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GENERALIZED RELATIVE ORDER («,3) ORIENTED SOME
GROWTH PROPERTIES OF COMPOSITE ENTIRE AND
MEROMORPHIC FUNCTIONS

TANMAY BISwAS®* AND CHINMAY BISwASP

ABSTRACT. In this paper we wish to prove some results relating to the growth rates
of composite entire and meromorphic functions with their corresponding left and
right factors on the basis of their generalized relative order (o, 3) and generalized
relative lower order («, ), where o and (8 are continuous non-negative functions
defined on (—o0, +00).

1. INTRODUCTION

Let us consider that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna’s theory of meromorphic functions which are
available in [7, 8, 13]. We also use the standard notations and definitions of the
theory of entire functions which are available in [12] and therefore we do not explain
those in details. Let f be an entire function defined in the open complex plane C.
The maximum modulus function My (r) corresponding to f is defined on |z| =1 as

My(r) = @i’; |f(2)]. In this connection the following definition is relevant:

Definition 1.1 (]2]). A non-constant entire function f is said to have the Property
(A) if for any o > 1 and for all sufficiently large r, [M; (r)? < My (r7) holds.

For examples of functions with or without the Property (A), one may see [2].
When f is meromorphic, the Nevanlinna’s characteristic function T¢(r) (see [7,

p.4]) plays the same role as My (r), which is defined as
Ty(r) = Ng(r) +my(r),
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wherever the function Ny (r,a)(Nf(r,a)) known as counting function of a-points
(distinct a-points) of meromorphic f is defined as follows:
r
Ny(r,a) = /nf(t’ %) _t ns(0,a) dt +nys(0,a)logr
0

r

(Nf(r, a) = /nf(t’ @) ;nf(O, @) dt +ny(0,a)log 7’);
0

in addition we represent by ng(r,a)(s(r,a)) the number of a-points (distinct a-
points) of f in |z| < r and an oo -point is a pole of f. In many occasions N¢(r,00)
and N ¢(r,00) are symbolized by Ny(r) and N ¢(r) respectively.

On the other hand, the function m(r, o) alternatively indicated by m s(r) known

as the proximity function of f is defined as:

2w

1 ,
my(r) = %/IOng |f(rei?)|d6, where

0
log" 2 = max(log x, 0) for all z > 0.

Also we may employ m(r, ﬁ) by m¢(r,a).
For an entire function f, the Nevanlinna’s characteristic function T¢(r) of f is
defined as

T(r) = mg(r).

Moreover, if f is non-constant entire then T (r) is also strictly increasing and
continuous function of r. Therefore its inverse T’ L2 (T§(0), 00) — (0, 00) exists and
is such that Sllrglonl(s) = 00.

Now let L be a class of continuous non-negative on (—oo, +00) functions « such
that a(x) = a(rg) > 0 for < z¢ with a(z) T +o00 as ¢ — +oo0. For any o € L,
we say that o € LY, if a((1 + o(1))x) = (1 + o(1))a(x) as  — +oc and a € LY,
if a(exp((1+o(1))z)) = (1 + o(1))a(exp(z)) as © — 4oo. Finally for any a € L,
we also say that o € Ly, if a(cx) = (1 4+ o(1))a(z) as xg < © — +oo for each
¢ € (0,400) and « € Lo, if a(exp(cx)) = (1 + o(1))a(exp(x)) as zp < z — 400
for each ¢ € (0,4+00). Clearly, L1 C L‘l), Ly C Lg and Ly C Lj.Further we assume
that throughout the present paper ai, as, as, a4, 8, 01, B2, f3 and (4 denote the

functions belonging to Ly unless otherwise specifically stated.
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The value ( ")
. a(log My(r
= limsup——————*
Plap)f] = Tim sup )
introduced by Sheremeta [10], is called a generalized order (o, 3) of an entire func-

(aeL,feL)

tion f. During the past decades, several authors made close investigations on the
properties of entire functions related to generalized order («,3) in some different
direction. For the purpose of further applications, Biswas et al. [4] rewrite the def-
inition of the generalized order (a, ) of entire function in the following way after
giving a minor modification to the original definition (e.g. see, [10]) which consid-
erably extend the definition of p-order of entire function introduced by Chyzhykov
et al. [5]:

Definition 1.2 ([4]). The generalized order (a,(3) denoted by p(, g [f] and gen-
eralized lower order («a, 3) denoted by A, g) [f] of an entire function f are defined

as:
Plap Ll = lirgigopow
and Ao ) [f] = lﬁgi&fcw where o € L.
If f is a meromorphic function, then
P Lf] = 1?2&1)0‘(6"%(51)‘ )
and A4 g) [f] = lriElJi&fW’ where a € Ls.

