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PRIME FACTORIZATION OF IDEALS IN COMMUTATIVE

N o WO

RINGS, WITH A FOCUS ON KRULL RINGS

GYU WHAN CHANG AND JUN SEOK OH

ABSTRACT. Let R be a commutative ring with identity. The structure
theorem says that R is a PIR (resp., UFR, general ZPI-ring, w-ring) if
and only if R is a finite direct product of PIDs (resp., UFDs, Dedekind
domains, m-domains) and special primary rings. All of these four types
of integral domains are Krull domains, so motivated by the structure
theorem, we study the prime factorization of ideals in a ring that is a finite
direct product of Krull domains and special primary rings. Such a ring
will be called a general Krull ring. It is known that Krull domains can be
characterized by the star operations v or t as follows: An integral domain
R is a Krull domain if and only if every nonzero proper principal ideal of
R can be written as a finite v- or t-product of prime ideals. However, this
is not true for general Krull rings. In this paper, we introduce a new star
operation u on R, so that R is a general Krull ring if and only if every
proper principal ideal of R can be written as a finite u-product of prime
ideals. We also study several ring-theoretic properties of general Krull
rings including Kaplansky-type theorem, Mori-Nagata theorem, Nagata
rings, and Noetherian property.
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0. Introduction

Multiplicative Ideal Theory is a branch of Commutative Ring Theory in
which (unique or non-unique) ideal factorization properties have been studied.
The class of integral domains with ideal factorization properties includes prin-
cipal ideal domains (PIDs), Dedekind domains, unique factorization domains
(UFDs), m-domains, and Krull domains, and the following diagram shows the
relationship of these five types of integral domains;

PID / UFD \
\ /

Dedekind domain

m-domain —— Krull domain

A rank-one discrete valuation ring (DVR) is just a PID with a unique nonzero
prime ideal. A Krull domain is defined by a locally finite intersection of DVRs,
a UFD is a Krull domain with trivial divisor class group, and a PID that is not
a field is a one-dimensional UFD. A Dedekind domain (resp., m-domain) is an
integral domain in which each ideal (resp., principal ideal) can be written as a
finite product of prime ideals. A Krull domain also has a prime ideal factoriza-
tion property, which is similar to those of Dedekind domains and w-domains.
But, in order to characterize Krull domains by a prime ideal factorization prop-
erty, we need the notion of star operations called the v- and t-operation. Then
an integral domain D is a Krull domain if and only if every nonzero principal
ideal aD of D can be written as a finite v-product of prime ideals of D, i.e.,
aD = (P --- P,), for some prime ideals P, ..., P,, if and only if every nonzero
principal ideal of D is a finite ¢-product of prime ideals.

The five types of integral domains with prime ideal factorization properties
can be generalized to rings with zero divisors by at least two ways:

e PIR, UFR, general ZPI-ring, m-ring,
e regular PIR, factorial ring, Dedekind ring, regular 7-ring, Krull ring.

For example, R is a UFR (resp., factorial ring) if and only if every element
(resp., regular element) of R can be written as a finite product of prime ele-
ments. A PIR is a special primary ring (SPR) if it has only one prime ideal.
Then R is a PIR (resp., UFR, general ZPI-ring, w-ring) if and only if R is a
finite direct product of PIDs (resp., UFDs, Dedekind domains, m-domains) and
SPRs. Now, we will call a ring R a general Krull ring if R is a finite direct
product of Krull domains and SPRs. Hence, 7-rings are general Krull rings
and general Krull rings are Krull rings.

Recall that R is a Krull ring if and only if every regular principal ideal of R
can be written as a finite v-product (or ¢-product) of prime ideals [43, Theorem
13]. However, the next example shows that this is not true of general Krull
rings.
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Example 0.1. Let Z be the ring of integers, Q be the field of rational numbers,
and R = Z x Q be the direct product of Z and Q. Then Z and Q are Krull
domains, so R is a general Krull ring. However, if ((1,0)) is the ideal of R
generated by (1,0), then ((1,0)); = ((1,0)), = R. Hence, ((1,0)) cannot be
written as a finite ¢- nor v-product of prime ideals.

Let D be a Krull domain. It is easy to see that D is a Krull domain if and
only if there is a star operation * on D such that each nonzero proper principal
ideal of D can be written as a finite *-product of prime ideals [52, Theorem
1.1]. Hence, we have the following natural question.

Question 0.2. Is there a star operation * on a ring so that a general Krull
ring can be characterized as a ring in which each principal ideal can be written
as a finite *-product of prime ideals?

The purpose of this paper is to give an answer to Question 0.2 affirmatively.
That is, in this paper, we introduce a new star operation u on a ring R and we
show that R is a general Krull ring if and only if every proper principal ideal
of R is written as a finite u-product of prime ideals.

This paper consists of eight sections including introduction. In Section 1, we
review the definition and basic properties of star operations for easy reference
of the reader. Section 2 is devoted to the historical overview of PIDs, UFDs,
Dedekind domains, m-domains, Krull domains, and their generalizations to
rings with zero divisors. In Section 3, we study the w-operation on integral
domains and its two generalizations to rings with zero divisors. We also review
some basic properties of the finite direct product of rings, which are very useful
for the study of general Krull rings. In Section 4, we introduce and study a
new star operation u and its relationship with two other star operations which
are reviewed in Section 3. In Section 5, which is the main section of this paper,
we characterize a general Krull ring via the star operation u introduced in
Section 4. Among others, we show that R is a general Krull ring if and only if
every proper principal ideal of R can be written as a finite u-product of prime
ideals, if and only if every nonprincipal prime ideal of R contains a u-invertible
prime ideal. In Section 6, we study the Nagata ring of general Krull rings,
which is a generalization of Krull domains that R is a Krull domain if and only
if the ¢t-Nagata ring of R is a PID. We prove that R is a u-Noetherian ring
if and only if the polynomial ring R[X] is a u-Noetherian ring, if and only if
the u-Nagata ring of R is a Noetherian ring. It is shown, in Section 5, that a
general Krull ring is a u-Noetherian ring. Finally, in Section 7, we study when
a u-Noetherian ring is a general Krull ring. For example, we show that R is
a general Krull ring if and only if R is a u-Noetherian ring such that Rp is a
DVR or an SPR for all maximal u-ideals P of R. We also study a ring R in
which Rp is a DVR or an SPR for all maximal u-ideals P of R.



410 G. W. CHANG AND J. S. OH

1. Star operations on rings

All rings considered in this paper are commutative rings with (nonzero mul-
tiplicative) identity. Let R be a ring with total quotient ring T'(R). An overring
of R means a subring of T(R) containing R. Let Z(R) be the set of zero di-
visors in R containing the zero element of R. A regular element is an element
that is not a zero divisor. For a subset E of R, let reg(E) be the set of regular
elements of R in E, so reg(R) = R\ Z(R) and T(R) = Rieg(r)-

1.1. Star operations

An R-submodule of T'(R) is called a Kaplansky fractional ideal [44, page 37].
A Kaplansky fractional ideal of R is regular if it contains a regular element of
R. Let K(R) be the set of Kaplansky fractional ideals of R, F(R) be the set
of fractional ideals of R (i.e., I € F(R) if and only if I € K(R) and dI C R
for some d € reg(R)), and F"8(R) be the set of regular fractional ideals of R;
so F™8(R) C F(R) C K(R). An (integral) ideal of R is a fractional ideal of R
that is contained in R.
A mapping *: K(R) — K(R), given by I — I, is called a star operation on
R if the following four conditions are satisfied for all I, J € K(R) and a € T'(R):
(1) R, =R,
(2) al. C (al)., and equality holds when a is regular.
(3) I C I, and I C J implies that I, C J,.
(4) (L), —1I..
For all I € K(R), let

L, = U{J* | J € K(R) is finitely generated and J C I}.

Then *; is also a star operation on R. The star operation * is said to be of
finite type if * = %5, and * is said to be reduced if (0). = (0). Clearly, *; is of
finite type, and * is reduced if and only if *; is reduced.

Lemma 1.1 ([19, page 94]). Let * be a star operation on a ring R. Then
(IJ) = (1J)s for all I,J € K(R).

Proof. If I,J € K(R), then IJ C IJ, C (IJ). by the properties (2) and (3) of
star operations. Thus, (IJ,). = (IJ). by the property (4). O

An T € K(R) is said to be a #-ideal if I, = I. A x-ideal I is of finite type
if I = J, for some finitely generated subideal J of I. Clearly, a Kaplansky
fractional x-ideal of finite type is a fractional ideal. A x-ideal is a mazimal
*-ideal if it is maximal among proper integral x-ideals. Let *x-Max(R) denote
the set of maximal x-ideals of R. The following proposition shows that if * is
of finite type and R C T(R), then *-Max(R) # (). The results of Proposition
1.2 have been noted in the literature (for example, see [43]) but we have been
unable to find proofs, so we include the proofs for easy reference.



PRIME FACTORIZATION OF IDEALS 411

Proposition 1.2. Let x be a star operation of finite type on a ring R. Then
the following statements hold.

(1) A prime ideal minimal over an integral x-ideal is a *-ideal.

(2) A proper integral -ideal is contained in a maximal x-ideal.

(3) A mazimal *-ideal is a prime ideal.

Proof. (1) Let I be an integral *-ideal of R and P be a prime ideal of R that is
minimal over I. Let J be a finitely generated subideal of P. Since P is minimal
over I, there are an integer n > 1 and an element y € R\ P such that yJ" C I
(cf. [34, Theorem 2.1]). Hence, by Lemma 1.1,

y(J)" Cy(J"). CL =1CP,

whence J, C P. Thus, P, = P because * is of finite type.

(2) Let I be an integral #-ideal of R. Clearly, if {P,} is a chain of prime
*-ideals of R containing I, then |, P, is a prime *-ideal of R containing I. So,
by Zorn’s lemma, there is at least one maximal *-ideal of R containing I.

(3) Let P be a maximal x-ideal of R and a,b € R\ P. Then (P + aR), =
(P +bR). = R by assumption. Hence, by Lemma 1.1,

R=(P+aR).(P +bR).
C (P +aR).(P +bR).). = (P +aR)(P +bR)).
C (P +abR). C R,
so (P 4 abR). = R. Thus, ab € P, which shows that P is a prime ideal. ]

For a prime ideal P of R and an ideal I of R, let R(py = {§|a € R and
bereg(R\ P)}, Rip) = {2 € T(R)| 25 € R for some s € R\ P}, and [I|Rjp) =
{z € T(R)|2s € I for some s € R\ P}. Then R(py and Rjp) are overrings
of R, Ripy € Ripy, [I]R[p) is an ideal of Rjpj, and if I is a prime ideal of R
with I C P, [I]Rp) is also a prime ideal of Rjpj. The ring Ryp is called the
large quotient ring of R with respect to P, which was introduced by Griffin
[29] in order to study the Priifer rings with zero divisors. Obviously, P C Z(R)
if and only if Rjpj = Rpy = T(R). It is also clear that if R is an integral
domain, then Rp = R(p)y = R[p). Moreover, if R is a Marot ring, which is a
ring whose regular ideals are generated by their subsets of regular elements,
then Ripj = R(p) and [P]R[p] = PR(p) [34, Theorem 7.6].

Corollary 1.3. Let % be a star operation of finite type on a ring R and A =
{P € «-Max(R) | P is regular}. Then R = (\pe,nax(r) BiP) = Npea Rip) =

ﬂPE*—MaX(R) R(P) = mPEA R(P)

Proof. Tt is clear that R C ﬂPE*—Max(R) Ripy € Npea Ry € Npea Bip) and
RC ﬂpe*_MaX(R) Rip) € Npea Ripy, so it suffices to show that (o y Rip) € R.
For z € (pep Rip)s let I = {a € Rlaz € R}. Then I is a regular ideal of R
and I ¢ P for all P € A. Hence, I, = R by Proposition 1.2(2). Now, note that
2I CR,so0 zI, C(zI)s C R, = R, and hence I, = I. Thus, z € R. O
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Let *; and %2 be star operations on R. We say that 1 < %o if I, C I,
for all I € K(R). It is clear that %1 < xq if and only if (I, )., = IL.,, if and
only if (I,,)«, = I, for all I € K(R), i.e., *o-ideals are *;-ideals. A ring is
called a x-Noetherian ring if it satisfies the ascending chain condition on its
integral x-ideals. It is routine to check that R is *-Noetherian if and only if
every *-ideal of R is of finite type, and in this case, * = . Clearly, if *; < *o,
then #;-Noetherian rings are %o-Noetherian. Hence, a Noetherian ring R is
x-Noetherian for all star operations * on R.

Remark 1.4. (1) Krull introduced the concept of a star operation, which was
denoted by ’-operation, on an integral domain [50, page 118]. Gilmer used the
notation x-operation for the first time [26, Section 32]. After Gilmer’s book
[26], the star operation has become an indispensable means of studying the
ideal factorization properties of commutative rings.

(2) The star operation of this paper is called a (unital) semistar operation
in [19, Definition 2.4.1] and the star operation of [19, Definition 2.4.32] is just
a function from F™8(R) into F"°8(R) satisfying the properties (1) - (4) above.
Moreover, if R is an integral domain, then F™8(R) is just the set of nonzero
fractional ideals of R and the “classical” star operation on R is a function from
Fr°&(R) into itself [26, Section 32].

(3) Okabe and Matsuda, in [69], introduced the notion of a semistar opera-
tion on an integral domain R, which is a function * from Ko(R) := K(R)\ {(0)}
into itself such that (i) (al), = al,, (i) I C I, and T C J implies that
I, C J,, and (iii) (J+)« = I, for all I,J € Ko(R) and 0 # a € T(R). Then,
in [23], Fontana and Loper said that * is a (semi)star operation if R, = R, in
order to emphasize the fact that * is an extension of a star operation on R to
Ko(R).

1.2. The d-, v- and t-operations

For I € K(R), let I™* = (R :pry I) = {x € T(R)|«I C R}, then I"! €
K(R). Now, the d-, v-, and t-operation are the star operations on R defined by

Ijy=1, I,=(I""'foralll €K(R), and t=uv;.

It is well known and easy to see that d < xy < %, ¥y <t < v, and * < v for
any star operation x on R [19, Proposition 2.4.10].
Assume that R is an integral domain. Then (0) is a prime ideal of R,

0)y=(0) & R#FT(R) < (0);=(0),

if I € K(R) and R C T(R), then I, C T(R) if and only if I is a fractional ideal
of R, and * < v for any star operation * on R. By this fact, it is reasonable
that the star operation on an integral domain R is defined on the set of nonzero
fractional ideals of R.

Remark 1.5. The idea of localization comes from algebraic geometry. The
localization is a crucial tool for studying varieties locally near a point p, and
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so it allows us to only focus on rational functions that are well-defined at the
point p. A star operation is a similar tool for studying commutative rings in
the sense that we are just interested in ideals that we certainly have in mind.
For instance, in Krull domains, every nonzero proper principal ideal is a unique
finite v-product of height-one prime ideals, whence it is enough to look into the
height-one prime ideals.

1.3. The *-invertibility

Let * be a star operation on a ring R. An I € K(R) is said to be invertible
if 11! = R. Clearly, if I is invertible, then I is a finitely generated fractional
ideal of R [26, Theorem 7.1]. As the x-operation analog, I € K(R) is said to be
s-invertible if (I1-1), = R. Hence, if  is of finite type, then I is x-invertible
if and only if 717! ¢ P for all P € x~-Max(R) by Proposition 1.2(2). It is well
known that an invertible ideal is regular [26, Theorem 7.1], while a #-invertible
ideal need not be regular (see, for example, Example 0.1).

Proposition 1.6 (cf. [40, Propositions 2.6, 2.8(3) and Lemma 3.17] for an
integral domain). If x is a star operation of finite type, then every x-invertible
Kaplansky fractional x-ideal is of finite type and a t-invertible t-ideal.

Proof. Let I be a #-invertible Kaplansky fractional x-ideal of a ring R. Then
I =LUIT™Y, C(LUTY,) = I(LI YY), CI,=1CI,

and thus I; = I. Next, note that R = (IT~'), C (II'); C R. Thus, ([I7 1), =
R. Finally, since * is of finite type, there is a finitely generated ideal J of R
such that J C I and (JA). = R for some Kaplansky fractional ideal A of R
with A C I-. Hence, I = I(JA), C (I(JA),), = (J(IA)), C J. C I, = I.
Thus, I = J.. O

It is known that if P is a t-invertible prime t-ideal of an integral domain
D, then P is a maximal t-ideal of D [32, Proposition 1.3]. The next corollary
shows that this is true for rings with zero divisors. The proof of Corollary 1.7
is similar to that of [32, Proposition 1.3].

Corollary 1.7. If x is a star operation of finite type, then every x-invertible
prime *-ideal is a maximal t-ideal.

Proof. Let P be a x-invertible prime *-ideal of a ring R. Then, by Proposition
1.6, P is a t-invertible t-ideal and P = I; for some finitely generated ideal I of
R. Choose a € R\ P and x € (I + aR)~!. Then zal C I = zaP = zal; C
(zal)s C I = P, and since P is a prime ideal, xP C P. Hence,

@€ xR =x(PP'), C(¢PP™!); C (PP '), =R

Thus, (I +aR)™! = R, which implies (I + aR), = (I + aR); = R. Therefore,
P is a maximal t-ideal. O
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Let Inv(R) be the group of invertible fractional ideals of R under the usual
multiplication and Prin(R) be its subgroup of regular principal fractional ideals
of R. Then the factor group Pic(R) = Inv(R)/Prin(R) is called the Picard
group (or ideal class group) of R. Now, let Inv*(R) (resp., Inv.(R)) be the
group of x-invertible Kaplansky fractional (resp., *-invertible regular fractional)
x-ideals of R under I x J = (I.J),. Then

Prin(R) C Inv(R) C Inv,(R) C Inv*(R),

so if we let Cl,(R) = Inv,.(R)/Prin(R) (resp., CI*(R) = Inv*(R)/ Prin(R)) be
the factor group of Inv,(R) (resp., Inv*(R)) modulo Prin(R), then

Pic(R) C ClL.(R) C CI*(R)

(cf. [19, pp. 109-110]). We say that Cl.(R) is the %-class group of R and Cl*(R)
is the semistar x-class group of R as in [19, Definition 2.5.21]. By Proposition
1.6, Cl.(R) C Cl;(R) and CI*(R) C CI*(R). The t-class group Cl;(R) is usually
denoted by CI(R) and called the class group of R. If R is a Krull domain, then
CI(R) is the usual divisor class group of R.

For more on basic properties of star operations, the reader can refer to
[19, Chapter 2], [47, Chapter 3], [26, Section 32], and [35, Lemma 3.3].

1.4. Terminology

Let ht P denote the height of a prime ideal P, dim(R) be the Krull dimension
of R, reg-dim(R) be the regular dimension of R, and Max(R) be the set of
maximal ideals of R. Let N(R) be the nilradical of R, i.e., N(R) = {x €
R|x™ =0 for some n > 1}. Then N(R) is the intersection of all prime ideals
of R, N(R) C Z(R), and N(R) = {0} if and only if R is reduced.

A ring R has few zero divisors if Z(R) is a finite union of prime ideals, R is
said to be additively regular if for each z € T'(R), there is an x € R such that
z+x is regular, and R is a Marot ring if each regular ideal of R is generated by
a set of regular elements in R. Then a Noetherian ring has few zero divisors,
a ring with few zero divisors is additively regular, and an additively regular
ring is a Marot ring [34, Theorem 7.2], but the reverse implications do not
hold in general. In particular, if dim(T'(R)) = 0, then R is additively regular
[34, Theorem 7.4].

A ring R satisfies Property(A) if each finitely generated ideal I C Z(R)
has a nonzero annihilator. Then R has Property(A) if and only if T(R) has
Property(A) [34, Corollary 2.6]. The class of rings with Property(A) includes
Noetherian rings [44, Theorem 82], the polynomial ring [34, Corollary 2.9], and
integral domains. A ring R is an r-Noetherian ring if each regular ideal of R
is finitely generated. Clearly, Noetherian rings are r-Noetherian, r-Noetherian
rings need not be Noetherian (see, for example, [17, Section 5]), and the poly-
nomial ring R[X] is r-Noetherian if and only if R is Noetherian.
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2. Historical overview

A principal ideal domain (PID) is an integral domain all of whose ideals are
principal; a unique factorization domain (UFD) is an integral domain in which
each (nonzero) nonunit can be written as a finite product of prime elements; and
a Dedekind domain (resp., m-domain) is an integral domain whose (nonzero)
ideals (resp., principal ideals) can be written as a finite product of prime ideals.

2.1. Krull domains

Let D be an integral domain with quotient field K and X!(D) be the set of
nonzero minimal (i.e., height-one) prime ideals of D. Recall from [65, § 2] that
D is a Krull domain if

(1) D= nPGXl(D) Dp,

(2) Dpis a DVR for all P € X*(D), and

(3) each nonzero nonunit of D is contained in only a finitely many prime

ideals in X1(D).

In [65, Proposition 3], Nagata proved that D is a Krull domain if and only if
there exists a family A of DVRs with quotient field K such that (i) D is the
intersection of all rings in A and (ii) every nonzero element of D is a unit in
all but a finite number of rings in A.

