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A NOTE ON CHAIN TRANSITIVITY OF LINEAR

DYNAMICAL SYSTEMS

Namjip Koo and Hyunhee Lee

Abstract. In this paper we study some topological modes of re-
current sets of linear homeomorphisms of a finite-dimensional topo-
logical vector space. More precisely, we show that there are no chain
transitive linear homeomorphisms of a finite-dimensional Banach
space having the shadowing property. Then, we give examples to
illustrate our results.

1. Introduction and preliminaries

Several topological modes of recurrence(e.g., chain recurrence, chain
transitivity and topological transivity) described by the eventual be-
havior of the orbits of a dynamical system have an important role to
understand the qualitative theory of the dynamical system. The chain
recurrence due to Conley [5] is an extended notion of topological tran-
sitivity by using ε-chains. Shimomura [12] studied the chain transitive
sets of discrete dynamical systems from the view point of topological
entropy. Crovisier [6] proved that the chain transitive sets of C1-generic
diffeomorphisms are approximated in the Hausdorff topology by peri-
odic orbits. Also Sakai [11] studied the chain transitive sets in view of
shadowing theory and showed that the chain transitive sets are natural
candidates to replace hyperbolic basic sets in Smale’s hyperbolic theory
for dynamical systems. Furthermore, Morimoto [7] characterized lin-
ear automorphisms of Rn be the shadowing property, i.e., the author
showed that various notions of hyerbolicity, expansivity, structural sta-
bility, shadowing property and topological stability are equivalent for
linear automorphisms on Rn.

To state our results, let us recall some basic notions of dynamical
systems which are used in the sequel(see [3,9]). Let X be a metric space
with metric d and f : X → X be a homeomorphism.
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For δ > 0, a sequence {xi}i∈Z in X is called a δ-pseudo orbit of f if
d(f(xi), xi+1) < δ for each i ∈ Z. Given ε > 0, a sequence {xi}i∈Z is
called to be ε-shadowed by x ∈ X if d(f i(x), xi) < ε for each i ∈ Z. We
say that a homeomorphism f : X → X has the shadowing property if
for every ε > 0 there is δ > 0 such that every δ-pseudo orbit of f is
ε-shadowed by some point in X. The theory related to various types of
shadowing has been widely studied in the class of dynamical systems on
a compact metric space(see [1, 8]).

We say that a homeomorphism f : X → X is called topologically
transitive if for every pair of non-empty open subsets U and V of X,
there is n ∈ N such that fn(U) ∩ V ̸= ∅. Then we note that f is
topologically transitive if and only if there is a point x ∈ X such that
the orbit Orbf (x) of x ∈ X is dense in X when X is a complete separable
metric space, where Orbf (x) = {fn(x) | n ∈ Z}. It is well known that
topological transitivity is preserved under a topological conjugacy. We
say that a homeomorphism f : X → X of a metric space X is called
chain transitive if for every ε > 0 and any pair x, y of points of X,
there exists a finite ε-chain {xi}ni=0 of points of X such that x0 = x and
xn = y, where {xi}ni=0 is an ε-chain from x to y if d(f(xi), xi+1) < ε
for each i = 0, · · · , n − 1. We note that if f is topologically transitive,
then f is chain transitive and the converse does not hold in general. If f
has the shadowing property, then topological transitivity coincides with
chain transitivity.

We say that a point x of X is called nonwandering of f if for every
neighborhood U of x, there is a non-zero n ∈ Z such that fn(U)∩U ̸= ∅.
Let Ω(f) denote the set of nonwandering points of f , which is called the
nonwandering set of f . We say that a homeomorphism f : X → X is
called nonwandering if Ω(f) = X. We say that a point x of X is called
chain recurrent of f if for every ε > 0 there is a finite ε-chain {xi}ni=0
such that x0 = xn = x. Let CR(f) denote the set of chain recurrent
points of f , which is called the chain recurrent set of f . We say that a
homeomorphism f : X → X is called chain recurrent if for any ε > 0
and any point x ∈ X, there is a finite ε-pseudo-chain {xi}ni=0 such that
x0 = xn = x, i.e., CR(f) = X. We note that every nonwandering
homeomorphism is chain recurrent, and every chain recurrent homeo-
morphism with the shadowing property is nonwandering(see [2]). Also,
we note that the chain transitivity implies the chain recurrence.

