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PAIR DIFFERENCE CORDIAL LABELING OF PETERSEN
GRAPHS P(n, k)

R. PONRAJ*, A. GAYATHRI AND S. SOMASUNDARAM

ABSTRACT. Let G = (V, E) be a (p, q) graph.
Define
ET if p is even

r= %, if p is odd
and L = {£1,42,£3,--- ,£p} called the set of labels.
Consider a mapping f : V. — L by assigning different labels in L to the
different elements of V when p is even and different labels in L to p-1
elements of V and repeating a label for the remaining one vertex when p
is odd.The labeling as defined above is said to be a pair difference cordial
labeling if for each edge uv of G there exists a labeling |f(u) — f(v)| such
that ‘Afl — Aflc‘ <1, where Ay, and Aff respectively denote the number

of edges labeled with 1 and number of edges not labeled with 1. A graph
G for which there exists a pair difference cordial labeling is called a pair
difference cordial graph. In this paper we investigate pair difference cordial
labeling behaviour of Petersen graphs P(n, k) like P(n,2), P(n,3), P(n,4).
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Key words and phrases : Cycle, Petersen graphs, generalized Petersen
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1. Introduction

In this paper we consider only finite, undirected and simple graphs . The
graph labeling was first introduced by Rosa in the name of graceful labeling [24].
Cordial labeling was introduced by Cahit in [4] . Subsequently cordial related
labeling was defined and studied in [ 2,3,5,6,7,8,10,11,22,23]. The concept of pair
difference cordial labeling was introduced in [12] and the pair difference cordial
labeling behavior of several graphs like path, cycle, star,ladder,wheel,helm,
web,fan, umberalla,(n,t)-kite, Mobius ladder, Slanting ladder, Triangular ladder
etc have been investigated in [12 - 19]. In this paper we investigate pair difference
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cordial labeling behavior of Petersen graphs P(n, k) like P(n,2), P(n,3), P(n,4).

2. Preliminaries

Definition 2.1. Let G = (V, F) be a (p,q) graph.
Define

=L if pis odd

g, if p is even
p =
2

and L = {+1,+2,43,--- ,+p} called the set of labels.

Consider a mapping f : V' — L by assigning different labels in L to the different
elements of V when p is even and different labels in L to p-1 elements of V and
repeating a label for the remaining one vertex when p is odd.The labeling as
defined above is said to be a pair difference cordial labeling if for each edge uv
of G there exists a labeling |f(u) — f(v)| such that |Ay, — Age| <1, where Ay,
and Ajge respectively denote the number of edges labeled with 1 and number
of edges not labeled with 1. A graph G for which there exists a pair difference
cordial labeling is called a pair difference cordial graph.

Definition 2.2. [6]. Let n > 3and 1 < k < [%]. Then P(n, k) is the graph with
V(P(n,k)) = {us,v; : 1 <i <n}and E(P(n,k)) = {uwir1, uiv;, vjvieg = 1 <
i < m, subscripts modulo n}. The graph P(n,k) is called generalized Petersen
graph.

For illustration , a pair difference cordial labeling of Petersen graph P(5,2)
is given in Figure 1.

FIGURE 1
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3. The Petersen Graph P(n,2)

Theorem 3.1. The Petersen graph P(n,2) is pair difference cordial for all even
values of n > 4.

Proof. Let us consider the vertex set and edge set as in Definition 2.2.

Case 1. n = 0(mod4).
Subcase 1. n =4.
A pair difference cordial labeling of Petersen graph P(4,2) is given in Figure 2.

FIGURE 2

Subcase 2. n > 4.

Assign the labels 1,2,3,--- ,%" respectively to the vertices ui,us,us, - - - E
and assign the labels 32t8 3nid
3n4+12 3n+16
L o 4
3n+24 3n+20
4 4

respectively to the vertices wan+a, usnts. Next
4 4

assign the labels respectively to the vertices w%sn+12,Usntic and
4 4

assign the labels
ceeding like this until we reach the vertex u,,.

respectively to the vertices wznt20,Usnt2a. Pro-
4 4

Now we assign the labels —1, —3, =5, - -+ , —(n—1) to the vertices vy, vs, vs, - -,
vp—1 and assign the labels —2, —4, —6,--- ,n to the vertices vo, vy, vg, - , vy TE-
spectively.