The theory of Krull domains was originated by Krull [48,49]. Also, in [50, 43.
V-ideale], Krull stated (without proof) that D is a Krull domain if and only
if each v-ideal I of D is a unique finite v-product of height-one prime ideals of
D,ie., I= (P P), for some distinct height-one prime ideals Py, ..., P,
and positive integers ey, ..., e, such that the expression I = (P*--- Pt"), is
unique. Then, in [67], Nishimura showed that D is a Krull domain if and only
if each v-ideal of D is a unique finite v-product of height-one prime ideals of
D, if and only if D is a completely integrally closed v-Noetherian domain (i.e.,
Mori domain). In 1968, Tramel showed that D is a Krull domain if and only if
each nonzero proper principal ideal of D can be written as a finite v-product
of prime ideals [72, Theorem 3.1], which also shows that the uniqueness of
Nishimura’s result is superfluous. In [68, Theorem]|, Nishimura showed that
D is a Krull domain if and only if each t-ideal of D is a finite ¢-product of
height-one prime ideals of D under the additional condition that the expression
I= (P - P) is unique. Then, by [52, Theorem 1.1.], D is a Krull domain
if and only if each nonzero proper principal ideal of D can be written as a finite
t-product of prime ideals, if and only if each nonzero t-ideal of D is a finite
t-product of height-one prime ideals of D. In [41, Theorem 3.5], Kang showed
that if each nonzero prime ideal of D contains a t-invertible prime ideal, then
D is a Krull domain.

2.2. PIR, UFR, general ZPI-ring, and m-ring

A ring R is said to be a special primary ring (SPR) or a special principal
ideal ring (SPIR) if R is a local ring with maximal ideal M such that each



416 G. W. CHANG AND J. S. OH

proper ideal of R is a power of M, equivalently, M is principal and M™ = (0)
for some integer n > 1. It is worth noting that a field is a Krull domain and
an SPR.

A principal ideal ring (PIR) is a ring all of whose ideals are principal. The
structure theorem for PIRs says that (i) a finite direct product of PIRs is a PIR
and (ii) R is a PIR if and only if R is a finite direct product of PIDs and SPRs
[79, Theorem 33, page 245]. Moreover, Hungerford showed that each direct
product of a PIR is the homomorphic image of a PID [36, Theorem 1].

A general ZPI-ring is a ring in which each ideal can be expressed as a finite
product of prime ideals. The letters ZPI stand for Zerlegung Primideale. Mori
first studied the general ZPI-ring [59] and Asano proved that R is a general
ZPl-ring if and only if R is a finite direct product of Dedekind domains and
SPRs [11, Satz 21]. For more properties of general ZPI-rings, see [26, Section
39] or [51, Chapter 9].

In [20], Fletcher introduced the notion of a unique factorization ring (UFR),
which is just a UFD in case of integral domains. He showed that a finite
direct product of UFRs is a UFR, a PIR is a UFR [20, Theorem 4], and a
UFR is a finite direct product of UFDs and SPRs [21, Theorem 19]. Later, in
[22, Theorem 4], Fletcher proved that R is a UFR if and only if every element
of R is a finite product of prime elements of R.

A 7-ring is a ring in which each principal ideal can be written as a finite
product of prime ideals. Mori gave a complete description of m-domains in [58],
where it was noted that every nonzero minimal prime ideal of a m-domain is
invertible. Mori also proved that R is a w-ring if and only if R is a finite direct
product of m-domains and SPRs [60]. A proof of Mori’s result may also be
found in [26, Section 46]. Mori showed that the polynomial ring R[{X,}] over
a m-domain R is also a m-domain [59]. As in the case of integral domains, we
have the following implications except the counter part of Krull domains;

. / UFR \
\ /

general ZPI ring

2.3. Regular PIR, factorial ring, Dedekind ring, and regular 7-ring

A regular PIR (resp., Dedekind ring) is a ring in which each regular ideal
is principal (resp., invertible). An invertible ideal is finitely generated, so a
regular PIR and a Dedekind ring are both r-Noetherian rings. It is known that
aring R is a Dedekind ring if and only if R/I is a PIR for all regular ideals I of
R [57, Proposition 7.9], if and only if each regular ideal of R is a (unique) finite
product of prime ideals [62, Theorem 10]. We say that R is a multiplication
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ring if, given any two ideals A and B of R with A C B, there exists an ideal
Q@ such that A = BQ. Clearly, an integral domain is a multiplication ring if
and only if it is a Dedekind domain [51, Proposition 9.13]. Moreover, R is a
multiplication ring if and only if 7'(R) is a multiplication ring, R is a Dedekind
ring, and non-maximal prime ideals of R are idempotent [30, Theorem 13].

A ring R is called a factorial ring if every nonunit regular element of R can
be written as a finite product of prime elements. Then the polynomial ring
R[X] is a factorial ring if and only if R[X] is a UFR, if and only if R is a finite
direct product of UFDs [4, Corollary 5.8]. A ring is said to be a regular m-ring
if every regular principal ideal is a finite product of prime ideals. It is known
that R is a regular 7-ring if and only if every regular prime ideal of R contains
an invertible prime ideal [42, Lemma 2].

2.4. Rank-one discrete valuation rings

A valuation on a ring R is a mapping v from R onto a totally ordered
abelian group with oo adjoined such that (i) v(ab) = v(a) + v(b) and (ii)
v(a +b) > min{v(a),v(b)} for all a,b € R. It is clear that if v is a valuation
on R, then v(1) = 0 and v(0) = co. Moreover, if R, = {z € R|v(z) > 0} and
P, = {z € R|v(z) > 0}, then R, is a subring of R, P, is a prime ideal of R,,
and (R, P,) is called a valuation pair of R [54, page 193]. The valuation v on
R was first studied by Manis [54] when R is a ring with zero divisors.

Let Z be the additive group of integers. Then a valuation v from T'(R) onto
Z J {0} is called a rank-one discrete valuation on T(R), and in this case, if
V={x e T(R)|v(z) > 0} and P = {& € T(R)|v(z) > 0}, then (V,P) is
called a rank-one discrete valuation ring (rank-one DVR). It is easy to see that
if (V, P) is a rank-one DVR, then V = Vip) and PVp is principal. Moreover,
if PVp = pVp, then [P]Vip) = [pV]Vip]. Also, if I is an ideal of V' with
P C I, then [I]Vip; = V|p}. It should be noted that if T'(R) is a field, then
P is the maximal ideal of V, but this is not true in general (see, for example,
[17, Example 5.4] or [34, Example 7 on page 182]), which also shows that a
rank-one DVR need not be a regular PIR.

2.5. Krull rings with zero divisors

A ring R is a Krull ring if there exists a family {(Va, P,) |« € A} of rank-
one DVRs such that (i) R = (,cp Va, (ii) for each a € reg(R), aV, = V,, for
almost all & € A, and (iii) P, is a regular ideal for all & € A [46, page 132].
In particular, if {V,} = 0, then R = T(R), so T(R) is regarded as a Krull
ring. If R = (\,cp Va is irredundant, then {(Vo, Py)|a € A} is said to be a
defining family for a Krull ring R. Let X}(R) be the set of minimal regular
prime ideals of R. Then, as in the case of Krull domains [26, Corollary 43.9],
{(Rp), [P|R;p)) | P € X}(R)} is the unique defining family for a Krull ring R,
which was proved by Potelli and Spangher [70, Proposition 40] in the Marot
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Krull ring case and by Alajbegovi¢ and Osmanagié¢ [1, Propositions 2.10 and
2.11] and Chang and Kang [16, Theorem 4.3] in the general case.

Krull rings with zero divisors were first introduced by Marot [55, page 27]
under the condition that the rings are Marot. A complete generalization of
Krull domains to rings with zero divisors was done by Kennedy [45, 46] and
Huckaba [33, Definition 2.1] respectively. Kennedy showed that if R is a Krull
ring, then R is completely integrally closed and R satisfies the ascending chain
condition on integral regular v-ideals [46, Proposition 2.2]. Matsuda proved
that the converse of Kennedy’s result is also true [56, Theorem 5] as in the case
of integral domains. Huckaba proved that the integral closure of a Noetherian
ring is a Krull ring [33, Theorem 2.3]. Portelli and Spangher also studied the
notion of Krull rings, which is just a Marot Krull ring [70]. In [42], Kang gave
some characterizations of a Marot Krull ring. Later, in [43], Kang completely
extended his results of [42] to rings with zero divisors without the Marot con-
dition. Among them, he showed that R is a Krull ring if and only if every
regular prime ideal of R contains a t-invertible regular prime ideal, if and only
if every proper regular principal ideal of R can be written as a finite t-product
of prime ideals. Then a regular 7-ring is a Krull ring, so we have the following
implications;

factorial ring

T

regular PIR regular m-ring ——— Krull ring

\ /

Dedekind ring

The next result shows when a Krull ring is a regular PIR, a factorial ring,
a Dedekind ring, or a regular 7-ring. We recall that (i) reg-dim(R) = 0 if and
only if R = T'(R); (ii) reg-dim(R) = 1 if and only if R # T(R) and each regular
prime ideal of R is a maximal ideal; and (iii) if R is an integral domain, then
dim(R) = reg-dim(R).

Theorem 2.1. Let R be a Krull ring, which is not a total quotient ring, t.e.,
R C T(R). Then the following statements hold.

(1) R is a regular w-ring if and only if Cl(R) = Pic(R).

(2) R is a factorial ring if and only if Cl(R) = {0}.

(3) R is a Dedekind ring if and only if reg-dim(R) = 1.

(4) R is a regular PIR if and only if reg-dim(R) = 1 and CI(R) = {0}.

Proof. (1) CI(R) = Pic(R) means that each regular t-invertible t-ideal of R
is invertible. Thus, the result follows directly from the definition of regular
T-rings.
(2) See [9, Theorem)] (cf. [57, Proposition 7.10] for the Marot Krull ring).
(3) It is clear that if R is a Dedekind ring, then reg-dim(R) = 1 [62, Remark
(7) on page 24]. Conversely, assume that reg-dim(R) = 1. Then each regular
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prime t-ideal of R is a maximal ideal, and hence every regular ideal of R is
invertible. Thus, R is a Dedekind ring.
(4) This follows from (1) and [19, page 112]. O

It is worthwhile to note that the prime factorization of regular ideals in
Krull rings, regular PIRs, Dedekind rings, factorial rings, and regular w-rings
is unique. However, the prime factorization in PIRs, general ZPI-rings, UFRs,
and 7-rings need not be unique (for example, if R = Z/47 and P = 27Z/4Z,
then R is an SPR and P? = P?™" for all integers n > 1).

2.6. Nagata rings

Let X be an indeterminate over a ring R and R[X] be the polynomial ring
over R. For f € R[X], let ¢(f) denote the ideal of R generated by the coeffi-
cients of f. McCoy’s theorem says that f € R[X] is a zero divisor if and only
if af =0 for some 0 # a € R. Hence, f € R[X] is regular if and only if ¢(f) is
semiregular, i.e., x¢(f) = (0) implies that z = 0 for all x € R. Tt is clear that if
R satisfies Property(A), then f € R[X] is regular if and only if ¢(f) is regular,
hence I C Z(R) if and only if IR[X] C Z(R[X]).

If f,g € R[X], then ¢(f)"*lc(g) = c(f)"c(fg) for some integer n > 1 by
Dedekind-Mertens lemma [26, Corollary 28.3]. Hence, if S = {f € R[X]|c(f) =
R}, then S is a (regular) saturated multiplicative set of R[X], and hence R[X]s
is an overring of R[X] [66, page 18]. The ring R[X]s is denoted by R(X) and
called the Nagata ring of R. In [10], Arnold related the ideal theory of R(X) to
that of R. For example, he showed that R is a Priifer domain (resp., Dedekind
domain) if and only if R(X) is a Priifer domain (resp., PID). Anderson showed
that every finitely generated locally principal ideal of R(X) is principal [3, The-
orem 2], and hence Pic(R(X)) = {0}.

Now, let R be an integral domain and N, = {f € R[X]| f # 0 and ¢(f), =
R}. Then N, is a saturated multiplicative set of R[X] and R(X) C R[X]n,,
which is called the ¢t-Nagata ring of R. Gilmer showed that R is a Krull domain
if and only if R[X]y, is a PID, and if R is a PuMD, then R[X]y, is a Bezout
domain [25]. (R is a Priifer v-multiplication domain (PvMD) if every nonzero
finitely generated ideal of R is t-invertible.) The t-Nagata ring of R was gener-
alized via an arbitrary star-operation * on R by Kang [40], i.e., he studied the
ring R[X]y,, where N, = {f € R[X]| f # 0 and ¢(f). = R}, and, among other
things, he showed that Pic(R[X]y,) = {0} and CI(R[X]n,) = {0}. Huckaba
and Papick considered the t-Nagata ring in the case of a ring with zero divisors
under the additional condition that it is an additively regular ring with Prop-
erty(A) [35]. Among other things, they showed that R is a PvMR (i.e., each
finitely generated regular ideal is ¢-invertible) if and only if R[X]y, is a Priifer
ring, where Us = {f € R[X]|c(f), = R and f is regular} [35, Theorem 3.6].
In [43], Kang studied two generalizations of the ¢-Nagata ring of an integral
domain to a ring R with zero divisors, i.e., N,(R) = {f € R[X]|¢(f)» = R}
and NJ(R) = {f € R[X]|c(f) is regular and ¢(f), = R}.
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3. The w-operation and the finite direct product of rings

In this section, we review the w-operation on integral domains and its two
generalizations to rings with zero divisors, which motivate the new star oper-
ation of this paper for the prime factorization property of general Krull rings.
We also study some basic properties of the finite direct product of rings.

3.1. The w-operation on integral domains

Let R be an integral domain. A finitely generated ideal I of R is called a
GV-idealif I"' = R, where GV stands for Glaz and Vasconcelos, and we denote
by GV(R) the set of all GV-ideals of R. In [28], Glaz and Vasconcelos said that
a torsion free R-module M is semi-divisorial if M = {a € M @r T'(R) |aJ C
M for some J € GV(R)}. The w-operation on R is a star operation defined by

I,={x € T(R)|zJ C I for some J € GV(R)}

for all I € K(R). Then w is of finite type, w < t, t-Max(R) = w-Max(R), and
Ly = Npermax(ry IRp for all I € F(R) [6, Corollaries 2.13 and 2.17]. The
w-operation was introduced by Hedstrom and Houston [31] and it has begun
to be studied extensively after Wang and McCasland’s paper [76], where the
notation w was first used, was published.

The w-operation is very useful when we study the ideal theory of integral
domains. For example, it is known that (i) R is a w-Noetherian domain if and
only if R[X] is a w-Noetherian domain [77, Theorem 1.13], if and only if R[X]x,
is a Noetherian domain ([73, Corollary 2.8] and [14, Theorem 2.2]); (ii) R is
a Krull domain if and only if every nonzero (prime) ideal of R is w-invertible
[76, Theorem 5.4], if and only if R is an integrally closed w-Noetherian domain
[77, Theorem 2.8]; (iii) R is a PoMD if and only if R is integrally closed and
t = w on R [40, Theorem 3.5]; and (iv) if @ is a nonzero primary ideal of R,
then @, = @ if and only if Q,, € R [77, Proposition 1.1].

=

3.2. Two generalizations of the w-operation to rings with zero divi-
sors

The w-operation has been generalized to rings with zero divisors by two
ways. The first one was by Yin, Wang, Zhu, and Chen [78] as follows: Let J
be a finitely generated ideal of R. Then J is called a G'V-ideal, denoted by J €
GV(R), if the homomorphism ¢: R — Hompg(J, R) given by ¢(r)(a) = ra is an
isomorphism [78, Definition 1.1]. Clearly, if J is regular, then Homg(J, R) =
J~1, so ¢ is an isomorphism if and only if J~! = R. The w-operation on a
ring R with zero divisors is a star operation of finite type defined by

Ay ={x € T(R)|zJ C A for some J € GV(R)}

for all A € K(R) [78, Section 3].

Let A = {J € K(R)|J is finitely generated and J~! = R}. Later, in [19,
Definition 2.4.21], Elliott introduced another type of a w-operation as follows;
Ay ={x € T(R)|zJ C A for some J € A} for all A € K(R).
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An ideal I of R is semiregular if I contains a finitely generated ideal I which
has no nonzero annihilator, i.e., xIy = (0) implies that z = 0 for all z € R.
Clearly, a regular ideal is semiregular. Also, a GV-ideal is semiregular, and
hence the w-operation is reduced (i.e., (0),, = (0)). Let S° be the set of finitely
generated semiregular ideals of R, R[X] be the polynomial ring over R, and

Qo(R) = {u € T(R[X])| Iu C R for some I € S°}.

Then Qo(R), called the ring of finite fractions, is a commutative ring with
identity; T(R) C Qo(R) C T'(R[X]). Moreover, if R satisfies Property(A) (i.e.,
each semiregular ideal of R is regular), then Qo(R) = T'(R) [53]. It is known
that a finitely generated semiregular ideal J of R is a GV-ideal if and only if
(R :go(r) J) = R [74, Lemma 4.7]. Note that (R :g,(r) J) = R implies that
(R :r(ry J) = R, so if J € GV(R), then J~! = R. Hence A, C A, for all
A € K(R). Clearly, if R is an integral domain but not a field, then w = w’ on
R. But, w # w’ in general (see Example 4.14).

Let Ny = {f € R[X]|c(f)w = R}. Then N, is a saturated multiplica-
tive set of R[X] such that each element of N,, is a regular element of R[X]
[74, Lemma 3.2 and Proposition 3.3(2)], and hence R[X]y, is an overring
of R[X]. Moreover, each ideal of R[X]y, is a w-ideal [75, Theorem 6.6.8],
Max(R[X]n, ) = {P[X]n, | P € w-Max(R)} [74, Proposition 3.3(4)], and R is
a w-Noetherian ring if and only if R[X] is w-Noetherian, if and only if R[X]y,,
is Noetherian [75, Theorem 6.6.8].

3.3. The direct product of finitely many rings

Let R; and Rs be rings. Then the direct product of Ry and Rs, denoted
by Ry X Rg, is a commutative ring with identity. All of the results in this
subsection are stated for Ry x Ro. However, by mathematical induction, it is
easy to see that the results of this section hold for the direct product of finitely
many rings.

Lemma 3.1. Let R = Ry X Ry be the direct product of rings Ry and Ry. Then
the following conditions are satisfied.
(1) T(R) = T(Ry) x T(Ry).
(2) Every R-submodule of T(R) is of the form I x Iz for an R;-submodule
I of T(R;), i = 1,2.
(3) Q is a prime (resp., primary) ideal of R if and only if Q = P; X Ry or
Q = Ry X Py for some prime (resp., primary) ideal P; of R;, i = 1,2,
and in this case, if Q is a prime ideal, then Rg = (R;)p,.
(4) dim(R) = max{dim(R;),dim(Rs)}.
(5) reg(R) = reg(Ry1) x reg(Ry). Thus, Z(R) = (Z(R1) x Rg) U (Ry x
Z(Ry)).
(6) N(R) = N(Ry) x N(Ry).

Proof. This is well known and an easy exercise. (I



422 G. W. CHANG AND J. S. OH

The next proposition can be applied so that the ideals of Ry x Ry with
prescribed properties can be constructed by using the ideals of Ry and Rs.

Proposition 3.2. Let R = R; x Ry be the direct product of rings R; and
Ro, J; be an R;-submodule of T(R;) fori = 1,2, and J = J1 X Jo. Then the
following conditions are satisfied.

(1) J is fractional (resp., reqular, finitely generated, principal) if and only if
both Ji and Jy are fractional (resp., reqular, finitely generated, princi-
pal).

(2) Jt=Jrt < Jyt

(3) Jv = (Jl)v X (Jg)v.

(4) Jt = (Jl)t X (Jg)t.

(5) Jwr = (J])w/ X (Jg)wl.

(6) J € GV(R) if and only if J; € GV(R;) fori=1,2.

(7) Jw = (Jl)w X (J2)w-

(8) J is invertible (resp., v-invertible, t-invertible, w’'-invertible, w-invert-
ible) if and only if J; is invertible (resp., v-invertible, t-invertible, w’-
invertible, w-invertible) fori=1,2.

Proof. (1), (2), (3), (4), and (5) See [19, Exercise 9 on page 169].

(6) See [78, Proposition 1.2].

(7) Let « = (a1,a2) € R. Then z € J, if and only if xA C J for some
A € GV(R), if and only if (al,ag)(Al X Ag) C Jy x Jy for some A; € GV(R;),
i=1,2, by (6) and Lemma 3.1, if and only if a; A; C J; for some A; € GV(R;),
if and only if (al,ag) € (Jl)w X (Jg)w. Thus, Jow = (Jl)w X (Jg)w.

(8) This follows directly from (2), (3), (4), (5), and (7). O

Corollary 3.3. Let R = Ry X Ry be the direct product of rings Ry and Rs.
Then the following conditions are satisfied.

(1) Pic(R) = Pic(Ry) x Pic(R2).

(2) Cl.(R) = Cl.(Ry) x Cl.(R2) for x =v,t,w',w.

Proof. This follows directly from Proposition 3.2(1) and (8). O

The following corollary seems to be well known. But, we couldn’t find it in
the literature, so we include it.

Corollary 3.4. Let R = Ry X Ry be the direct product of rings Ry and Rs.
Then R satisfies Property(A) if and only if both Ry and Rs satisfy Property(A).