We say that a linear homeomorphism f : X → X of a topological
vector space(or a Banach space) X is called hypercyclic if there is a
nonzero vector x ∈ X such that the orbit Orbf (x) is dense in X. The
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hypercyclicity means the topological transitivity when X is a separable
complete metric space(see [4, pp. 2 and 26], [3, Theorem 1.2]).

In this paper we study some relations between chain transitivity and
chain recurrence in the class of linear homeomorphisms on a finite-
dimensional Banach space. Also, we give some examples to illustrate
our results. More precisely, we state our main result.

Theorem 1.1. There are no chain transitive linear homeomorphisms
of a finite-dimensional Banach space with the shadowing property.

2. Proof of Theorem 1.1

In this section we study relations with various modes of recurrence
sets for linear homeomorphisms on a finite-dimensional Banach space.
Then we give a proof Theorem 1.1 and examples to our results.

Lemma 2.1. Let X be a metric space and f : X → X be a homeo-
morphism with the shadowing property. If f is chain transitive, then it
is topologically transitive.

Proof. Let U and V be non-empty open subsets of a metric space X
with metric d. We claim that there exists n ∈ N such that fn(U)∩ V ̸=
∅. Choose r > 0 such that Bd(x, r) ⊂ U and Bd(y, r) ⊂ V for some
x ∈ U, y ∈ V , where Bd(a, r) = {b ∈ X | d(a, b) < r}. Let δ > 0
be corresponding to r > 0 by the shadowing property. Since f is chain
transitive, there is a finite δ-chain {xi}ni=0 such that x0 = x, xn = y. Since
f has the shadowing property, there exists z ∈ X such that d(x, z) < r
and d(fn(z), y) < r. Hence, fn(z) ∈ fn(U) ∩ V.

The proof of the following result was given in [3, Proposition 1.1]. For
completion of our main result, we again give a detailed proof.

Lemma 2.2. Any linear homeomorphism of a finite-dimensional Ba-
nach space is not hypercyclic.

Proof. Let f : Rn → Rn be any linear homeomorphism on Rn.
Suppose by contrary that f is hypercyclic and pick a hypercyclic vec-
tor x ∈ Rn. Then we observe that {x, f(x), . . . , fn−1(x)} is a lin-
early independent family and hence it is a basis of Rn. Then we see
fm(x) ∈< x, f(x), . . . , f i(x) > for every m ∈ N. If follows that

{fm(x)}m∈N ⊂ < x, f(x), . . . , f i(x) ≯= Rn,

where A denotes the closure of a set A and < x >= {cx | c ∈ R}.
Therefore {x, f(x), . . . , f i+1(x)} is linearly independent for all i < n−1.
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If {fm(x) | m ∈ N} is dense, then for any α ∈ R there is a subse-
quence {nk} such that fnk(x) → αx as k → ∞. On the other hand, by
hypercyclic of f , for any y ∈ Rn there is a subsequence {ml} ⊂ N such
that fml(x) → y as l → ∞. Then we have that

lim
k→∞

fnk(y) = lim
k,l→∞

fmlfnk(x) = lim
l→∞

fmlα(x) = αy

for every y ∈ Rn. Then fnk → αI as k → ∞ for every α ∈ R. By the
continuity of the determinant, we have det(fnk) → det(αI) = αn as
k → ∞. Since det(fnk) = (det(f))nk , for every β ∈ R there exists a
subsequence {nk} such that (det(f))nk → β = αn as k → ∞. Therefore
we get the contradiction that

{(det(f))m | m ∈ N} = R.

This completes the proof.

We give an example to explain that there are hypercyclic operators on
an infinite-dimensional Banach space.

Example 2.3. [10, Theorem 1] Let X be either lp(1 ≤ p < ∞) or c0.
For any arbitrary a > 1, there is a linear map f : X → X and a point
x0 of X such that Orbf (x0) is dense in X.

From Example 2.3, we note that hypercyclicity turns out to be a pure
infinite-dimensional phenomenon(see [3, Example 1.9]).

Lemma 2.4. Let f, g be linear homeomorphisms on an infinite-dimensional
Banach space X. If there exists a homeomorphism g such that fh = hg
then f is hypercyclic if and only if g is hypercyclic.

Proof. Suppose that f is hypercylic. Since h is bijective, h−1f =
gh−1. Let x ∈ X be a non-zero vector such that {fn(x)} = X. We claim
that for any y ∈ X there is a subsequence {nk} such that fnk(h−1(x)) →
y as k → ∞. Let z = h(y) for every y ∈ X. Since f is hypercyclic, there
exists a subsequence {nk} such that fnkx → z as k → ∞. Then we have
that

gnk(h−1(x)) = h−1(fnk(x)) → h−1(z) = y as k → ∞.

