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ABSTRACT. The Hadamard type inequalities for fractional integral opera-
tors of convex functions are studied at very large scale. This paper pro-
vides the Hadamard type inequalities for refined («,h-m)-convex functions
by utilizing Liouville-Caputo fractional (L-CF) derivatives. These inequal-
ities give refinements of already existing (L-CF) inequalities of Hadamard
type for many well known classes of functions provided the function h is
bounded above by %
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1. Introduction

Convex functions are very important and useful in the study of integral in-
equalities. In recent years, integral inequalities for various kinds of convex func-
tions have been published. Due to generalizations and extensions of convex
functions, it becomes possible to get generalizations and extensions of classi-
cal inequalities. For example, Bombardelli and Varosanec [5] gave Hermite-
Hadamard-Fejér inequalities for h-convex functions. Chen and Wu [9] proved
Hermite-Hadamard type inequalities for harmonically convex functions. Dragomir
[12] established Ostrowski like inequalities for convex functions. Iscan [15] proved
Hermite-Hadamard type inequalities for harmonically (o, m)-convex functions.
i§can [16] proved Ostrowski type inequalities for p-convex functions. Kunt and
i@can [19] proved Hermite-Hadamard-Fejér type inequalities for p-convex func-
tions. Mehreen and Anwar [21] proved Hermite-Hadamard type inequalities for
exponentially p-convex functions and exponentially s-convex functions. Ozdemir
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et al. [22] have obtained Hadamard inequality by (h-m)-convexity. Ozdemir et
al. [23] have established Ostrowski’s type inequalities for («,m)-convex func-
tions. Obeidat et al. [24] have proved Fejér and Hermite-Hadamard type in-
equalities involving h-convex functions. Sezer [26] gave the Hermite-Hadamard
inequality for s-convex function in the third sense.

Motivated by recent research articles, we aim to present the (L-CF) deriva-
tive inequalities of Hadamard type for refined (c,h-m)-convex functions. In the
following we give the definitions of convex function, («,h-m)-convex function,
refined (o,h-m)-convex function, (L-CF) derivative operators and beta function
respectively.

Definition 1.1. A function f : I — R, where I is an interval in R, is called
convex function, if the undermentioned inequality holds:

Flta+ (1 —t)b) < tf(a) + (1 —t)f(b), Vt€[0,1], abe I. (1)

The classical Hadamard inequality is an interpretation of convex function. It
is stated as follows:

Theorem 1.2. A convex function f : I — R defined on an interval I C R
satisfies the inequality

f(“”’)s ! /abf(x)dxéw 2)

2 b—a 2 ’

where a,b € I and a < b. If order in (2) is reversed, then it holds for concave
function.

Many authors have studied the Hadamard inequality for different fractional
integral operators. For example, Sarikaya et al. gave the Hadamard inequal-
ity for classical Riemann-Liouville fractional integral operators in [25]. Kang
et al. gave the Hadamard inequality for (L-CF) derivatives in [17]. Mehmood
et al. proved the Hadamard inequality for generalized fractional integral op-
erators containing Mittag-Leffler functions in [20]. Anastassiou have obtained
generalized fractional Hermite-Hadamard inequalities involving m-convexity and
(s,m)-convexity in [1]. Agarwal et al. presented certain Hermite-Hadamard type
inequalities via generalized k-fractional integrals in [3]. Chen has established
Hermite-Hadamard type inequalities for R-L fractional integrals via two kinds
of convexity in [8]. Chen and Katugampola have introduced Hermite-Hadamard
and Hermite-Hadamard-Fejér type inequalities for generalized fractional inte-
grals in [7]. Farid et al. presented fractional integral inequalities of Hadamard
type for m-convex function via Caputo k-fractional derivatives in [13]. Farid
et al. have introduced k-fractional integral inequalities of Hadamard type for
(h-m)-convex functions in [14].

