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BOUND ON HANKEL DETERMINANTS H\”(f) AND H{¥(f)
FOR LEMNISCATE STARLIKE FUNCTIONS

SusHIL KUMAR, PRATIMA RAI, AND ASENA CETINKAYA*

Abstract. We determine the upper bounds on fourth order Hankel de-
terminants HAiQ)(f) and Hf’)(f) for the class S} of lemniscate starlike
functions defined on the open unit disk which was introduced by Sokét
and Stankiewicz in [17].

1. Preliminaries and the class S}

Let A be the class of all analytic functions f of the form
(1) f)=z2+) apz"
n=2

defined in open unit disk D = {z € C : |z| < 1} and normalized by f(0) = 0 and
f'(0) = 1. The subclass S of the class A consists of univalent functions. Let
(ak)r>1 denote a sequence of coefficients of the functions f € A. The Hankel
determinant of order n associated with the sequence (ax)r>1 is defined by

(2) H(f) = Kantivg—2YE (6 j € Njar = 1)

where ¢ and n are positive integers. A function f € S is starlike if f(DD) is
starlike with respect to the origin and the class of such functions is denoted
by &*. If f and g are analytic functions in D, then f is subordinate to g,
written as f < g, if there exists a Schwarz function w such that f = g o w.
For univalent function g, the equivalence condition f < g < f(0) = g(0) and
f(zl < 1) C g(|z] < 1) holds [9]. A function f € S is lemniscate starlike if
the quantity zf’(z)/f(z) lies in the region bounded by the right-half of the
lemniscate of Bernoulli given by |w? — 1| < 1. The class of such functions is
denoted by S; and was introduced by Sokét and Stankiewicz [17]. In terms
of subordination, a function f € Sj if and only if zf'(2)/f(z) < V1 + z for
all z € D. For various geometric properties such as the structural formula,
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growth and distortion theorems, Fekete-Szego functionals, radius estimates,
subordination relations, coefficient estimates of such functions, see [1, 2, 3, 13].
Let P be the class of analytic functions having the Taylor series of the form

(3) p(2) =1+ piz+pez” +psz® +--- .

If the function f € 83, then zf'(2)/f(2) = /14 w(z) where w(z) =
€1z + c22%--- is the Schwarz function defined over D. Note that w(z) =
(p(z) —1)/(p(2) + 1) where p € P. Thus if f € S}, then

2'(2) ( p(2) )“2
s _ya(2e
W 7G) P+

for some p € P. Using (1), (3), (4), and comparing the coefficients on both
sides, we get

(5) az =17,

—3p? + 8ps
6 _ ToP1ToP2
( ) as 64 s

_ 13p{ — 56p1py + 64ps
(™) 4= 768 ’
1
(8) as = 61m(—llgpi1 + 272p3p2 — 352p1ps — 192(p5 — 2p4)),
1

o) U6 = Tooces (543p7 — 3568pip2 + 4608p;ps — 6400p2ps

+64p, (7T7p3 — 90p4) + 6144ps),
(10)

ar (—32303p% + 241688ptps — 301888p3ps + 64p3 (—T457p3

= 11796480
+5940p4) + 9728p1 (85p2ps — 48ps) + 2560(57p5 — 104p2 — 204paps + 192ps)),

(11)

as (607537pT — 5077864pps + 6101312pps + 64p3(198751p2

~ 330301440
—116940p4) + 512p2(18168ps — 46901paps) — 512p; (163712

—39780paps + 1840(12ps — 11p32)) + 24576(445p2ps

—516paps — 530psps + 480p7).

Bounds on coefficients of the univalent functions yields information regard-
ing the geometric characteristics of the functions. For the function f € &7,
Sokét [16] established the following sharp bounds on initial coefficients

1 1 1
(12) lag| < 3 las| < 1 and |ay| < G
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In this sequel, authors [15] obtained sharp bound on fifth coefficients that
is given by
1
(13) |a5| < g

In 2018, Sokét and Thomas [18] reported a non-sharp estimate for n*”
coefficient. This estimate is close to the conjecture related to the bound on nt”
coefficient in [16] that is given by
2-2
n—1"

Initially, Pommerenke [14] determined estimates on the Hankel determinants

(14) |an| < (n=2,3,4,...).