Proof. (=) For a finitely generated ideal J; of Ry with J; C Z(Ry), let J =
J1 X Rg. Then J is finitely generated and J C Z(R). Hence, by assumption,
there is a nonzero element (a,b) € R such that (a,b)J = ((0,0)). Note that
1 € Ry, so b = 0. Hence, (a,b) # (0,0) implies that a # 0. Note also
that aJ; = (0). Thus, Ry satisfies Property(A). Similarly, Ry also satisfies
Property(A).
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(<) Let J = J1 x Jo be a finitely generated ideal of R with J C Z(R). Then
J; is finitely generated for ¢ = 1,2 by Proposition 3.2(1) and either J; C Z(Ry)
or J3 C Z(R3) by Lemma 3.1(5). For convenience, assume that J; C Z(Ry).
Then there is an element 0 # a € Ry such that aJ; = (0). Hence (a,0) € R,
(a,0) # (0,0), and (a,0)J = ((0,0)). Thus, R satisfies Property(A). O

Corollary 3.5. Let R be a PIR, a general ZPI-ring, an UFR, or a w-Ting.
Then R has few zero divisors and satisfies Property(A).

Proof. By the structure theorem, R is a finite direct product of integral domains
and SPRs. Hence, R has few zero divisors by Lemma 3.1(3) and (5). Note
that both integral domains and SPRs satisfy Property(A). Thus, R satisfies
Property(A) by Corollary 3.4. d

We end this section with an example of rings R that are finite direct product
of rings with a unique minimal prime ideal, and in this case, each prime ideal
of R contains a unique minimal prime ideal.

Example 3.6. (1) Let R be an integrally closed ring such that T'(R) is a zero
dimensional Noetherian ring. Then the zero ideal of T'(R) has an irredundant
primary decomposition, say, (0) = Q1 N---NQ, in T(R), and each pair of Q;’s
is comaximal. Hence, T(R) = T(R)/Q1 X --- x T(R)/Q., and

R— R/(QiNR)x---x R/(Q,NR) = T(R).

Note that R is integrally closed and R/(Q1 N R) x --- x R/(Q, N R) is a finitely
generated R-module, so

R=R/(QiNR)x - x R/(Q,NR).

Note also that each @; N R is a primary ideal of R. Thus, each R/(Q; N R)
has a unique minimal prime ideal. Moreover, each prime ideal of R contains a
unique minimal prime ideal by Lemma 3.1(3).

(2) Let R be an integrally closed reduced ring. By the proof of (1) above,
R has a finite number of minimal prime ideals if and only if R is a finite
direct product of integral domains [34, Lemma 8.14]. In particular, if R is an
integrally closed reduced Noetherian ring, then R is a finite direct product of
integrally closed Noetherian domains.

4. A new star operation

Let R be a ring with total quotient ring T'(R). In this section, we introduce a
new star operation v on R, which is an extension of the w-operation on integral
domains to rings with zero divisors, i.e., ¥ = w on an integral domain, and we
study basic properties of the u-operation. Now, let

rGV(R) = {J € F™8(R)| J is finitely generated and J ' = R}.

Then rGV(R) is a multiplicative set of regular ideals of R, R € rGV(R), and
rGV(R) = GV(R) N F™8(R).
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Proposition 4.1. Let K(R) be the set of Kaplansky fractional ideals of a ring
R. For each I € K(R), let

I,={ze€T(R)|xJ C I for some J €rGV(R)}.

Then the following conditions hold for all a € T(R) and I, J € K(R):
(1) I, € K(R).

2) al, C (al)y, and equality holds when a is regular.

3) IC1I,, and I C J implies I, C J,,.

4) (I)y = 1.

5) R, =R.

6) (0)u = (0).

7 I, = U{(o)u | Io € K(R), In C I, and Iy is finitely generated}.

Thus, the map u: K(R) — K(R), given by I — I,,, is a reduced star operation

of finite type on R.

Proof. (1) It is a routine to check that I,, € K(R), so the proof is omitted.
(2) If © € I, there exists a J € rGV(R) such that zJ C I, so axJ C al,
and hence ax € (al),. Thus, al,, C (al),. Moreover, if a is regular, then

1 1 1
L, = a(alu) < a(aI)u - (a(aI))u = Iy,
and so %(a[)u = I,. Thus, al, = (al),.

(3) It is clear.

(4) Let © € (Iy)y. Then xJ C I, for some J € rGV(R). Note that J is
finitely generated and rGV(R) is a multiplicative set of ideals. Hence, there
is a J; € rtGV(R) such that xJJ; C I. Thus, JJ; € rGV(R) implies x € I,,.
Therefore, (I,,)y C I, so by (3), (In)y = L.

(5) If z € Ry, then zJ C R for some J € rGV(R). Hence, x € 2R = xJ, C
(xJ)y € R, = R. Thus, R, C R, and hence R, = R by (3).

(6) Let € (0),. Then zJ C (0) for some J € rGV(R), and since J is
regular, z = 0. Thus, (0),, C (0), so (0),, = (0).

(7) Let « € I,,. Then xJ C I for some J € rGV(R). Note that xJ is finitely
generated, so there is a finitely generated subideal Iy of I such that xzJ C Ij.
Hence, « € (Iy)y. This implies I, = U{(lo)u | Lo € K(R) is finitely generated
and Iy C I'}. Thus, u is of finite type. O

As in [19, Definition 2.4.16], a star operation * on a ring R is said to be
stable if

e (INJ),=I.NnJ,forall I,J € K(R).
o (L7 J)s = (L« :p(ry J) forall I, J € K(R) with J finitely generated.

It is known that * is stable if and only if I, = {x € T(R)|aJ C I for some
J € K(R) with J. = R} for all I € K(R) [19, Proposition 2.4.23].

Corollary 4.2. The u-operation on a ring R is stable.
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Proof. Let A, B € K(R).

Claim 1. (ANB), = A,NBy. (Proof. Clearly, (ANB), C A,NB,. For the
reverse containment, let z € A, N B,. Then there exist some Jq, J2 € rGV(R)
such that zJ; C A and zJs C B. Hence, xJ,Jo C AN B, and since J;Jy €
rGV(R), z € (AN B),. Thus, A, N B, C (AN B),.)

Claim 2. (Ay :7r) B) = (A :pr) B)y for B finitely generated. (Proof.
Let © € (A :pr)y B)y. Then xJ C (A :p(ry B) for some J € rGV(R). Hence,
xJB C A, so xJB C (zJB), C A,, which implies 2B C (Ay)y, = Ay, S0
that € (Ay :pr) B). Thus, (A :pr) B)u € (Au :7(r) B). Conversely, let
z € (Ay :7(r) B). Then zB C A,, and since B is finitely generated, there
exists a J € rGV(R) such that zJB C A. Hence, zJ C (A :p(py B), which
means that z € (A :pgy B)u. Thus, (Ay :7r) B) € (A pr) B)u.) O

A star operation * on a ring R is said to be spectral if there exists a set A
of prime ideals of R such that I. = [ [I]Rp) for all I € K(R) [19, Definition

PeA
3.11.2]. The next corollary shows that the u-operation on a ring R is spectral.
Corollary 4.3. I, = N []|Rp for all I € K(R).

Peu-Max(R)

Proof. Let x € I,,. Then xzJ C I for some J € rGV(R). Note that J, = R, so
J ¢ P for all P € u-Max(R). Thus, = € N [I]Rp). Conversely, assume
Pcu-Max(R)
that z € N []Rip), and let A= {a € R|az € I}. Then A ¢ P for all
Pecu-Max(R)
P € u-Max(R), so A, = R, which implies that J C A for some J € rGV(R).
Hence, zJ C zA C I, so that z € I,. Thus, the proof is completed. O

Remark 4.4. Let A be a multiplicative set of ideals generated by a set of finitely
generated ideals J of a ring R with J=! = R. For I € K(R), let

I., ={zx € T(R)|xJ C I for some J € A}.
Then the following statements hold.

(1) *p is a star operation of finite type on R.

(2) Each ideal in A is semiregular if and only if %, is reduced.

(3) Let N, = {f € R[X]|c(f)x, = R}. Then each element in N,, is a
regular element of R[X] if and only if each ideal in A is semiregular.

(4) *p is stable and spectral.

The proof is the same as that of the u-operation case. Moreover, if A = {R},
then x5 = d, if A =rGV(R), then x5 = u, if A = GV(R), then x5 = w, and if
A is the set of all finitely generated ideals J of R with J~! = R, then *; = w’.

It is obvious that if R is an integral domain that is not a field, then every
nonzero ideal of R is regular, hence © = w = w’ on R. We next investigate
the exact relationship of u, w, w’, and ¢, which is useful in the subsequent
arguments.
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Proposition 4.5. Let w and w' be the star operations on a ring R as in
Section 3.

(1) I, C I, C Iy for all I € K(R), and equalities hold when I is reqular.
(2) If R satisfies Property(A), then u =w on R.

Proof. (1) Let A = {J € K(R)|J is finitely generated and J~! = R}. Then,
by definition, rGV(R) C GV(R) C A, s0 I, C I, C I,.

Suppose that I is regular. We have only to show that I,,, C I,. Since I
is regular, I contains a regular element, say, a € R. Choose x € [,,. Then
there is a finitely generated ideal J’ of R such that zJ' C I and (J'), = R.
Now, let d € reg(R) be such that do € R and J = J' 4+ daR. Then J is finitely
generated, regular, J, = R, and xJ C I. Hence, x € I,,. Thus, I, C I,,.

(2) Let J € GV(R). Then J is semiregular, and since R satisfies Prop-
erty(A), J is regular. Hence J € rGV(R). Thus GV(R) = rGV(R), which
implies that © = w on R. (]

Let I be a regular ideal of R. Then I C IT"'CR,soIl 'isa regular ideal
of R. Hence, the next corollary also shows that I is u-invertible if and only if
1 is t-invertible by Proposition 1.2.

Corollary 4.6. Let P be a regular ideal of a ring R. Then P is a mazimal
t-ideal if and only if P is a maximal u-ideal.

Proof. This follows from Proposition 4.5(1) and [78, Corollary 3.14], which
states that a regular ideal is a maximal t-ideal if and only if it is a maximal
w-ideal. 0

Corollary 4.7. Cl;(R) = Cly(R) = Cly(R) = Cly(R).

Proof. Let I be a regular fractional ideal of R. Then II~' is regular, and
hence (I1~Y), = (II7'), = (II71), by Proposition 4.5(1). Thus, Cl,(R) =
Cly(R) = Cly (R). Furthermore, (I171), = R if and only if (II7'); = R by
Corollary 4.6. Thus, Cl,(R) = Cl;(R). O

A Krull ring is characterized by the ¢- or v-operation, i.e., R is a Krull
ring if and only if each regular principal ideal of R is a finite ¢-product (or
v-product) of prime ideals. The following corollary shows that a Krull ring can
be characterized by the u, w, or w’-operation.

Corollary 4.8. Let * = u,t,v,w, or w' and X} (R) be the set of minimal
reqular prime ideals of a ring R. Then the following statements are equivalent.
(1) R is a Krull ring.
(2) I. is a finite x-product of prime ideals for all reqular ideals I of R.
(3) Every regular principal ideal of R is a finite x-product of prime ideals.
(4) FEvery reqular ideal of R is x-invertible.
In this case, X}(R) = t-Max(R) N F*8(R) and I, = I, = I; = I, = I,,» for all
I € F™8(R).
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Proof. For x = v or t, see [43, Theorem 13]. For x = w,w, or w’, we may
assume that « = u by Proposition 4.5.

(1) = (2) Let I be a regular ideal of R. Then [ is t-invertible and I; =
(Py -+ P,); for some prime ideals P,..., P, of R [43, Theorem 13], so I and
P; --- P, are u-invertible by Corollary 4.6, and hence

In=I)i=L=(P--P)y=((Pr-P)u)e= (P Pp)u

by Proposition 1.6. Thus, I,, = (Py -+ Pp)a.

(2) = (3) It is clear.

(3) = (1) It is known that a regular principal ideal is a t-ideal and u < .
Hence, every regular principal ideal of R is a finite t-product of prime ideals
by (3). Thus, R is a Krull ring [43, Theorem 13].

(1) & (4) Recall from [43, Theorem 13] that R is a Krull ring if and only if
every regular ideal of R is t-invertible. Thus, the result follows directly from
Proposition 4.5 and Corollary 4.6.

Moreover, P € X}(R) if and only if P is a regular ¢-invertible prime t-ideal
of R [16, Lemma 3.2], if and only if P is a regular maximal ¢-ideal by Corollary
1.7 and [43, Theorem 13]. O

As in [18], we say that an ideal I of a ring R is a Z-ideal if I C Z(R). Hence,
I is a Z-ideal if and only if I is not regular.

Proposition 4.9. Let S = reg(R) for a ring R, so T(R) = Rs, and I be an
ideal of R. Then the following conditions are satisfied.
(1) I.Rs = IRs.
(2) If IRsNR =1, then I, = I. Hence, every prime Z-ideal is a u-ideal.
(3) If Q is a primary ideal of R such that Q. C R, then Q, = Q.
(4) u=d on T(R), i.e., every ideal of T(R) is a u-ideal.
Proof. (1) If « € I,,, then there is a J € rtGV(R) such that zJ C I, so
r€xRs=xJRs C IRg.

Hence, I, Rs C IRg. The reverse containment is clear. Thus, I, Rs = I Rg.

(2)By (1), I, CI,RsNR=IRsNR=1. Thus, I, =1.

(3) Clearly, Q C Q,,. For the reverse containment, let « € Q,,. Then 2J C Q
for some J € rGV(R). Note that @, C R by assumption, so J ¢ /@, and
since () is primary, € ). Thus, @, C Q.

(4) Note that rGV(T'(R)) = {T'(R)}, so if I is an ideal of T'(R), then x € I,
if and only if 2T (R) C I, if and only if z € I. Thus, I, = 1. O

Corollary 4.10. If R is a u-Noetherian ring, then T(R) is Noetherian.

Proof. Let S = reg(R), so T(R) = Rs and every ideal of T(R) is of the form
IRg for some ideal I of R. Now, let I be a Z-ideal of R. Then, by assumption,
I, = J, for some finitely generated ideal J of R, whence IRg = [,Rgs =
JuRs = JRg by Proposition 4.9(1). Thus, Rg is a Noetherian ring. O
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Corollary 4.11. A fractional ideal I of R is u-invertible if and only if I is a
t-invertible reqular ideal.

Proof. Without loss of generality, we may assume that [ is an ideal of R, i.e.,
I C R. Furthermore, by the remark before Corollary 4.6, it suffices to show
that if I is u-invertible, then [ is regular. Suppose that I is u-invertible, and
let S =reg(R), so T(R) = Rg. Then, by Proposition 4.9(1),

Rs = (II"Y),Rs = (IT"")Rs = (IRs)(I"'Rs) = IRg,

where the last equality follows by R C I~' C Rg. Hence, IRs = Rg, which
implies that I NS # (). Thus, I is regular. O

We end this section with a construction of a ring on which u < w < w’
by a series of examples. For the construction of such a ring, we first need the
following lemma, which is the u-operation analog of Proposition 3.2(3)-(7).

Lemma 4.12. Let R = Ry X Ry be the direct product of rings Ry and Rs, J;
be an R;-submodule of T(R;) fori=1,2, and J = J; X Jo.
(1) J € rGV(R) if and only if J; € rtGV(R;) fori=1,2.

(2) Ju = (J1)u X (J2)u-
(3) J is u-invertible if and only if J; is u-invertible for i =1,2.

Proof. (1) This follows directly from Proposition 3.2(1) and (2).

(2) This is an immediate consequence of (1) (cf. the proof of Proposi-
tion 3.2(7)).

(3) J is u-invertible if and only if (JJ '), = R, if and only if (J;J; '), =
R; for i = 1,2 by (2) and Proposition 3.2(2), if and only if each J; is u-
invertible. d

The first construction is a ring on which v < w. This example also shows
that semiregular ideals need not be regular.

Example 4.13. Let D be a UFD with dim(D) > 2, X!(D) be the set of
height-one prime ideals of D, and M = @ T(D/P). Then M is a D-
PeX1(D)

module defined by «(7,) = (az,) for o € D, where T, = z, + P € T(D/P)
for all P € X1(D). Let R = D(+)M be the idealization of M in D, i.e., R
is a ring under the usual addition of R x M and the multiplication defined
by (a,z)(b,y) = (ab,ay + bx) for all (a,z),(b,y) € R x M [34, Section 25].
Note that if P is a nonzero prime ideal of D, then P~* 2 D if and only
if P € X'(D). Note also that Upexi(py P is the set of nonunits of D, so
Z(R) = {(a,m) € R|a € P for some P € X'(D)} [80, Lemma 4.1(1)], and
thus T(R) = R. Now, let A be a nonzero finitely generated proper ideal of D
with A=! = D (such an ideal A exists because D is a UFD with dim(D) > 2).
Then A(+)M € GV(R) [80, Lemma 4.1(5)], so (A(+)M), = R. However,
since rtGV(R) = {R}, (A(+)M), = A(+)M C R. Therefore, u < w.
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Example 4.14. Let R = Z x Q and I = dZ x {0} for a nonzero nonunit d € Z.
Then I, =dZxQ21=1,=1,. Thus, u=w < w' on R.

Proof. Clearly, R is a PIR, so if J is a finitely generated semiregular ideal of
R, then J is principal, whence J is regular. Thus, v = w on R. Moreover, if
J € rtGV(R), then J = ((1,1)) = R, and hence I, = I.

Now, note that (Zx{0}), = ((1,0)), = R. Hence, if J is a finitely generated
ideal of R with J,, = R, then J = Z x {0} or J = R. Note also that (a,q)(1,0) €
I if and only if @ € dZ and ¢ € Q. Thus, I, = dZ x Q. Hence, u = w < w’ on
R. O

We now state a ring on which v < w < w'.

Example 4.15. Let Ry be the ring of Example 4.13, Ry be the ring of Example
4.14, and R = Ry X Rs be the direct product of Ry and Ry. For i = 1,2, let
J; be the ideal of R; in Examples 4.13 and 4.14 respectively and J = J; x Js.
Then J is an ideal of R and (J1)y X (J2)u G (J1)w X (J2)w S (J1)w X (J2)w by
Lemma 4.12 and Proposition 3.2, whence J, € Jy € Ju. Thus, v < w < w'
on R.

5. General Krull rings

Inspired by the name of general ZPI-rings, we will say that R is a general
Krull ring if R is a finite direct product of Krull domains and SPRs. Then a
general Krull ring satisfies Property(A) by Corollary 3.4 and it is additively
regular [34, Theorems 7.2 and 7.4]. Moreover, since a finite direct product of
Krull rings is a Krull ring [46, page 134], a general Krull ring is a Krull ring.
In this section, we develop the theory of general Krull rings with a focus on the
prime factorization of ideals via the u-operation that is introduced in Section 4.

Let R be a ring, T(R) be the total quotient ring of R, X'(R) be the set of
height-one prime ideals of R, and X}(R) be the set of minimal regular prime
ideals of R. It is clear that if P € X!(R) is regular, then P € X}(R).

5.1. Basic properties of a general Krull ring

A 7-domain is a Krull domain, so 7-rings are general Krull rings. Our first
result summarizes the exact relationship of PIRs, general ZPI-rings, UFRs,
m-rings, and general Krull rings.

Theorem 5.1. Let R be a general Krull ring, which is not a total quotient
ring, i.e., R C T'(R). Then the following statements hold.
(1) R is a PIR if and only if R is a UFR with dim(R) = 1.
(2) R is a general ZPI-ring if and only if dim(R) = 1.
(3) R is a UFR if and only if CI(R) = {0}.
(4) R is a w-ring if and only if Cl(R) = Pic(R).
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Proof. Let R = Ry X --- X R, for some Krull domains and SPRs Ry,..., R,.
It is clear that if R; is an SPR, then dim(R;) = 0 and CI(R;) = {0}. Note that

- dim(R) = max{dim(R;) |¢ = 1,...,n} by Lemma 3.1(4),

- Cl(R) = CI(Ry) x -+ x Cl(R,), and

- Pic(R) = Pic(Ry) x - -+ x Pic(R,,) by Corollary 3.3.
Thus, the result follows directly from the following observation: If R is a Krull
domain, then (1) R is a PID if and only if R is a UFD with dim(R) = 1, (2)
R is a Dedekind domain if and only if dim(R) = 1 (cf. [26, Theorem 37.8]), (3)
R is a UFD if and only if CI(R) = {0} [24, Proposition 6.1], and (4) R is a
m-domain if and only if CI(R) = Pic(R) (cf. [26, Theorem 46.7]). O

Let R be a general Krull ring and P be a prime ideal of R. Then Rp is
either a Krull domain or an SPR by Lemma 3.1(3) and P contains a unique
minimal prime ideal. We next give some basic properties of general Krull rings.

Theorem 5.2. Let R be a general Krull ring, which is not a total quotient
ring, i.e., R C T(R). Then the following statements hold.
(1) If p € Z(R) is a prime element of R, then p™R = p™ 'R for some
m > 1.
(2) If a € Z(R), then o = ab for some a € reg(R) and b € Z(R) that is a
finite product of prime elements of R in Z(R).
(3) If I is a Z-ideal of R, then I = aJ for some o € Z(R) and a regular
ideal J of R.
(4) If o € R and J is a reqular ideal of R, then (aJ), = aJ, = aJ, = aJy.
In particular, each principal fractional ideal of R is a u-ideal.
(5) X!(R) = X'(R).
(6) u-Max(R) = X'(R)U{P € Max(R) | P is minimal}.
(7) Each minimal prime ideal of R is principal and dim(T'(R)) = 0.
(8) If R has a unique minimal prime ideal, then R is either a Krull domain
or an SPR.