There are many types of convex functions which have been formulated from
the analytical definition of convex functions, one of them is («,h-m)-convex func-
tion given in the following definition:
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Definition 1.3. [14] Let J C R be an interval containing (0,1) andlet h : J - R
be a non-negative function, h # 0. A function f : I — R is called («,h-m)-convex
functions, if the undermentioned inequality holds:

f(ta+m(1—t)b) < h(t™)f(a)+mh(1—t*)f(b), Vt € [0,1], a,b € I, (a,m) € [0, 1],
()

Recently, in [28], Wu et al. introduced a new class of convex functions, namely
refined (a,h-m)-convex functions defined as follows:

Definition 1.4. Let J C R be an interval containing (0,1) and let h: J — R
be a non-negative function, h # 0. A function f : I — R is called refined
(a,h-m)-convex functions, if the undermentioned inequality holds:

fta+m(1 —t)b) < h{t)h(1 —t*)(f(a) + mf(b), Vt €[0,1], a,be I, (4)
(a,m) € [0,1]°.

Remark 1.1. Several definitions of convex functions are reproduced from re-
fined (a,h-m)-convex functions. For example, for a = 1, h(t) = ¢* and m =1
in (4) the definition of s — tgs-convex functions is reproduced given in [4], for
a=1,h(t)=t"° and m = 1 in (4) the definition of Godunova-Levin-Dragomir
tgs-convex functions is reproduced given in [4], for a = 1, h(t) =t and m = 1 in
(4) the definition of tgs-convex functions is reproduced given in [27], for o = 1,
h(t) =1 and m = 1 in (4) the definition of p-functions is reproduced given in
[11].

Remark 1.2. A lot of new definitions of convex functions can be deduced from
refined (a,h-m)-convex functions for different choices of h, m and «, we leave it
for interested readers.

Fractional calculus is the extension of concepts of classical calculus related to
derivatives and integrals. In [6], Caputo made the most significant contribution
to fractional calculus by giving improved formulas of fractional derivatives. The
(L-CF) derivatives are defined as follows:

Definition 1.5. ([6, 18]) Let f € AC™[a,b] and n = [R(B8)] + 1. Then (L-CF)
derivatives of order 8 € C, R(B) > 0 of f are defined as follows:

1 AR ()
°D7 f(w) = F(n—ﬁ)/a (x_t),g_mdt, T >a (5)
and
—1\" b (n)
°Dy_f(z) = anl_)ﬂ) / e _fm)éf)nﬂdt, x < b. (6)

If 8 =n € {1,2,3,...} and usual derivative of order n exists, then (L-CF)
derivative (CDf+f)(:c) coincides with £ (z), whereas (CDbﬁ_f)(x) coincides
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with f("(z) with exactness to a constant multiplier (—1)". In particular, we
have

(“DY, ) (@) = (“DY_f)(z) = f(x) (7)
where n =1 and g = 0.
We also use the well-known beta function defined as follows:

Definition 1.6. [10] The beta function of two variables = and y is defined as:

B(m,y):/o 11— v Tdr, R(z), R(y) > 0.

In the upcoming section, we give two versions of the Hadamard inequalities
for refined (a,h-m)-convex functions. To prove these inequalities (L-CF) deriva-
tives are utilized. Further, the Hadamard inequalities for refined (h-m)-convex
functions, refined (a-m)-convex functions, refined (s-m)-convex functions, re-
fined h-convex functions and refined m-convex functions are given. In whole
paper, we assume f and g be real valued and non-negative functions defined on
I. Also, I and J are the intervals in R and (0,1) C J.

2. Main Results

First, we give the Hadamard inequality for refined (a,h-m)-convex functions
via (L-CF) derivatives. Also from now to onward we use the notation RC}"(«)
for refined (a,h-m)-convex.