Case 2. n = 2(mod4).

Subcase 1. n = 6.

Assign the labels 1, 2, 3,4, 5, 6 to the vertices uy, us, us, ug, us, ug respectively and
assign the labels —1, —2, —3, —4, —5, —6 respectively to the vertices vy, ve, v, v4, V5, V.
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Subcase 2. n > 6.

Assign the labels 1,2, 3, - 4 3n=2 respectively to the vertices uy, ug, us, - - - ,u sn—2
and assign the labels 3":6,3"4'*'2 , 3"1'10 , 3"1'14 respectively to the vertices Usniz,

3n4+22 3n4+18 3n+26 3n+30
4 0 4 4 0 4

tively to the vertices wsnt1s, Usn+22 U snt26, Usn+so. Proceeding like this until we
4 4 4 4

Usznte ,Usant10, Usn+1a. Next assign the labels respec-
I % %

reach the vertex wu,,.

Now we assign the labels —1, —3, =5, - - - | —(n—1) to the vertices vy, vs, vs, - -,
vp—1 and assign the labels —2,—4, —6,--- , —n to the vertices va, vy, v, - , Uy
respectively.

In both cases, obviously Aye = Ay = =3
O

Theorem 3.2. The petersen graph P(n,2) is pair difference cordial for all odd
values of n > 5.

Proof. We take the vertex set and edge set as in Definition 2.2.
Case 1. n = 1(mod4).

Subcase 1. n = 5.
A pair difference cordial labeling of Petersen graph P(5,2) is given in Figure 1.

Subcase 2. n > 5.
Assign the labels 1,2, 3, - 4 3n=3 respectively to the vertices uy, ug, us, - - - s Usn_3

3n+5 3n+1

and assign the labels respectively to the vertices Usnir, Usnis . Next

assign the labels 3"+9 ‘3"+13 rebpectlvely to the vertices Usnio , Usniia and assign

3n+21 3n+17 3n+29 3n+25
the labels =77== 2f=r =ness =hn

Usant2s , Usnt+20 . Proceeding like this until we reach the vertex u,,.
4 4

respectively to the Vertlces UBnt17 , Usnt21
4 4

Now we assign the labels —1, —3, —5, - —(%) to the vertices vy, v3, vs, - - -,
v, and assign the labels — — ("*3), ("5 5) — (247,
Vg, * - ,Up—1 respectively.

-+, —n to the vertices v, vy,

Case 2. n = 3(mod4).

Subcase 1. n =1.

Assign the labels 1,2,3,4,5,6,7 to the vertices uy, us, us, uq, us, ug, Uy respec-
tively and assign the labels —1, -2, -3, —5, —4, —6, —7 respectively to the ver-
tices V1, V2, V3, V4, Us, Ug, U7.



Pair difference cordial labeling of Petersen graphs P(n, k) 45

Subcase 2. n > 7.

Assign the labels 1,2, 3, - 4 3n-9 respectively to the vertices uy, ug, us, - - - ; Usn_o

3n—1 3n 5 3n4+3 3n+7
4 0 4 > v 4

respectively to the vertices usn-s,

3n+15 3n+11 3n+19 3n+23

and assign the labels
4
Uan_1,Usn 43, Usngt . Next assign the labels T, S, TS Tespec-

tively to the vertices Usng11, Usnids Usni19, Usnt2s . Proceeding like this until

we reach the vertex un_g Now assign the labels n,n — 1 respectively to the
vertices Up—1, Up.

Now we assign the labels —1, —3, —5, —( L) to the vertices vy, vs, vs, - - - ,
v, and assign the labels — ("+3) — (), f(j) -+, —n to the vertices vq, v4, vg,
,Un_1 respectively.