for starlike functions and univalent functions. Sharp estimates on H2(2)( f) =
azays — a3 for unified classes of Ma-Minda starlike and convex functions were
estimated in [12]. For analytic functions with bounded turning, starlike and

convex functions, Babalola [7] computed non-sharp estimates on H?El)( f). Fur-

ther, the best possible bound on Higl)(f) for the function f € S} is 1/36 [8].
Authors [4, 5] investigated the estimates on the fourth and fifth order Hankel
determinants for the functions with bounded turning. Authors [11] computed

the bound on H, il)( f) for the certain strongly starlike functions. In 2020, Arif

et al. [6] determined non-sharp bound on Hil)(f) for the functions f € S7.
Motivated by the above discussed work related to estimates on Hankel deter-
minants for subclasses of starlike functions, we determine the bounds on fourth

order Hankel determinants H. f)( f) and H f)( f) for the function f € Sj.

2. Bounds on Hf)(f) and Hf')(f)

In this section, we state our main results.

Theorem 2.1. Let the function f(z) = z+ > - ,anz™ € S;. Then the
following estimate on fourth order Hankel determinant holds:

|HP (f)] < 0.129167.

Theorem 2.2. Let the function f(z) = z4+ > ,a,2™ € S;. Then the
following estimate on fourth order Hankel determinant holds:

|H® (£)] < 0.163932.
In order to prove our results, we need the following lemmas.

Lemma 2.3. [15, Lemma 2.3, p. 507] Let p € P. Then for all n,m € N

2 0<pu<1;
_ < ) — — )
|HPaPm = Prtn] < { 2|2p — 1|,  elsewhere.
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If 0 < p < 1, then the inequality is sharp for the function p(z) = (1 +
2MF) /(1 — 2™*T™). In the other cases, the inequality is sharp for the function

po(z) = (1+2)/(1 = 2).

Lemma 2.4. [10] Let p € P. Then for any real number p, the following
holds: .
2|:u - 4|7 M < 37

lups — pi| < {

The result is sharp. If p < %, then equality holds for the function py(z) :=
(14 2)/(1 — z) and if u > %, then equality holds for the function

1—22

p1(z) := .
22721///11 z+1

Lemma 2.5. Let the function f(z) = z+ Y .-, anz" be in the class Sj.
Then the estimate on third order Hankel determinant is given by

606811 /3

HP () < o X2

5™ (1= 105020 T 36

Proof. In view of definition (2), we have a third order Hankel determinant

~ (0.596806.

(15) Hg(,g)(f) = ay(agas — a2) — az(aza — asas) + as(azas — a3).

On substituting the values of a; (i = 2,3,4,5,6) from (5)-(9) in expression

(15), we have

(16) 4529848320 H57 (f) = X1 (pi),

where

X1 (pi) = — 80653p) + 48pT (26064 + 18523py) — 1038528pSps — 1152p3 (po (7136
+ 2741ps) — 995p,) + 1024p3 (11088p3 + 3761ps — 3210p3 — 90(144
+ 61py)pa) — 36864p; (37p5 — 40pop3 — T0paps + 120p3) + 768p7 (13824
+ 7627po)ps — 648ps) + 16384(5p3(9p5 — 32p3 + T2paps) — 216p3ps)
— 24576p7 (ps(p2(600 + 223py) — 240p4) — 36(16 + 3p2)ps).

After rearrangement of terms and applying triangle inequality in the expression
of x(p;), we have

80653
839104
24669 .
3008871

543
arngP1 — D2

+ 8220672|p1 |° 3568 i

Ix1(pi)| <889104|p1 |

— D2

1803

@Plps — P4

+ 3851264 |p1 |3 |pa |2 + 1146240, |?

b2

64

+ 13271040|py|? + 5621760|pa||pa4] o s

T
90]32 2!
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+ 3538944 |p, | ‘p1p4 —DPs

+ 2621440\p3|2 Plpz -3
3 7
+ 4423680p1 | |p4] P1P3 — pa| + 737280|p2| SoP1P2 — ps
7627 223
497664 |p, |* - 26542 = —
+ 497664 |p1 | 648 P2Ps — Ps + 2654208|p1 || p| TogP2Ps —Ps