Proof. Let R= Ry X -+ X R, X Rpy1 X -+- X R, be a finite direct product of
Krull domains Ry, ..., Ry and SPRs Rg41,. .., R,. Now, let P; be the maximal
ideal of R; for i = k+1,...,n. Then, by Lemma 3.1(5),

Z(R) = ({0} x Ry x -+ x Ry) U-+-U (Ry X -+ x {0} X Rpy1 X -+ X Ry,)
U(Ry X X R X Pyyr X oo X Ry ) U+~ U (Ry X -+ X Ry X Py),

so Z(R) is a finite union of minimal prime ideals. Next, let g; be the prime
element of R; for i = k+ 1,...,n, so ¢;R; is the maximal ideal of R; and
¢;""R; = (0) for some integer m; > 2. Let

(1,...,1,0,1,...,1) fori=1,....k
ith

Pi=9N a,...,1,¢,1,...,1) fori=k+1,...,n.
ith
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Clearly, {p;R|i =1,...,n} is the set of minimal prime ideals of R, {p;R|i =
k+1,...,n} C Max(R), p;R = p?R for i = 1,...,k, p/"R = pZ’“HR for
i=k+1,...,n,and Z(R) =, p;R.

(1) Note that pR is a minimal prime ideal of R, so pR = p;R for some
i€{l,...,n}. Thus,ifi € {1,...,k}, then pR = p?R; and ifi € {k+1,...,n},
then p™R = p™*t! R for some integer m > 2.

(2) Let « = (z1,..., Tk, Ykt1,---,Yn). Then

a=(z1,1,..., 1)Lz, 1, .., 1) - (1, L ypegas ooy 1) o (1,0 Lyn)

so if we let &; = (1,...,1,2;,1,...,1) and §; = (1,...,1,y;,1,...,1), then
Q=21 TkYkt1 - YUn-

It is easy to see that x; = 0 (resp., x; # 0) if and only if &; = p; (resp., &; is
regular). Also, y;R; C ¢;R; (resp., y;R; = R;) if and only if §;R = p;*R for
some z; > 1 (resp., y; is regular). Note that if §;R = p;'R for some z; > 1,
then §; = u;p;* for some unit u; of R. Thus, a = ab for some a € reg(R) and
b € Z(R) that is a finite product of py,...,p,.

(3) Let I = Iy x --- x I,, where I; is an ideal of R; for i = 1,...,n. Next,
let Aj = Ry X+ X Ri_1 XI; Xx Rigz1 X -+ X R, fori =1,...,n. Then each
A; is an ideal of R and I = A;--- A,,. Note that A; = p;R or A; is regular

for i = 1,...,k. Note also that A; = pféR for some z; > 1 or A; = R for
i=k+1,...,n. Now, let

~_J 0 if A; is regular,
TV 1 ifA =pR

fore=1,...,k,

[0 ifA =R
7Y 2 A =p R

fori=k+1,...,n, a = pi* ~~pi’“pi’f:11 coepir,and J = A --- Ay for 1<
iy £ -+ < 1; < k with e;;, = 0. Then I = aJ, a is a finite product of prime
elements of R in Z(R), and J is regular.
(4) Let a = (a1,...,a,) and J = Jy X -+ X J,. Then aJ = (a1J1) X
- X (andn), and hence (aJ), = (a1J1)y X -+ X (andn)y by Lemma 4.12(2).
For i = 1,...,k, R; is a Krull domain, whence (a;J;)y, = a;(J;)n. Also, by
Proposition 4.9(4), (a;J;)y = a;J; = a;i(J;), for i =k +1,...,n. Thus,

(ad)y = a1(J1)u X -+ X an(Jn)u
=a((J1)u X X (J)u) = a(Jy X -+ x Jp)y
=ady,.

Note that R is a Krull ring and J is regular. Thus, J, = J, = J; by Corol-
lary 4.8. In particular, if I = aR for some o € T(R), then da € R for some
d € reg(R), and hence dI,, = (dI),, = (daR), = daR. Thus, I, = aR =1.
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(5) Let P € X}(R). Then P contains at least one of p; for j = 1,...,k,
and hence P = Ry X --- x P; X --- x R,, for some nonzero minimal prime ideal
Pj of R;. Thus, ht P = ht P; = 1. Conversely, if Q € X'(R), then Q ¢ Z(R)
because Z(R) = |J;_, piR, so Q is regular. Thus, Q € X}(R).

(6) If P € X'(R), then P € X!(R) by (5), and since R is a Krull ring, P is
a maximal t-ideal by Corollary 4.8. Thus, P is a maximal u-ideal by Corollary
4.6. Next, if P is a maximal ideal of R that is also minimal, then P is a u-
ideal by Proposition 4.9(2), and thus P is a maximal u-ideal. For the reverse
containment, let @ € u-Max(R). If Q is regular, then @ is a maximal ¢-ideal by
Corollary 4.6, and since R is a Krull ring, P € X} (R) by Corollary 4.8. Thus,
Q € X'(R) by (5). Next, assume that @ is a Z-ideal. Then @ is minimal, and
since () is a maximal u-ideal of R, @ is a maximal ideal.

(7) Recall that {p;R|i = 1,...,n} is the set of minimal prime ideals of R
and Z(R) = |J;—, p;R. Hence, each minimal prime ideal of R is principal and
dim(T'(R)) = 0.

(8) If R = Ry X -+ X R,, then R has exactly n minimal prime ideals by
the first paragraph of this proof. Thus, if R has a unique minimal prime ideal,
then n = 1, which implies that R is either a Krull domain or an SPR. [

The divisor class group of a Krull domain is very important because it mea-
sures how far away the Krull domain is from being a UFD. Let R be a Krull
ring and Inv;(R) be the group of t-invertible regular fractional t-ideals of R.
Then Invy(R) is a free abelian group with a basis X*(R), and hence CI(R) is
generated by the set of ideal classes in CI(R) containing a height-one prime
ideal. The next corollary with Theorem 5.2 shows that the class group of a
general Krull ring reflects its ideal factorization property (cf. Theorem 5.1(3)).

Corollary 5.3. Let R be a general Krull ring, J,(R) be the set of integral
u-ideals of R, and JPrin(R) be the semigroup of integral principal ideals of R
under the usual ideal multiplication. Then the following statements hold.
(1) 3,(R) is a commutative semigroup with identity under I x J = (I.J),
for all I,J € 3,(R) and IPrin(R) is a subsemigroup of J,(R).
(2) J.(R)/IPrin(R) is an abelian group and CI(R) = J,(R)/IPrin(R).

Proof. (1) It is routine to check that J,,(R) is a commutative semigroup with
identity R (as an element of J,,(R)). Moreover, each principal ideal of R is a u-
ideal by Theorem 5.2(4) and R € JPrin(R). Thus, JPrin(R) is a subsemigroup
of J,(R).

(2) Let I be an integral u-ideal of R. Then I = «.J for some o € R and a
regular ideal J of R and (IJ71), = (aJJ 1), = a(JJ 1), by Theorem 5.2.
Now, note that R is a Krull ring, so (JJ '), = R by Corollary 4.8. Hence, if
d € reg(J), then dJ~! € 3,(R) and I x (dJ~!) = adR. Thus, J,(R)/IPrin(R)
is an abelian group.

Now, let J;(R) be the set of regular integral ¢-ideals of R. A similar argument
shows that J;(R) is the semigroup under I x; J = (IJ);. Note that R is a
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Krull ring, so I; = I, for all regular integral ideals I of R by Corollary 4.8,
whence J;(R) is a subsemigroup of J,(R). Moreover, if J,Prin(R) is the set
of regular integral principal ideals of R, then J,.Prin(R) is a subsemigroup
of both J;(R) and JPrin(R) and CI(R) = J;(R)/J,Prin(R). Note that the
composition of the maps J;(R) — J,(R) — J,(R)/IPrin(R) is a semigroup
homomorphism, which is also surjective and the kernel is J,.Prin(R). Thus,
CI(R) = J,(R)/IPrin(R). O

An element a of a ring R is primary if aR is a primary ideal. Hence, a prime
element is primary. In [71], Storch said that an integral domain is an almost
factorial ring if it is a Krull domain with torsion divisor class group. He showed
that a Krull domain D is an almost factorial ring if and only if some power of
each nonzero element in D is a product of primary element, if and only if, for
a,b € D, there is an integer n = n(a,b) > 0 such that ™D N ™D is principal
[24, Proposition 6.8]. We will say that R is an almost UFR if R is a general
Krull ring with CI(R) torsion. It is clear that a UFR is an almost UFR.

Corollary 5.4. The following statements are equivalent for a ring R.

(1) R is an almost UFR.

(2) R is a general Krull ring in which some power of each nonunit element
s a finite product of primary elements.

(3) R is a finite direct product of almost factorial domains and SPRs.

Proof. Ris a general Krull ring in all of (1), (2), and (3) cases. Hence, R = Rj x
-+ X Rp X -+ - x R, for some Krull domains Ry, ..., R; and SPRs Rg11,...,Ry.
(1) < (3) By Corollaries 3.3 and 4.7,

CI(R) = Clu(R) = Cly(Ry) % -+ x Cly(Ry) = CU(Ry) x - - x CI(Rp).

Thus, the proof is completed by observing that CI(R) is torsion if and only if
CI(R;) is torsion for i = 1,... k.

(2) & (3) We first note that R is an almost UFR if and only if R; is an
almost factorial domain for ¢ = 1,...,k by the proof of (1) < (3). Let z =
(1, -, Thy--.,Ty) € Ry s0 if we let &; = (1,...,24,...,1) fori =1,...,n,
then © = &1 -+ &,. Clearly, Z; is a finite product of prime elements for
i =k+1,...,n. Note that for an integer ¢ > 1, 27 is a finite product of primary
elements if and only if z] is (cf. Lemma 3.1(3)). Hence, if R is an almost UFR,
then there is an integer m; > 1 such that #;"*" is a finite product of primary
elements for ¢ = 1,...,k [24, Proposition 6.8]. Thus, if m = mj ---my, then
™ = g2 -2 is a finite product of primary elements. Conversely, if
some power of Z; is a finite product of primary elements, then some power of
x; is a finite product of primary elements. Hence, R; is an almost factorial
domain for i =1,...,k. (I
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5.2. The prime factorization of ideals in general Krull rings

In this subsection, we state the prime factorization of ideals in general Krull
rings via the u-operation and apply the result to give a couple of characteriza-
tions of general Krull rings. To do so, the following lemma is needed.

Lemma 5.5. Let P be a prime u-ideal of a ring R and A, B € K(R).

(1) I.Rp = IRp for all I € K(R).
(2) A, = B, if and only if ARg = BRq for all Q € u-Max(R).

Proof. (1) Let = € I,,. Then xJ C I for some J € rGV(R). Note that J ¢ P,
sox € xRp =xJRp C IRp. Hence, I, CIRp. Thus, I,Rp = IRp.

(2) If A, = By, then by (1), ARg = AyRg = B,Rg = BRg for all Q € u-
Max(R). Conversely, assume that ARy = BRq for all Q € u-Max(R). By
symmetry, it suffices to show that A, C B,,. Forx € A,,let J={a € R|ax €
B}. Then, by (1) and assumption, J ¢ @ for all Q € u-Max(R), so J, = R.
Hence, x € xR = zJ, C (#J), C By. Thus, A, C B,,. O

We are now ready to give the prime factorization property of general Krull
rings which are the motivation of this paper.

Theorem 5.6. The following statements are equivalent for a ring R.

(1) R is a general Krull ring.

(2) FEach principal ideal of R is a finite u-product of prime ideals.

(3) For each a € R, (aR), is a finite u-product of prime ideals.

(4) FEach integral u-ideal of R is a finite u-product of prime ideals.

(5) R is a Krull ring, each minimal prime ideal of R is a principal ideal,
and dim(T'(R)) = 0.

(6) R is a Krull ring, the zero element of R is a finite product of prime
elements, and dim(T'(R)) = 0.

Proof. (1) = (4) Let R = Ry X -+ X R, be a finite direct product of Krull
domains and SPRs Ry,...,R,. Let I be a u-ideal of R. Then I = I X -+ X I,,
where I; is an ideal of R; for i = 1,...,n by Lemma 3.1(2). Note that I; is a
u-ideal of R; by Lemma 4.12(2) and R; is either a Krull domain or an SPR, so

= (P P

u

for some prime ideals P;; of R; and integers e;; > 1 by Corollary 4.8 and
Proposition 4.9(4). Now, let

Qij:R1X~'~XHjX~”XRn
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for all ¢, j. Then @Q;; is a prime ideal of R; by Lemma 3.1(3) and
Ioo= (Pt P, e (PRpt e P

nky

(B PR o (P P )

(TTITe),

i=1

by Lemma 4.12.

(1) = (2) Let a € R. Then, by Theorem 5.2(4), aR is a u-ideal. Thus, aR
is a finite u-product of prime ideals by (1) = (4) above.

(2) = (3) It is clear.

(4) = (3) It is clear.

(3) = (1) Let S =reg(R) and a € R. Then (aR), = (Py--- P},), for some
prime ideals Py, ..., P} of R, whence by Proposition 4.9,

als = (aR) Rs = (P{-+- P, )uRs = (P -+ P, )Rs = (P{Rs) -+ (P}, Rs) .

Clearly, either P/Rg = Rg or P/Rg is a prime ideal of Rg. Note that each
principal ideal of Rg is of the form aRg for some a € R. Thus, Rg is a 7-ring,
and since Rg is a total quotient ring, Rg is a finite direct product of SPRs,
say, Rg =Ty x --- x T}, [26, Theorem 46.11]. Hence, dim(Rg) = 0 and Rg has
exactly n prime ideals, which are all maximal ideals, by Lemma 3.1.

Let Py,..., P, be the prime ideals of R such that {P,Rg,...,P,Rg} is the
set of prime ideals of Rg. Note that P/*Rg + PjejRS = Rg for i # j and
positive integers e;, e;, so it follows that

(0) = (Pfle) cee (Pﬁ"Rs) = Pfle n--- ﬂPﬁ"RS

for some integers e; > 1. We may assume that (Pf*Rg)--- (P* Rg) = (0) if
and only if k; > e; forall i =1,...,n. Let PP RsNR=Q; fori=1,...,n.
Then Q; is a P;-primary ideal of R, Q1 N---N Q, = (0), and Q;Rs = P*Rg
for i =1,...,n. Note that (bR), = bR for all b € reg(R) by Proposition 4.1(2)
and u < v, so every proper regular principal ideal of R is a finite v-product of
prime ideals by assumption. Thus, R is a Krull ring by Corollary 4.8, so R is
integrally closed, and hence R = R/Q1 X -+ X R/Q, [13, Lemma 3.1], each
R/Q; is a Krull ring [8, Proposition 3.2], and T(R) = T(R/Q1) x- - - xT(R/Qy,)
by Lemma 3.1.

We first assume that P; is not a maximal ideal of R. Then there is a height-
one prime ideal P of R such that P, C P. Thus, Rp is a m-ring because
I,Rp = IRp for all ideals I of R by Lemma 5.5(1), whence Rp is an integral
domain [26, Theorem 46.8]. Then P;,Rp = (0) = Q;Rp, so Q; = P;. Thus,
R/Q; = R/P; is a Krull domain. Next, if P; is a maximal ideal of R, then
T(R/Q;) = R/Q;, and hence R/Q; = R/P;* = Rs/P{'Rgs is an SPR.

(1) = (5) A general Krull ring is a Krull ring. Thus, the result follows
directly from Theorem 5.2(7).
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(5) = (1) T(R) is a zero-dimensional PIR by assumption, so the proof of (3)
= (1) above shows that R = R/Q1 X - -+ X R/Q,, for some primary ideals Q; of
R such that Q1 N---NQ, = (0). For Q;, let P; = +/Q;. If P; is maximal, then
R/Q; is an SPR with a unique prime ideal P;/Q;. Next, we assume that P; is
not maximal. Then P; is contained in a height-one prime ideal P of R, which
is regular, so P is t-invetible. Thus, PRp is principal. Now, let P;Rp = qRp
and PRp = pRp for some p,q € R. Then ¢ = pg; for some ¢; € Rp, and since
p ¢ P,Rp, q1 € P;Rp. Thus, ¢; = gz for some x € Rp, whence ¢ = pq; = pqz,
implying that ¢(1 —pz) = 0 in Rp. Since 1 —pz € R, \ PRp, it follows that
g = 0 in Rp. Thus, Rp is an integral domain, and so @; = P;. Therefore,
R/Q; is a Krull domain.

(5) & (6) This follows from [5, Theorem 10] that each minimal prime ideal
of R is principal if and only if the zero element of R is a finite product of prime
elements. O

If R is a general Krull ring, then every principal ideal of R can be written as
a finite u-product of prime ideals by Theorem 5.6. The proof of Theorem 5.6
shows that such prime ideals can be chosen so that the heights are at most one.
Moreover, the height of such a prime ideal is one if and only if it is regular.

Remark 5.7. Let R be a general Krull ring and a € R. Then aR is a finite
u-product of prime ideals by Theorem 5.6 and a = bc for some b € reg(R)
and ¢ € Z(R) that is a finite product of prime elements of R in Z(R) by
Theorem 5.2(2). Note that R is a Krull ring, so bR = (P{* --- Pt»),, for some
P; € X'(R) and integers e; > 1 and this expression is unique up to the order.
Next, cR = (Q’f1 .- QFm), for some prime Z-ideals Q; and integers k; > 1.
Note that either Q? = Q; or Q; 2 Q2 2 --- 2 Q% = Q%" for some integer
q; > 2 by the proof of Theorem 5.2. Hence, if we choose k; so that k; = 1 or
k; < q;, then the expression cR = ( ]1“ -+-QFkm),, is unique up to the order. So,

aR = bcR

= (OR)(cR))u = ((P1* - Py )ul( Ifl - Qfﬁn)u)u

= (P[" PrQy -+ Q)
and this expression is unique up to the order as in the case of Krull domains.

Let R be a general Krull ring. Then v = w on R because R satisfies Prop-

erty(A). Hence, by Theorem 5.6, each principal ideal of R is a finite w-product
of prime ideals. We next show that the converse is also true, so a general Krull
ring can be characterized via the w-operation.
Corollary 5.8. The following statements are equivalent for a ring R.

(1) R is a general Krull ring.

(2) Each principal ideal of R is a finite w-product of prime ideals.
(3) (aR)y is a finite w-product of prime ideals for all a € R.

(4) FEach integral w-ideal of R is a finite w-product of prime ideals.
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Proof. (1) = (2) and (4) A general Krull ring satisfies Property(A), so u = w
on R by Proposition 4.5. Thus, these follow directly from Theorem 5.6.

(2) = (3) It is clear.

(4) = (3) It is clear.

(3) = (1) If R satisfies Property(A), then u = w by Proposition 4.5(2).
Hence, by Theorem 5.6, it suffices to show that R satisfies Property(A). Recall
that if dim(7T(R)) = 0, then R satisfies Property(A) [34, Corollaries 2.6 and
2.12]. Hence, we will show that dim(7'(R)) = 0. Since the w-operation is
reduced, by (3),

(0) = (P Pyt )w = Pyt - P

for some distinct minimal prime ideals P; of R and integers e; > 1.
Let M be a maximal w-ideal of R and a € R. Then (aR), = (Q1+* Qm)w
for some prime ideals @1, ..., Q. of R, and hence, by [78, Corollary 3.10],
aRy = (Q1-- Qm)Ry = (Q1Rur) - (QmPRum),

which implies that Rjy; is a m-ring, so Rps is a DVR or an SPR. Thus, M
contains exactly one of P;’s and (P -+ P )Ry = (P7)wN- N (P )w) R
Again, by [78, Corollary 3.10 and Proposition 3.11],
(0) = Py Py

= ((Plel)w NN (P )w)w

= (P )w N N (P )w.
Z(R) =, P; and Max (T(R)) =
=0. U

Clearly, each (Pf*),, is P;-primary. Henc

K2

(PT(R) 121, n}. Thus. dim(T(R))

An integral domain is a Krull domain if and only if it is an integrally closed
u-Noetherian domain [76, Theorem 2.8], while a Krull ring need not be a u-
Noetherian ring (e.g., a non-Noetherian total quotient ring). The next corollary
shows that a general Krull ring is u-Noetherian.

Corollary 5.9. The following statements hold for a general Krull ring R.

(1) T(R) is a zero-dimensional PIR.
(2) R satisfies the ascending chain condition on integral u-ideals. Hence,
R is a u-Noetherian ring.

Proof. (1) The proof of Theorem 5.6 shows that T'(R) is a finite direct product
of SPRs. Thus, T(R) is a zero-dimensional PIR.

(2) Let I be a u-ideal of R. Then I, = (P;'--- Pt"), for some distinct
prime ideals Py, ..., P, and positive integers ey, ..., e, by Theorem 5.6. If J is
a u-ideal of R with I C J, then J is a finite u-product of prime ideals, which
is of the form J = (Plkl -~-P,’f”)u for some integers k; with 0 < k; < e; for
i =1,...,n by Remark 5.7. Thus, if ] =1; C --- C I, is a chain of integral
u-ideals of R, then m < Y7 | e; < c0. O
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The following corollary is a general Krull ring analog of [8, Proposition 3.2]
that if R is a finite direct product of rings, then R is a Krull ring if and only
if each direct summand of R is a Krull ring.