. _ 3n+1 __3n
In both cases, clearly Aye = ==, Ay = ¢,
O
4. The Petersen Graph P(n,3)
Theorem 4.1. If 6 < n < 15, then P(n, 3) is pair difference cordial.
Proof. Take the vertex set and edge set as in Definition 2.2
First assign the labels 1,2,3,--- ,n ,6 < n < 15 respectively to the vertices

v, 1 <1< n.
Next assign the labels to the vertices as in Table 1. Table 1 shows that P(n,3),6 <
n < 15 is pair difference cordial.

n U1 U2 uz | ugq us Ug | u7 | ug Ug U0 | u11 U12 u13 Ulg | U5
6 -2 -4 | -6 | -1 -3 -5

7 -1 -2 -3 | -5 -4 -6 | -7
8

9

-1 2| -3|-5|-4]-6|-7]-8
-1 2|1 -3|-4|-5]-6|-7]-8 -9
10 | -1 2| -3|-4|-5]-6|-7]-8]-10 -9
11 ] -1 2|1 -3|-4|-5]-6|-7]-8 -9 -11 | -10
12 | -1 2| -3|-4|-5]-6|-7]-8 -9 -11 | -10 | -12
13 ] -1 2 | -3]-4|-5]-6]-7T7]-8 -9 -11 | -13 | -10 | -12
14 | -1 2| -3]-4|-5]-6]-7]-8 -9 -11 | -13 | -10 | -12 | -14
15 | -1 -2 | -3]-4|-5]-6]-7]-8 -9 -10 | -11 | -13 | -15 | -12 | -14

TABLE 1

Theorem 4.2. If n > 15, then P(n,3) is pair difference cordial.

Proof. Let us consider the vertex set and edge set as in Definition 2.2.

Case 1. n = 0(mod3).
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Assign the labels 1,2,3, - - , 3 respectively to the vertices uy, ug, uz, -+, up_2
and assign the labels ”+3 "+6, "})”9, e 23” respectively to the vertices us, us, us,

,Un—1- Next assign the labels 2”;3 ,2";6, 2”;9, -+, m respectively to the ver-

tices ug, ug, ug, - - - , un. Next assign the labels to the vertices v;, 1 < i < n. There
are four cases arises.

Subcase 1. n = 0(mod4).

Assign the labels —1, =2, =3, -+, = ("3~ n£8) respectively to the vertices vy, vg, vs,
;vnys and assign the labels —("'gl ),—(2E20) —(nt20y .. (n) respec-

2 2
tively to the vertices vn+i0,Unt12,Vnt1a, -+ ,vants. Next assign the labels
2 2 2 4

n+10 n+14 n+18
_( 2 )7_( 2 )7_( 2 )
Usn420, ", Up.

4

,+ -+, —(n—1) respectively to the vertices Vsniaz, Usnte,

Subcase 2. n = 1(mod4).

Assign the labels —1, -2, -3, -, —(”T"‘g) respectively to the vertices vy, vo, vs,
,Ungo and assign the labels — (13 —(nddT) _(nd2l) .. —(n) respec-

2 2
tively to the vertices vn+i1,Vn+13,VUnt15,--- ,Vsnto. Next assign the labels
2 2 2 4

n+15 n+19 n+23
_(2)7_(2)_(2)
Usgnt21,° * , Up.

4

,+ -+, —(n—1) respectively to the vertices vantis, Vant17,
4 4

)

Subcase 3. n = 2(mod4).

Assign the labels —1, -2, -3, - - - | —( "*8) respectively to the vertices v1, v, v3,
;vngs and assign the labels — (12, ("';16)7 —(2£20) ... —(n—1) respec-
tively tO the vertices Unt10, Unt12, Untis,  , Vsngs. Next assign the labels

—(n10) () (ndl8) L —(n ) respectively to the vertices vsntio, Vantua,

V3n+18,°* ,Up.
4
Subcase 4. n = 3(mod4).

Assign the labels —1, —2, -3, - -- , —(22) respectively to the vertices vy, v2, v3,

AP
) Ungo and assign the labels —(2413) — ("*17) —(™2),...  —(n—1) respec-
tively to the vertices Until, Untis, Untls, -, Usni7 ., Next assign the labels
— (0, — (2519, — (’”23)7 coo —(n ) respectlvely to the vertices vsni11,Van+1s,
4 4
1}371119 sy 0ty Un.