25
+ 14155776|p1|2 54P2Ps = Ps| + 3287040|p1 | |p3|* + 10616832|p1 |*|ps]-

Applying Lemmas 2.3 and 2.4 and the fact |p,| < 2, we have
Ix1(pi)| <889104.2% 4 8220672.2° 4 3851264.2° 4 1146240.2°

64 8
10616832.2°
613 ) i

5
+ 2621440.23 + 3538944.23 + 4423680.23 <3) + 3287040.2°

4 = o oY
+ 737280.2 (10) + 497664.2 < 39 )

+ 13271040.2* + 5621760.23 (

169 13
2654208.2* 141 23
+ 2654208 (54>+ 55776. (12)

—4096(606811 + 30720v/3).
Thus from (16), we get

@) 4096(606811 + 30720v/3) 606811 /3
[H3™ (f)] < = + o=
4529848320 1105920 © 36
O

Lemma 2.6. Let the function f(z) = z+ Y.~ ,anz" be in the class Sj.
Then the estimate on third order Hankel determinant is

: 888953739851 2266967 2266967
HP (1 \/ ~ 0.093842.
H;7 ()l < ~10422897868800 + 265420800 V 2260394
Proof. In view of definition (2), a third order Hankel determinant is given
by

HéS)(f) = as(asar — ag) — aq(agar — asag) + as(agag — ag).
On substituting the values of a; (i = 3,4,5,6,7) from (6)—(10) in expression of
Hg(g)(f), we have
69578470195200HS% (f) = x5(pi),
where
X2(pi) = — 667801p1? + 8788448p1"py + 2434208p]p3 — 960pT (54925p3 — 108522p,)
— 3072p7 (68293paps — 85112p5) + 2048p8 (132250p5 — 660210papy + 6573p3
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+ 123600pg) + 12288p3 (147737paps — 194576paps + 73980psps)

— 4096p1(264943p5 — 1423380p3p4 + 48p2(8213p3 -+ 8900ps)

— 24(12536p3ps + 2025p3)) — 65536p° (70843p3ps — 115368paps + 117780papsps

— 20(571p3 — 300psps + 108paps)) + 393216p3 (5461p5 — 25310p3py

+ 5p3 (4187p3 + 2480ps ) + 4p2(675p] — 5476p3ps) + 283(40p3pa — T5paps + 72p3))
4 131072p; (16845p3p3 — 63072p3ps + 96360p3psps — 40p2(1355p3 — 2760p3pe

+ 2376paps) + 240p3(405p7 — 448p3ps)) — 262144 (4725p5 — 22950p5p4 + 600p3 (29p3
+72pg) — 1080p5(96psps + 5p1) + 48p2(25pa(91p3 — T2ps) + 1728p3)

— 160(260p3 — 480p2ps + 864pspaps — 405p3)).

On rearranging the terms in the above expression and applying triangle in-
equality in the expression of x5 (p;), we have

667801 54925
)| <8788448|p1 |0 | ——p? 960(108522)|p1 |® | ———p2 —
Ix2(pi)| < 1| S7asaagll T P2t ( )|p1 TosgozP2 ~ P
76069
3072(68293)|py|” — p?— 4096(48)(8900) |py |*
+ ( o1 p2| oneiog?t P2t (48)(8900)[p1|”|ps|
103 13225 ,
7P T P2 + 2048(660210)[p1|®|p2| m?z
4 0| 37849 4
+4096(1423380)[p1|*|p2| p5 — pa| + 4096(24)(12536) |p1]*|ps
203340
8213 2266976
2048(6573) [pSp2| | ————p3 — p°
‘6268p2p3 ps| + ( )|pips| 6573 p3 — D7
147737
+ 12288(194576) | p1 |° 2| Toan7gP2Ps —Ps + 393216(4)(675) |pp2pi|
2143744
+ 26144(600)(29)|p2p3| | == pT — p2| + 131072(40)(2760) |p1 p2p3
118465
271 5| 5615
2T = |+ 131072063072 P | 20 s -
73
+ 4096(24)(2025) [p1p;| + 131072(40)(2376)|p1p2p4l —5P2P3 = Ps
3699 2
+ 65536(115368) |pipaps| + 65536(117780)|p3pspal 1037t P
7
+ 65536(6000)|pips| 300 — pg| + 262144(22950) |po|* 34p§-—p4
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5
+ 26144(48)(1728) | paps| 1P2Ps —Ds

+ 26144(48)(25)(72)|p2p4| + 26144(160)(480) |ps|?

