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AN ALTERED GROUP RING CONSTRUCTION OF THE
[24,12,8] AND [48,24,12] TYPE II LINEAR BLOCK CODE

SHEFALI GUPTA AND DINESH UDAR

ABSTRACT. In this paper, we present a new construction for self-dual
codes that uses the concept of double bordered construction, group rings,
and reverse circulant matrices. Using groups of orders 2,3,4, and 5,
and by applying the construction over the binary field and the ring
F> + uFy, we obtain extremal binary self-dual codes of various lengths:
12,16, 20, 24, 32,40, and 48. In particular, we show the significance of
this new construction by constructing the unique Extended Binary Golay
Code [24,12,8] and the unique Extended Quadratic Residue [48,24,12]
Type II linear block code. Moreover, we strengthen the existing relation-
ship between units and non-units with the self-dual codes presented in
[10] by limiting the conditions given in the corollary. Additionally, we
establish a relationship between idempotent and self-dual codes, which is
done for the first time in the literature.

1. Introduction

Many researchers are interested in constructing extremal binary self-dual
codes over Frobenius rings since these codes are linked to other mathematical
structures and have numerous applications. There is a substantial body of
literature devoted to the construction of the extended binary Golay code and
the extended quadratic residue code.

Type II codes are self-dual codes that are doubly-even [8, p. 339]. Each non-
zero codeword in a doubly-even code has a weight that is a multiple of four.
There is only one Type II code with a 48 length, a 24 dimension, and a 12 min-
imum distance up to equivalency, this was validated in 2003 by Houghten [7].
Type II codes are known as extremal self-dual codes as they attain the greatest
distance for their length. Extremal Type II codes have got the most attention
in the literature because of their strong relation to sphere packings. These
codes fulfill the formula [n, §,4| 3% | 4 4], n = 8m (where m is a natural num-
ber) for [length, dimension, and distance] [8, p. 346]. The first putative code in
the Type II series of codes when n equals twenty-four is the extended binary
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Golay code. The second putative code in this series is the extended quadratic
residue code. In this paper, using a new construction, we have constructed
both codes.

Extremal self-dual codes of Type II with lengths divisible by 24 are of great
relevance because the codewords of weight w form a 5-design for every non-
zero weight w [1]. From these codes, the Extended Golay code is the [24,12, §]
code, while the Extended Quadratic Residue Code, or Extended QR, is the
[48,24,12] code.

In 1990, the code [24,12,8] was constructed using ideals in the group al-
gebra FySy; see [2] for details. In 2008, the [24,12,8] code was constructed
from F5Day4; see [13] for details. The most common approach to constructing
extended binary Golay and extended quadratic residue codes is to extend the
binary Golay code of length 23 by an even parity bit and the quadratic residue
code of length 47 by an even parity bit. In this paper, we have defined a new
way of constructing the extended binary Golay code and the extended qua-
dratic residue code. We construct the code here by blending the concept of
double bordered constructions of self-dual codes from group rings over Frobe-
nius rings [11] with constructing self-dual codes from group rings and reverse
circulant matrices [10].

The following is an outline of the work in this paper: In Section 2, we discuss
the preliminaries, which are necessary for comprehending the findings of this
research. In Section 3, we present the new constructions and the theoretical
results. Section 4 presents numerical results for the extended binary Golay
code, extended quadratic residue code, and extremal binary self-dual codes of
varying lengths obtained by directly applying our construction over a field F5
and ring Fy + uFy with SAGE [16]. The paper wraps up with the conclusion
of our work and recommendations for future research.

2. Preliminaries

Throughout the paper, we will assume all rings are finite, commutative, and
Frobenius rings with a multiplicative identity.

2.1. Group rings and ring of matrices

We will use group rings in our construction, so essential group ring descrip-
tions are discussed. In group rings, the cardinality of ring and group can be
infinite, but in our construction of codes, we will consider both the ring and
the group of finite cardinality. Let G be a group of order n. Then the elements
of the group rings are of the form Y " | a;g;, & € R, g; € G.