Corollary 5.10. Let R = Ry X Ry be the direct product of rings Ry and Rs.
Then R is a general Krull ring if and only if both Ry and Ry are general Krull
TiNgs.

Proof. (<) It is clear.
(=) For a € Ry, let I = (a,1)R. Then I = aR; X Ry, and since R is a
general Krull ring,
aly x Ry = (Q1-++ Qk)u

for some prime ideals Q1,...,Qk of R. Clearly, each Q; = P; x Ry for some
prime ideal P; of R; by Lemma 3.1. Hence,

aR1><R2:((P1~~~Pk.)ng)u:(P1~~~Pk)u><R2,

and thus aRy = (Py - - - Pg)y. Thus, by Theorem 5.6, Ry is a general Krull ring.
Similarly, Ry is also a general Krull ring. O

A general Krull ring is a Krull ring whose total quotient ring is a PIR.
However, we next give a Krull ring R such that T'(R) is an SPR but R is not
a general Krull ring. This example shows that the two conditions of Theorem
5.6(5) are the best for a Krull ring to be a general Krull ring.

Example 5.11. Let V be a rank-two discrete valuation ring, () be a primary
ideal of V such that ht(v/Q) = 1 and Q € /@, and R = V/Q be the factor
ring of V" modulo Q. Then the following conditions hold.

(1) T(R) is an SPR.

(2) R is a Krull ring.

(3) R is not a general Krull ring.

Proof. (1) Let P =/QandT=2+Q € R for all z € V. For a,b € V, assume
that @-b=0in Rand @ ¢ P. Then ab € Q and a ¢ P, and since Q is primary,
b € Q, whence b =0 in R. Hence, reg(R) = R\ P/Q and

T(R) = (V/Q)po = Vp/QVp.

Thus, T(R) is an SPR because Vp is a DVR.

(2) Let M be the maximal ideal of V. Then M/Q is a regular prime ideal
of R by the proof of (1), reg-ht(M/Q) = 1, and M/Q is principal. Hence, R is
a rank-one discrete valuation ring. Thus, R is a Krull ring.

(3) Assume that R is a general Krull ring. Then the minimal prime ideals of
R are principal by Theorem 5.6, so P = P/Q is principal, which implies that
P is principal, a contradiction. Thus, R is not a general Krull ring. U

A Krull ring R such that T'(R) is a PIR need not be a general Krull ring by
Example 5.11. We next characterize when R is a general Krull ring,.
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Theorem 5.12. The following statements are equivalent for a ring R.

(1) R is a general Krull ring.
(2) R is a Krull ring, T(R) is a PIR, and Rp is a DVR for all P € X}(R).
(3) R satisfies the following conditions.

(a) R= ﬂ R[p].

PeX1(R)
(b) Rp is a DVR for all P € X}(R).
(¢) Each regular element of R is contained in only finitely many prime
ideals in X}(R).
(d) T(R) is a PIR.

Proof. (1) = (2) Let R= Ry X --- X R, be a direct product of Krull domains
and SPRs. So if @ € X}(R), then Q = Ry x --- x P, x --- X R, for some
height-one prime ideal P; of a Krull domain R;. Hence, Rg = (R;)p,, and
since R; is a Krull domain, (R;)p, is a DVR. The other properties follow from
Theorem 5.6 and Corollary 5.9.

(2) & (3) Assume that Rp is a DVR for all P € X(R). Then (R;p), [P|R;p))
is a rank-one DVR, [15, Theorem 1]. Thus, R is a Krull ring if and only if R
satisfies the conditions (a) and (c) [16, Theorem 3.5].

(2) = (1) Since T(R) is a PIR, (0) has an irredundant primary decomposition
in R, say, (0)=Q1N+--NQ,. Then

R—R/Q1 %X+ xR/Qn —=>T(R/Q1) X -+ xXT(R/Qn) 2T(R).

Note that R is integrally closed and R/Q1 X --- X R/Q,, is a finitely generated
R-module, so R = R/Qq x -+ x R/Q,. Now, if 1/Q; is not a maximal ideal,
then (R/Q;)p,/q, = Rp,/QiRp, for some P; € X}(R) containing Q;. Note
that Rp, is a DVR by assumption, so @Q;Rp, = (0). Hence, R/Q; is an integral
domain, and since R is a Krull ring, R/Q); is a Krull domain. Next, if v/Q; is
a maximal ideal, then R/Q; = T(R/Q;), and since T(R) is a PIR, R/Q; is an
SPR. Thus, R is a general Krull ring. O

Corollary 5.13. Let R be a general Krull ring and S be an overring of R.
Then S is a Krull ring if and only if S is a general Krull ring.

Proof. By Theorem 5.6, a general Krull ring is a Krull ring. Conversely, assume
that S is a Krull ring. Note that T'(S) = T(R), so T(S) is a PIR by Corollary
5.9. Now, let @ € X}(S) and P = QN R. Then P is regular, and since R is a
general Krull ring, Rp is an integral domain. Note that

Rp <= Sp\p = T(R)p\p = T(Rp),

so Sp\p is an integral domain, whence Sq is also an integral domain. By
assumption, S is a Krull ring, so Q € X}(S) implies Q € QQ~'. Hence, QSg
is principal so that Sg is a DVR. Thus, S is a general Krull ring by Theorem
5.12. O
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Let R be a general Krull ring. It is easy to see that R is reduced if and only
if R is a finite direct product of Krull domains (cf. Proposition 5.26). Hence,
the following corollary shows that R/N(R) is a finite direct product of Krull
domains.

Corollary 5.14. Let R be a general Krull ring and A be an ideal of R contained
in N(R). Then R/A is a general Krull ring.

Proof. Note that R is a finite direct product of Krull domains and SPRs, so
x € reg(R) if and only if z + A € reg(R/A), and AT(R) = A by Lemma 3.1(1)
and (6). Moreover, X}(R/A) = {P/A|P € X}(R)}. Hence, the following
statements hold.

(b) (R/A)(p/a) = Rp/ARp is a DVR for all P € X}(R).

(c) Each regular element of R/A is contained in only finitely many prime
ideals in X!(R/A).

(d) T(R/A) 2 T(R)/AT(R) is a PIR.

(a) Now,letac€ [ (R/A)p/a). Notethat T(R/A) = T(R)/AT(R) =

PeX1(R)
T(R)/A,so o =xz+ A forsome x € T(R). Let I ={a € R|(a+A)(x+
A) € R/A}. Then I is a regular ideal of R such that A C I ¢ P for
all P € X}(R), whence I, = R. Note that (I/A)(x + A) C R/A, so
I C R, and hence zI, € R. Thus, I = I, = R, which implies that
a=ux+ A€ R/A. Therefore, RIA= [ (R/A)p/a]-
PeX}(R)

Thus, by Theorem 5.12, R/A is a general Krull ring. d

Let S be a multiplicative set of a ring R. It is known that if R is a Krull
ring, then R[g is a Krull ring by [16, Lemmas 4.1 and 4.2] ([26, Corollary 43.6]
for the integral domain case and [70, Proposition 37] for the Marot Krull ring
case), while Rg need not be a Krull ring by the following example.

Example 5.15. Let V be a valuation domain with prime ideals (0) C P C M
such that Vp is not a DVR and M is the maximal ideal of V. Let V/M be
the factor ring of ¥V modulo M that is also a V-module, Ry = V(+)V/M be
the idealization of V/M in V (see Example 4.13), and S = (V' \ P)(+)V/M.
Then T'(Ro) = Ro, N(Ro) = (0)(+)V/M, which is the minimal prime ideal of
Ry [34, Theorems 25.1(3) and 25.3]), and (Ro)s = Vp(+)(V/M)p [34, Lemma
25.4]. Note that (V/M)p = (0) because every element of V in M \ P is a zero
divisor of V/M, so (Ry)s = Vp. Now, let D be a Krull domain with quotient
field K, R = Ry x D be the direct product of Ry and D, and assume D C K.
Then R is a Krull ring and R C T(R) = Ry x K. Moreover, S x D is a
multiplicative subset of R and Rgxp = (Rg)s = Vp. Thus, Rg is not a Krull
ring.



PRIME FACTORIZATION OF IDEALS 441

It is worth noting that Rg) is an overring of R but Rs need not be an
overring of R. We next show that if R is a general Krull ring, then both Rg
and Rjg) are general Krull rings. We first need a lemma.

Lemma 5.16. Let S be a multiplicative set of a ring R.

(1) If J € tGV(R), then JRs € tGV(Rg).
(2) (IuRs), = (IRs)u for all T € K(R).

Proof. (1) Since J is a finitely generated regular ideal, JRg is a finitely gener-
ated regular ideal of Rg. Moreover, (JRs)~! = J~!Rg [26, Theorem 4.4], and
hence (JRs)™! = Rg. Thus, JRs € tGV(Rg).

(2) If z € I, then xJ C I for some J € rGV(R). Hence, xJRs C IRg,
and since JRg € rGV(Rg) by (1), x € (IRs)y. Thus, I, € (IRg)., whence
I,Rs C (IRg)y. Now, note that TRg C I,Rg, so

Thus, (IRs)y = (I Rs) O

W

Corollary 5.17. Let S be a multiplicative set of a general Krull ring R. Then
both Rs and Rs) are general Krull rings.

Proof. We first show that Rg is a general Krull ring. Let a € R. Then, by
Theorem 5.6, aR = (P; - - - P,),, for some prime ideals P, ..., P, of R. Hence,
aRs = (P Py)uRs, so by Lemma 5.16,

(aRs)u = ((P1--Po)uRs), = ((P1--- Py)Rs), = ((PiRs)--- (PuRs)),, -

Thus, Rg is a general Krull ring by Theorem 5.6 again.
Next, note that R|s) is an overring of R, and since R is a Krull ring, R[g) is
also a Krull ring. Thus, Rg] is a general Krull ring by Corollary 5.13. (]

5.3. Kaplansky-type theorem

Kaplansky’s theorem states that an integral domain R is a UFD if and only if
every nonzero prime ideal of R contains a nonzero prime element [44, Theorem
5]. In this subsection, we study the Kaplansky-type theorems of general Krull
rings, m-rings, and UFRs.

In [41, Theorem 3.6], Kang gave a Kaplansky-type characterization of a
Krull domain. That is, he proved that an integral domain R is a Krull domain
if (and only if) every nonzero prime ideal of R contains a t-invertible prime
ideal. He also generalized his result to rings with zero divisors as follows: R is
a Krull ring if and only if every regular prime ideal of R contains a t-invertible
regular prime ideal [43, Theorem 13]. Our first result states the general Krull
ring analog.
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Theorem 5.18. A ring R is a general Krull ring if and only if every nonprin-
cipal prime ideal of R contains a u-invertible prime ideal.

Proof. (=) Let @ be a prime ideal of R. If Q@ C Z(R), then @ is principal by
the proof of Theorem 5.2. Now, assume that @ ¢ Z(R). Then @ is regular.
Choose a € reg(@®), then by Theorem 5.6, aR = (P --- P,), for some prime
ideals Py, ..., P, of R. Clearly, each P; is u-invertible and aR C @ implies that
P; C @ for some i. Thus, @) contains a u-invertible prime ideal.

(<) Let P be a prime ideal of R. Note that a u-invertible ideal is regular
by Corollary 4.11, so if P C Z(R), then P must be principal by assumption.
In particular, T(R) is a PIR, and hence dim(7T'(R)) = 0. Now, assume that
P ¢ Z(R). Then P is regular, and hence P contains a u-invertible prime ideal,
which is t-invertible by Corollary 4.11. Hence, R is a Krull ring [43, Theorem
13]. Thus, R is a general Krull ring by Theorem 5.6. d

The next corollary is the m-ring analog of Theorem 5.18, which is an exten-
sion of Kang’s result that an integral domain D is a w-domain if and only if
every nonzero prime ideal of D contains an invertible ideal [41, Theorem 4.1].
Kang also showed that R is a regular 7-ring if and only if each regular prime
ideal of R contains an invertible ideal [42, Lemma 2].

Corollary 5.19. The following statements are equivalent for a ring R.
(1) R is a w-ring.
(2) Ewvery nonprincipal prime ideal of R contains an invertible prime ideal.
(3) R is a regular m-ring, each minimal prime ideal of R is principal, and
dim(T'(R)) = 0.
(4) R is a general Krull ring in which each minimal regular prime ideal is
invertible.

Proof. (1) = (4) It is clear that a 7-ring is a general Krull ring. Also, a 7-ring
is a regular m-ring. Hence, each minimal regular prime ideal is invertible.

(4) = (3) A general Krull ring is a Krull ring, so R is a regular 7-ring by
(4). Thus, the result follows from Theorem 5.6.

(3) = (2) Let @ be a nonprincipal prime ideal of R. Then, by Theorems 5.6
and 5.18, () contains a u-invertible prime ideal, and since a u-invertible ideal is
regular by Corollary 4.11, @ is regular. Thus, () contains an invertible prime
ideal by assumption.

(2) = (1) By Theorem 5.18, R is a general Krull ring, so R is a finite direct
product of Krull domains and SPRs. Let D be a direct summand of R that is
a Krull domain. Then, by Proposition 3.2(8), each nonzero prime ideal of D
contains an invertible prime ideal, whence D is a m-domain [41, Theorem 4.1].
Thus, R is a 7-ring. (I

In [8, Theorem 2.6], Anderson and Markanda showed that R is a UFR if
and only if (i) every minimal prime ideal of R is principal and (ii) every prime
ideal of height > 0 contains a principal prime ideal of height > 0.
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Corollary 5.20. The following statements are equivalent for a ring R.

(1) R is a UFR.

(2) Ewvery nonprincipal prime ideal of R contains a reqular prime element.

(3) R is a factorial ring, each minimal prime ideal of R is principal, and
dim(T'(R)) = 0.

(4) R is a general Krull ring in which each minimal reqular prime ideal is
principal.

Proof. Note that R is a UFR (resp., factorial ring) if and only if R is a 7-ring
(resp., regular m-ring) with CI(R) = {0} by Theorem 5.1 (resp., Theorem 2.1).
Note also that R is a factorial ring if and only if every regular prime ideal of R
contains a regular prime element [9, Theorem]. Thus, the result follows directly
from Corollary 5.19. U

5.4. Mori-Nagata theorem I

Mori-Nagata theorem states that the integral closure of a Noetherian domain
is a Krull domain. It was conjectured by Krull [50, page 108], then the local case
was proved by Mori [61, Theorem 1], and the general case was proved by Nagata
[65, Theorem 2]. Huckaba showed that the integral closure of a Noetherian
ring is a Krull ring [33, Corollary 2.3]. Chang and Kang generalized Huckaba’s
result to r-Noetherian rings, i.e., they showed that the integral closure of an
r-Noetherian ring is a Krull ring [15, Theorem 13]. However, the next example
shows that the integral closure of a Noetherian ring R need not be a general
Krull ring even though T'(R) is an SPR.

Example 5.21. Let Q be the field of rational numbers, Q[X] be the polynomial
ring over Q, and A = Q[X]/(X?); so A is an SPR. Let m = (X)/(X?), Y be an
indeterminate over A, and R = A[Y]. Then R is a one-dimensional Noetherian
ring and T(R) = A(Y), so T(R) is an SPR [34, Lemma 18.7]. But, note
that N(A) = m and N(R) = N(A)[Y], so N(R) = m[Y] is a prime ideal of
R. Hence, if R is the integral closure of R, then N(R) = mT(R), which is a
nonzero prime ideal of R, but since N(R) N R = m[Y], N(R) is not a maximal

ideal of R. Thus, R is a Krull ring [33, Corollary 2.3] but R is not a general
Krull ring.

By Mori-Nagata theorem, an integrally closed Noetherian domain is a Krull
domain. Hence, the next result is a partial corresponding part of general Krull
rings to Mori-Nagata theorem.

Theorem 5.22. Let R be an integrally closed Noetherian ring. Then R is a
general Krull ring if and only if T(R) is a PIR.

Proof. If R is general Krull, then T(R) is a PIR by Corollary 5.9. Conversely,
assume that T'(R) is a PIR, and let (0) = Q1 N--- N Q, be an irredundant
primary decomposition of (0) in R. Then ht(v/Q;) =0fori=1,...,n and

R—= R/Qix X R/Qn—=T(R/Q) x - xT(R/Qn) =T(R).
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Note that R is integrally closed and R/Q1 X --- X R/Q,, is a finitely generated
R-submodule of T(R), so R = R/Q1 X -+ x R/Q,. Hence, it suffices to show
that each R/Q); is a general Krull ring by Corollary 5.10. For convenience, let
Q = Q; and P = 1/Q;. Note that R/Q is Noetherian, Z(R/Q) = P/Q, and
R/Q is integrally closed. If dim(R/Q) = 0, then R/Q = T(R/Q), and hence
R/Q is an SPR by assumption.

Next, assume that dim(R/Q) > 1, and let M be a maximal ideal of R such
that @ C M and ht(M/Q) > 1. Put S = reg(R/Q \ M/Q). Then (R/Q)g
is an integrally closed Noetherian ring and N((R/Q)35) = Z((R/Q)5) =
(P/Q)g, whence the Jacobson radical J((R/Q)z) of (R/Q)z is not contained
in Z((R/Q)g) Thus, N((R/Q)g) = (0) [34, Theorem 11.1], which implies
that P = Q. Therefore, R/Q is an integrally closed Noetherian domain. Thus,
R/Q is a Krull domain [65, Theorem 2]. O

Corollary 5.23. Let K be a field, n > 2 be an integer, X1,...,X, be in-
determinates over K, K[X1,...,X,] be the polynomial ring over K, A be an
ideal of K[X1,...,X,], R = K[X1,...,X,]/A, and R be the integral closure
of R. Then R is a general Krull ring if and only if T(R) is a PIR and R is a
Noetherian ring.

Proof. (<) It follows form Theorem 5.22.
(=) T(R) is a PIR by Corollary 5.9. Then, by the proof of Theorem 5.22,

R— R/Q1 X - xR/Q, — T(R)

for some primary ideals Q1, ..., Q, of R, and hence R = (R/Q1)x - X (R/Qy),
where (R/Q;) is the integral closure of R/Q; for i = 1,...,n. Note that R is a
general Krull ring by assumption, so each (R/Q;) is a Krull domain or an SPR,
by Theorem 5.2(8). If (R/Q;) is a Krull domain, then R/Q; is a Noetherian
domain, and hence (R/Q);) is a Noetherian domain [18, Theorem 3]. Next, if
(R/Q;) is an SPR, then (R/Q;) is Noetherian. Thus, R is Noetherian. O

Remark 5.24. (1) Let R be a Noetherian ring and R be the integral closure
of R. By Theorem 5.22, if R is Noetherian, then R is a general Krull ring if
and only if T'(R) is a PIR. However, there is a Noetherian domain D whose
integral closure is a non-Noetherian Krull domain [64, Proposition 2]. Then
R := D x Q is a Noetherian ring, R is not Noetherian, but R is a general Krull
ring. Hence, Corollary 5.23 is not true in general.

(2) Let the notation be as in Corollary 5.23. Chang and Kang showed that R
is an r-Noetherian ring [17, Theorem 3.2] and studied when R is a Noetherian
ring [17, Theorem 3.3]. Among them, they proved that R is a Noetherian ring
if and only if N(R) = N(R).

Krull-Akizuki theorem says that every overring of a one-dimensional Noe-
therian domain is a Noetherian domain [66, Theorem 33.2]. But, in [64], Na-
gata constructed (i) a two-dimensional Noetherian domain R such that there
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is a non-Noetherian ring between R and its integral closure and (ii) a three-
dimensional Noetherian domain whose integral closure is not Noetherian. How-
ever, the integral closure of two-dimensional Noetherian domain is Noether-
ian, which was proved by Mori for local rings [61] and generalized by Nagata
[65, Theorem 3|. Huckaba constructed an n-dimensional Noetherian ring whose
integral closure is not Noetherian for any integer n > 1 [33, Proposition 3.1],
while he showed that if R is a Noetherian ring with dim(R) < 2, then the
integral closure of R is r-Noetherian [33, Theorem B]. Davis and Anderson-
Huckaba studied when the integral closure of a Noetherian ring of dimension
< 2 is Noetherian in [18] and [7], respectively.

Corollary 5.25. Let R be a Noetherian ring with dim(R) < 2 and R be the
integral closure of R. Then R is a general Krull ring if and only if T(R) is a
PIR and R is a Noetherian ring.

Proof. (<) It follows from Theorem 5.22.

(=) T(R) = T(R), so T(R) is a PIR by Corollary 5.9. Now, let P be a prime
ideal of R. If P C Z(R), then P is principal by the proof of Theorem 5.2. Next,
if P ¢ Z(R), then P is regular, and hence P is finitely generated [33, Theorem
B]. Thus, by Cohen’s Theorem, R is Noetherian. O

5.5. Mori-Nagata theorem II

A general Krull ring need not be reduced (see Example 5.21). The next
result shows when a general Krull ring is reduced.

Proposition 5.26. The following statements are equivalent for a ring R.

(1) R is a reduced general Krull ring.

(2) R is a finite direct product of Krull domains.
(3) R[X] is a general Krull ring.