13 5
24193 Ps

91 ,
ﬁp;s — Ps

31744

+ 393216(25310)[p2pd| + 26144(600)(72) |p2pe| D2

7353 ¥

1369

%pﬂh — D5

2
2 — P4

1
253107

+ 26144(160)(405) |p4?

+ 393216(288)(72)|p3ps|

L,
EPQ — D4

28672
——_pips — ps| + 131072(240)(405) |p1p3pa|

+ 26144(160)(364) |psps| |~

8
+ 393216(288)(75) |p3 p4| BP% — pe| + 3072(85112)|pTps| + 65536(20)(108)|pipaps|.

Using Lemmas 2.3, 2.4 and the inequality |p,| < 2, we have

43693854221156352 1533934
)l < 2071358086241/ —oo >~
a(pi)l < 7363 + 1130197
so that
888953739851 2266967 /2266967
HP ()] < ~ 0.093842.
1H3™ ()] = 1512980786800 T 265420800 V 2260394

Lemma 2.7. Let the function f(z) = z+ Y., anz" be in the class Sj.
Then

O

|A1| =|ag(asar — asag) — as(asar — a2) + ay(azag — agas)|

893770979 1 [ 2
= 15209848320 T 25\ 177 0-201559.

Proof. On substituting the values of a; (i = 2,3,4,5,6,7) from (5)—(10) in
the expression of Ay, we get

144955146240A1 = x5(ps),
where

X3(pi) = — 139627p1° + 1287528p  ps — 3187776p] ps — 384pT(4795p3 + 11674p.)
+ 1536p7 (18719p2p3 — 1936ps) — 1024p7 (12913p3 — 25974papy + 24(739p2
— 500pg)) — 12288p%(4905p2ps + 224paps + 2872psps) + 12288p? (32315
— 2812p3ps + 8p2(1271p3 — 400ps) — 3584psps + 6480p3) — 327681 (1257p3p3
— 2448p3ps + 3240papspa + 64(5p3 — 60psps + 54paps)) — 98304(105p3
— 300p3ps — 40p3(p3 — 24ps) — 48p2(16psps + 15p7) + 640p3py).
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After rearrangement of terms, expression of x(p;) is written as

~139627

16603
o750 V1 +—p2> + 1536(18719)pSps ( 2 +—p2>

;) =1287528p% -
X3 (pi) D) ( 1975371

121
-+mzumxamm%<—ampm5+mo——mzﬂﬂxﬁwmﬁﬁ

1536 349
+12288(244)p2ps <p3 p?) +1024(25974)p1ps (7Ty2p§ +p4)

61
3231 45
+ 98304(104)p3 (832p%<—-p2> + 32768(64)(54)p1pa ("641”1“ —-p5>
5 5
+ 32768(64)(60)p1ps (-16191172 + p3> + 98304(40)(24)p3 (162?21?4 — D6

1 3
+ 98304(640)p3 (161€ —'P4) +98304(48)(15)papa (-2p1p3*-p4>

19
+ 32768(2448)p1 p2 ( p2p3%~p5> — 12288(2812)p3psp4

4
816

5
+ 12288(8)(12271)p2pops <——981681n1m +—p3> — 384(4795)pSp?
— 12288(3584)p>psps — 32768(64)(5)p1p3 — 384(11674)pSp,.

On applying triangle inequality and using Lemmas 2.3, 2.4 and the inequality
|pn| < 2 in above expression, we get

Ix3(pi)| <1287528.2° 4 28752384.27 + 12288000.2° + 120628838.2°

1536
1536 i

1536

231
+10223616.2° (2 X iﬁiz_'1> + 1133246208.23

+2mm2m23< )+2&mmw&f

+125829120.2% + 94371840.2% + 62914560.2* + 70778880.24
+ 80216064.2* 4 1841280.2% + 4482816.27 + 35291136.2°
+ 18161664.2° + 34553856.2° + 44040192.2* + 10485760.2*

41
=28600671328 + w %

Thus
893770979 1 2

A | < ZR00907 2
181 S J5a08as320 * 35\ 177

)
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Lemma 2.8. Let the function f(z) = z+ Y., ,anz" be in the class Sj.
Then
|As| =|as(asar — a2) — as(asar — asag) + as(asas — a?)|
33207941 1
< +
T 188743680  484/59