Using the inequality T¢(r) < log M¢(r) < 3T¢(2r) {cf. [7]}, for an entire function

f, one may easily verify that

a(Mg(r alexp(Te(r
o] = gL g S5
i Xenlf) = Gy ==

when o € Lo.

Mainly the growth investigation of entire and meromorphic functions has usually
been done through their maximum moduli or Nevanlinna’s characteristic function
in comparison with those of exponential function. But if one is paying attention to
evaluate the growth rates of any entire and meromorphic function with respect to a

new entire function, the notions of relative growth indicators (see e.g. [1, 2, 9]) will



142 T. Biswas & C. Biswas

come. Now in order to make some progress in the study of relative order, Biswas et
al. [4] introduce the definitions of generalized relative order (a, 3) and generalized
relative lower order (a, 3) of a meromorphic function with respect to another entire

function in the following way:

Definition 1.3 ([4]). Let o, 8 € L;. The generalized relative order (o, ) and
generalized relative lower order (o, 3) of a meromorphic function f with respect to

an entire function g denoted by p(4,)[flg and A, ) [f]g respectively are defined as:

(T YT (r
Paplfly = lirgigopw

(T H(Ty(r))
and A = liminf—% "%
nd A(a5)[flg L T
In this paper, we intend to establish some results relating to the growth properties
of composite entire and meromorphic functions on the basis of generalized relative

order (a, 3) and generalized relative lower order («, 3).

2. MAIN RESULTS

In this section first we present some lemmas which will be needed in the sequel.

Lemma 2.1 ([3]). If f is a meromorphic function and g is an entire function then

for all sufficiently large values of r,
Ty(r)
Trog(r) < {1+ 0(1)} —L2—T¢(My(1)).
o) < 1+ o)} 8D (0, 1)
Lemma 2.2 ([6]). Let f be an entire function which satisfies the Property (A),
8>0,06>1and a>2. Then

BTy (r) < Ty (on“‘s) .
Now we present the main results of the paper.

Theorem 2.3. Let f be a meromorphic function and g, h be any two entire functions
such that 0 < Ay 8) [fln < Plar,0) [fln < 1005 Pas,se) [9] < +00 and h satisfies
the Property (A). Also let vy be a positive continuous on [0, +00) function increasing
to +00 and A > 0 be any number, then

(i) If Br(ay ' (logr)) < r and Jim 23(r) — L oo, then

oo logr

i {00 (T (35" 0051))))}
rtoo oy (T, H(Tr(B7 (v(r))))

1+A
=0 and
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logy(r) _

(ii) If either $1(r) = Bas(r) where B is any positive constant and lim g =

r—+400

0 logv( )
400 or ﬁl(a2 (r)) € L° and TEIJPooﬁl(OéQ og ™) +00, then

o {exp(0a (T (Trey (3™ (log)))}
rtee o (T, (T4 (B (4(r)))))

Proof. Let us suppose that A > 2 and § — 1+ in Lemma 2.2. Since Th_1 (r) is an

=0.

increasing function of r, it follows from Lemma 2.1, Lemma 2.2 and the inequality
Ty(r) <log My(r) {cf. [9] } that for all sufficiently large values of r,

Ty (Trog(By '(logr))) < T ({1 + 0(1)} T(My(B5 ' (log 7))
ar(Ty (Tpog (B3 H(logr)))) < an(A(Ty H(Ty(My(5y (log 7)))))°)
a1(T, " (Trog (B2 (logr)))) < (14 o(1)an(Ty, (T (My(B5  (log)))))

i-e., ar(Ty " (Tyoq (B3 ' (logr))))