The addition of the two elements of the group rings is defined coordinate
wise, i.e.,

n

D qigi+ > Bigi =Y (i + Bi)gi.
i=1 i=1

i=1
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The product of the two elements of the group rings is defined by

(Z aigi)(z Bigi) = Z @iB;9i9;-
i=1 Jj=1 .7

T. Hurley was the first to introduce the relationship between group rings and
ring of matrices in [9]. Let R be a finite commutative Frobenius ring of char-
acteristic 2. Let G = {g1,92,...,9n} denote a finite group of order n, and
¥ = ag, 91 + g, g2 + - + g, gn be an element of the group ring RG. Then
the matrix representation o(9) of 9 is given by

a - a - e -
91 191 91 192 91 lgn

o — o — cee o —
9o 191 9o 192 9o 1gn

o(V) = : . . .
Agtgr Yiler T Ygilgn

Let o denote a bijective ring homomorphism between group rings RG and rings
of matrix M (RG, ). We will now represent o(1) of an element ¢ € RG, where
G=C, Let G=C, = {z|2" =1}, and ¥ = ap+a1z+agz?+- -+, 12"t €
RC,,. Then o(9) = circ [ao o g e an,l].

For more details on the group ring, see [14].

2.2. Self-dual codes

To begin, we’ll go over the basic definitions of coding theory. We say the
code is linear if it is a submodule of R™. The codewords of the code C' are the
elements of C'. The Euclidean inner product between two elements, says 1 =
{li,la,...,ln} and m = {my, ma,...,m,} of R is given by (1, m)g = >_ l;m,.
The dual C* of code C' is defined as

Ct={1c¢ R"|(1,m)g =0 Vm e C}.

If C C C*, then the code C is said to be self orthogonal, and if C = C*, then
the code C is said to be self-dual. Throughout the paper, two types of binary
self-dual codes are built: one of Type I and another of Type II. The binary
self-dual code C' is said to be of Type I if the weight of all its codewords is
divisible by two, and of Type II if the weight of all its codewords is divisible
by four.

Theorem 2.1 ([15]). Let d;(n) and drj(n) represent the minimum distance of
Type I and Type II codes of length n, respectively. Then,

drr(n) < 4| 35| +4

and
4|25 +4 ifn#22 (mod 24),

4| 2] +6 ifn=22 (mod 24).
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Self-dual codes that attain these bounds are known as extremal self-dual
codes. For a full description of self-dual codes over the Frobenius ring, see
[3,4].

2.3. Ring F5 + uFs

The commutative Frobenius ring with characteristic 2 is denoted by Rj. For
k > 1, the ring Ry, is defined as

Foluy, ug, ..., ug)/(u2,u3, ... ul)

such that u;u; = uju;, 1 <1 # j < k. Thering Ry can be recursively expressed
as
Ry = Ri—1 + upRp—1.

In this paper, we will do all the repetitions for generating self-dual codes over
the ring Fo + uF5. The ring Fo + uF5 or R; is defined as a commutative
Frobenius ring of characterestic 2 with the 4 elements 0,1,u,1 4+ uw and the
condition that u? = 0. The ring F, + uFy is isomorphic to F»[X]/(X?) and is
represented as

Fy +uFy = {a+bu|a,be Fy,u* =0}.

The Lee weights of the elements 0, 1,u, 1 4+ u of the ring Fy + uFs are 0,1,2, 1,
respectively.

The Gray map ¢ is a map defined from (Fy + uF)" to F$" in such a way
that ¢(a + bu) = (b,a + b), where a,b € Fy. This is a distance-preserving
mapping, which means that the Lee distance dy of a code C(n,2*,dr) over
(Fz + uF3)" equals the Hamming distance dg of a code ¢(C)(2n, k, dg).

Theorem 2.2. The Gray image of a linear self-dual code C of length n over
Fy + uFy is a binary linear self-dual code ¢(C) of length 2n.

The natural projection 2 from Fy 4+ uF5 to Fy is defined as follows:
Q: F2+F2 —)FQ, Q(a—i—bu) = a.

Let C be a linear code over Fy +uFy and B = Q(C). Then B is a projection of
C into Fy and C'is a lift of B into Fy +uF;. The projection of a self-orthogonal
code is always a self-orthogonal, but the projection of a self-dual code need not
be self-dual. For more details on Ry, see [5].