Theorem 2.1. Let f be a positive, integrable and RC}* () functions. Then the
following inequality for (L-CF) derivatives holds:

(n) (utmu n— oy u
P | R ) (a) (€02 1) o)

< (n=B) (1 ) +2mf ™ ) +m?7 ™ (2 / R(t™)R(L — )t P dt,

(8)
Proof. Since f™ is RCJ™(a) function for x,y € [u,v], t € [0,1]. Then, we have

o (MY < () 1 (1 g ) 0@+ 506 @

Let 2 = (1—t)% +tv <vand y =m(l —t)v+tu > uin (9), we have

o) (u + mv)

<h (;a) h (1 - 21a> (mf<"> ((1 - t)% + tv) + M (m(1 =ty + tu)) .

[\)
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By multiplying above inequality with t*~#~1 and then doing integration on [0, 1],
the following inequality is yielded

) (WA [T 1 _1

f ( 5 )/0 t 1dt§h(2a)h<1 QQ) (10)
! n u n—p— ' n n—pg—

X [m/o £ )((1—t)a+tv)t B 1dt+/0 F™ (m(1 = t)o + tu)t" Pt | .

The above inequality takes the following form by considering change of variables

L (u—l—mv)
n—ﬁf 2

<t () (1= 5) (@i [ =) oo

: I /umv(mv —y) ) (y)dy> :

(mv —u
Multiplying by (n — 3) and using Definition 1.1, the first inequality of (8) can
be obtained. Again by using RC}"*(«)ity of " we have

F™ (tu +m(1 = t)v) + mfm ((1 - t)% + tv)

< R(t*)h(1 — t°) (f(”)(u) + 2mf ™ (v) + m2 f) (%)) :

Multiplying the above inequality by ¢"~#~1 and integrating over [0,1], then
by using change of variables and Definition 1.1, the second inequality of (8) is
obtained. O

The extension of inequality (8) is given in the following result:

Theorem 2.2. Let h(t) < % along with same assumptions as stated in Theorem
2.1. Then the following inequality is valid:

) [ U+ mu £ wtmy n— n m— Bl u
27 (M) < (SO 0B ) [y (02 ) ()

+ (705 r) mo)] < (= B) (£ w) +2m " w) + mPf ()

1
ayp (1 _ pory(n—B-1) L/em (n) 2p(n) (U
X/O h(t*)Yh(1 — t)1 dt < 5 (1 () +2mf ) + ™ (1))
(12)
Proof. Tt is given that h(t) < %, SO we can write

' (n—B-1) 1
h(t)h(1 — )=V < — —

| remma =) < T

and
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By using these inequalities along with inequality (8), we will get inequality (12).
O

Corollary 2.3. By using a« = 1 in (8), the inequality for (L-CF) derivatives of
RCJM(1) functions is obtained:

“%Sﬁsxaﬁivwwmw%mxm+wﬁowﬂ
< (n—8) (1 () +2m ) ) +m?) /h £)n=A=D gy,

(13)

Corollary 2.4. By using a = 1 in (12), the inequality for (L-CF) derivatives
of RC*(1) functions is obtained:

u + mv (n) (utgne n—- “
o (M) < T < G e (9 ()

+(°DL 1) )] < (0~ ) (f<”>(u> +2mf ) () + m2 ) (5))

« /1h(t)h( D1 < 2 (70 (w) + 2mf () +m? ) (1))
0 (14)

Corollary 2.5. By using h(t) =t in (8), the inequality for (L-CF') derivatives
of RCT(«) functions is obtained:

PR T ) [y (D2 g) (%) + (%P2 1) ()]

aln— ) (£ () + 2mf ™ @) + m? £ (%))
< .
- (a+n—-8)2a+n—7)

(15)

Corollary 2.6. By using h(t) =t in (12), the inequality for (L-CF) derivatives
of RCT}(«) function is obtained:

oyt () « IR P 2B [yt (2 g) (1)

a(n—B) (™ (u) +2mf™ (v) + m? F) ()
O T Pl )
1
5

(+n—PB)2a+n—p)
(fw) )+ 2mf™ (v y+nlfm>(nﬁ>)
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Corollary 2.7. By using « =1 and h(t) =t* in (8), the inequality for (L-CF)
derivatives of RCIZ (1) functions is obtained:

gre g0 (uEmuy L= B41) 1 gyn npir (eps p) (2 D, f) (mv)
2 v m) “

= (mv —u)nF

< (n=8) (# @) +2mf™ @) +m* " (Z5)) Bls +1n = B+ 5).

