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CONDITIONAL FOURIER-FEYNMAN TRANSFORM AND
CONDITIONAL CONVOLUTION PRODUCT ASSOCIATED WITH
VECTOR-VALUED CONDITIONING FUNCTION

AE Young Ko? AND JAE GiL CHOIP*

ABSTRACT. In this paper, we use a vector-valued conditioning function to define
a conditional Fourier-Feynman transform (CFFT) and a conditional convolution
product (CCP) on the Wiener space. We establish the existences of the CFFT and
the CCP for bounded functionals which form a Banach algebra. We then provide
fundamental relationships between the CFFTs and the CCPs.

1. INTRODUCTION

Let (Cy[0,T],my) denote the Wiener space, where Cy[0, 7] is the space of real
valued continuous functions x on [0,7] such that x(0) = 0, and m,, is the Wiener
measure. In [4, 5, 9, 13|, the study of the conditional Wiener and the conditional
Feynman integrals given finite dimensional conditioning functions depending on time
parameters were performed. The concepts of the CFFT and the CCP were intro-
duced by Park and Skoug in [11]. The structure of the CFFT and the CCP are
based on the Feynman integral. In [11], Park and Skoug studied certain relation-
ships between CFFT, T;(F|X), and the CCP, (F * G| X), for functionals F' and G
on Cy[0,T] with the one-dimensional conditioning function X : Cy[0,7] — R de-
fined by X (x) = fOT h(s)dz(s) with a nonzeo function in Lo[0, T], where the integral
fOT h(s)dxz(s) means a stochastic integral.

In this paper, we study fundamental relationships which exist between the CFFT
and the CCP for functionals on the Wiener space Cp[0,7]. But we use a vector-
valued conditioning function X, : Cy[0,T] — R™ defined by X, (x) = (fOT ej(s)z(s),

. .,f(;[ en(s)x(s)) where {ej, ..., ey} is an orthogonal set of functions in L]0, T7.
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2. PRELIMINARIES

In this section, we introduce the concepts of the CFFT and the CCP for func-
tionals on the complete Wiener measure space (Cy[0, 7], W(Co[0,T]), my), where
W(Cy[0,T]) denotes the o-field of all Wiener measurable subsets. The definitions
are based on the concept of the conditional Wiener integral associated with a vector-
valued conditioning function.

We denote the Wiener integral of a Wiener integrable functional F' by
E[F] = E,[F(z)] = / F(x)dmy(z),
Co[0,7]

and for u € L9[0,7] and =z € Cy[0,T], we let (u,x) = fOTu(t)dx(t) denote the
Paley—Wiener-Zygmund (PWZ) stochastic integral [6, 7, 8]. It is well-known that
for each v € Ly[0,T], the PWZ integral (v,z) exists for my-a.e. x € Cp[0,T] and
is a Gaussian random variable with mean 0 and variance ||v||3 as a functional of
x € Cyl0,T]. If {cv1,...,,} is an orthogonal set of functions in Ly[0, 7], then the
random variables, {(c;, x>}?:1, are independent.

Let X be an R"-valued measurable function and let Y be a C-valued integrable
function on (Co[0, T, W(Cy[0,T]), my). Let F(X) denote the o-field generated by
X. Then by the definition, the conditional expectation of Y given F(X), written
E(Y|X), is any real valued F(X)—measurable function on Cp[0,T] such that

/ Y (2)dma () = / E(Y|X)(@)dmu(z) for AeF(X).
A A

It is well known that there exists a Borel measurable and Px—integrable function
¥ on (R™, B(R™), Px) such that E(Y|X) = ¢ o X, where B(R") denotes the Borel
o-field of Borel subsets in R™ and Px is the probability distribution of X defined by
Px(U) = myu(XL(U)) for U € B(R™). The function (), £ € R™ is unique up to
Borel null sets in R™. Following Tucker [12] and Yeh [13], the function w(E), written
E(Y|X = §), is called the conditional Wiener integral of Y given X .