3. Main matrix construction

Here we present our main construction. As mentioned before, we define a
double border around the matrix given in [10]. The motivation is to produce
extremal binary self-dual codes of various lengths, and the most important
codes are the extended Golay code, i.e., [24, 12, 8] and the Extended Quadratic
Residue Code, which we shall call Extended QR, the only known [48,24, 12]
code, via our construction, that could not be obtained in [10] and [11]. Let
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¥1,¥2 € RG, where R is a Frobenius ring of characteristic 2, and G is a group
of order n. The matrix is defined as follows:

[ B B2 |Bs - Ba3|Ba -+ Ba|Bs PBo|Br B7 | Bs e Bs
B Pi|Bs -+ Ba|Bs -+ B3| Bs B5|Bs e Bs | Br - Bz
Bs Pa Br Bs
1) M) = I, 0 () o(¥2) +C
(31) w@)=| 5 4, Br_ Bs
Bs B3 Bs Bz
o 0 I, o a(92)T +C ()T
Ba B3 Bs Br ]

Let C(o) be a code generated through the matrix M (o). Then, code C(0)
has length 4n + 4.

Lemma 3.1. Let G = {g1,92,...,9n} be a finite group of order n and R be a
finite commutative Frobenius ring, so that

o 0(191) 0'(192) + C
N(o) = (U(ﬁQ)T O ()T ) :

where 91 and Y9 are the elements of RG, o(¥1) and o(¥3) are group-ring
matrices of n X n order and C' is a reverse circulant matriz of n X n order over
R. Then,

1 1 Pk
cWi) [ | =cW)™ || =] : | k=12),
1 1 L

where i1 =37 g 0g, 2 =2 cq By
Let i denote the sum of all elements of the first row of matriz C. Then,

1 1 p2 +1]
(0(2) +CO) | 1| =(e@)"+O) [ 1| =]
1 1 p2 +1
Proof. Clearly, o(1) = (ag;lgj)i,j:1 ..... n, 0(V2) = (ﬂg;lgj)i,j:1 ,,,,, n, and C =
(Vij)inj=1,....n-
1
Now, the i-th element of column o () ( : ) is
i

n

Zagflgjzzagflgzzag:,ul, 9 €G, g €G,

j=1 geG geG

1
and the i-th element of column o (¥1)7 ( : ) is
i

Zagjlgl = Z Qg-1g; = Z Qgg; = Z ag =1, gi €G.
j=1

geG geG geG
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Thus,

o) | 1] =0 | 1] =] :
1 1 H1
1
Similarly, the i-th element of column o(92) ( : ) is

i

n
Zﬁgfly;‘ :Zﬁgflgzzﬁgzw’ 9:€G, g €G,
=1

geG geG

1
and the i-th element of column o (¥2)7 < : > is
i

Zﬁﬂflgi - Zﬁg’lgi = Zﬁggi = Zﬁg =2, g; €G.
j=1 geG geG geG
Thus,
1 1 K2
o) || =) [:|=]:
1 1 M2
1
Furthermore, the i-th element of column C < . ) is
il

n
Z'Yij:'Yi1+’7i2+"'+'7in:77'

j=1
Thus,
1 n
olil=1:
1 U
Hence,
1 1 p2 + 1
(W) +C) | | =) +O) [ 1| =]
1 1 Mo + 1)

O

In 2020, [10, Theorem 2.5], Gildea, Kaya, and Yildiz introduced a matrix
and had shown that, under certain conditions, we can generate self-dual codes
of order 4n by a group of order n. In Theorem 3.2, we extend this result by
introducing double border around their matrix and demonstrating that, under
certain conditions, we can generate self-dual codes of order 4n + 4 by a group
of order n. The concept of double bordered was introduced by Gildea in [11].
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Their main matrix construction does not involve the concept of reverse circulant
matrix. In our main matrix construction we have used reverse circulant matrix.
Moreover, their main theorem, i.e., [11, Theorem 3.2, was restricted for the
group of order 2p (p is odd prime) only but, by Theorem 3.2, we have extended
it to any group of order n (n € N). As a result we are able to construct those
extremal self-dual codes which can not be attained by the technique used in
[11], i.e., extremal self-dual codes of length 12, 20, 40 are constructed as shown
in Table 1, Table 5 and Table 6, respectively. By blending both the concepts of
[10] and in [11] Theorem 3.2, we are able to construct those extremal self-dual
codes which have not been obtained in [10] and [11]. In particular, we are able
to construct the well-known Extended Binary Golay Code, as shown in (Table
7, Code Es), the Extended QR code, as shown in (Table 8, Code L), and
various other extremal self-dual codes which are listed in Section 4.