(2.1) < L+ o)) (P o) [F]1 +€)B1(M(B5 ™ (log 7))

Further from the definition of A(4, g, [f]),, We get for all sufficiently large values
of r that

(2.2) ar (T, (Tr (BT (v (r)))) = oy ) Ll — )r()-
Now the following cases may arise:
CasE L. Let Bi(a; '(logr)) < 7. Now we get from (2.1) for all sufficiently large

values of r that

a1 (T, (Troq (85 (log7))))

(2.3) < (1+0(1)(p(ay,6) [f]n + )81 (g (a2( My (55 ' (log7)))))
o (Th (Tfog (62 1(10gr ))
(2.4 < (14 0(1)) (p(a 1y L1y + £)61 (a7 (log rProz sl +2)))

Caskg II. Let $1(r) = Baa(r) where B is any positive constant. Then we have
from (2.1) that for all sufficiently large values of r,

a1 (T, (Tfoq (85 H(log)))) < (14 0(1))B(p(ay 6,) [f] + £)aa(My (55 (log 7))
i.e., al(Tl;l (Tfog (ﬁ;l(log r))))
< (1 +0(1)B(pay,61) [fln +€)(P(as,s) l9] 4 €) logr

(2.5) i.e., exp(aq(T,* (Tog (ﬁ;l(log ))))) < rA+eW)B(pay,61) [f1n+e)(Plag,p)l9+e)
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-1 : log y(r) -
Caske III. Let pi(a; (1)) € Ly and rk?oo@(oc;l(logr)) +00. Then we have

from (2.3) that for all sufficiently large values of r,
a1 (T, (Troq (B (log7)))) < (14 0(1))(P(an 1) [f11, + €)Br(az ' (log 7))

i.e., exp(Oq(Tf:1 (Tog (ﬁ;l(log ))))

(2.6) < exp((1+0(1)) (p(ay 31) [f], +)B1(az  (log 7))
Now when S;(a; *(logr)) < r and lilJrrrl % = +00, we obtain from (2.2) and

(2.4) of Case I that for all sufficiently large values of r,

{on(T; " (Tyoq (B3 (logr)) )}
ar (T, Ty (B (v(r)))))
(1+0(1)(P(a 1) LfIn + &) FA[B1 (3 (log r(Plaz, o) [91+9))) | 144

Ma,s) [l —(r)
ie.. lim Sup{al(Th_l (Troq (3 ' (log1)))) }

r—oo a1 (T, (T (B (v()))))
This proves the first part of the theorem.

<

1+A

=0,

Again combining (2.2) and (2.5) of Case II, we get for all sufficiently large values
of r that

{exp(an (T (Trog (85 (logr))))) T p(140IBloa; o) [Fli4)(plaz. o) 14+ (1+4)

<
a1 (T, (T (B (v(r)))) (Mar,oy) flp —€)(r)
Since lim blgw = +00,
r—-+oo 08T

p(1Fo(W)B(p(ay,8)) [f1h+e) (P(ag,8y)l9]+€) (14+A)
(r)
as r — +o0o. Thus it follows from above that
2.7) lim {01, (Treg (5 (08 7)))))}
r—oo ar (T, (T (B (v()))))
Further combining (2.2) and (2.6) of Case III it follows that for all sufficiently

large values of r,

{exp(a1 (T, " (Troq (B ' (log 7))}
ar (T, (T4 (B (4(r))))

- lexp((1+ o(1))(p(ay 61) [ + €)B1(ag " (logr)))]
h (Mar,0) Lf]n —e)v(r)

— 0

1+A

1+A

1+A
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: : log ~(r)
Since lim = =riogmy

[exp((1 + 0(1))(P(ar 1) LF), +€)B1(05 " (log 7)))]
y(r)
as r — +o0o. Thus from above we obtain that
. L {eplan(Ty ! (Trog (55 log )}
roo a1 (T, H(Ty (87 (4(r)))))
Hence the second part of the theorem follows from (2.7) and (2.8).
Thus the theorem follows. O

= “I‘OO,

1+A
—0

1+A

Remark 2.4. Theorem 2.3 improves and extends Theorem 3 of [11].