(17)
Corollary 2.8. By using a = 1 and h(t) = t° in (12), the inequality for (L-CF)
derivatives of RCIZ(1) functions is obtained:

2™ (%) < 925§ <U+mv> < T'(n—pB+1) |:(71)nmn—/'3+1 (CDf,f> (%)

2 (mv —u)n—F8

(D2 1) )] < 0= 9) (1) + 2mp ) P () ) B4 1n - B4 s) ()
<3 (1@ 4 2mf ™ )+ w0 (22)).
Corollary 2.9. By using « =1 and m = 1 in (8), the inequality for (L-CF)
derivatives of RCL(1) functions is obtained:

) T o ot

<2(n—f) (f(”) (u) + f<”>(v)+) /1 h(t)h(1 — t)t =P,

0
Corollary 2.10. By using h(t) =t and o = lin (8), the inequality for (L-CF)
derivatives of RCT:(1) functions is obtained:

1 () < G —ags [0 (0L 1) () + (0L o)
(n—8) (£ () +2mf ) () + m? £ (25))

< .

. I +n=A)2+n-p)

(19)

(20)

Theorem 2.11. Let f be a positive, integrable and RC}"(«) function. Then the
following inequality for (L-CF) derivatives holds:

1 )f(") <u+mv> < 2Pl (n — B+ 1) [(CDM”C) (o)

h(%)h(l — 2% 2 (mv —u)"=B

+mn A () <CDW_f> (;:)} < (n—p) (me(”) (%)

2m

70 ) 4 2m ) (v) /01 h <;)a h (1 - (;>a> =014,

Proof. From RC™(a)ity of f(™, we have
(MY <n (e ) (1 55 ) (s W@+ 1) 22)

(21)
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Let z = % (2:t) + 4 and y = 4! +m(22t)v in (9), t € [0,1]. Then we have

(B2 o (3 (57) ) (2 on51).

By multiplying above inequality with t"~?~! and then doing integration on [0, 1], the
following inequality is yielded

1 (n) u 2—1t vt n—pB—1 ! (n) ut (2 - t) n—B—1

The above inequality takes the following form by considering change of variables

1 f<") (u+mv)

n—p 2
ut+muv

1 1 2"7['3 2m n—B+1 w\n—B-1 )
<n(— LN (2t L
_h(za)h(l 2a) <(mv—u)"—ﬁ /L m (x m) £ (z)dx

(24)
Which after using Definition 1.1 and multiplying the resulting inequality with (n — 3),
the first inequality of (21) is obtained.
Again by using RC7"(«)ity of £ we have

(3 ()3 (3o
<i(5) (1= (5)") (7 () + £ @+ 2ms V).

Multiplying the above inequality by t*?~! and integrating over [0,1], then by using
change of variables and Definition 1.1, the second inequality of (21) is obtained. O

The extension of inequality (21) is given in the following result.

Theorem 2.12. Let h(t) < % along with same assumptions as stated in The-
orem 2.11. Then the following inequality is valid:

2f(") (u +2mv) < i )h(ll - 7)f(") (u+2mv)

= [( g ) ) = (DA, 1) ()]
(0=8) (m 1 (25) + 10+ 2ms V@) [0 (8) w (1= (5) ) e

3 (m2 0 (25) + £ )+ 2mp O ).

IN

| /\

(25)
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Proof. It is given h(t) < \% so we have

() (=) ) ams

=g (77) 20 (7).