Let G = {e1,...,en} be an orthonormal set of functions in Ly[0,7]. For each
Jj € {1,...,n}, let yj(x) = (ej,x), and let G;(t) = f(f ej(s)ds for t € [0,7]. Then
the stochastic PWZ integrals {vi(x),...,y(z)} form a set of independent stan-
dard Gaussian random variables on Cy[0,T] with E,[z(t)y;(z)] = B;(t) for all

je{l,...,n}.
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Given an orthonormal set G = {ei,...,e,} of functions in Ly[0,7], let Xg :
Co[0,T] — R be defined by
(2.1) Xg(z) = ({ejs ), {en, 7)) = (M(2), -+, (@)

Define a projection map Pg from Ls[0,T] into SpanG by

n

Pgv = Z(U, ej)2€ej € Spang
j=1
where (-, -)2 denotes the inner product on the Hilbert space L0, T.
For cach z € C[0,T] and £ = (&1,...,&,) € R™, let

xg = (Pgljpy, ® Z% cand &g = &lej o2 = Y&,

j=1 J=1
where I 4 denotes the indicator function of the interval [0, .

In [10], Park and Skoug proved the facts that the process {z(t)—xg(t),0 <t < T}
and the Gaussian random variable vj(x) are stochastically independent for each
j €{1,...,n}, and that the processes {z(t) — zg(t),0 <t < T} and {zg(t),0 <t <
T} are also stochastically independent. Using these basic results, Park and Skoug
established the following evaluation formula to express conditional Wiener integrals

in terms of ordinary Wiener integrals.

Theorem 2.1 ([10]). Let F' € Li1(Cp[0,T]). Then

n

(2:2) E(F|Xg =) = E, [F <:v =) (@) + é@@)]

Jj=1

for a.e. 56 R™.

3. CONDITIONAL FOURIER-FEYNMAN TRANSFORM AND CONDITIONAL
CONVOLUTION PRODUCT GIVEN R"-VALUED CONDITIONING FUNCTION

In order to define the CFFT and the CCP, we need the concept of the scale-
invariant measurability on the Wiener space Cy[0,T]. A subset B of Cy[0,7] is
called a scale-invariant measurable (SIM) set if pB € W(Cy[0,T]) for all p > 0,
and an SIM set N is called a scale-invariant null set if m,,(pN) = 0 for all p > 0.
A property which holds except on a scale-invariant null set is said to hold scale-

invariant almost everywhere (Sl-a.e.). A functional F is said to be SIM provided F
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is defined on an SIM set and F'(p-) is W(Cy[0, T'])-measurable for every p > 0. For
more detailed studies of the scale-invariant measurability, see [2].

Let C4 = {\ € C:Re()\) > 0} and let C; = {\ € C\ {0} : Re(\) > 0}. Let Xg :
Cy[0,T] — R™ be given by (2.1) and let F' be a C-valued SIM functional such that
the Wiener integral E,[F(\~'/2z)] exists as a finite number for all A > 0. For A > 0
and € in R™, let Jp(\;€) = E(F(AY2.)|Xg(A"Y2.) = €) denote the conditional
Wiener integral of F(A~Y/2.) given Xg(A~Y/2.). If for a.e. £ € R, there exists a
function J3(X; €), analytic in C, such that J5(\;€) = Jr(X;€) for all A > 0, then
JE(A; +) is defined to be the conditional analytic Wiener integral of F' over Cy|0, T']
given Xg with parameter A. For A € C,, we write B (F|Xg = £) = J}(A;g). If
for fixed real ¢ € R\ {0}, the limit

hm B\ (F|Xg =€)

—) ’Lq

)\E(C+

exists for a.e. £ € R™, then we will denote the value of this limit by E**fs(F|Xg = £),
and we call it the conditional analytic Feynman integral of F' over Cy[0,T] given Xg
with parameter q.

Let F' be a C-valued SIM functional on Cy[0, 7] such that the Wiener integral
E[F(y+X"12.)] = E,[F(y+ A~ /2z)] exists as a finite number for all A > 0. Then
one can easily see from (2.2) that for all A > 0,

(3.1)

E(F()\_I/Q')|Xg()\_l/2‘): “):EI[F<>\—1/2$ 1/227 ﬁ]+Z§]ﬁ]>:|
Thus we have that
E™)(F|Xg = §) = B2 [F (96 =) ()8 + ijﬂj)}
j=1 j=1

and
32 E(EXe =8 = M (w—Z% ﬁﬁZwJ)]

where E2"[F(x)] and panta [F'(z)] denote the analytic Wiener and the analytic
Feynman integrals of functionals F' on Cy[0, T, respectively, see [1, 5].

