) + g(u —v) = 2g(u) — g(v) — g(=v)]]

= (/01 ((u(t) F o) + (u(t) + v()? + (u(t) — v(t)*
+ult) —v(0)” - 204(0) = 202(0) — () ~ (0

— () —v3(t))? dt)2

= (/01 (ut(t) + 403 (t)u(t) + 6u (t)v?(t) + 43 (t)u(t) + v (t)

+ u?(t) + 02 (t) + 2u(t)v(t) + u* (t) — 4u®(t)v(t)
— 4u(t)v3(t) + v (t) + uP(t) + v (t) — 2u(t)v(t) — 2u*(t)

— 2u2(t) — v () — 02 (t) — v (1) — v3(t))? dt> 2

= (/1 (12u*(t)v Q(t))édt>
= ([ (281t ) ar)

= e(u,v

2

)-
This proves that (36) holds, but g does not satisfy the functional equation (14).
O

Example 2.10. Let 2" = [-1,1]\{0} and let g : 2" — R be defined as g(u) =|
u |, u € 2. Then for all u,v € Z such that u + v,u = v # 0, ¢ be a positive
number and

6 0
lg(u+v) +g(u—v) = 29(u) — g(v) = g(=v)|I” < (S([[ull” + |v]|")
with p < 0, but g does not satisfy the functional equation (14) on 2 .

Example 2.11. Let 2" =R\[-1,1] and let g : 2~ — R be defined as g(u) = C,
for all uw € 2, for some C' > 0. Then for all u,v € 2 such that u+v,u—v # 0,
¢ be a positive number and

0 0
lg(u+v) +g(u—v) —29(u)) — g(v) — g(=v)|I” < (S([[ull” + [|v]["))
with p > 0, but ¢ does not satisfy the functional equation (14) on 2 .

Remark 2.2. If 2 is a normed space and ¢ is a Banach space and K =1 in
Theorem 2.1, we obtain the corresponding results of Sirouni et al. [32].

Question. Prove or disprove the conclusion of Theorem 2.1 in the case % is
a normed space.
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