Theorem 3.2. Let R be a finite commutative Frobenius ring with characteristic
2, G be a finite group of order n, and C, be a code generated by the matriz M,
such that |C(0)| = |R|%. Then C(0) is a self-dual code of length 4n + 4 if the
following conditions are satisfied
Case I: n is odd

(1) Yo fi =0,

(2) o(9192 + 9201) + 0(91)C + Co(¥1) =0,

(3) o(919F 4 9293) + 0(92)C + Co(9)T + C?

f1 ... 17
=L+ (B3 +BI+57+68) |+ - :
1o 1
(4) o(0705 +9307) + Co(91)" +0(d1)"C =0,
(5) 0'(191(191 + ?9;192) + 0'(192)TC —|: 00(192) + C?
1 ...

1
=L, +(B3+B3+B2+82) | : . ,
1 1 nxn

(6) Bs(Br+ 1)+ BaB + Br(Bs + 111) + BoBs + (p2 +1)Bs = 0, and
(7) Ba(B1+ 1)+ B3B2+ Bs(Bs + p1) + Befr + (p2 +n)B7 = 0.

Case II: n is even

(1) BY + 53 + B3+ B3 =0,
(2) Conditions 2 to 9 for this case is same as for the case ‘n is odd’.

Proof. Let

M My My My
M@)=\yg 1, M7 N@)y

where M1 = CiTC(ﬁl,ﬂg), M2 = CIRC(Al,A2)7 M3 = C’iTC(/85756), M4 =
CIRC(As,Ay), Ay = (B3,...,03) € R", Ay = (B4,...,01) € R", Az =

o(9q o(9 C
(ﬂ7,...,67) c Rn, A4 = (587~-~768) S Rn, and N(O’) = |:(7(192()T2&-C ;(;3;_7“ .
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Then
M(o)M(0)"
_[MyME + MoMT + MsME + MyME My My + My + MMy + MyN (o)
T \MIMT + M+ MEMT + N(o)MT  MIM; + I, + MI My + N(o)N(o)T |
Now,
2

MM+ MMy + MMy + MyM[ =cire(d (87 + Bty + Bris +nBiye), 0).
=1

Case I: n is odd
2

MM+ MyMy + MsMJ + MyMY = cire() (87 + Bs + B2a + Blie): 0)
=1

8
= circ(z 52,0).
i=1

Case II: n is even
2
MM + MyMF + MsMJ + MMy = cire() (57 + 5214),0)
i=1
= circ(B} + 3 + B2 + 53, 0)

and
MI My + I, + MI My + N(o)N(o)”
2
= > B2, + B2 6CIRC(A,0) + Loy, + N(0)N(0)",
=1
where A = cire(1,...,1), 0 = circe(0,...,0) and
N(o)N ()"

_ Jo@195 +929%) + 0 (92)C + Co(92)T 4+ C? o(9192) + 0(91)C + a(9291) + Co (V)
a(9393) + Co(91)T + o(9397) + 0(91)TC o (93592) + 0(92)TC + Co(92) + C% + o(¥;01) |

It follows from Lemma 3.1 that
(1187 + p2Bs +nPs 1B + p2fr + npr]

N(U)MT _ p1Br 4 p2Bs +nBs  p1Bs + p2fBr + by
4 p2B7 +nB7r 4+ 1By p2Bs +nBs + 1By

Lp2B87 +nBr + p1Bs p2Bs +nBs + 187
Additionally,

MEIME + MF + MM + N(o)M]
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B3B1+BaB2+PBs+B7B5+Be6 Bs+1B7+12B8s+1Bs BaB1+B83B2+Ba+BsBs+Be6Br+1m1Bs+peBr+nb7