We are now ready to state the definitions of the CFFT and the CCP of functionals
on Cy[0,T7.
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Definition 3.1. Let F' : Cy[0,7] — C be an SIM functional on Cy[0,T] such that
the Wiener integral E[F(y+A~1/2)] exists as a finite number for all A\ > 0. Let Xg :

Cy[0,T] — R™ be given by (2.1). For A € C4 and y € Cy[0,T], let T\(F|Xg)(y,&)
denote the conditional analytic Wiener integral of F'(y + -) given Xg, that is to say,

— —

TA(F|Xg)(y,€) = B (F(y + -)[Xg = §)

= EM [F (y +xz— Z")/j(l')/gj + ijﬁj)] .
=1 j=1

—

We define the L; analytic CFFT Tél)(F]Xg)(y, €) of F given Xg by the formula

70 (FIXg)(y.£) = lim T5(F|Xg)(w. ).
AeCh
We also define the CCP of SIM functionals F' and G given Xg by the formula

—

[(F'* G\l Xg](y, &)
[ () (tg e =€) e
- Eanfq(F(yf)G(?Jf)\Xg:g) i aen O

4. CFFT anD CCP rFOR FUNCTIONALS IN A BANACH ALGEBRA

In this section, we will establish the existences of the CFFT and the CCP for
bounded functionals in the Cameron and Storvick’s Banach algebra S(L32[0,T]).
The Banach algebra S(L2[0,T]) consists of functionals on Cy[0,7] having the

form
(4.1) F@) = [ exp{itua)}df(w
Lo [O,T]

for SI-a.e. x € Cy[0,T], where the associated measure f is an element of the Banach
algebra M (L2[0,T7), the space of C-valued countably additive (and hence finite)
Borel measures on Lo[0,T]. More precisely, since we shall identify functionals which
coincide Sl-a.e. on Cy[0, T, the space S(L2[0,T]) can be regarded as the space of all
s-equivalence classes of functionals of the form (4.1). It was also shown in [1] that the
correspondence f +— F'is injective, carries convolution into pointwise multiplication
and that S(L2[0,7) is a Banach algebra with the norm

REE / i)

)
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In particular, it was shown in [3] that the Banach algebra S(L2[0,T]) contains many
functionals of interest in Feynman integration theory. For a more detailed study of
the Banach algebra S(L2[0,T]), see [1, 3].

Using the fact that the PWZ stochastic integral (w, z) of a function w in Lo[0, T
is a Gaussian random variable, as a functional of z, with mean zero and variance

lwl]|3, and the change of variable theorem, we have the following lemma.
Lemma 4.1. For each w € L2[0,T] and any p > 0,
(4.2) Eglexp{ip(w, 2)}] = exp { — p*|lwl3}.

From the bilinearity of the PWZ stochastic integral (-, -) and equation (4.2) with

w replaced with w — Z;L:l(w, e;)2€j, we have the following lemma.

Lemma 4.2. Let {ey,..., ey} be an orthonormal set of functions in La[0,T]. Then
for each w € Lo[0,T] and any p > 0,

13) B |exp {ip{w.- zz:l%(w)ﬁj>H A [ é(“” i) }

In particular, for any ¢ € R\ {0} and any p > 0,
(4.4)

g0 exp fip (=@ ) )] = o0 { = 2 [ = So(wne] }

Jj=1 J=1

In our first theorem of this section, we establish the existences of the CFFT
Tq(l)(F]Xg) of functionals F' in the Banach algebra S(L2[0,T7).

Theorem 4.3. Let F' € S(L2[0,T]) be given by equation (4.1), and let X¢g be given
by equation (2.1). Then for a.e. £ € R",

TV (F|Xg)(y, €)

= [ e i) = g Il = Y H-jz”;@.(u, e )

J=1

(4.5)

for all g € R\ {0} and SI-a.e. y € Cp[0,T].
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Proof. Using (4.1), (3.1) with F replaced with F(y + -), the Fubini theorem, (4.3)
with w and p replaced with u and A~%/2, it follows that for (\,€) € (0,400) x R™,

TN E) = B(F(y+A"12) | Xg(A12) =€)

x F, [exp {i)\_l/2<u,x - Zn:%(m)ﬁj>H df (u)

j=1
1 n
:/Lz[o,T]EXp{ Y [HUH%_; e } J”ij us €5)2 } w).