Proof. On substituting the values of a; (i = 2,3,4,5,6,7) from (5)—(10) in
the expression of As, we get

2899102924800A5 = x4 (pi),

~ 0.178654.

where

xa(pi) =715273plt — 7709336p)ps + 13674816p5ps + 384p7 (57911p3 — 37200ps4)
— 6144p°(12839paps + 14128ps) — 102495 (2219p3 — 237840paps + 24(5900ps
— 5613p3)) — 24576p7 (5759paps — 27112paps + 2400p3ps) + 4096p3 (1933p5
— 245760p3p4 + 120p2(1360pg — 959p3) + 144(125p3 — 1228psps))
+ 131072p3 (7905p3p3 — 9696p3ps + 8130papaps + 4910p3 — 9600p3ps
+ 9000p4ps) — 98304p; (2045p5 — 10240p3ps + 40p3(333p3 — 40pg)
+ 240p2(95p3 — 92p3ps) + 96(25pa(p2 — 8pg) + 192p2)) — 1310720(15p3ps
+ 432p3ps — 840p3psps + 8p2(35p5 + 120psps — 108paps)
+ 48p3(15p] — 16p3ps)).

After rearranging the terms and applying triangle inequality, above expression
can be written as

715273 o
770933671 12

23741

. < 9
x4 (pi)] <T709336p1 | 24800

+ 14284800|p]| | =o——p1p3 — P4

57911

281 6
+ 78882816p1|”|p2| 205424

————pips — p3| + 141533184|p1 |*|p2|?|ps|

+ 666304572|p; [*|ps| |- + 566231040|ps|* ps|

883 2
6778p1 b2

+ 1065615360|p1|?|ps||pa| | — p1 + pa| + 1258291200|ps || ps||ps

271

09 64
——p2 + pa| + 73728000 |py > P8 P

3
+ 10066329602 |*|p1| | = 5572

+1006632960|ps3 |

115
+ 1811939328 |p1 ||ps| oG P2ps — P

ﬁ 4 p5
96172103 D

95
— = p1pa + ps| + 1101004800|ps |?|ps]

1132462080
+ |p1 \ |p4| 48

1
562’32 + D4
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1 333
+ 1887436800 p1 | |p4] —§p§+p6 4 153286400|p; ||p2|* —@piﬂoﬁ
491 491
12 4112|pq|? —pZ 12582912 2 2
+ 1270874112|p1|*|ps| ogoPs — Pe| 125829 00]p1|*|ps] o603~ Po
307 959
1179648000]p; | —= 668467200|p, |> ——p2 -
+ |p1]%|ps| 500p1p3 + pa| + Ip1]°|p2| 1360173 Pe
1933 5613
1006632960|py |3 |p2|? 2 _ 144998400p; |° | ——=p2 —
+ Ip1]7°|p2] sanmeol2 ~ Pt Ip1] o003 ~ P
2219
243548160|p, |° " 02yl
+ [p1]°|p2] o378a0l2 P4
Proceeding similarly to Lemma 2.5, we obtain
60397977600
;)| <510073973760 + ——————.
Therefore
Ay < 33207941 N 1
1= 188743680 ' 481/59’
which is the desired estimate. O

Lemma 2.9. Let the function f(z) = z+ Y.~ ,anz" be in the class Sj.
Then

|As| =|as(asar — aé) — ag(agar — asap) + as(agae — a%)\
< 9329005817
— 30198988800

Proof. On putting the values of a; (i = 2,3,4,5,6,7) from (5)—(10) in ex-
pression of As, we get

~ 0.308918.