Remark 2.5. In Theorem 2.3 if we take the condition p(,, ) [f];, > 0 instead
of 0 < Aoy, [fln < Par,p) [f], < 400, the theorem remains true with “ limit

inferior” in place of “limit”.

Theorem 2.6. Let f be a meromorphic function and g, h, k be any three entire
functions such that p, g,) [f], < +00, ANa,g) 9]k > 0, Plas,ps) lg] < +00 and h
satisfies the Property (A). Also let v be a positive continuous on [0,+00) function
increasing to +00 and A > 0 be any number.

i) If B1(ay t(logr)) < r and lim logy(r) _ +00, then
2 ¥ logr

 {au(exp(Trog (B (logr))))

lim — =0.
r—+ooag(exp(Ty(By (v(r)))))
(1) If either B1(r) = Bas(r) where B is any positive constant andrli)gloo% = 400

-1 0 : logy(r)  _
or Bi(ay " (r)) € LY and rggloom(a;l(logr)) = 400, then

lim {exp(a1(eXP(Tfog(ﬂ2_1(10g T)))))}H_A _
r=+o0 as(exp(Ty(By " (v(r)))))
The proof of Theorem 2.6 would run parallel to that of Theorem 2.3. We omit
the details.

Remark 2.7. In Theorem 2.6, if we take the condition p(q, g, [g];, > 0 instead of

ANas,3s) (9] > 0, the theorem remains true with “limit inferior” instead of “limit”.

Theorem 2.8. Let f be a meromorphic function and g, h, k,l, m be five entire

functions such that A, g,) 1,, >0, Aaa,B4) (K] >0, piar,p) Lf]n < 00, Pras,ss) 19] <
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Aaa,81) K] and h, m both satisfy the Property (A). Also let C and D be any two
positive constants.

(1) Any one of the following four conditions are assumed to be satisfied:

(a) B1(r) = Clexp(az(r))) and B3(r) = D exp(aa(r));
(0) Bi(r) = Clexp(az(r))) and B3(r) > exp(aa(r));
(c) exp(az(r)) > Bi(r) and B3(r) = D exp(a(r));

(d) exp(aa(r)) > B1(r) and B3(r) > exp(ay(r)), then

03T (a5 (o 7))
rotooay (T (Trog (B3 ' (log 7))
(13) Any one of the following two conditions are assumed to be satisfied:
(a) Bi(r) = Clexp(az(r))) and as(83 (1)) € Ly;
(b) Bs(r) > exp(au(r)) and au(By*(r)) € L1, then

exp(aa (B ' (as(T,, " (Tiok (61 (log 1)))))))

lim -
r oo a1 (T (Thog (85 ' (logT)))) >

(7i1) Any one of the following two conditions are assumed to be satisfied:
(a) B3(r) = Dexp(as(r)) and az(By(r)) € Ly;
(b) Bs(r) > exp(au(r)) and as(B7(r)) € L1, then

lim 063(T (Tlok(@; (logr))))
)
r—+ooexp(aa(By (a1 (T), ! (Troq (B3 ' (logm)))))))

(iv) If az(By (1)) € Ly and as(B3*(r)) € L1, then

- exp(a4(53_1(043(Tn;1(Tlok(ﬁ4_1(10g 7))))))) _
Tﬂ+mexp(a2(ﬁ1—1(a1(Th_l (Tfog (52_1(10g 7“)))))))

Proof. CASE 1. Let B1(r) = C(exp(az(r))). Then we have from (2.1) that for all

sufficiently large values of r,

(29)  aa(Ty" (Trey (55 1087)))) < O+ 0())(p(a 1) [flp + E)rPessm 0749
CASE II. Let exp(aa(r)) > B1(r). Then we have from (2.1) that for all sufficiently

large values of r,

(210)  aa(T; " (Tyog (85 ' (log 7)) < (14 0(1)((ar 1) L] + ) Plezowlo+e),
CASE IIT. Let aa(8;(r)) € Ly. Then we get from(2.1) that for all sufficiently

large values of r,

(2.11) exp(a (B (a1 (T, ! (Trog (B ' (logr))))))) < r(H0(D)(P(ay,8,) [91+E)