Table 2 shows that P(n,3) is pair difference cordial for all values of n =
0(mod3).
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Nature of n | Age | Ay
n =0 (mod 4) 37”
n=1 (mod 4) | 321 3"2"‘1
— 3 3
n =2 (mod 4) gﬁl 3?11
n =3 (mod 4) 5 5
TABLE 2
Case 2. n = 1(mod3).

Assign the labels 1,2, 3, - "+2 respectively to the vertices w1, ug, Uz, - , Un
and assign the labels ”*5 ,”;8, ”*11, -+, 208 respectively to the vertices ua, us,
Ug,** , Up_1. Next a581gn the labels 2244 2”3"’7, 2""‘10, -+, m respectively to the
vertices us, ug, Ug, - - - , Un—2. Next assign the labels to the Vertlces v, 1 <i<n.
There are four cases arises.

Subcase 1. n = 0(mod4).
Assign the labels —1, -2, -3, - - | —(”TH) respectively to the vertices vy, v, v3,
,Unzs and assign the labels —("32),—("52), —("49), -+, —(n) respectively
to the vertices Unts, Unts, Untlo, -+, Usnia. Next assign the labels
—(2£8),—(nb10) (214 ... —(n—1) respectively to the vertices Vints, Vaniz,
’Usan syttt Un.

Subcase 2. n = 1,3(mod4).

Assign the labels —1, -2, =3,--- , ("3 2) respectively to the vertices vy, va, vs,

»Ungs and assign the labels —(2E2),—(nd13), (21T ... —(n) respectively
to the vertices vn+7,Vn+9,Vn+11,--+ ,vant+s. Next assign the labels

2 2 2 4
— (D), —(nbl), —(2412) ... —(n—1) respectively to the vertices vanto, Vaniur,
4 4

V3n+15,°+ ,Up.

4

Subcase 3. n = 2(mod4).

Assign the labels —1, —2,—3,-- - | —("7"‘2) respectively to the vertices vy, vo, vs,
) Unygz and assign the labels —(%£8),— (2410 —(24£14) ... —(p) respectively
to the vertices Unta, Unte, Ungs, ", Vsnt2. Next assign the labels
— (), —(2E8), —(2£12), - .-, —(n—1) respectively to the vertices Usnto, Usntio,

V3nt14,°+° ,Up.
1



48 R. Ponraj, A. Gayathri and S. Somasundaram

Table 3 shows that P(n,3) is pair difference cordial for all values of n =
1(mod3).

Nature of n Age | Ay
3
n =0 (mod 4) S'r?il Bﬁl
n =2 (mod 4) il
n =3 (mod 4) | *— | “H=
TABLE 3
Case 3. n = 2(mod3).

Assign the labels 1,2, 3, - "TH respectively to the vertices uy,uq,ur,-- -,
Un—1 and assign the labels "*4 (T nd 0 L2082 regpectively to the vertices
U, Us, U, " * ,Uy. Next asagn the labels 2";'5 , 2”3+8, 2""‘11 ,++ ,nrespectively to
the vertices ug, ug, ug, - - - , un. Next assign the labels to the Vertlces v, 1 <i<n.
There are four cases arises.

Subcase 1. n = 0(mod4).
Assign the labels —1, -2, =3, - - | (”‘2"4) respectively to the vertices v1, va, vs,
;Unta and assign the labels —(2E8),—(nd12), (2418 ... —(n) respectively
to the vertices Unts, Unts, Untlo, -, Usnid . Next assign the labels
—(28),—(nb10) (241 ... —(n—1) respectively to the vertices Vsnis, Vsngiz,
V3n+16,*°* ,Up.

2
Subcase 2. n = 1(mod4).

Assign the labels —1, —2,—3,-- - | (";5) respectively to the vertices vy, vs, v3,

;Unys and assign the labels —(2E2),—(nd13), — (21T ... —(n) respectively
to the vertices Untt,Unto, Uniil, -, Vsngs. Next assign the labels
— (2T, — (), —(2518), ..+, —(n—1) respectively to the vertices Vsnto, Vsntis,
V3nt17,°* ,Up.