(4) R[X] is a Krull ring.

Proof. (1) = (2) Let D be a direct summand of R. Then D is either a Krull
domain or an SPR. If D is an SPR that is not a field, then D contains a
nonzero nilpotent element, so R also contains a nonzero nilpotent element, a
contradiction. Thus, D is a Krull domain.

(2) = (1) It is clear.

(2) = (3) Let R = Dy x---x D, be a finite direct product of Krull domains
Dy,...,D,. Then R[X] = Dq[X] X --- X D,[X] and each D;[X] is a Krull
domain [26, Theorem 43.11]. Thus, R[X] is a general Krull ring.

(3) = (4) Tt is clear.

(4) & (2) See [4, Theorem 5.7]. O

As we noted in Example 5.21, the integral closure of a Noetherian ring need
not be a general Krull ring. However, we next show that the integral closure of
a reduced Noetherian ring is a general Krull ring. We first need the following
lemma.
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Lemma 5.27. Let R be a reduced ring with a finite number of minimal prime
ideals. Then R is a Krull ring if and only if R is a general Krull ring.

Proof. Let Py,..., P, be the minimal prime ideals of R. Then P,N---N P, =
(0), dim(T(R)) = 0, and R is integrally closed, so R =2 R/P, X --- X R/P,
[34, Lemma 8.14]. Thus, R is a Krull ring if and only if each R/P; is a Krull
domain if and only if R is a general Krull ring. O

It is well known that the integral closure of a reduced Noetherian ring is a
finite direct product of Krull domains. This fact is also called Mori-Nagata the-
orem because it is an immediate consequence of Mori-Nagata theorem. Hence,
by Proposition 5.26, the following result is a restatement of Mori-Nagata the-
orem.

Proposition 5.28. If R is a reduced Noetherian ring, then the integral closure
of R is a general Krull ring.

Proof. Let R be the integral closure of R. Then, by assumption, R is reduced.
Moreover, R being Noetherian implies that R and R have a finite number of
minimal prime ideals. Finally, R is a Krull ring [33, Corollary 2.3]. Thus, R is
a general Krull ring by Lemma 5.27. (]

We end this section with a corollary, which can be applied so that we can
construct an easy example of Krull rings that are not general Krull rings.

Corollary 5.29. Let K be a field, n > 2 be an integer, X1,...,X, be in-
determinates over K, K[Xi,...,X,] be the polynomial ring over K, f €
K[X1,...,X,] be a nonconstant polynomial, R = K[X1,...,X,]/(f), and R
be the integral closure of R. Then R is a Krull ring. Moreover, the following
statements are equivalent.

(1) R is Noetherian.

(2) R is reduced.

(3) R is a general Krull ring.
(4) f is square-free.

Proof. Clearly, R is Noetherian. Thus, R is a Krull ring [33, Corollary 2.3].

(1) & (2) & (4) See [17, Corollaries 3.5 and 3.8(5)].

(2) = (3) It follows from Proposition 5.28.

(3) = (4) Let f=f1"--- f&m be the prime factorization of f in K[X1,..., X,].
Then (f) = (f{)N---N(fam), so if we let R; = K[X1,...,X,]/(f{") and R;
be the integral closure of R; for i =1,...,m, then

R2R; X xR, and T(R)=T(Ry)x--xT(Ry).
By assumption, R is a general Krull ring, and since each R; has a unique
minimal prime, R; is either a Krull domain or an SPR by Theorem 5.2(8). If
R; is a Krull domain, then e; = 1, while if R; is an SPR, then (f;) must be

a maximal ideal of K[Xy,...,X,], a contradiction. Thus, e; = -+ = e, = 1,
and hence f is square-free. (I
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6. Nagata rings

Let R be a ring, X be an indeterminate over R, R[X] be the polynomial
ring over R, N, = {f € R[X]|c(f)u = R}, Ny ={f € R[X]|e(f)w = R}, and
N, ={f € R[X]|f # 0 and ¢(f), = R}, so N, C N, C N,. It is clear that
if R is an integral domain, then N,, = N,, = N,, and R[X]y, is the (¢-)Nagata
ring of R. In this section, we first show that NV, is a saturated multiplicative
set of R[X]. We then study the ideal theory of R[X]y,, which includes the
general Krull ring analog of [25, Theorem 2.2] that R is a Krull domain if and
only if R[X]y, is a PID and the u-Noetherian ring analog of [14, Theorem 2.2]

that R is a u-Noetherian domain if and only if R[X]y, is a Noetherian domain.

Lemma 6.1. The following statements are satisfied for a ring R.

(1) Ny is a saturated multiplicative set of R[X].
(2) Each element of N, is reqular. Hence, R[X]|n, is an overring of R[X].

Proof. (1) Let f,g € R[X]. If f,g € Ny, then c(f)"*c(g) = c(f)"c(fg) for
some integer n > 1 [26, Theorem 28.1] and ¢(f), = ¢(g), = R. Hence,

()" e(g))u = (e(f)"e(f9))us
by which ¢(fg), = R. Thus, fg € N,. Conversely, if fg € N, then R =
e(f9)u  (e(f)e(9))u € R, and hence (c(f)e(g))u = R. Thus, e(f)u = c(g)u =
R.
(2) Let f € N,, and assume that f is a zero divisor of R[X]. Then, by
McCoy’s theorem, there is a nonzero a € R such that af = 0. Hence,

(0) = (0)u = (ac(f))u 2 ac(f)u = aR,

so aR = (0), and hence a = 0, a contradiction. Thus, f is regular. O

Remark 6.2. (1) Let NJ(R) = {f € R[X]|c(f) is regular and ¢(f), = R}.
Then NJ(R) C N, by Corollary 4.6. Moreover, if f € N,, then ¢(f), = R,
and hence ¢(f) is regular by Lemma 4.11, so f € N/ (R). Thus, N} (R) = N,.
In [43], Kang studied a couple of ring-theoretic properties of R[X|yr(g). Kang
also used R[X|yr(g) to show that if every regular prime ideal of R contains a
t-invertible regular prime ideal, then R is a Krull ring [43, Theorem 12].

(2) Let S = {f € R[X]|e(f)», = R}. It is worthwhile to note that (i) S is
a saturated multiplicative set of R[X] [43, Proposition 1], (ii) S = R[X] if and
only if R = T'(R), (iii) N, C S, and equality holds if and only if R # T'(R),
and (iv) N, is not a multiplicative set if and only if R = T'(R) and R is not a
field.

The next result is a u-operation analog of the fact that that if R is an integral
domain, then Max(R[X|n,) = {P[X]n, | P € v-Max(R)} and (IR[X]|n,): =
I, R[X]n, for anonzero fractional ideal I of R [40, Propositions 2.1 and 2.2]. By
Remark 6.2(1), R[X]n, = R[X]|nr(r), so the second property of Proposition
6.3 is an immediate consequence of [43, Proposition 5] that (I R[X]|nr(r)): =

I;R[X]nr(r) for a regular fractional ideal I of R.
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Proposition 6.3. The following statements are satisfied for a ring R.
(1) Max(R[X]n,) = {P[X]n, | P €u-Max(R)}.
(2) If P € u-Max(R) is regular, then P[X]y, is a t-ideal of R[X]n,, -

u

Proof. (1) (2) Let P € u-Max(R), and assume that @ is a prime ideal of R[X]
with P[X] C Q. Choose f € Q\ P[X]. Then (P + ¢(f))., = R, and since u is
of finite type, ((ao,...,an) + c(f))w = R for some (ag,...,a,) C P. Now, let
g=ao+a X+ - +a, X"+ XY

Then g € Q and ¢(g), = R, and therefore QN N,, # 0. Clearly, P[X|N N, = 0.
Thus, P[X]n, € Max(R[X]n,,)-

(C) Let A € Max(R[X]n,), so A = My, for some prime ideal M of R[X].
Let I =) ;) c(f); then I is an ideal of R. If I, = R, then there are some
fis-oo, fr € M such that (e(f1)+---+c(fx))u = R. Next, let n; = deg(f;) and

f=f+ szm-i-l + fSXn1+n2+2 4ot kan1+‘..+nk71+(k_1) .

Then f € M and ¢(f) = ¢(f1) + -+ c(fx), so f € M N N, a contradiction.
Hence, I, € R, so there is a maximal u-ideal of R, say, P, such that I C P.
Note that M C I[X] C P[X], P[X]N N, = 0, and My, is maximal. Thus,
My, = P[X]n,-

(2) Let J be a regular fractional ideal of R. It is clear that J 'R[X]y, C
(JR[X]N“)%. For the reverse containment, let x € (JR[X]N“)%. Then zJ C
z(JR[X]n,) C R[X]n,, and since J is regular, z € T(R)[X]y,. Hence, z = g
for some f € T(R)[X] and g € N,,. Now, let a € J. Then az = % € R X]n,,
whence % = % for some k € R[X] and h € N,. Then afh = gk, so by
Dedekind-Mertens lemma, [26, Theorem 28.1],

ac(f) € (ac(f))u = clafh)u = c(gh)u = c(k)u S R.
Hence, c(f) € J 7!, so x = 5 € J7'R[X]y,. Therefore, (JR[X]NM)_1 -

J'R[X]y,. Thus, (JR[X]n,) " = J 'R[X]x,.

Now, note that since P is regular, P € t-Max(R) by Corollary 4.6. Hence,
it suffices to show that if I C P is a finitely generated regular ideal of R, then
(IR[X]NH)” = [,R[X]n,. But, note that if I is a fractional ideal of R, then

I7' is always a regular fractional ideal of R. Thus, by the first paragraph,
(IR[X]NM)U =L R[X]nN,. O

Corollary 6.4. Every finitely generated locally principal ideal of R[X|n, is
principal. Hence, Pic(R[X]n, ) = {0}. In particular, if R satisfies Property(A),
then CI(R[X]n,) = {0}.

Proof. The proof is the same as that of [43, Theorem 2] with Proposition 6.3. In
particular, if A is a t-invertible regular ideal of R[X|y,, then AA™' ¢ P[X]y,
for all P € u-Max(R) by Property(A) and Proposition 6.3(2), whence A is
invertible. Thus, CI(R[X]n,) = Pic(R[X]n,) = {0}. O



PRIME FACTORIZATION OF IDEALS 449

The following lemma is a very useful tool for studying when R[X]y, is a
(regular) PIR or a Noetherian ring (see [14, Lemma 2.1] for a domain case).

Lemma 6.5. The following statements hold for an ideal I of a ring R.
(1) IRX]|n, NT(R) = I,.
(2) IuR[X]n, = IR[X]nN,.
(3) I, is of finite type if and only if IR[X] N, is finitely generated.

u

Proof. (1) (D) Let a € I,. Then there exists a J € tGV(R) such that aJ C I.
It is clear that JR[X]N N, # 0, so a € aR[X]n, = aJR[X]|n, C IR[X]n,.
Thus, I, € IR[X]x, N T(R).

(C) Let b € IR[X]|n, NT(R). Then b = 5 for some f € IR[X] and g € N,.
Hence, bg = f by which we have

b€ bR =bc(g)u € (be(g))u = c(f)u € Lu-

Thus, IR[X]|n, NT(R) C I,,.

(2) This follows directly from (1).

(3) Assume that I, is of finite type, and let J be a finitely generated ideal
of R such that I,, = J,. Then, by (2),

IR[X]y, = I.R[X]n, = JJR[X]n, = JR[X]n,

Thus, IR[X]y, is finitely generated. Conversely, suppose that ITR[X]y, is
finitely generated. Then IR[X]|n, = (f1,..., fn)R[X]nN, for some fi,..., f, €
IR[X]. Let J =c¢(f1)+ -+ ¢(fn). Then J is a finitely generated ideal of R
and TR[X]y, = JR[X]|n,. Hence, by (1),

I, =IR[X]|n,NT(R) = JR[X]|n, NT(R) = J,.
Thus, I, is of finite type. ([

A Krull ring does not satisfy Property(A) in general. For example, let D be
a Krull domain, S be a total quotient ring that does not satisfy Property(A)
(see, for example, [34, Example 2 on page 174]), and R=D x S. Then R is a
Krull ring but R does not satisfy Property(A) by Corollary 3.4. The following
theorem gives a new characterization of Krull rings with Property(A) via the
ring R[X]|n, -

Theorem 6.6. The following statements are equivalent for a Ting R with
Property(A).

(XN, is a Krull ring.
[X]n, is a regular w-ring.
[X]n, is a factorial ring.
[X]n, is a Dedekind ring.
[X]n, is a regular PIR.
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Proof. (1) = (6) Let Ay, be a regular ideal of R[X|n, and I = 3 ,c 4 c(f)
for an ideal A of R[X]. Then I is regular because A C IR[X], A is regular,
and R satisfies Property(A). Hence, I is u-invertible by (1) and Corollary 4.8.
Thus, I, = J, for some finitely generated regular ideal J of R with J C I
by Proposition 1.6. Since J is finitely generated, there are some polynomials
fi,... fm € Asothat J Ce(f1) + -+ c(fm). Now, let k; = deg(f;) and

f — fl + f2Xk1+1 S mek1+k2+--~+km71+(mfl) ,
so c(f) =c(fi)+ -+ c(fm). Then, by Lemma 6.5,
Ay, C IR[X]n, = I.R[X]n, = JuR[X]N, = JR[X]N, C c(f)R[X]n, -

u

Note that ¢(f) is a regular ideal of R, so ¢(f) is u-invertible by (1) and Corollary
4.8. Hence, c¢(f)Rp is a regular principal ideal of Rp, which implies

(fR[X]N,)Pix]y, = (c(f)RIX]N,)P[x]n,

for all P € u-Max(R). Thus, by Proposition 6.3(1), ¢(f)R[X]|n, = fR[X]n, C
An,, and hence fR[X|n, = An,. Therefore, R[X]|y, is a regular PIR.

(6) = (5) = (3) = (2) It is clear.

(6) = (4) = (2) It is clear.

(2) = (1) Let I be a regular ideal of R. Then IR[X]y, is a regular
ideal of R[X]n,, and hence I R[X]y, is t-invertible by assumption. Note that
(IR[X]n,)”' = I"'R[X]y, by the proof of Proposition 6.3(2), so

(IR[X]n,)URIX]N,) " = (IIT)R[X]n

Moreover, 117! is regular. Hence, by Proposition 6.3, II=! ¢ P for all P € u~
Max(R). Since the u-operation is of finite type, (II~!), = R by Proposition
1.2(2). Thus, R is a Krull ring by Corollary 4.8. O

w®

Corollary 6.7. If R is the integral closure of a Noetherian ring, then R[X]y,
is a reqular PIR.

Proof. A Noetherian ring satisfies Property(A) [44, Theorem 82] and each over-
ring of a ring with Property(A) satisfies Property(A) [34, Corollary 2.6]. Hence,
R satisfies Property(A). Moreover, R is a Krull ring [33, Corollary 2.3]. Thus,
R[X]n, is a regular PIR by Theorem 6.6. O

u

Let N = {f € R[X]|ce(f) = R} and W = {f € R[X]|f is a monic
polynomial}. Then N and W are both multiplicative sets of R[X] and W C
N C N,. Hence, we have the following two types of quotient rings;

R(X)=R[X|y and R(X)=R[X]w.

For some divisibility properties of R(X) and R({X), see [34, Section 18].

We next state an interesting characterization of general Krull rings, which is
motivated by [34, Theorem 18.8] and [25, Theorem 2.2] that (i) R is a general
ZPI-ring if and only if R(X) is a PIR and (ii) R is a Krull domain if and only
if R[X]n, is a PID, respectively.

u
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Theorem 6.8. The following statements are equivalent for a ring R.

(1) R is a general Krull ring.
( In, is a general Krull ring.
( N, is a T-Ting.

( In, is a UFR.

( |n, is a general ZPI-ring.
( |n, is a PIR.

( ) is a general Krull ring.

2)
3)
4)
5)
6)
7) R(X

8) R(X) is a general Krull ring.

(

Proof. (1) = (6) Since R is a general Krull ring, R = Ry X --- X R, for some
Krull domains and SPRs Ry,...,R,. Let Ny, = {f € R;[X]|c(f). = R;} for
i=1,...,n. Then, by Lemma 4.12,

R[X]Nu = RI[X]Nul X - X Rn[X]Nun

and R;[X]n,, is a PID (when R; is a Krull domain) [25, Theorem 2.2] or an
SPR (when R; is an SPR) [34, Lemma 18.7]. Thus, R[X]y, is a PIR.

(6) = (4) = (3) = (2) It is clear.

(6) = (5) = (3) It is clear.

(2) = (1) A general Krull ring is a Krull ring and R[X|y, NT(R) = R, s0 R
is integrally closed and there exists an irredundant primary decomposition of
(0) in R, say, (0) = Q1 N---NQp, such that each 1/Q); is a minimal prime ideal
of R. Hence, R~ R/Q1 X -+ x R/Qy. Moreover, dim (T(R/Q;)) = 0 because
Q; is primary for ¢ = 1,...,n, so dim(T(R)) = 0 by Lemma 3.1. Hence, R
satisfies Property(A) [34, Corollaries 2.6 and 2.12].

Now, let @ be a prime ideal of R[X]y,. If @ is minimal, then @ N R is
a minimal prime ideal of R and @ = (Q N R)[X]n,. Next, assume that Q
is not minimal. Then @ is regular, @ C P[X]y, for some P € u-Max(R)
by Proposition 6.3, and P is regular because R satisfies Property(A). Note
that R[X]y, is general Krull by assumption and P[X]y, € X} (R[X]n,) by
Proposition 6.3 and Corollary 4.8, hence ht(P[X]y,) = 1 by Theorem 5.2(5).
This implies that @ = P[X]n, and htQ = 1. In particular, R[X]y, is a
general ZPI-ring by Theorem 5.1(2). Let a € R. Then aR[X]y, is a finite
direct product of prime ideals, and hence

aRX]n, = (PiX]n,) - (PalX]n,) = (P Pu)RIX]N

u

for some prime ideals Py,..., P, of R. Thus, by Lemma 6.5,
(aR)y = (aR[X]n,) NT(R) = (Py - P,)R[X]n, NT(R) = (Py -+ Py)u.

Hence, R is a general Krull ring by Theorem 5.6.

(1) = (7) If R is a general Krull ring, then R = Ry x- - - X R, is a finite direct
product of Krull domains and SPRs. Note that R[X] = R1[X] X - - X R,[X], so
R(X) = Ri(X) x - x R (X). If R; is a Krull domain, then R;(X) is a Krull
domain [4, Theorem 5.2]. If R; is an SPR, then R;(X) is an SPR [34, Lemma
18.7]. Thus, R(X) is a general Krull ring.
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(7) = (8) Note that W C N, so R(X) = R[X]|ny = (R[X]w)~n = (R{(X))n.
Since R{X) is a general Krull ring, the result follows by Corollary 5.17.

(8) = (2) Note that N C N,,, so R[X]|n, = (R[X]|~)n, = (R(X))n,. Thus,
the assertion follows directly from Corollary 5.17. O

As in [76], we say that a w-Noetherian domain is a strong Mori domain
(an SM domain). Hence, a u-Noetherian domain is just an SM domain. It is
known that an integral domain R is an SM domain if and only if R[X] is an
SM domain, if and only if R[X]y, is a Noetherian domain [14, Theorem 2.2].
A PIR is a Noetherian ring, so if R is a general Krull ring, then R[X]y, is a
Noetherian ring by Theorem 6.8. We next study when R[X] and R[X]y, are
Noetherian.

Theorem 6.9. The following statements are equivalent for a ring R.

) R is a u-Noetherian ring.

is a w-Noetherian ring.

| is a u-Noetherian ring.

| is a w-Noetherian ring.
|n,, is a Noetherian ring.
|n,, is a Noetherian ring.

(1
(2) R

(3) R
(4) R
(5) B[
(6) R

In this case, u = w on R.

X
X
X
R[X

Proof. (1) = (2) This follows because u < w by Proposition 4.5.
(2) = (1) If R is w-Noetherian, then R satisfies Property(A) [75, Corollary
6.8.24], and hence u = w on R by Proposition 4.5. Thus, R is u-Noetherian.
(2) & (4) & (6) See [75, Theorem 6.8.8].
(3) & (4) This follows directly from the equivalence of (1) and (2) above.
(4) = (5) If R[X] is w-Noetherian, then R is w-Noetherian by the equivalence
of (2) and (4) above, whence v = w on R and N,, = N,,. Thus, R[X]|y, is
Noetherlan by the equivalence of (4) and (6).
(5) = (1) Let I be a u-ideal of R. Then IR[X]y, is finitely generated by
assumption. Thus, I is of finite type by Lemma 6.5(3). O

A w-Noetherian ring is a u-Noetherian ring by Theorem 6.9. Hence, a finite
direct product of u-Noetherian rings is a u-Noetherian ring [78, Proposition
4.8]. The next corollary shows that the converse of [78, Proposition 4.8] is also
true.

Corollary 6.10. Let R = Ry X Ry be a direct product of rings Ry and Rs.
Then R is a u-Noetherian ring if and only if R; is a u-Noetherian ring for
i=1,2.

Proof. Let N,,, = {f € R;[X]|¢(f)y = R;} for i = 1,2. Then
R[X]y

.= RiX]N,,

XRQ[X]N

ug
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(see the proof of Theorem 6.8). Thus, R is u-Noetherian if and only if R[X]y,
is Noetherian by Theorem 6.9, if and only if each R;[X]y, is Noetherian, if
and only if each R; is u-Noetherian. O

The following corollary is an analog of Theorem 6.8, which characterizes
general Krull rings via the w-Nagata ring R[X]y

w

Corollary 6.11. The following statements are equivalent for a ring R.