_ | B3 +5452+53+ﬂ755+:5658+u1 Br+u2Bs+nBs Baf1+B3PB2+pPa +ﬂ555+:5657+u1 Bs+u2B7+np7
BaP1+B3B2+Ba+PsBs+B6 Br+u2Br+nBr+wu1Bs BaBa+PB301+B3+0B5B7+86Bs+ 2 Bs+nBs+i1 Br
54/'71+53/'72+54+/'3855+:/'7637+u257+7}57+u138 B4ﬂ2+53/‘71+53+/‘7557+:/'7658+u238+7758+u137
Clearly, M(o)M(o)T is a symmetric matrix and C, is self orthogonal if for
Z?:O 61 = Oa
o(V192 + P201) + 0(91)C + Co(d:) =0,
o (0197 + 9295) + 0(92)C + Co(92)" + C?
1 ... 1
=L+ (B3 +B1+B7+63) | & - ,
1 - 1
nxn
o (9395 + 9507) + Co(91)T + o(01)TC =0,
o (0791 + 9505 + 0(92)TC + Co(9y) + C?
1 - 1
=L+ (B+B+65+5) | ¢ . ¢ ,
1
nxn
B3(B1 + 1) + Bafa + Br(Bs + p1) + BoPs + (12 +n)ps = 0,
Ba(Br + 1) + B3B2 + Bs(Bs + p1) + BeBr + (12 +n)Br = 0.

Because |C(c)| = |R|% and C(0) is self-orthogonal under the conditions estab-
lished above, we can conclude that the code C(o) is a self-dual code if all of
the preceding conditions are met. O

In 2020, [10, Corollary 3.2, Corollary 3.3 and Corollary 3.4], Gildea, Kaya,
and Korban under certain conditions defined a relationship of units, non-units,
and unitary units with self-dual codes, respectively. In Corollaries 3.3, 3.4, 3.5
and 3.6 we have relaxed both the restrictions, i.e., C' commutes with o(¢;) and
¥ commutes with ¥5. In addition, we have replaced the condition that both
Co(¥2)T and Co(¥2) must be symmetric with the simple condition that o (2)
is symmetric, which strenghtens the relationship between units, non-units and
unitary units with the self-dual codes.

Corollary 3.3. Let C(o) be a self-dual code, G be a finite group of order n,
and R be a finite commutative Frobenius ring of characteristic 2. Then the
elements V197 + 9295, U701 + V502 € RG are units if the following conditions
are satisfied:

(1) B3+ B3+ 57+ 63 =0,

(2) o(V¥2) is symmetric, and

(3) C? =0.
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Proof. If o(¥92) is symmetric, then o(¥2)C + Co(¥92)T = 0. If C? = 0, and
B3 + B3 + B2+ B2 = 0, then o (9197 + 929%) = o(9591 + 9592) = I,,. Then,
det (9107 +92095) = det(9391 +9595) = 1. Hence, 919% + 0295 and 9701 + 0505
are unitary units. O

Corollary 3.4. Let C(o) be a self-dual code, G be a finite group of order n
(odd), and R be a finite commutative Frobenius ring of characteristic 2. Then
the elements 9197 + 92095, 9701 + 9592 € RG are non units if the following
conditions are satisfied:

(1) B3+ B3 +pB7+65=1,

(2) o(¥2)is symmetric, and

(3) C2 = 0.

Proof. 1If o(¥92) is symmetric, then o(¥2)C + Co(d2)T = 0. If C? = 0, and
B3+ B1+ 67 + 53 = 1, then

11 1 0 1 1
11 .- 1 1 0 1
o] +d2dy) =In+ | . . | : =1 .
11 1 11 .- 0
nXxn nxn
Then,
0 1 1
1 0 1
det (o (197 + ¥203)) = det )
1 1 (U
1 1 1
0 1 0
=(n—1)det .
0 0 I P

=0 (if n is odd).

Hence, det(o (9197 + ¥2935)) = 0 and 9197 + Y295 is a non-unit by Corollary 3
of [9]. Similarly, det(o (9591 + 9592)) = 0 and 9591 + 95192 is a non-unit. O

Corollary 3.5. Let C(o) be a self-dual code, G be a finite group of order n
(0dd), and R be a finite commutative Frobenius ring of characteristic 2. Then
the elements V197 + 9295, 9101 + V592 € RG are non units if the following
conditions are satisfied:

(1) B3+ B3+ 57+ 63 =0,

(2) o(V¥2) is symmetric, and

(3) C? =1.
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Proof. If o(¥92) is symmetric, then o(92)C + Co(¥92)T = 0. If C? = I, and
/8?% + ﬂz + ﬁ’? + ﬁg = 07 then 0'(191191< + ?9219;) = 0'(’(9{[9; + 192195) =0 Hence’
D195 + 92095 and 9591 + 9595 are non-units. 0

Corollary 3.6. Let C(o) be a self-dual code, G be a finite group of order n
(odd), and R be a finite commutative Frobenius ring of characteristic 2. Then
the element 99 € RG is unitary unit if following conditions are satisfied:

(1) o(¥2) is symmetric,
(2) B3+ B+ 52+ 63 =0,
(3) C? =1, and
(4) 91 is unitary in RG.