Hence f is hypercyclic. Similarly, we can prove the converse. This
completes the proof.

Next we give an example to explain relations between two notions
of the chain transitivity and the shadowing property of a linear homeo-
morphism on Rn.
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Example 2.5. (1) The identity linear homeomorphism IRn : Rn →
Rn(or isometry) is chain transitive, but IRn does not have the shadowing
property.

(2) The linear homeomorphism f : R2 → R2 given by f(x) = 1
2x is

not chain transitive but has the shadowing property.

Proof. Let B(x, r) = {y ∈ R2 | ||x − y|| < r} be an open ball of x
with radius r > 0. For every n ≥ 1, fn(B(0, 1)) = B(0, 1

2n ). Take x =

(1, 0) ∈ R2. Suppose that {x = x0, x1, . . . , xn = x)} is a 1
4 -chain from x

to itself. From f(x0) = (12 , 0) ∈ B(0, 12), we have that x1 ∈ B(0, 1) and
x1 ̸= x. Using induction, we have that xn ∈ B(0, 1) and xn ̸= x for all
n ≥ 1. Hence f is not chain transitive.

Proposition 2.6. If f : Rn → Rn is a linear homeomorphism satisfy-

ing ||f || < 1, then f is not chain transitive. Here ||f || = sup{ ||f(x)||
||x||| | 0 <

||x|| ≤ 1} is the norm of f .

Proof. Suppose ||f || < 1 and f is chain transitive. Take x = (1, 0, . . . , 0).
Choose ϵ = (1−||f ||)/2 and consider an ϵ-chain {x = x0, x1, . . . , xn = x}
from x to itself. Since ||f(x0)− 0|| < ||f || and ||x1 − 0|| < ϵ+ ||f || < 1,

then x1 ∈ B(0, 1+||f ||
2 ). Similarly, since ||x2 − f(x1)|| < 1−||f ||

2 , we have
||x2 − 0|| < 1. Continuing in this way, we get the conclusion that if

||xi|| < 1
2 +

||f ||
2 < 1, then ||xi+1|| < 1

2 +
||f ||
2 < 1 and xi ̸= x for all i ∈ N.

This is absurd.

Proposition 2.7. Any linear homeomorphism on a finite-dimensional
Banach space is chain transitive if and only if it is chain recurrent.

Proof. Let f : Rn → Rn be any linear homeomorphism. Then it is
easy to see that the chain transitivity implies the chain recurrence. Thus
we claim that the chain recurrence of f implies the chain transitivity.
Let

γk = {xk = x
(k)
0 , x

(k)
1 , . . . , x(k)mk

, x
(k)
mk+1 = xk}

be an ϵ-chain from xk to itself for each k with 0 ≤ k ≤ n− 1.

For k = 0, we have that

||f(x(0)m0
)− x

(1)
0 || ≤ ||f(x(0)m0

)− x
(0)
m0+1||+ ||x(0)m0+1 − x

(1)
0 || < ϵ+ 2ϵ = 3ϵ.

Continuing in this way, there exists a 3ϵ-chain from x to y of f (see
Figure 1). Since ϵ is arbitrary small, f is chain transitive.
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Figure 1. A 3ϵ-chain from x to y of f

Remark 2.8. C0-generically, there are linear homeomorphisms f of
Rn such that the chain transitivity of f is not equivalent to chain recur-
rence. Denote by SP(Rn) the set of (or hyperbolic) linear homeomor-
phisms with the shadowing property. Then we see that SP(Rn) is both
open and dense in LH(Rn) and SP(Rn)∩CT(Rn) = ∅. Here LH(Rn) is
the space of all liner homeomorphisms on Rn.

Now, we give a proof of Theorem 1.1.
Proof of Theorem 1.1. Let f : Rn → Rn be a linear homeomor-

phism on Rn. Suppose that there is a chain transitive liner homeomor-
phism f of Rn with the shadowing property. Then T is hypercyclic by
Lemma 2.1. This contradicts the fact that any linear homeomorphism
of Rn is not hypercyclic by Lemma 2.2. This completes the proof. □

From Theorem 1.1, we can easily obtain the following result.

Corollary 2.9. There are no nonwandering linear homeomorphisms
on a finite-dimensional Banach space with the shadowing property.
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