69578470195200A3 = x5(ps),

where

X5 (i) = — 667801p1? + 8788448p1%py + 2434208p]p3 — 960p5 (54925p3 — 108522p,)

— 3072p7 (68293paps — 85112ps) + 2048p8 (132250p5 — 660210paps + 6573p3
+ 123600pg) + 12288p° (147737p2ps — 194576p2ps + 73980p3ps)

— 4096p7 (264943p3 — 1423380p2ps + 48p2(8213p3 + 8900ps) — 24(12536p3p5
+2025p3)) — 65536p3 (70843p3p3 — 115368paps + 117780papsps — 20(571p3
— 300p3ps + 108paps)) + 393216p37 (5461p5 — 25310pipy + 5p3(4187p3

+ 2480pg) + 4p2 (675p] — 5476psps) + 288(40p3ps — T5paps + 72p3))
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+ 131072p; (16845p3ps — 63072p3ps + 96360p3psps — 40p2(1355p5 — 2760p3pe
+ 2376p4ps) + 240p3(405p3 — 448psps)) — 262144(4725p5 — 22950p5p4

+ 600p3 (29p3 + 72ps) — 1080p5(96psps + 5p3) + 48p2(25pa(91p3 — 72ps)

+ 1728p?2) — 160(260p3 — 480p2ps + 864pspaps — 405p3)).

After rearrangement of terms and on applying triangle inequality, above ex-
pression can be written as

667801
)| < 8788448|py |10 | ——p2 — 261464064|p,|” 600(2)|p2|?|ps|?
Ixs(pi)| < 1| S7asaagPl P2 T Ip1|*[ps| + 600(2)[p2||ps
1355
+ 138240(p3|[p4] |92160p1 ps — ps| + 14092861440|p; 2688p2p3——p5
13 25310 ,
+ 76800|p3|? 54P3 ~ Po + 1061683200|p1 |[p2|[pa] sz—m
) 1963 571
+ 141557760|p1 |2 |pa4] 5 P2ps — D5 + 393216000|p1 |*|ps| 366 — ps
20935 ) 8 ,
+ 8613003264 p1 |*|p2||ps3| 31904723 ~ Ps + 8493465600 p1 |2 |pa| =P3 — Po
76069
209796096|p, |” — p?— 393216(5461)|p1|?|p2|®
+ Ip1]”|ps| onoiosPl P2t (5461)|p1|~|p2|
54925
+104181120|p, |® P2 — pa| + 393216(5)(2480)(p1|?|p2|?|ps
108522
147737
+ 2390949888 |p1 |°[p2| TomsTgP2Ps — Ps + 393216(288)(72)[p1)?|ps|?
66125
1 2 2 4 3| Ve 2 _ 2 3
+ 1085206528|p1|*|p2| 56202371 ~ P2 +600(72) |p2|”|p1
s | 22007
+ 253132800|p; | 1190 P2P4 — P + 131072(40)(2760) |p1]||p2||ps||ps |
23723
4 L 21 -2
+ 1749811200|p1 |*|p2| ~190 P2Ps — Ps + 64800 |pa4| 3Pz~ Pa
4 8213 2
+ 1232338944 p1 | *|ps| G26aP2Ps P + 4096/(24)(2025)|p1|*|pa|
16845
+ 8266973184(p1 [[p2]® | ~oom P23 — ps| + 2048(6573) |p1|°|ps |
63072
+ 12457082880|p2||p1|\p4\ p2p3 — Ps —|—909066240|p1| |p3||p4|
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%—6016204800hm|4 7P — Pa| + 82944|ps||ps| Zpgpg——p5
+ 864001 Ipa| | 273 — | + 756075724811 [l 3o 2 paps — s
72 10488
As similar to Lemma 2.5, we get |x;5(p;)| < 21494029402368. Thus we conclude
9329005817
[As] = 30198988800

O

Lemma 2.10. Let the function f(z) = z+ Y .-, a,2" be in the class Sj.
Then

|A4| = |a3(a5a8 — a6a7) — a4(a4a8 - ag) + a5(a4a7 — a5a6)| ~ 0.421776.

Proof. We denote ©1 = asas — agar, Oz = agag — ag and O3 = aya7 — asag
so that Ay = a301 — 4405 + a503. To determine the estimate on Ay, we first
compute the estimates on ©1, ©5 and O3. Therefore, on substituting the values
of a; (i =5,6,7,8) from (8)—(11) in the expression of ©1, we get

101468602368000; = x4(p:),
where
X6 (pi) =5(—49p] + 272pips — 352p1ps — 192(p5 — 2p4))(607537p] — 5077864p;ps
+ 6101312pips + 64p3 (198751p2 — 116940p,) + 512p? (18168ps — 46901pap3)
— 512p1 (16371p3 — 39780papy + 1840(12ps — 11p3)) 4 24576(445p2ps
— 516paps — 530pspa + 480p7)) — 7(543p; — 3568pips + 4608p7ps
+ 641 (T7p3 — 90p4) — 6400paps + 6144ps)(—32303pS 4 241688p]ps
— 301888p3p3 + 64p? (5940py — T457p3) + 9728p1 (85paps — 48ps)
+ 2560(57p3 — 204paps — 104p2 + 192p5)).