Proof. If () is symmetric, then o(92)C + Co(92)T = 0. If C? = I, 33 +
B3+ B2+ 2 = 0, and ¥, is unitary in RG, then o(1+929%) = o(1+9592) =0
Thus, 9295 = 9592 = 1, and 9, is unitary unit. O

By Corollary 3.7, we have established a relationship between idempotents
and self-dual codes, which have been established for the first time in the liter-
ature.

Corollary 3.7. Let C(o) be a self-dual code, G be a finite group of order n
(odd), and R be a finite commutative Frobenius ring of characteristic 2. Then
the elements V197 + 9295, 95791 + 9302 € RG are idempotents if following
conditions are satisfied:

(1) B3+ B3+ P2 +52 =1,

(2) o(¥2) is symmetric, and

(3) C2=0.

Proof. If o(193) is symmetric, then o(92)C + Co(92)T = 0.
If n is odd, then

1 17? 1 1
1 I 1 I
1 - 1
Thatis, | © . is an idempotent matrix.
1 nxn
If C?2 =0, and 82 + 37 + B2 + 32 = 1, then
1 .- 1 1 .- 1
o7 +995) =L, + | + .. =1I,— | :
1o 1 1 ... e

If £ is an idempotent matrix, then I — F is also an idempotent matrix. Thus,
o (9195 + 9293) is an idempotent matrix and 9197 + 9295 is an idempotent
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element of RG. Similarly, we can say that 979 + 9502 is an idempotent
element of RG. O

4. Computational results

In this section, we apply our main construction over the field F5 and the ring
Fy+uF; to search for extremal binary self-dual codes of lengths of 12, 16, 20, 24,
32,40,48. We consider groups of orders 2,3,4 and 5, in particular Cy, C3, Cy
and C5. We also employ the Gray map to construct the famous Extended QR
code. For all our computational calculation, we have used the SAGE software
[16].

Algorithm:
INPUT: Field F5.
OUTPUT: Extemal Self-dual Codes.

1. Generate matrices o () of order n x n by a group of order n, over the
field F5. The structure of the matrix o(¢J) is described in Section 2.1.

2. Generate reverse circulant matrices C of order n x n over the field Fj.

3. Generate boundary matrices M1, Ms, M3 and M, over the Field F,
where My = circ(f, B2), My = CIRC(A;, As), M3 = circe(Bs, fs),
My = CIRC(A3,Ay), Ay = (B3,...,03) € R", Ay = (Ba,...,B4) €
R", A3 = (B7,...,B7) € R", Ay = (Bs,...,Bs) € R™.

4. Construct the set of generator matrices M (o) of order (2n+2) x (4n+4)
having the structure mentioned in Equation (3.1) using all the possible
combinations of matrices obtained in Step 1, Step 2 and Step 3.

5. From the given set of generator matrices, collect matrices that satisfy
the condition M (c)M(c)T = 0 and have rank 2n + 2. These matrices
generate self-dual codes C'(o) with parameters (4n + 4,2n + 2, dmin),
where dp;, is the minimum distance of the code.

6. Evaluate dpi, = min{d(a,b)|a # b} for the self-dual codes that are
generated from matrices collected in Step 5. Here, d(a,b) = |{i|1 <
i < 4n+4,a; # b;}|, where a,b € Fy™™ are the codewords of length
4n + 4 for the code C(0o).

7. Shortlist matrices from Step 5, whose dpi, of its corresponding self-
dual code matches the minimum distance of extremal self-dual codes
of length 4n + 4. Refer to Theorem 2.1 for the minimum distance of
extremal self-dual codes. In this step, we obtain matrices which can
generate the extremal self-dual codes C(o) of length 4n + 4.