= 0OQ.
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Now suppose that A > 2 and § — 1+ in Lemma 2.2. Since T},,! () is an increasing
function of r, it follows from Lemma 2.1, Lemma 2.2 and the inequality Ty(r) <
log M¢(r) < 3T¢(2r) {cf. [7]} for an entire function f that for all sufficiently large
values of r,

as(T,," (3Tiok (B ' (log)))) > a3(T (Tl(8M <ﬁ4 (iOgT)»))

i (AT (Ton(55 o)) > e (T (1 (335, (P LB ) )

ie., as(A(T, (Tior(B; ' (logr)))%)) Za3<Tm1<Tl<8M (ﬂ‘l <1ogr)>>))

4
i.e., az(Tn! (Tion(B;  (logr))))

> <1+o<1>>(a3(T7;1(Tz(8Mk(ﬁ4 (ffgr)»)))

i.e., az(T, (Tlok(@; (log7))))

(2.12) > (14 (1)) . [l — 210 (3 (P2,

CAse IV. Let (3(r) = Dexp(au(r)) Then from (2.12) it follows that for all

sufficiently large values of r,

a3(T,, (Tiok (B * (log 1))

(2.13) > D(1+ 0(1))(Nay g5) [l],, — €)7o NagapnFl=e),

CASE V. Let 33(r) > exp(ay(r)). Now from (2.12) it follows that for all suffi-

ciently large values of 7,
a3 (T (Tiok(By ' (log 7))

(2.14) > (14 0(1))(Nag5) [l — €)rETo I Cagsnk=e),

Cask VI. Let ay(B3'(r)) € Ly. Then from (2.12) we obtain that for all suffi-

ciently large values of r,
(2.15) exp(aa (B3 " (as(Ty (Tier (B (log))))))) = rH oM Aesop k=),

Since p(ay,8:) [9] < Mau,s4) [k] We can choose (> 0) in such a way that

(2'16) P(az,B2) [g] +e< )‘(0447@1) [k] —¢&.
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Now combining (2.9) of Case I and (2.13) of Case IV it follows that for all suffi-
ciently large values of r,
05 (T (Tiek (B ' log 1)) DL+ 0(1) Ay [y = T Heca sl
o (Ty ™ (Tyoq (B3 (l0g7))) — C(L+0(1))(p(ay ) LSy, + )rPleaslol+)
So from (2.16) and above we obtain that
T (T (81 (1
r=to0 o (Ty, " (Tyog (B (log))))
Further combining (2.9) of Case I and (2.14) of Case V it follows that for all
sufficiently large values of r,
03T, (Tiew (B (l0g7))) - (14 0(1) N [l = ) Pees B9
(T, (Tyoq (B (log7)))) C(L+ 0(1)(p(ay o) [fy + &)rPrea i+
Hence from (2.16) and above we get that
T (T (81 (1
(2.18) i g8 m (Th k(@;_l( 0gr)))) _
r=to0 o (Ty, " (Tyog (B (log))))
Similarly combining (2.10) of Case II and (2.13) of Case IV, we obtain that
T (T (B (1
(2.19) lim inf 22 Tl( lk(ﬁ{g 0g)) _
r=to0 (1), (Tpog (B ' (logr)))
Likewise combining (2.10) of Case II and (2.14) of Case V it follows that
T (T (81 (1
r=toc ay(Ty " (Trog (B, (log 1))
Hence the first part of the theorem follows from (2.17), (2.18), (2.19) and (2.20).
Again combining (2.9) of Case I and (2.15) of Case VI we obtain that for all

sufficiently large values of r,

exp(aa (85 ' (es(T " (Tiow (B ' (log 1)))))))
(T, (Tyoq (B (log))))

P(1Fo(D)) N ay,py) [kl —€)
> .
™ O+ o) b ) Sy + 2Pz
So from (2.16) and above we obtain that

i SXP(aa(B5 (a5 (T (Tion (B (g 7))
B BT @ (T (5 o8

= Q.
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Now in view of (2.10) of Case II and (2.15) of Case VI we get that for all suffi-

ciently large values of r,

exp(aa(Bs ' (a3(T, (Tior(By ' (log1)))))))
al(Th (Tfog (52 (105%7”))))