On rearrangement of terms, above expression becomes

1861633
;) =344871184p) | - ——p? 3415957504 —
X6 (Pi) D1 ( 2163365611 +p2) + pips (

27621,
36780001 T P2

3204693
667179201 T P2

+ 3013017600p; p? ( 961768

65793
) + 3693189120p]py <p§ —»p2>

56587 256114
2 20087 o 4 _ 40blld 4
+ 11747328000p1 p5p4 (47800])1 p2) + 3643269120p7p3 < 148245])2 +p4)

3 11
+10105651200p2ps < p24—p4> + 22649241600p; (——12p1p34—p4)

40
1028
+ 16043212800p3p7 (

68

531)1173 - p4>

272
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57 128159
41626060 10456793088p> P
+ 34162606080p, p3ps <3620 ) + 10456793088p1p2ps ( 21274471 2)
29025 3902549
) _ 192098304p%ps [ — o p?
+ 9650831360p? p2 <29452P1p2 p3> + 3192098304p7 p3 ( 3395102471 2>

5 58769
2f 2 5 909009 o
-+ 11450449920p35 < 48p2p3 + p5> + 901447680p3 < 20960p3 + p6>

3933
147648.p8
34652291192 + p3> + 885147648.p7ps

153
—oraP1D4 — p5)+1887436800p2p4 (p1p4 ps)

+ 17032151040p; paps (

5872

+ 17317232640p%p4 ( 16

2
+ 11324620800p32 (5

18 pips — P6>

1
paps — p7> +21139292160ps (23

97
-+ 1887436800p1pe < ——pi + p3>

97 1
—p3+ p4> + 22020096000p2pg ( 100

30
505

6
4042260480p>
+ pIP3 ( 2056

e a P2pa + p6>

As similar to Lemma 2.5, we have

[ 42
Ixs(pi)| <8391385300992 + 587202560000 0L

Therefore, we obtain

170723171 25 7

(17) 161] < 206438400 i 72\ 2406

~ 0.845722.

Next, on substituting the values of a4, ag and ag from (7), (9) and (11) respec-
tively in the expression of O,, we get

12683572960005 = X (p;),
where

x7(pi) =14722589p1" — 174684288p5ps + 729681792p7p3 — 1152483328p]p3
+ 306991104pTp; + 170636928 ps + 3165388800p5 paps — 1548169728pT paps
+ 3853713408p3p2ps + 466771200p3 p; — 445808640p1 pips — 3303014400p, papr
+ 842379264p1p3 — 5631344640p3pap3s + 58982400p3p3 + 3316121600, pi
— 33239040p  paps — 934133760p2paps + 121794904003 p3ps + 3971481600p1 papspa
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— 4168089600p3p, — 2786918400p2p? + 44150784pips + 254017536p3paps

— 1779695616p7 p3ps + 2548039680papaps + 5945425920p1 paps — 3170893824p3
— 3617587200p1 psps — 734822400p7ps — 15359016961 p2ps + 38979840pSpy

+ 3774873600p3p7.

As similar to previous part, we get |x;(p;)| < 1037443956735 which implies

31660277
< ———— =~ 0.817943.
62] < 33707200 - V817943

Using (7), (8), (9) and (10), we have the following expression for O3 as
905969664003 = x5(pi),
where
Xs(pi) = — 100655p] + 1080576p]ps — 3944064p5p3 + 4317184p}ps

— 988800pSps3 + 9248256  paps — 24526848pIpaps — 5406720psps
+ 40796160p1 p2p3 + 6389760pTps — 17039360p3 — 27525120p1 pps
— 946944p5py + T163904p5 popy + 31457280p3ps — 6733824p1 paps
— 3932160papsps 4+ 26542080p1p? — 2457600p7 ps + 60948482 pops
+ 14155776p3ps — 3932160p1 p3ps — 28311552p,4ps — 3317760p;p3
— 21233664pTpsps + 3182592p; p3.