Let

—

Ty (X €)
:/]:2[07T]exp{< ) — 2)\[HUII§—§;“€J }“Zg]uej } 2

for A € C4. Since Re(A) > 0 for all A € C,, it follows that

(4.6)

(47) o5 < [ difi) = 151 < oo
21Y,

Hence, applying the dominated convergence theorem, we see that Jj(A; {) is a con-
tinuous function of A € @Jr. Also, applying the Morera theorem, one can see that
J;‘,(y +,)()\; E) is analytic on C,. Therefore, the conditional analytic Wiener integral
T\(F|Xg)(y,€) = B (F(y + )| Xg = &) = Jj,
right hand side of (4.6). Finally, by the dominated convergence theorem (the use of
which is justified by (4.7)), the L; analytic CFFT Tq(l)(F]Xg = &) of F exists and
is given by the formula (4.5). O

Fly+ )()\; E) exists and is given by the

From the definition of the conditional Feynman integral and the L; analytic
CFFT, it follows that T, (F|Xg)(0,) = E™fa(F|Xg = £). We thus have the

following corollary.

Corollary 4.4. Let F' and X¢g be as in Theorem 4.3. Then the conditional Feynman
integral E*e(F|Xg = €) of F eaists for all ¢ € R\ {0} and a.e. € € R", and is
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given by the formula

B (F|Xg = &)

i b
= exp — — |||ul|5 — u,ej)y| +1 &i(u, ej) }
AR e [ > o ZJ )2 yaf ().

Remark 4.5. Given a functional F' in S(L3[0,7]) with the corresponding measure
f € M(L2[0,T]), and given a nonzero real number ¢ and a vector £ e R", define a
set function f, = B(L2[0,T]) — C by the formula

(48) fqg(U):/UeXp{—;(I{HUH%—jZn;U ) ]HZ@ e ()

for each U in B(L2[0,T]), the Borel o-field on L3[0,T]. Then [, g1s clearly a member
of M(L2[0,T]) and qugH = ||f|l for any ¢ € R\ {0} and £ € R™. Then equation
(4.5) can be written by

—

(4.9) TO(F|Xo)(0.6) = | P, (0

—

for Sl-a.e. y € Cy[0,T], and so the L; analytic CFFT T (F|Xg)( +,&) of Fis an
element of S(L»[0,T]) for each £ € R™.

In our next theorem, we also establish the existence the CCP of functionals F
and G in S(L2]0,T7).

Theorem 4.6. Let F' and G be the functionals in S(L2[0,T]) with corresponding
Borel measures f and g, respectively, in M(L3[0,T)), and let X¢g be given by equation
(2.1). Then for a.e. £ € R",

(- @ulel = [ exp{ Tsut v
L20ﬂ L[0,T] V2

-+ [nu oY eﬁg} IR ej)z}df(U)dg(v)

j=1 j=1

(4.10)

for all g € R\ {0} and SI-a.e. y € Cy[0,T].

Proof. By using similar methods as those in the proof of Theorem 4.3, it follows
equation (4.10) immediately by the definition of the CCP. O

Remark 4.7. Given two functionals F' and G in S(L3[0,T]) with the corresponding

measures f and g in M(Lz[0,7T7]), and given a nonzero real ¢ and a vector 5 € R",
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define a set function ¢ z: B(Ls[0,T] X L2[0,T]) — C by the formula
9,€

o) = [[ e { =L [Ilu—vi - S - ne )l

Jj=1

(4.11) .
+ % jz::lgj(u — v, ej)g}df(U)dg(v)

for each V' in B(L3[0,T] x L2[0,T]), the Borel o-field on L9[0,T] x L3[0,T]. Then
, & s a complex measure on B(L2[0,T] x L2[0,T]). Define a function ¢ : L[0,T] x
L3[0,T] — L2[0,T] by ¢(u,v) = (u+v)/v/2. Then ¢ is a continuous function, and so
it is B(L2[0, T| x L2[0, T|)-measurable. Thus the set function g0q7go¢*1 : L1]0,T] — C
is in M(L2[0,T]) obviously. Under these setting, equation (4.10) can be rewritten
by

(F « @1l = | oy Lt g0 07w

—

for SI-a.e. y € Cy[0,T]. Thus the CCP [(F'xG)q|Xg](-,&) of F' and G is an element
of 8(L3[0,T)) for each £ € R™,

5. RELATIONSHIPS BETWEEN THE CFFT AND THE CCP

In this section, we establish basic relationships between the CFFT's and the CCPs.
The following theorem is one of our main assertions; namely that the CFFT of the
CCP is the product of the CFFTs.