101 Xay 8y [K]—¢)

> .
(1+ 0(1)) (P(on.p) [y + )Pz 1)
So from (2.16) and above we obtain that
—1 -1 —1
T (T 1
02)  tmine R 05T Tk (57" (987)))))
e a1(Ty, " (Tyoq (B (logr))))
Therefore the second part of the theorem follows from (2.21) and (2.22).
Further combining (2.11) of Case III and (2.13) of Case IV it follows that for all

sufficiently large values of r,

a3(T,, (Tzok(ﬁ '(logr))))
eXp<0¢2(ﬁ1_( (Th (Tfog (52 (logr))))))) B

DU+ 0(1) Ay ) By — S+ e 8-
p(1H0(1))(P(ay,8y) l9]+€) '
Now in view of (2.16) we obtain from (2.23) that

= 00,

(2.23)

= Q.

220 - (T Tl (3 lo57))
r=tooexp(az (B (ar(T, " (Trog (B2 (log1)))))))
Similarly combining (2.11) of Case III and (2.14) of Case V we get that

(225) hm O[3(T (ﬂok(ﬂll (log_q)))) = 00
r=tooexp(az (B (a1 (T, (Trog (B3 ' (logr)))))))
Hence the third part of the theorem follows from (2.24) and (2.25).
Again combining (2.11) of Case III and (2.15) of Case VI we obtain that for all

sufficiently large values of r,

exp(ou (s (03(T (Tior (B ' (log 1)) r o AesanH72)
exp(ag(ﬁl_l(al(Th_l (Trog (ﬂ;l(log ")) (oM (P(ag 5y lgl+e)

Now in view of (2.16) we obtain from above that

- exp(aa(8 (s (T (Ti(5 (0g 1))
r—+ooexp(az(B; (a1 (T}, * (Tog (ﬁ;l(bg ™))

This proves the fourth part of the theorem.
Thus the theorem follows. O

= OQ.
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Theorem 2.9. Let f be a meromorphic function and g, h be any two entire functions
such that 0 < Ao, 8 [fln < Plar,p) [fln < 00, Plas,s) [9] < +00 and h satisfies
the Property (A). If aa(8;(r)) € Ly, then

: ag (B (ea (T}, (Tyog(r)))) _ Plas,sn) 9]
lim sup — — < .
r—too a1 (T, (Tr (B (B2(1))) — AMawsy) [f1n

Proof. In view of (2.2) it follows that for all sufficiently large values of r,

(2.26) a1 (T, (T (BT (B2(r))) = N ) [Flh = €)Ba(r).

Again in view of (2.1), we get that for all sufficiently large values of r,

a1 (T, (Tog(r))) < (L4 0(1))(p(an 1) [f1y + €)B1 (M (1))

Since az(8;*(r)) € L1, we obtain from above that for all sufficiently large values of

T,

Q
()
~~
@
=
—
—
Q
=
—
c
—_
—
<3
o]
Q
—~
=
~—
~—
~—
~—
~—
IN

(1+ o(1))aa(My(r))
i.e., an(By (ar(Ty  (Trog(r))) < (14 0(1))(P(az,0) 9] + €)Ba(r).
Now combining (2.26) and above we get that

. az(B1 (e (T, H(Trog(r)) _ Plas,ss) 9]
lim sup — =) < .
r—+oo a1 (T, (Tr(By (B2(r)))) — Aausn)

Hence the theorem follows. OJ

Theorem 2.10. Let f be a meromorphic function and g, h be any two entire func-
tions such that 0 < Ao, ) [fln < Plar,p) [l < 00, ANag,g) l9] < 400 and h
satisfies the Property (A). If aa(By*(r)) € L1, then

(B (01 (T, (T (1)) _ Atz ol
r=toean (T H(Ty (BT (B2(r))) ~ AN L

The proof of Theorem 2.10 would run parallel to that of Theorem 2.9. We omit
the details.