As similar to calculation done for ©1, we get

10915
< — ~0.592177.
03] < Jgigy ~ 0592177
Therefore using (12),(13) and the estimates on 04, O, O3, we have
|A4| < las||©1] + |as|O2| + |as||Os]
1 1 1
< 7 (0-845722) + < (0.817943) + (0.592177) ~ 0.421776.

O

Lemma 2.11. Let the function f(z) = z+ Y .-, a,2" be in the class Sj.
Then
|As| = |as(agas — a?) — aq(asag — agar) + as(asay — ag)| < 0.693354.

Proof. We denote ©4 = agag — a2 and O3 = asay — a2 so that As = a304 —
401+ a505. To determine the estimate on As, we first compute the estimates
on ©4 and ©5. Therefore, on substituting the values of a; (i = 5,6,7,8) from
(8)—(11) in the expressions of O4 and O3, we get

97409858273280004 = xo(p:),
36238786560005 = X 10(pi),
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where
Xo(pi) =24(543p5 — 3568p3ps 4 4608pips + 64p, (T7p3 — 90ps) — 6400p2ps
+ 6144ps5) (607537p] — 5077864pTps + 6101312p1ps + 64pF (198751p3
— 116940p4) + 512p? (18168ps — 46901paps) — 512p;1 (16371p3 — 39780papy
+1840(12ps — 11p3)) + 24576(445p5ps — 516paps — 530paps + 480p7))
— 7(—32303p% + 241688pips — 301888p3ps + 64p3 (5940p, — 7457p3)
+ 97281 (85pap3 — 48ps) + 2560(57p5 — 204paps — 104p3 + 192pg))?
and
X10(pi) =5(—49p] + 272pTps — 352p1ps — 192(p3 — 2p4))(—32303pf + 241688p]p;
— 301888p3ps + 64p2 (5940py — T457p2) + 9728p1 (85paps — 48ps)
+ 2560(57p3 — 204papy — 104p3 + 192ps)) — 24(543pT — 3568pip2
+ 4608p2p3 + 64p1 (T7p32 — 90py) — 6400paps + 6144ps)>.
As similar to the proof of Lemma 2.10, we get
(18) |04] <1.93683 and |Os| < 0.405893.

Therefore, in view of (12), (13) and the estimates on |O4], |©4| and |O5]| from
(17) and (18) respectively, we have
|As| < |as||©4] + [a4]|©1] + [as]|Os
1.93683  0.845722  0.405893
4 + 6 + 8

IN

~ 0.675898.

IN

O

Lemma 2.12. Let the function f(z) = z+ Y .., a,2" be in the class Sj.
Then

|Ag| = |as(agas — a2) — as(asas — agar) + ag(asar — a2)| < 0.476074.
Proof. Using triangle inequality, we have
|A6| < |aallasas — a3| + |as|lasas — agar| + |ag|lasar — af]
< las||©4] + as||O1] + |ag||Os].
As similar to previous lemma, we get the desired estimate on |Ag]. O

Proof of Theorem 2.1. From the definition (2), the Hankel determinant of
fourth order H, f) (f) is given by

Hf)(f) = ang(,z) —arA1 + agls — asAs
so that
(HP ()] < las| |HS ()] + laz| |A1] + |ag| [Aa] + |as| | As]-
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In view of relevant estimates from (13), (14) and Lemmas 2.5, 2.7, 2.8, 2.9, we
have

H2 ()] < (2_7\/5> (0.596806) -+ (2 _6\@> (0.201559) + <2 _5‘/§> (0.178654)

(0.308918) ~ 0.129167.

co| —

+
O

Proof of Theorem 2.2. From the definition (2), the Hankel determinant of
fourth order H f)( f) is given by

Hﬁs)(f) = CL9H§3) — a8A4 + CL7A5 — QGAG.

So
\HP ()] < laol [HP ()] + las| [Aa] + |az| |As] + |ag] |Ag]-
In view of relevant estimates from (14) and Lemmas 2.6, 2.10, 2.11, 2.12, we

have
"D (1)) < (2_8\/§> (0.093842) + (2 _7\@) (0.421776)

+ (2_6\/5

22
5\[(0.476078) ~ 0.163932.

) (0.675898) +
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