Theorem 5.1. Let F', G, and Xg be as in Theorem 4.6. Then for all ¢ € R\ {0}
and SI-a.e. y € Cy[0,T],

T (I(F + G)yl Xgl( -, €V)|Xg ) (9, €2)

— T(l)(F]Xg)<y, g(2)7%?(1))]7(1)((;’)(@(y7 M)
! V2T V2 ! V2© V2
Proof. Using (4.9) with F' and f replaced with [(F * G)4|Xg] and P © ¢! re-
spectively, (4.8) with f replaced with P, © ¢~1, (4.11), the Fubini theorem, and
(4.5) together with simple calculations, it follows that

T ([(F « )| Xg] (-, &) | Xg ) (5, €)

= expqi{w, d ~lo_1 7oy (W
/ oy PTG 067, 0 ()
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S )

n

—;q[HUH% S (u, ej)g] +izg\/;(l(u €j)2 }df( )

j=1 j=1

X / exp {i<v, y>
L2[0,T] \/§

n n (2 _ 5(1)

i e
= 5 113 = o] 13 e o)

Jj=1 Jj=1

A2) | A1) (2) _ ¢l
(3 o o3y )

as desired. 0

In order to provide our second main assertion of this paper, we need the following

lemma.

Lemma 5.2. Let F, G, and Xg be as in Theorem 4.6. Then for all ¢ € R\ {0} and
Sl-a.e. y € Cp[0,T],

(20 (F1xG) (. €0) « T (@1X0) (.E)) [ Xo|(4.69)

exp (utv,y [u—i—vQ— u+v2]
/[/2[0T»/L20T] { )~ qH 12 Z( )3

Jj=1

+z§: (@m - i) (u, ;) Z( (3)> (v ej)z}df(“)dg(v)

W (#(73)o () o) o8

¢ i 2 - 2
exp u+v,y) — [u+v — U+ v ]
(5.2) /LzOT] /LQ[OT] {\f ) 4q | I Z( 2

J=1

and

+iy &Gluto, ej)g}df(u)dg(v).

Jj=1

Proof. In view of Remark 4.5, we observe that

T0(FIX0) 0. E) = | U0 (0
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and

V(61Xe) 0.8 = [ el 0 (1)

where f, 7 is the complex measure in M(L3[0,T]) given by (4.8) with £ replaced
with €1, and 9,2 is the complex measure in M(L2[0,T]) given by the formula:

n

) = [ e { = |10l - Y (0ner) ]sz]ve] 2 faa(o

j=1
for each U € B(L3[0,T]). Then using (4.10) with F, G, £, f and g replaced with
D (FIXg)(- €M), TV (G Xg) (- €D), €9, f 1) and g, o) respectively, and (4.9)
with 5 replaced with 5_?1)’ it follows equation (5.1) immediately.
Next, using the definition of the L; analytic CFFT, (3.2) with F' replaced with
F((y+-)/v2)G((y + -)v/2), and the Fubini theorem, it follows that

Bl
= ponlp(Lh o> s+ i@ﬂjD
(5.3) ><G<y2+12[a:—zn:% B]Jer]ﬁ]D]

“ oo {3t o+ (40 263,
« Bl [exp {\Z@<u +oa— jz:;fyj(m)ﬁj> }df(u)dg(v).

Applying (4.4) with w and p replaced with u +v and 1/4/2 in the last expression of
(5.3), it follows equation (5.2) as desired. O

Let (R™)* denote the product of four copies of R”. A close examination of the
right-hand sides of (5.1) and (5.2) shows that they are equal if (5, 5(1),52),5(3)) €

(R™)* is in the solution set of the system

{5 V2EW —

(54) £ VI ¢

Ol Ol
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Theorem 5.3. Let F, G, and Xg be as in Theorem 4.6 and let ({, 5(1),5(2),53))
satisfy the system (5.4). Then for all ¢ € R\ {0} and Sl-a.e. y € Cy[0,T],

([Tu(FIXg) (-, €) < T(G1Xg) (-, €2)] _ | Xg) (3, €)
-1(r(Gg)e() o0
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