8. Classify self-dual codes constructed from the matrices obtained in Step
7 are of Type I or Type II. The binary self-dual code C(0) is said to be
of Type I and Type II if the weight of all of its codewords is divisible
by two and four respectively. The weight of a codeword a is defined as
w(a) = d(a,0), where 0 = (0,0,...,0) is the zero vector.

9. Lift the obtained self-dual codes in Step 8, to the ring Fy + uF5s, as
discussed in Section 2.3. Generate a set of all possible lifted matrices
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by mapping an element 0 of F5 to two elements 0 and u of the ring
F5 4+ uF5 and element 1 of Fy is mapped to elements 1 and 1+ u of the
ring Fo + uks.

10. From the given set of uplifted matrices, collect matrices that can gen-
erate self-dual codes of length 4n + 4, as done in Step 5.

11. Evaluate dj, for the self-dual codes which are generated from matrices
collected in Step 10. Here dj, denotes the smallest positive Lee distance
of a code. The Lee weight of the ring F5 + uF5 elements 0,1, u and
1+ w are 0,1,2 and 1, respectively. The Lee distance between 4n + 4
tuple is defined as the sum of Lee weights of the difference between the
components of these tuples.

12. Shortlist matrices whose dj, of its corresponding self-dual code matches
the minimum distance of extremal self-dual codes of length 2(4n + 4).
In this step, we obtain matrices which can generate the self-dual codes
over the ring Fy + uF5 of length 4n 4+ 4, whose binary images are
extremal self-dual codes of length 2(4n + 4).

13. Classify self-dual codes constructed from the matrices obtained in Step
12 are of Type I or Type II.

4.1. Construction from cyclic group of order 2

Here we execute the above construction for G = C5 over the field Fy and
obtain an extremal self-dual code of length 12. Now, we lift the code A; over

TABLE 1. Self-dual codes of length 12 from C5 over Fy.

Code(A;)  (B1, B2, B3, B4, B85, Bs, B7,88)  fowr)) fows) fo |Aut(A;)|  Type
1 (1,0,1,1,1,0,0,0) (0,00  (0,0) (1,0) 23040  [12,6,4];

the Frobenious ring F5 + uF5 to obtain an extremal self-dual code of length 12,
whose binary image is the Type II extremal self-dual code of length 24.

TABLE 2. The extremal binary self-dual codes of length 24
obtained from Fy + uF5y lift of A;.

Codel; (B1, B2, B3, Bas Bs, Be, Br: Bs)  fowy)) [fiows)y [fo  Type
1 Ay (1,“,1,1,1,0,0,’&) (O,’LL) (070) (LO) Typell

4.2. Construction from cyclic group of order 3

Here we execute the above construction for G = C3 over the field F5 and
obtain an extremal self-dual code of length 16.

Now, we lift the codes B, By, and B3 over the Frobenious ring Fs + uF5 to
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TABLE 3. Self-dual codes of length 16 from C3 over Fb.

Code(B;) (81,82, 83, B4, B5, 865 87:88)  fiowy)) [flows)) fo |[Aut(B;)| Type

1 (1,0,1,1,1,0,0,0) (0,0,0) (0,0,0) (1,0,0) 5160960 [16,8,4];s
2 (1,0,0,0,0,0,0,1) (0,0,0) (0,0,0) (1,1,0) 3612672  [16,8.4];s
3 (1,0,1,1,0,0,0,1) (0,0,0) (0,0,0) (1,1,0) 73728 (16,8, 4];

obtain an extremal self-dual code of length 16, whose binary image is the Type
IT extremal self-dual code of length 32.

TABLE 4. The extremal binary self-dual codes of length 32
obtained from F5 + uFy lift of By, By and Bs.

CodeJ; (B1, Ba, B3, Ba, Bs Bs, Br, Bs) fow))  fow) fo Type

1 By (1,u,1,1,1,0,0,u) (u,0,0) (0,0,0) (1,0,0) Typel
2 B (u+1,0,L,u+1,u+1,u,0,u) (u,0,0) (uw,u,u) (u+1,u,u) Typell
3 B, (1,0,0,0,0,0,0,1) (0,u,u) (0,0,0) (1,1,0) Typel I
4 By (u+1,0,0,u,u,0,0,1) (u,0,0) (u,u,u) (u+1l,u+1,u) Typell
5 B; (1,0,1,1,0,0,u,1) (0,u,u) (0,0,0) (1,1,0) Typel I
6 B; (u+1,0,1,u+1,0,u,0,1) (u,0,0) (u,u,u) (u+1l,u+1,u) Typell

4.3. Construction from cyclic group of order 4

Here we execute the above construction for G = C4 over the field Fy and
obtain an extremal self-dual code of length 20.