Theorem 2.11. Let f be meromorphic function and g, h, k be any three entire

functions such that pa, g,y [f © gl < 00 and X(a, g,) lg], > 0. Then

) {0 (T, (Tyey (B ' (logT))) )

T, (5 og 1) - e T TG
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Proof. For arbitrary positive € we have that for all sufficiently large values of r,

(2.27) a1 (T, (Tpog(By ' (l0g 7)) < (P(as 1) [f © gl +€) log
Again for all sufficiently large values of r we get

(2.28) as(T; H(Ty(B5 ' (108 7)) 2 (A(ag 3) 9]y, — €) log 7.
Similarly for all sufficiently large values of r we have

(2.29) as(T H(Ty(B5 (1)) 2 (Mg 09 9] — )7

From (2.27) and (2.28) we have that for all sufficiently large values of r,
a1 (T (Tyog(By (08 7)) _ (P(aro) [f 0 gl +€) logr
as(T H(Ty(B5 ' (logm))) — (Nag,a) L9l —€)logr
As e(> 0) is arbitrary we obtain from above that
T, (Trog (87 (1 a
230) s 22T T3 008 1)) _ s U 3l
r—too ag(Ty (Ty(Bs (log)))) — Aas,s) 9k
Again from (2.27) and (2.29) we get that for all sufficiently large values of r,
on (T (Tyog (By ' (log 7)) _ (Plon ) [f © 9y + ) logr
043(Tl<;_1(Tg(ﬁ?;_1(r)))) B (Mas,gs) 9]k — )7
Since (> 0) is arbitrary it follows from above that
(I Ty (B 108 7))
oo ag(TH (Ty(B5 ()
Thus the theorem follows from (2.30) and (2.31). O

(2.31)

Theorem 2.12. Let f be meromorphic function and g, h be any two entire functions

such that p(a, g,) [fl, < oo and A, g,y [f © gl = 00. Then

lim Oég(T;;l(Tfog(T)))
r—-+00 al(T}jl(Tf(ﬁfl(ﬁ?y(T)))))

Proof. Let us suppose that the conclusion of the theorem does not hold. Then we

can find a constant A > 0 such that for a sequence of values of r tending to infinity

(2.32) a3(Ty (Tpog(r))) < A - an (T3 (Tr(B (B(r))))).

Again from the definition of p(,, g,) [f]},, it follows that for all sufficiently large values

of r,

(2.33) a1 (T (T (B (B3(r)))) < (o 0y L+ )B3(r).
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Thus from (2.32) and (2.33), we have that for a sequence of values of r tending to

infinity,
as(Ty  (Tfog(r)) < Alpay. ) [f1, + €)Bs(r)
i as(Ty  (Tog(r))) < A(p(ay,p1) [f] +€)B3(r)
o Bs(r) - Bs(r)
o as(T N (Tyeg(r)
ve, liminf=——7"5 = Nas,gs) [f 0 gln < o0
This is a contradiction.
Thus the theorem follows. O

Remark 2.13. Theorem 2.12 is also valid with “limit superior” instead of “limit”
if Aag,8) [f © gl = o0 is replaced by p(a, g, [f © g]j, = oo and the other conditions

remain the same.

Analogously one may also state the following theorem without its proof as it may

be carried out in the line of Theorem 2.12.

Theorem 2.14. Let f be meromorphic function and g, h be any two entire functions

such that p(a, ) 9], < 00 and p(a, gy) [f © gl;, = o0. Then

Jim sup a3(Ty (Tyog(r)) o
r—too a1 (T, (Ty(8; 1 (B5(r)))))

Remark 2.15. Theorem 2.14 is also valid with “limit” instead of “limit superior”

if P(ay,ps) Lf © 9], = 00 is replaced by A(4, g, [f © g];, = oo and the other conditions

remain the same.

3. CONCLUSION

Throughout this paper, we have generalized some results using the concept of
generalized relative order («, ) of entire and meromorphic functions.The technique
used to define generalized relative order («,(3) is newly developed idea and this
concept is very much significant. Defining new idea of relative order of growths in the
complex plane, we have discussed some growth properties of entire and meromorphic
functions.This technique may also be applied in the study of growth of solutions of
complex differential equations with entire or meromorphic coefficients. These works

will be very much helpful for the future researchers.
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