2
Subcase 3. n = 2(mod4).

Assign the labels —1, -2, -3, - - | ( ) respectively to the vertices v1, va, vs,

,Unts and assign the labels —(”—+8) (”“2) —(2£28), ... —(n—1) respec-
tively to the vertices Unts, Unts, Unt1o, "+, Usng2. Next assign the labels

(n+6)7 (n+10)’ (n+14)

: 5 —(n ) respectively to the vertices vsnts, Vsni10,
4 4

S,
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VU3nti14,* -+ ,Up.
2

Subcase 4. n = 3(mod4).

Assign the labels —1, -2, =3, - - | (%) respectively to the vertices vy, va, v3,
,Un+s and assign the labels f("—*g) —(mty, —(n418) .. —(n — 1) respec-
tively to the vertices Ung, Ungo, Unigin, -+, Vands. Next assign the labels
*("T”)ﬁ("??’), *(n+217), -++,—(n) respectively to the vertices Vsngt, Vsntu,
UW7 cry Un.

Table 4 shows that P(n,3) is pair difference cordial for all values of n =
2(mod3).

Nature of n | Age | Ay
n =0 (mod 4) 37” 3n
n=1 (mod 4) | 321 [ 32H
n=2 (mod4) | 22 2
n =3 (mod 4) | - [ 2H

TABLE 4

5. The Petersen Graph P(n,4)
Theorem 5.1. If n > 8, then P(n,4) is pair difference cordial.

Proof. We take the vertex set and edge set as in Definition 2.2. There are four
cases arises.

Case 1. n = 0(mod4).

Subcase 1. n =8.

Assign the labels 1,2, 3,4, 5,6, 8, 7 respectively to the vertices vy, va, v3, v4, Vs, Vg,
v, vg and assign the labels —1, —3, —5, =7, —2, —4, —6, —8 to the vertices uy, usz, us,
Uyg, Us, Ug, U7, Ug Tespectively.

Subcase 2. n > 8.

Assign the labels 1,2, 3, - - - Z respectively to the vertices uq, us, ug, - - - , Un_3

and assign the labels ”*4 ) ”18, ”212, .-+, % respectively to the vertices us, ug, u10,

,Un—2. Next assign the labels M,”;‘l, nt6 ..., 3% respectively to the ver-

tices ug, Uz, U1, -+ ,Up_1 and abblgn the labels 3"14,5”18, 3”112 ,-++ ,n respec-

tively to the vertices ug, ug, w12, - , Up.
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Assign the labels —1, -2, -3, - - | —(”7“3) respectively to the vertices v1, v, v3,
;vngs and assign the labels —(""‘12) — (210 —(n420) ... —(n) respec-
tively to the vertices Unt1o, Ungi2, Ungia, -, Vsnis . Next assign the labels

— (210 —(ntld), (""‘18)7 -++,—(n—1) respectively to the vertices VUsniiz, Usnpte,

V3n+20, " ,Up.
4
Case 2. n = 1(mod4).

Subcase 1. n =9.

Assign the labels 1,2, 3,4,5,7, 6, 8,9 respectively to the vertices vy, vo, v3, v4, V5, Vg,
v7, Vg, Vg and assign the labels —1, -8, —6, —4, —2, —9, —7, —5, —3 to the vertices
Uy, Uz, U3, Ug, Us, Ug, U7, U, Ug Tespectively.

Subcase 2. n > 9.

Assign the labels 1,2, 3, - - - "13 respectively to the vertices w1, us, ug, - -+ , Up

and assign the labels ”+7 ”+11, otls .. 2l respectively to the vertices uy, us,

U1,y Up_1. Next a551gn the 1abels "—%,";5, "+7, e 7% respectively to
the vertices u d the labels 372 3nd9d 3ntld .
3, U7, UL, s Up—2 all ass1gn e labels 1 0 4 s y

respectively to the vertices us, ug, U109, -« , Un_3-

n

Assign the labels —1, -2, -3, - - -, —(”T%) respectively to the vertices vy, v, v3,

,Unts and assign the labels —(2E2),—(n13), (21T ... —(n) respectively

to the vertices vn+7,Vnt9,VUnti1, -+ ,Vants. Next assign the labels
2 2 2 4
n+7 n+11 n+15
7( 2 )77( 2 )af( 2 )v
V3n+17,*°* ,Up.
4

, —(n—1) respectively to the vertices van+o, vVan+tis,
4 4

Case 3. n = 2(mod4).