(1) R is a general Krull ring.

(2) R[X]n, ts a general Krull ring.
(3) R[X]n, is a m-ring.

(4) R[X]n, is a UFR.

(5) R[X]n, is a general ZPI-ring.
(6) R[X]n, is a PIR.

6) By Corollary 5.9, R is a u-Noetherian ring, and hence v = w

R
S
s
—
[
~—
=~

on R by Theorem 6.9. Thus, R[X]y,, is a PIR by Theorem 6.8.
(6) = (5) = (2) It is clear.
(6) = (4) = (3) = (2) It is clear.
(2) = (1) Note that each ideal of R[X]y, is a w-ideal [75, Theorem 6.6.18],

so d =w = u on R[X]y,. Hence, by Corollary 5.9, R[X]|y,, is Noetherian,
and thus v = w on R by Theorem 6.9. Thus, R is a general Krull ring by
Theorem 6.8. (I

w

It is known that an integral domain R is a strong Mori domain if and only
if Rp is Noetherian for all P € w-Max(R) and each nonzero element of R is
contained in only finitely many maximal w-ideals of R [77, Theorem 1.9].

Proposition 6.12. A ring R is a u-Noetherian ring if and only if R satisfies
the following three properties;

(i) Rp is a Noetherian ring for all P € u-Max(R),
(ii) every prime Z-ideal of R is of finite type, and
(iii) each regular element of R is contained in only finitely many mazimal
u-ideals of R.

Proof. (=) By Lemma 5.5(1), (i) is satisfied. (ii) is clear. For a € reg(R), let
A ={P € u-Max(R) |a € P}. If A is infinite, then we can choose a countably
infinite subset {P;|i = 1,2,...} of A. Now, let I, = P, N---N Py for all
integers k > 1. Then a € Iy, (Ix), = Ij, and Ixy1 C I by Corollary 4.6 and
the assumption that R is u-Noetherian. Hence, a(Ix)™' C a(lx+1)"! € R for
all k > 1, which is an infinite ascending chain of u-ideals of R, a contradiction.
Thus, (iii) is satisfied.

(<) By (ii), Proposition 4.9(1), and Cohen’s theorem, T'(R) is a Noetherian
ring. Hence, T'(R) satisfies Property(A). Thus, R satisfies Property(A) [34,
Corollary 2.6] and u = w on R by Proposition 4.5(2). Hence, it suffices to show
that each prime w-ideal of R is of finite type [75, Theorem 6.8.5].
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Let P be a maximal u-ideal of R. Then Rp is a Noetherian ring by (i),
and hence Rp(X) is a Noetherian ring. Thus, R[X]y, is a locally Noetherian
ring by Proposition 6.3(1). Now, let I be a prime ideal of R. If T is a regular
ideal of R, then IR[X]y, is contained in only finitely many maximal ideals of

R[X]n, by (iil) and Prouposition 6.3, and since R[X]y, is locally Noetherian,
IR[X]p, is finitely generated. Thus, I, is of finite type by Lemma 6.5. Next,
assume that I C Z(R). Then I is a u-ideal of finite type by (ii) and Proposition

4.9(2). O
7. Almost Dedekind rings

A general Krull ring is a u-Noetherian ring by Corollary 5.9(2) or by Theo-
rems 6.8 and 6.9. It is known that an integral domain is a Krull domain if and
only if it is an integrally closed u-Noetherian ring [77, Theorem 2.8]. In this
section, we study when a u-Noetherian ring is a general Krull ring.

Theorem 7.1. The following statements are equivalent for a ring R.
(1) R is a general Krull ring.
(2) R is a u-Noetherian ring such that Rp is a DVR or an SPR for all
mazximal u-ideals P of R.
(3) R is a w-Noetherian ring such that Rp is a DVR or an SPR for all
mazximal w-ideals P of R.

Proof. (1) = (2) Clearly, R is a u-Noetherian ring. Now, let @ be a maximal u-
ideal of R and R = Ry X - -- X R,, be a finite direct product of Krull domains and
SPRs Ri,...,R,. Then, by Lemma 3.1(3), there exists a prime ideal P; of R;
such that Q@ = Ry x---XP;x---xXR,,. Recall that Q@ = Ry X+ - X (P;)y X - X R,
by Lemma 4.12, so (P;),, = P;. Thus, if R; is a Krull domain, then Rg = (R;)p,
is a DVR. Next, if R; is an SPR, then Rg = (R;)p, = R; is an SPR.

(2) = (1) By Corollary 4.10, T(R) is Noetherian, so there is an irredundant
primary decomposition of (0) in T(R), say, (0) = @1 N---NQ,. If Q; +
Q; € M for some maximal ideal M of T'(R), then M N R is a u-ideal of R by
Proposition 4.9(2) and T(R)y = Rynr- Hence, T(R)ar is a DVR or an SPR,
so (Qi)m and (Q;)m are comparable under inclusion. Thus, @; and @; are
comparable, a contradiction. Hence, Q1,...,Q, are comaximal, dim(T(R)) =
0, and

R— R/(QiNR)x---xR/(Qn,NR)
—T(R)/Q1 % -+ xXT(R)/Qn
=T(R).
Now, let « € T(R) be integral over R. Note that, for each P € u-Max(R),
Rp =< T(R)p — T(Rp)

and z is integral over Rp. Since Rp is a DVR or an SPR by assumption,
x € Rp for all P € u-Max(R). Next, let ] = {a € R|ax € R}. Then I, = I
and I ¢ P for all P € u-Max(R), so I = R. Thus, z € R.
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Clearly, R/(Q1 N R) X --- x R/(Q, N R) is a finitely generated R-module,
and since R is integrally closed by the previous paragraph,

R=R/(QiNR)x - xR/(Q.NR).

Let P, = /Q; N R for i = 1,...,n. Assume that P; is not a maximal ideal
of R, and let M be a maximal ideal of R with P, C M. Choose a € M \ P;,
and let P be a minimal prime ideal of (Q; N R) 4+ aR that is contained in M.
Then P is a minimal regular prime ideal of R, so P is a prime u-ideal of R. By
assumption, Rp is a DVR, which implies that @; N R is a prime ideal. In this
case, R/(Q; N R) is an integrally closed u-Noetherian domain by assumption
and Corollary 6.10. Thus, R/(Q; N R) is a Krull domain. Next, if P; is a
maximal ideal of R, then R/(Q; N R) & Rp,/(Q:; N R)Rp,, and since Rp, is an
SPR by assumption, R/(Q; N R) is an SPR. Thus, R is a finite direct product
of Krull domains and SPRs.

(2) < (3) This follows from Theorem 6.9. O
A Noetherian ring is a u-Noetherian ring, so by Theorem 7.1, we have:

Corollary 7.2. A Noetherian ring R is a general Krull ring if and only if Rp
is a DVR or an SPR for all mazimal u-ideals P of R.

The next corollary is a general ZPI-ring analog of a Dedekind domain that
an integral domain R is a Dedekind domain if and only if R is Noetherian and
Rys is a DVR for all M € Max(R) [24, Theorem 13.1].

Corollary 7.3. A ring R is a general ZPI-ring if and only if R is Noetherian
and Ry is a DVR or an SPR for all M € Max(R).

Proof. A general ZPI-ring is a general Krull ring with (Krull) dimension < 1
and a u-Noetherian ring with (Krull) dimension < 1 is a Noetherian ring. Thus,
the result follows from Theorem 7.1. O

We will say that R is an almost Dedekind ring (resp., a u-almost Dedekind
ring) if Rps is a DVR or an SPR for all maximal ideals (resp., maximal u-ideals)
M of R. Hence, by Corollary 7.3 (resp., Theorem 7.1), R is a general ZPI-ring
(resp., general Krull ring) if and only if R is a Noetherian almost Dedekind ring
(resp., a u-Noetheria u-almost Dedekind ring). Moreover, it is easy to see that
an integral domain is an almost Dedekind ring (resp., a u-almost Dedekind
ring) if and only if it is an almost Dedekind domain [26, Section 36] (resp.,
a t-almost Dedekind domain [40, Section IV]); an almost Dedekind ring is a
u-almost Dedekind ring; and a w-almost Dedekind ring is integrally closed by
the proof of Theorem 7.1.

Lemma 7.4. Let R = Ry X -+ X R, be a finite direct product of rings
Ri,...,R,. Then R is an almost Dedekind ring (resp., a u-almost Dedekind
ring) if and only if R; is an almost Dedekind ring (resp., a u-almost Dedekind
ring) fori=1,...,n.
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Proof. This follows directly from the following three observations: (i) @ is a
prime ideal of R if and only if @ = Ry X -+ X P; X --- X R,, for some prime
ideal P; of R;; (ii) Rg = (R;)p, by Lemma 3.1(3), and (iii) @ is a u-ideal if
and only if P; is a u-ideal by Lemma 4.12(2). O

The next proposition is an almost Dedekind ring analog of a general ZPI-
ring. The (3) < (5) = (2) of Proposition 7.5 holds without the assumption
that R is an almost Dedekind ring (see [5, Theorem 10]).

Proposition 7.5. Let R be an almost Dedekind ring. Then the following
statements are equivalent.

(1) R is a finite direct product of almost Dedekind domains and SPRs.
(2) R has a finite number of minimal prime ideals.

(3) The zero element of R is a finite product of prime elements.

(

(

)
3)
4) R has few zero divisors.
5) FEach minimal prime ideal of R is principal.
Proof. (1) = (3) and (5). It is easy to check that it is indeed true of a ring
that is a finite direct product of integral domains and SPRs (cf. the proof of
Theorem 5.2).
(3) = (2) It is clear.
(2) = (1) and (4). Let Pi,..., P, be the minimal prime ideals of R. If
x € R\ U?:l P;, then x is regular in Rj;, because Rj; is a DVR or an SPR,
for all maximal ideals M of R. Hence, if we let I = {a € R|axz = 0}, then
IRy = (0) for all maximal ideals M of R, which implies that I = (0) and =
is regular in R. Hence, Z(R) = [J;_, P,. Note that Rp, is either a field or
an SPR, so P, = P? (resp., PF~' D PF = PF™! for some k; > 2) if Rp,
is a field (resp., not a field). Without loss of generality, we may assume that
Rp,,...,Rp, are fields and Rp, ., ,,...,Rp, are not fields. Then P;Rp, = (0)

fori=1,...,m and Pik"sz. =(0) fori=m+1,...,n, and hence
PiN---NP, NP A...n Pk = (0) in R.

It is clear that each pair of distinct minimal prime ideals of R is comaximal.
Hence, by Chinese Remainder Theorem,

R=R/P, XX R/Py x R/PE"Y ... x R/ P .

m

Then, by Lemma 7.4, R/P; is an almost Dedekind domain for ¢ = 1,...,m and
R/Piki is an SPR for i = m +1,...,n. Thus, the proof is completed.

(4) = (2) Let Q1,...,Q, be prime ideals of R such that Z(R) = ", Q;.
If P is a minimal prime ideal of R, then P C @); for some ¢, and since R is an
almost Dedekind ring, either P = @); or P is a unique prime ideal of R with
P C @Q;. Thus, the number of minimal prime ideals of R is at most n < oc.

(5) = (2) This follows from [27, Theorem 1.6] that if each minimal prime
ideal of an ideal I is the radical of a finitely generated ideal, then I has finitely
many minimal prime ideals. (I
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It is known that an integral domain R is an almost Dedekind domain (resp.,
a t-almost Dedekind domain) if and only if R(X) (resp., R[X]y,) is an almost
Dedekind domain [26, Proposition 36.7] (resp., [40, Theorem 4.4]).

Proposition 7.6. A ring R is an almost Dedekind ring (resp., a u-almost
Dedekind ring) if and only if R(X) (resp., R[X]|n,) is an almost Dedekind
ring.

Proof. This follows directly from the following observation: (i) Max(R[X]n,) =
{PR[X]n, | P € u-Max(R)} and Max(R(X)) = {MR(X)| M € Max(R)} [26,
Proposition 33.1], (ii) R(X)mrx) = Bm(X) and (R[X]nN,)prix]y, = BP(X),
(iii) Rp is a DVR if and only if Rp(X) is a DVR, and (iv) Rp is an SPR if
and only if Rp(X) is an SPR [34, Lemma 18.7]. O

A general Krull ring is a w-almost Dedekind ring with a finite number of
minimal prime ideals by Theorem 7.1. We next characterize the wu-almost
Dedekind ring that has a finite number of minimal prime ideals. This is a
generalization of the result of Proposition 7.5 to u-almost Dedekind rings.

Corollary 7.7. Let R be a u-almost Dedekind ring. Then the following state-
ments are equivalent.

(1) R is a finite direct product of t-almost Dedekind domains and SPRs.
) R has a finite number of minimal prime ideals.
) The zero element of R is a finite product of prime elements.
) R has few zero divisors.
) Each minimal prime ideal of R is principal.
Proof. (1) = (3) = (2) and (1) = (5) = (2). These can be proved by the same
arguments as the proofs of the counterparts in Proposition 7.5.
(2) = (1) Let {P1, ..., P, Pn+1, .- ., Py} be the set of minimal prime ideals
of R such that Rp, is a field for ¢ = 1,...,m and Rp, is an SPR for ¢ =

m+1,...,n. Then, by an argument similar to the proof of Proposition 7.5,
R<s R/Py X - X R/Pyy x R/PE™4 x ... x R/ P < T(R)

for some integers k; > 2, i =m+1,...,n. Note that R is integrally closed and
R/Py x --- x R/PFr is a finitely generated R-module, so

R=R/P, X - x R/P,, x R/PY"" x --- x R/Pkn.

m
Hence, by Lemma 7.4, R/P; is a t-almost Dedekind domain for ¢ = 1,...,m.
Next, assume that P; is not maximal for ¢ = m + 1,...,n. Then P, must be
contained in a maximal u-ideal of R, say, @, but R is neither a DVR nor an
SPR, a contradiction. Thus, R/P}" = T(R)/Pf*T(R), which is an SPR.

(2) = (4) By Proposition 7.6, R[X]y, is an almost Dedekind ring. Note
that if {Py,..., P,} is the set of minimal prime ideals of R, then {P;[X]|n, |i =
1,...,n} is the set of minimal prime ideals of R[X]|y,. Hence, by the proof
of (2) = (1) in Proposition 7.5, Z(R[X]n,) = Ui, P;[X]n,. Thus, Z(R) =
UL, P.

w*
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(4) = (2) Let P be a prime Z-ideal of R. Then P is a u-ideal by Proposition
4.9. Thus, the proof is completed by the same argument as the proof of (4) =
(2) in Proposition 7.5. O

It is easy to see that an integral domain is a Krull domain if and only if it is a
t-almost Dedekind domain in which each principal ideal has a finite number of
minimal prime ideals. The next result is a general Krull ring analog, which can
be used as the definition of general Krull rings as in the case of Krull domains.

Corollary 7.8. The following statements are equivalent for a ring R.

(1) R is a general Krull ring.
(2) R satisfies the following conditions.
(@ R= N Rp.
PEX(R)
(b) Rp is a DVR for all P € X}(R) and Rp is an SPR for all prime
Z-ideals P of R.
(¢) Each principal ideal of R has a finite number of minimal prime
ideals.
(3) R is a u-almost Dedekind ring in which each principal ideal has a finite
number of minimal prime ideals.

Proof. (1) = (2) By Theorem 5.12, (a) holds. Note that u-Max(R) = X}(R)U
{P € Max(R) | P is minimal} by Theorem 5.2(5)-(6), so (b) holds by Theorem
7.1. For (c), let @ € R be a nonunit. If a is regular, then each minimal prime
ideal of aR is in X} (R), and since R is a Krull ring, such prime ideals are finite.
Next, assume a € Z(R). Then a = be for some b € reg(R) and ¢ € Z(R) that
is a finite product of prime elements of R in Z(R) by Theorem 5.2(2). Note
that bR has a finite number of minimal prime ideals, which are prime ideals in
X!(R). Note also that if P is a minimal prime ideal of bcR, then P is minimal
over either bR or cR. Thus, aR = bcR has a finite number of minimal prime
ideals.

(2) = (1) By Theorem 5.12, it suffices to show that T'(R) is a PIR. By (b),
dim(T'(R)) = 0 and T(R) is a locally PIR. Moreover, by (c), T(R) has a finite
number of maximal ideals. Thus, T(R) is a PIR.

(1) = (3) R is a u-almost Dedekind ring by Theorem 7.1. Thus, the proof
is completed by the proof of (1) = (2).

(3) = (1) Clearly, R has a finite number of minimal prime ideals. Hence, R
is a finite direct product of t-almost Dedekind domains and SPRs by Corollary
7.7. Moreover, if D is a direct summand of R that is a t-almost Dedekind
domain, then each nonzero element of D is contained in only finitely many
height-one prime ideals of D. Hence, D is a Krull domain. Thus, R is a
general Krull ring. O

It is reasonable to say that R is a regular almost Dedekind ring (resp., regu-
lar t-almost Dedekind ring) if (R;p), [P]R(p)) is a rank-one DVR for all regular
maximal ideals (resp., regular maximal ¢-ideals) P of R. It is easy to see that
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(i) Dedekind rings (resp., Krull rings) are regular almost Dedekind ring (resp.,
regular t-almost Dedekind ring); (ii) regular almost Dedekind rings are regular
t-almost Dedekind rings and its regular dimension is at most one; (iii) regu-
lar t-almost Dedekind rings are completely integrally closed; and (iv) almost
Dedekind rings (resp.,u-almost Dedekind rings) are regular almost Dedekind
rings (resp., regular t-almost Dedekind rings) [15, Theorem 1].

Proposition 7.9. Let R be a regular almost Dedekind ring (resp., regular
t-almost Dedekind ring). Then R is a Dedekind ring (resp., Krull ring) if
and only if R is an r-Noetherian ring (resp., R satisfies the ascending chain
condition on integral reqular t-ideals).

Proof. (Krull ring case) This case follows from [46, Proposition 2.2] and [56,
Theorem 5] that R is a Krull ring if and only if R satisfies the ascending chain
condition on integral regular v-ideals and is completely integrally closed.
(Dedekind ring case) It is clear that a Dedekind ring is r-Noetherian. Con-
versely, assume that R is an r-Noetherian ring. Then R satisfies the ascending
chain condition on integral regular v-ideals. Thus, R is a Krull ring [43, Theo-
rem 13]. Moreover, since reg-dim(R) < 1 by assumption, R is a Dedekind ring
by Theorem 2.1. O

Let * be a star operation on a ring R. We say that R is a s-multiplication
ring if, for all ideals A and B of R with A C B, there exists an ideal C of R such
that A, = (BC),.. Hence, d-multiplication rings are just multiplication rings.
It is known that an integral domain is a Dedekind domain if and only if it is
a multiplication ring [26, Theorem 37.1], a general ZPI-ring is a multiplication
ring, but a multiplication ring need not be a general ZPI-ring [51, Exercise 8
on p.224].

Remark 7.10. A ring R is an almost multiplication ring if Rp is a multiplication
ring for all prime ideals P of R [12, Theorem 2.7]. It is known that R is an
almost multiplication ring if and only if Rp is a general ZPI-ring for all prime
ideals P of R [12, Theorem 2.0]. Note that a general ZPI-ring with a unique
maximal ideal is a DVR or an SPR [11, page 83]. Hence, the almost Dedekind
ring of this paper is just the almost multiplication ring (cf. [2, page 761]). Thus,
the R(X) of Proposition 7.6 comes from [2, Theorem 8(3)] and the equivalence
of (1), (2) and (4) in Proposition 7.5 is from [63, Theorem 12] and [2, Theorem
5].

It is known that a multiplication ring is an almost multiplication ring [12,
Lemma 2.4] and a Noetherian almost multiplication ring is a multiplication
ring [51, Exercise 10 on page 224]. Hence, by Corollary 7.3, R is a general
ZPlI-ring if and only if R is a Noetherian multiplication ring.

Lemma 7.11. (1) A u-multiplication ring is a u-almost Dedekind ring.
(2) A finite direct product of u-multiplication rings is a u-multiplication
ing.
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Proof. (1) Let R be a u-multiplication ring and P be a maximal u-ideal of R.
Now, let A and B be ideals of Rp with A C B. Then A =IRp and B = JRp
for some ideals I and J of R with I C J [26, Theorems 4.3 and 4.4]. Hence,
I, = (JC), for some ideal C of R, so by Lemma 5.5(1),

A=IRp=I,Rp=(JC)Rp = (JC)Rp = (JRp)(CRp) = B(CRp).

Thus, Rp is a multiplication ring. Then, by Remark 7.10, Rp is either a DVR
or an SPR.
(2) This follows directly from Lemmas 3.1(2) and 4.12(2). O

The next result is a general Krull ring analog of [26, Proposition 39.4] that
R is a general ZPI-ring if and only if R is a Noetherian multiplication ring.

Corollary 7.12. A ring R is a general Krull ring if and only if R is a u-
Noetherian u-multiplication ring.