TABLE 5. Self-dual codes of length 20 from Cy over F5.

Code(D;)  (B1, B2, B3, Ba, Bs, Bs, 87, B8)  fo(oy)) fo(a)) fo |[Aut(D;)]  Type

1 (1,0,1,1,1,0,0,0) (0,0,0,0) (0,0,0,0) (L,0,0,0) 1857945600 [20,10,4];
2 (1,0,1,1,1,0,0,0) (0,0,0,0) (0,0,0,0) (1,1,1,0) 294912 20,10, 4]
3 (1,0,1,1,1,0,0,0) (1,0,0,0) (1,0,0,0) (1,0,0,0) 4423680  [20,10,4];
4 (1,0,1,1,1,0,0,0) (1,0,0,0) (1,0,0,0) (1,1,0,1) 122880 (20,10, 4]

Now, we lift the codes D1, Dy, D3, and D4 over the Frobenious ring Fy + uFy
to obtain extremal self-dual code of length 20, whose binary image is the Type
IT extremal self-dual code of length 40.

TABLE 6. The extremal binary self-dual codes of length 40
obtained from F5 + uFy lift of Dy, Dy, D3 and Dy.

Code(K;) (B1, Ba, B3, Bas Bs, Be, Bz, Bs) fo(1)) f(o(2)) fc Type

1 Dy (L,u,1,1,1,0,0,u) (0,0,4,0) (0,0,0,0) (1,0,0,0) Typell
2 Dy (Lu,1,1,u+1,0,0,u) (u,u,0,u)  (u,u,u,u) (1,0,u,0) Typell
3 Dy (1,u,1,1,1,0,0,u) (0,0,u,0) (0,0,0,0) (1,1,1,u) Typell
4 Dy (u+1,0,u+1,u+1,u+1,uu0) (u,u0,u) (v,u,uu) (u+1l,u+1l,u+1,0) Typell
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4.4. Construction from cyclic group of order 5

Here we execute the above construction for G = C5 over the field Fy and
obtain an extremal self-dual code of length 24 of Type I and well known Ex-
tended Binary Golay Code.

TABLE 7. Self-dual codes of length 24 from Cj over Fb.

Code(E;) (1, B2, 83, Ba, Bs, Bes B7, Bs)  f(o(v1)) fo(92)) fe |[Aut(E;)|  Type
1 (1,0,0,0,0,0,0,1) (0,0,1,1,0) (0,0,0,0,0) (1,0,1,0,0) 138240  [24,12,6];
2 (1.0,1,1,0,0,0,1) (0,0,1,1,0) (0,0,0,0,0) (1,0,1,0,0) 244823040 [24,12,8];;

Now, we lift the codes Fy over the Frobenious ring F5 +uF5 to obtain extremal
self-dual code of length 24, whose binary image is the well known Extended
QR code.

TABLE 8. The extremal binary self-dual codes of length 48
obtained from Fy + uF lift of Fs.

Code(L;) (Br, Ba, Bs, Bas Bs, Bo, B, Bs) flo(91)) Flo(92)) fo Type
1 Es (1,0,1,1,0,0,0,1) 0,u, 1,1, 1) (0,0,0,u,4) (1,0,1,0,0) [48, 24, 10];
2 Ey (u+1,0,u+1u+1,0u,u,u+1) (u,0,u+1,u+1,0) (uw,u,u,uu) (u+1luu+1,0,0) [48,24,12];;

5. Conclusion

We presented a new method for creating self-dual codes using group rings.
By doing so, we were able to show the relevance of this new construct by
constructing extremal binary self-double codes of various lengths: 12,16, 20,24
(Extended binary golay code), 32,40, and most importantly, we have completed
the exhaustive search for [48,24,12] self-dual doubly-even codes begun in [6],
[7], [12]. We established a link between unitary units/units/non-units and
particularly idempotents with self-dual codes. Due to the computing limits
imposed by the construction approach, we were able to consider the groups of
orders 2, 3,4, and 5. These computational techniques can be applied to several
families of rings and several groups within this framework.
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