Subcase 1. n = 10.

Assign the labels 1,2,3,4,5,6,8,7,9,10 respectively to the vertices vy, va, v3, vy,
Vs, Vg, U7, Us, Vg, V19 and assign the labels —1, -6, —4, -9, -2, -7, -5, —10, —3, —8
to the vertices ui, us, us, uq, us, ug, U7, Us, Ug, U9 respectively.

Subcase 2. n > 10.

Assign the labels 1,2, 3, - "1‘2 respectively to the vertices uj, us,ug, - - - ,
Up—1 and assign the labels ”+6,"210, ”214, -++, % respectively to the vertices
Uz, U7, U1, - , Up—3. Next assign the labels 7l+2 "'2*'47 "'2*'6, .-+ ,n—3 respectively
to the vertices us, ug, 19, - -+ , U and assign the labels 3”16,3”110, 3"114, ceum

respectively to the vertices ug, ug, w12, , Up_o.
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Assign the labels —1, —2, -3, - - | —(”7“5) respectively to the vertices v1, v, v3,
;Vnge and assign the labels —(""‘10) — () —(nd18) ... —(n) respec-
tively to the vertices Unis, Uniio, Ungiz, - -, Usngs. Next assign the labels

(n-2',-8)7 (71—212)7 (n+16)

V3n+18,°+ ,Up.
4

(n—1) respectively to the vertices van+10, Vany14,
4 4

gttty —

Case 4. n = 3(mod4).

Subcase 1. n = 11.

Assign the labels 1,2,3,4,5,7,6,8,9,11, 10 respectively to the vertices vy, vs, v3, V4,
V5, Ug, U7, Us, Vg, V10, V11 and assign the labels —1, —4, -7, —10, -2, =5, =8, —11, —3,
—6, —9 to the vertices uq, us, us, uq, us, Ug, U7, Us, Ug, U10, U11 Tespectively.

Subcase 2. n > 11.

Assign the labels 1,2,3,--- "TH respectively to the vertices ui,us, ug, - - - ,
Uy, _o and assign the labels "—"’5 ”+9, "+11 ,”T'H respectively to the vertices

U, UG, ULQy """ ,Up_1. Next as&gn the labels "—*’3,"7*'5, "'2"7, e ,3”4_5 respec-

tively to the vertices uz,urz, u11,- -+ ,u, and assign the labels 3= 3nt3 3ntT

,n respectively to the vertices ug, ug, U129, , Up_3.

Assign the labels —1, -2, -3, - - | ( ) respectively to the vertices v1, va, v3,
;vn-1 and assign the labels f("TH), (”27) —(=t), ... —(n) respectively

to the vertices Vn+1,Vn+3,Unts, -+ ,Vantr. Next assign the labels
2 2 2 4

— (), —(2E2), —(2£2),- -+, —(n—1) respectively to the vertices Vsngi1, Vsniis,

V3n+19,°* ,Up.
1

Table 5 shows that P(n,4) is pair difference cordial for all values of n > 8.

Nature of n Ape [ Ay,
3
n=0 (mod4) | = 3n
n=1 (mod 4) 3251 %
n=2 (mod4) | = i
n=3 (mod 4) | 321 [ 32H
TABLE 5

6. Discussion

The pair sum labeling was introduced by Ponraj and Parthipan in [20]. The
concept of difference cordial labeling of graphs was introduced in [21]. Motivated
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by these two concepts, we have defined a new graph labeling called pair difference
cordial labeling of graphs [12]. Accordingly,the pair difference cordial labeling
behaviour of some Petersen graphs P(n,2), P(n,3), P(n,4) have investigated in
this paper.

7. Limitation of Research

Presently, it is difficult to investigate the pair difference cordial labeling be-
haviour of Swastik graph on large number of vertices.

8. Conclusion

In this paper we have investigated pair difference cordial labeling behaviour
of some Petersen graphs P(n,2), P(n,3), P(n,4). The pair difference cordial la-
beling behaviour of Petersen graphs P(n, k),n > 5 are the open problems.
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