Proof. Suppose that R is a general Krull ring. Then R is a u-Noetherian ring
by Theorem 7.1 and R is a finite direct product of Krull domains and SPRs.
Clearly, an SPR is a u-multiplication ring. Now, let D be a Krull domain and
A C B be ideals of D. If A = (0), then (0) = (0), = (BA),, so we may
assume that A # (0). Then B is u-invertible by assumption, and hence if we
let C = B7'A, then C is an ideal of D such that A, = (BC),. Hence, D is a
u-multiplication ring. Therefore, R is a finite direct product of u-multiplication
rings. Thus, by Lemmas 7.11(2), R is a w-multiplication ring. The converse
follows by Theorem 7.1 and Lemma 7.11(1). O

We end this paper with the following diagram, which summarizes the exact
relationship of the 15 different types of rings which are studied in this paper.

UFD

N
e

R
PID

| >

PIR

m-domain — Krull domain

m-ring — ‘ general Krull ring

~ | |

regular 7-ring ——— Krull ring

F
I
i
F
I

+
Factorial ring
- N

X g /Dedekind domain

J

general ZPI ring

J

Dedekind Ring

regular PIR

It is well known and easy to see that none of the implications are reversible
and the three counter parts of each type of rings are the same when the rings
are integral domains.
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Remark 7.13. While correcting this paper according to the referee’s comments,
we found Juett’s recent work [37] where he used the w-operation to introduce
the class of general w-ZPI rings. Let R be a ring. Juett called R a general
w-ZPI ring if every proper w-ideal of R is a finite w-product of prime w-ideals.
Then, among other things, he proved that R is a general w-ZPI ring if and
only if R is a finite direct product of Krull domains and SPRs, if and only if
R[X]n, is an Euclidean ring. Therefore, Juett’s general w-ZPI ring is exactly
the general Krull ring of this paper (see Corollary 5.8).

Let S be a commutative cancellative additive monoid and R[S] be the semi-
group ring of S over R. Juett has studied several factorization properties of
R][S] including Dedekind rings, m-rings, and UFRs (see, for example, [38,39]).
In [37], Juett also studied when R[S] is a general w-ZPI ring.

Acknowledgements. The authors would like to thank the anonymous ref-
eree for his/her helpful comments. This work was supported by Basic Science
Research Program through the National Research Foundation of Korea (NRF)
funded by the Ministry of Education (2017R1D1A1B06029867).

References

[1] J. H. Alajbegovi¢ and E. Osmanagié¢, FEssential valuations of Krull rings with zero
divisors, Comm. Algebra 18 (1990), no. 7, 2007-2020. https://doi.org/10.1080/
00927879008824008

[2] D. D. Anderson, Multiplication ideals, multiplication rings, and the ring R(X), Cana-
dian J. Math. 28 (1976), no. 4, 760-768. https://doi.org/10.41563/CIM-1976-072-1

(3] D. D. Anderson, Some remarks on the ring R(X), Comment. Math. Univ. St. Paul. 26
(1977/78), no. 2, 137-140.

[4] D. D. Anderson, D. F. Anderson, and R. Markanda, The rings R(X) and R(X), J.
Algebra 95 (1985), no. 1, 96-115. https://doi.org/10.1016/0021-8693(85)90096-1

[5] D.D. Anderson and S. Chun, Some remarks on principal prime ideals, Bull. Aust. Math.
Soc. 83 (2011), no. 1, 130-137. https://doi.org/10.1017/8000497271000170X

[6] D. D. Anderson and S. J. Cook, Two star-operations and their induced lattices, Comm.
Algebra 28 (2000), no. 5, 2461-2475. https://doi.org/10.1080/00927870008826970

[7] D.D. Anderson and J. A. Huckaba, The integral closure of a Noetherian ring. II, Comm.
Algebra 6 (1978), no. 7, 639-657. https://doi.org/10.1080/00927877808822262

[8] D. D. Anderson and R. Markanda, Unique factorization rings with zero divisors, Hous-
ton J. Math. 11 (1985), no. 1, 15-30.

[9] D. D. Anderson and R. Markanda, Corrigendum: “Unique factorization rings with zero
divisors”, Houston J. Math. 11 (1985), no. 3, 423-426.

[10] J. T. Arnold, On the ideal theory of the Kronecker function ring and the domain D(X),
Canadian J. Math. 21 (1969), 558-563. https://doi.org/10.4153/CIM-1969-063-4

[11] K. Asano, Uber kommutative Ringe, in denen jedes Ideal als Produkt von Primidealen
darstellbar ist, J. Math. Soc. Japan 3 (1951), 82-90. https://doi.org/10.2969/jmsj/
00310082

[12] H. S. Butts and R. C. Phillips, Almost multiplication rings, Canadian J. Math. 17
(1965), 267-277. https://doi.org/10.4153/CIM-1965-026-9

[13] G. W. Chang, Weakly factorial rings with zero divisors, in Ideal theoretic methods in
commutative algebra (Columbia, MO, 1999), 119-131, Lecture Notes in Pure and Appl.
Math., 220, Dekker, New York, 2001.


https://doi.org/10.1080/00927879008824008
https://doi.org/10.1080/00927879008824008
https://doi.org/10.4153/CJM-1976-072-1
https://doi.org/10.1016/0021-8693(85)90096-1
https://doi.org/10.1017/S000497271000170X
https://doi.org/10.1080/00927870008826970
https://doi.org/10.1080/00927877808822262
https://doi.org/10.4153/CJM-1969-063-4
https://doi.org/10.2969/jmsj/00310082
https://doi.org/10.2969/jmsj/00310082
https://doi.org/10.4153/CJM-1965-026-9

462

(14]

(15]

[16]

[17)
(18]

(19]
20]
(21]
(22]

23]

[24]
[25]
[26]
27]
(28]
29]
(30]
(31]
(32]
(33]

34]
(35]

(36]
(37]

(38]

G. W. CHANG AND J. S. OH

G. W. Chang, Strong Mori domains and the ring D[X]n,, J. Pure Appl. Algebra 197
(2005), no. 1-3, 293-304. https://doi.org/10.1016/j. jpaa.2004.08.036

G. W. Chang and B. G. Kang, Integral closure of a ring whose regular ideals are
finitely generated, J. Algebra 251 (2002), no. 2, 529-537. https://doi.org/10.1006/
jabr.2000.8596

G. W. Chang and B. G. Kang, On Krull rings with zero divisors, Comm. Algebra 49
(2021), no. 1, 207-215. https://doi.org/10.1080/00927872.2020. 1797071

G. W. Chang and B. G. Kang, Integral closure of an affine ring, preprint.

E. D. Davis, Overrings of commutative rings. I. Noetherian overrings, Trans. Amer.
Math. Soc. 104 (1962), 52-61. https://doi.org/10.2307/1993932

J. Elliott, Rings, modules, and closure operations, Springer Monographs in Mathematics,
Springer, Cham, 2019. https://doi.org/10.1007/978-3-030-24401-9

C. R. Fletcher, Unique factorization rings, Proc. Cambridge Philos. Soc. 65 (1969),
579-583.

C. R. Fletcher, The structure of unique factorization rings, Proc. Cambridge Philos.
Soc. 67 (1970), 535-540. https://doi.org/10.1017/50305004100045825

C. R. Fletcher, Fquivalent conditions for unique factorization, Publ. Dép. Math. (Lyon)
8 (1971), no. 1, 13-22.

M. Fontana and K. A. Loper, Nagata rings, Kronecker function rings, and related
semistar operations, Comm. Algebra 31 (2003), no. 10, 4775-4805. https://doi.org/
10.1081/AGB-120023132

R. M. Fossum, The divisor class group of a Krull domain, Ergebnisse der Mathematik
und ihrer Grenzgebiete, Band 74, Springer-Verlag, New York, 1973.

R. Gilmer, An embedding theorem for HCF-rings, Proc. Cambridge Philos. Soc. 68
(1970), 583-587. https://doi.org/10.1017/s0305004100076568

R. Gilmer, Multiplicative Ideal Theory, Dekker, New York, 1972.

R. Gilmer and W. Heinzer, Primary ideals with finitely generated radical in a commu-
tative ring, Manuscripta Math. 78 (1993), no. 2, 201-221. https://doi.org/10.1007/
BF02599309

S. Glaz and W. V. Vasconcelos, Flat ideals. II, Manuscripta Math. 22 (1977), no. 4,
325-341. https://doi.org/10.1007/BF01168220

M. Griffin, Prifer rings with zero divisors, J. Reine Angew. Math. 239(240) (1969),
55—67. https://doi.org/10.1515/cr1l.1969.239-240.55

M. Griffin, Multiplication rings via their total quotient rings, Canadian J. Math. 26
(1974), 430-449. https://doi.org/10.4153/CIM-1974-043-9

J. R. Hedstrom and E. G. Houston, Some remarks on star-operations, J. Pure Appl.
Algebra 18 (1980), no. 1, 37-44. https://doi.org/10.1016/0022-4049 (80)90114-0

E. Houston and M. Zafrullah, On ¢-invertibility. II, Comm. Algebra 17 (1989), no. 8,
1955-1969. https://doi.org/10.1080/00927878908823829

J. A. Huckaba, The integral closure of a Noetherian ring, Trans. Amer. Math. Soc. 220
(1976), 159-166. https://doi.org/10.2307/1997638

J. A. Huckaba, Commutative Rings with Zero Divisors, Decker, New York, 1988.

J. A. Huckaba and 1. J. Papick, Quotient rings of polynomial rings, Manuscripta Math.
31 (1980), no. 1-3, 167-196. https://doi.org/10.1007/BF01303273

T. W. Hungerford, On the structure of principal ideal rings, Pacific J. Math. 25 (1968),
543-547. http://projecteuclid.org/euclid.pjm/1102986148

J. R. Juett, General w-ZPI-rings and a tool for characterizing certain classes of monoid
rings, Comm. Algebra, to appear.

J. R. Juett, C. P. Mooney, and L. W. Ndungu, Unique factorization of ideals in
commutative rings with zero divisors, Comm. Algebra 49 (2021), no. 5, 2101-2125.
https://doi.org/10.1080/00927872.2020.1864390


https://doi.org/10.1016/j.jpaa.2004.08.036
https://doi.org/10.1006/jabr.2000.8596
https://doi.org/10.1006/jabr.2000.8596
https://doi.org/10.1080/00927872.2020.1797071
https://doi.org/10.2307/1993932
https://doi.org/10.1007/978-3-030-24401-9
https://doi.org/10.1017/s0305004100045825
https://doi.org/10.1081/AGB-120023132
https://doi.org/10.1081/AGB-120023132
https://doi.org/10.1017/s0305004100076568
https://doi.org/10.1007/BF02599309
https://doi.org/10.1007/BF02599309
https://doi.org/10.1007/BF01168220
https://doi.org/10.1515/crll.1969.239-240.55
https://doi.org/10.4153/CJM-1974-043-9
https://doi.org/10.1016/0022-4049(80)90114-0
https://doi.org/10.1080/00927878908823829
https://doi.org/10.2307/1997638
https://doi.org/10.1007/BF01303273
http://projecteuclid.org/euclid.pjm/1102986148
https://doi.org/10.1080/00927872.2020.1864390

39]

[40]
[41]
42]
[43]
[44]
[45]
[46]

[47)

(48]
[49]
[50]
[51]
[52]
(53]
[54]
[55]
[56]

[57]

(58]
[59]
[60]
[61]

[62]

PRIME FACTORIZATION OF IDEALS 463

J. R. Juett, C. P. Mooney, and R. D. Roberts, Unique factorization properties in com-
mutative monoid rings with zero divisors, Semigroup Forum 102 (2021), no. 3, 674-696.
https://doi.org/10.1007/s00233-020-10154-x

B. G. Kang, Prifer v-multiplication domains and the ring R[X]|n,, J. Algebra 123
(1989), no. 1, 151-170. https://doi.org/10.1016/0021-8693 (89) 90040-9

B. G. Kang, On the converse of a well-known fact about Krull domains, J. Algebra 124
(1989), no. 2, 284-299. https://doi.org/10.1016/0021-8693(89)90131-2

B. G. Kang, A characterization of Krull rings with zero divisors, J. Pure Appl. Algebra
72 (1991), no. 1, 33—-38. https://doi.org/10.1016/0022-4049(91)90127-N

B. G. Kang, Characterizations of Krull rings with zero divisors, J. Pure Appl. Algebra
146 (2000), no. 3, 283-290. https://doi.org/10.1016/50022-4049(98)00100-5

I. Kaplansky, Commutative Rings, revised edition, University of Chicago Press, Chicago,
IL, 1974.

R. E. Kennedy, A generalization of Krull domains to rings with zero divisors, Thesis
(Ph.D), Univ. of Missouri-Kansas, 1973.

R. E. Kennedy, Krull rings, Pacific J. Math. 89 (1980), no. 1, 131-136. http:
//projecteuclid.org/euclid.pjm/1102779374

M. Knebusch and T. Kaiser, Manis valuations and Prifer extensions. II, Lecture Notes
in Mathematics, 2103, Springer, Cham, 2014. https://doi.org/10.1007/978-3-319-
03212-2

W. Krull, Uber die Zerlegung der Hauptideale in allgemeinen Ringen, Math. Ann. 105
(1931), no. 1, 1-14. https://doi.org/10.1007/BF01455805

W. Krull, Aligemeine Bewertungstheorie, J. Reine Angew. Math. 167 (1932), 160-196.
http://doi.org/10.1515/crll.1932.167.160

W. Krull, Idealtheorie, Ergebnisse der Math. und ihrer Grenz. vol. 4, No. 3, Berlin,
Julius Splinger, 1935.

Max. D. Larsen and P. J. McCarthy, Multiplicative theory of ideals, Pure and Applied
Mathematics, Vol. 43, Academic Press, New York, 1971.

K. B. Levitz, A characterization of general Z.P.1.-rings, Proc. Amer. Math. Soc. 32
(1972), 376-380. https://doi.org/10.2307/2037821

T. G. Lucas, Strong Priifer rings and the ring of finite fractions, J. Pure Appl. Algebra
84 (1993), no. 1, 59-71. https://doi.org/10.1016/0022-4049(93)90162-M

M. E. Manis, Valuations on a commutative ring, Proc. Amer. Math. Soc. 20 (1969),
193-198. https://doi.org/10.2307/2035988

J. Marot, Extension de la notion d’anneau valuation, Dept. Math. Faculté dec Sci. de
Brest, 46pp. et 39 pp. of compléments, 1968.

R. Matsuda, On Kennedy’s problems, Comment. Math. Univ. St. Paul. 31 (1982), no. 2,
143-145.

R. Matsuda, Generalizations of multiplicative ideal theory to commutative rings with
zerodivisors, Bull. Fac. Sci. Ibaraki Univ. Ser. A 17 (1985), 49-101. https://doi.org/
10.5036/bfsiu1968.17.49

S. Mori, Uber die Produktzerlegung der Hauptideale. II, J. Sci. Hiroshima Univ. Ser. A
9 (1939), 145-155. http://doi.org/10.32917/hmj/1558490529

S. Mori, Allgemeine Z.P.I.-Ringe, J. Sci. Hiroshima Univ. Ser. A 10 (1940), 117-136.
http://doi.org/10.32917/hmj/1558404030

S. Mori, Uber die Produktzerlegung der Hauptideale. 111, J. Sci. Hiroshima Univ. Ser. A
10 (1940), 85-94. http://doi.org/10.32917/hmj/1558404028

Y. Mori, On the integral closure of an integral domain, Mem. Coll. Sci. Univ. Kyoto
Ser. A. Math. 27 (1953), 249-256. https://doi.org/10.1215/kjm/1250777561

J. L. Mott, On invertible ideals in a commutative ring, Louisiana State University, Ph.D.
Thesis, 1963.


https://doi.org/10.1007/s00233-020-10154-x
https://doi.org/10.1016/0021-8693(89)90040-9
https://doi.org/10.1016/0021-8693(89)90131-2
https://doi.org/10.1016/0022-4049(91)90127-N
https://doi.org/10.1016/S0022-4049(98)00100-5
http://projecteuclid.org/euclid.pjm/1102779374
http://projecteuclid.org/euclid.pjm/1102779374
https://doi.org/10.1007/978-3-319-03212-2
https://doi.org/10.1007/978-3-319-03212-2
https://doi.org/10.1007/BF01455805
http://doi.org/10.1515/crll.1932.167.160
https://doi.org/10.2307/2037821
https://doi.org/10.1016/0022-4049(93)90162-M
https://doi.org/10.2307/2035988
https://doi.org/10.5036/bfsiu1968.17.49
https://doi.org/10.5036/bfsiu1968.17.49
http://doi.org/10.32917/hmj/1558490529
http://doi.org/10.32917/hmj/1558404030
http://doi.org/10.32917/hmj/1558404028
https://doi.org/10.1215/kjm/1250777561

464

G. W. CHANG AND J. S. OH

[63] J. L. Mott, Multiplication rings containing only finitely many minimal prime ideals, J.

Sci. Hiroshima Univ. Ser. A-I Math. 33 (1969), 73-83. http://doi.org/10.32917/hmj/
1206138588

[64] M. Nagata, Note on integral closures of Noetherian domains, Mem. Coll. Sci. Univ.

Kyoto Ser. A. Math. 28 (1954), 121-124. https://doi.org/10.1215/kjm/1250777425

[65] M. Nagata, On the derived normal rings of Noetherian integral domains, Mem. Coll.

Sci. Univ. Kyoto Ser. A. Math. 29 (1955), 293-303. https://doi.org/10.1215/kjm/
1250777189

[66] M. Nagata, Local Rings, Interscience, New York, 1962.
[67] T. Nishimura, Unique factorization of ideals in the sense of quasi-equality, J. Math.

Kyoto Univ. 3 (1963), 115-125. https://doi.org/10.1215/kjm/1250524862

[68] T. Nishimura, On the t-ideals of an integral domain, J. Math. Kyoto Univ. 13 (1973),

59-65. https://doi.org/10.1215/kjm/1250523435

[69] A. Okabe and R. Matsuda, Semistar-operations on integral domains, Math. J. Toyama

Univ. 17 (1994), 1-21.

[70] D. Portelli and W. Spangher, Krull rings with zero divisors, Comm. Algebra 11 (1983),

no. 16, 1817-1851. https://doi.org/10.1080/00927878308822934

[71] U. Storch, Fastfaktorielle Ringe, Schr. Math. Inst. Univ. Miinster 36 (1967).
[72] S. J. Tramel, Factorization of principal ideals in the sense of quasi-equality, Doctoral

Dissertation, Louisiana State University, 1968.

[73] F. Wang, Modules over R and R{X}, Sichuan Shifan Daxue Xuebao Ziran Kexue Ban

25 (2002), no. 6, 557-562.

[74] F. Wang and H. Kim, Two generalizations of projective modules and their applications,

J. Pure Appl. Algebra 219 (2015), no. 6, 2099-2123. https://doi.org/10.1016/j. jpaa.
2014.07.025

[75] F. Wang and H. Kim, Foundations of commutative rings and their modules, Algebra

and Applications, 22, Springer, Singapore, 2016. https://doi.org/10.1007/978-981~
10-3337-7

[76] F. Wang and R. L. McCasland, On w-modules over strong Mori domains, Comm. Al-

gebra 25 (1997), no. 4, 1285-1306. https://doi.org/10.1080/00927879708825920

[77] F. Wang and R. L. McCasland, On strong Mori domains, J. Pure Appl. Algebra 135

(1999), no. 2, 155-165. https://doi.org/10.1016/580022-4049(97)00150-3

[78] H. Yin, F. Wang, X. Zhu, and Y. Chen, w-modules over commutative rings, J. Korean

Math. Soc. 48 (2011), no. 1, 207-222. https://doi.org/10.4134/JKMS.2011.48.1.207

[79] O. Zariski and P. Samuel, Commutative algebra. Vol. II, The University Series in Higher

Mathematics, D. Van Nostrand Co., Inc., Princeton, NJ, 1960.

[80] D. Zhou and F. Wang, The strong Mori property in rings with zero divisors, Bull.

Korean Math. Soc. 52 (2015), no. 4, 1285-1295. https://doi.org/10.4134/BKMS.2015.
52.4.1285

GyYu WHAN CHANG

DEPARTMENT OF MATHEMATICS EDUCATION
INCHEON NATIONAL UNIVERSITY

INCHEON 22012, KOREA

Email address: whan@inu.ac.kr

JuN SEOK OH

DEPARTMENT OF MATHEMATICS EDUCATION
JEJU NATIONAL UNIVERSITY

JEJU 63243, KOREA

Email address: junseok.oh@jejunu.ac.kr


http://doi.org/10.32917/hmj/1206138588
http://doi.org/10.32917/hmj/1206138588
https://doi.org/10.1215/kjm/1250777425
https://doi.org/10.1215/kjm/1250777189
https://doi.org/10.1215/kjm/1250777189
https://doi.org/10.1215/kjm/1250524862
https://doi.org/10.1215/kjm/1250523435
https://doi.org/10.1080/00927878308822934
https://doi.org/10.1016/j.jpaa.2014.07.025
https://doi.org/10.1016/j.jpaa.2014.07.025
https://doi.org/10.1007/978-981-10-3337-7
https://doi.org/10.1007/978-981-10-3337-7
https://doi.org/10.1080/00927879708825920
https://doi.org/10.1016/S0022-4049(97)00150-3
https://doi.org/10.4134/JKMS.2011.48.1.207
https://doi.org/10.4134/BKMS.2015.52.4.1285
https://doi.org/10.4134/BKMS.2015.52.4.1285