By using these inequalities along with inequality (21), we will get inequality
(25). O

Corollary 2.13. By using o =1 in (21), the inequality for (L-CF) derivatives
of RCJ™(1) functions is obtained:

(n) (ukmv) o, _ .,
i = e e (9l ) ()

2m

and

(CDﬂ+mv+f> (mv)] < (n=8) (m2F™ (5) + 7 W)+ 2mf O w))
x /01 h (;) h (1 - (;)) =Pt -

Corollary 2.14. By using o =1 in (25), the inequality for (L-CF) derivatives
of RCJ"(1) functions is obtained:

() (utmuy _ f0 ()
2 (57) <

BT B0 (€8t ) 4 m = 1) (D ) ()]

=) (s () + 570 +2ms @) [0 (5)n (1= () e

(m2r (W) + () + 2m ) (v))

(27)

Corollary 2.15. By using h(t) =t in (21), the inequality for (L-CF) derivatives
of RCT(«) functions is obtained:
22af(n) (u+mv)
2

2" ﬁan,BJrl nepg CnB C B
= (mv —u)"— { N < DH"LU—f) ( ) ( D +7nu+f> (mv)]
_ (n=p) (m? f(" (mz) + ™ (w) + 2mf ™ (v)) [2%(2a +n = B) — (a+ 1 - B)]
- 2222a4+n— B)(a+n— ) '

(28)
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Corollary 2.16. By using h(t) =t in (25), the inequality for (L-CF) derivatives
of RCT(«) functions is obtained:

2f(n <u+2mv) - 22af(n) (u+2mv)

I D o () (2] (lges) o]

(n—ﬁ)(mf" (52) +f(")()+2mf"())[2a(2a+n—5)_(a+n_5)]
2222a4+n— B)(a+n—p0)

5 (27 () 4 50 (w) + 2mf ™ )

IN

IN

(29)

Corollary 2.17. By using o = 1 and h(t) = t° in (21), the inequality for
(L-CF) derivatives of RCJ2(1) functions is obtained:

225f(n) (U + m'l})
2

< zngil;(n ;ﬁ; D {m"_ﬁ“(—l) (C f+mf) ( ) (CD%J+ ) (mv)]

(TZQ;SB) ( 2f(n) ( ) f(n (u )+2mf(n)(v))/0 ts+n_5_1<2 — 00t

(30)

<

Corollary 2.18. By using o = 1 and h(t) = t° in (25), the inequality for
(L-CF) deriwvatives of RC{2(1) functions is obtained:

o) (1)
<2n<:£(f;)f_+@1) (D8] o)+ sy (DL r) (2)]
("Q;ﬁ ! (g () 4 70+ 2ms) [ e oy

3 (27 (25) 4 50 () + 2mf ™ )

| /\
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Corollary 2.19. By using « =1 and m =1 in (21), the inequality for (L-CF)
derivatives of RCL(1) functions is obtained:

£ () 28D [ fops )
G = (w—up [< )<D“+“f)“

- (CD5+U+ f)( )] 2(n— 8) (1) () + £ w)) (32)

JUOERO)E

Corollary 2.20. By using h(t) =t and o = lin (21), the inequality for (L-CF)
derivatives of RCT(1) functions is obtained:

) <“ +2m“)

2" AT (n — B+ 1)

(mv —u)n=7 {mn BH( b <CD€;':“‘f ) (o) + (CD%+ > (mv)]
_ (= BB +n—B) (2™ () + [0 () + 2mf ") (v))
B 4(2+n—ﬂ)(1+ —B) '

(33)
3. Conclusions

This paper investigates the refinements of inequalities for Liouville-Caputo
fractional derivatives. Hadamard type inequalities are established for refined
convex functions utilizing Liouville-Caputo fractional derivatives. Many known
inequalities and their refinements are special cases of results of this paper. Also,
some new inequalities are deduced from main results.
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