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AN OVERLAPPING DOMAIN DECOMPOSITION
METHOD WITH A VERTEX-BASED COARSE SPACE
FOR RAVIART-THOMAS VECTOR FIELDS

Duk-SooNn OH

ABSTRACT. In this paper, we propose a two-level overlapping do-
main decomposition preconditioner for three dimensional vector
field problems posed in H(div). We introduce a new coarse compo-
nent, which reduces the computational complexity, associated with
the coarse vertices. Numerical experiments are also presented.

1. Introduction

We consider the following vector field problem posed in Hy(div;2) in
a bounded polyhedral domain €2 in R3: Find u € Hy(div; Q) such that

(1.1) a(u,v) = (g,v), Vv € Hy(div; ),

where

a(u,v) ::/Q(adivudivv%—ﬁu-v) dr, (g,v) ::/Qg-vdz:.

Here, the Hilbert space Hy(div;2) is the subspace of H (div; 2), the space
of vector field u € (L2(§2))3 with divu € L?(f), with vanishing normal

components on the boundary. We will assume that g € (L2(Q))3 and
that a (€ L>°(2)) is nonnegative and 3 (€ L>(Q)) is strictly positive.
The model problem introduced in (1.1) is arising from a first-order
system of least-squares formulation; see [8] for more detail. We also
note that fast solvers for H(div) problems are essential in other appli-
cations, e.g., a sequential regularization method for the Navier-Stokes
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equations [19], a pseudostress-velocity formulation for the Stokes equa-
tions [9], a mixed method for Reissner-Mindlin plates [1], a mixed form
for Brinkman problems [25].

Fast solution techniques for H(div) problems are introduced in [2—
6,14-17,20-23,26]. Among them, overlapping type domain decompo-
sition methods have been considered in [15,21]. In [15], the standard
way, coarse finite elements on the coarse grid, has been considered in
the construction of the coarse component. However, the technique only
works well for the problems with constant coefficients. With regard to
the coefficients with jumps, a new type of method, also known as the
generalized Dryja—Smith-Widlund (GDSW) method, has been applied
in [21]. The GDSW type approach for overlapping domain decompo-
sition methods was first introduced for solving almost incompressible
elasticity problems in [11] and successfully developed for other prob-
lems, e.g., Reissner—-Mindlin plate problems; see [18].

The main goal of this paper is to design the coarse component, which
is an alternative to those considered in [15,21], with less computational
costs when applying the coarse component. The idea of small coarse
spaces has been pioneered by Dohrmann and Widlund for the standard
second order elliptic problems and compressible linear elasticity prob-
lems in [12]. Later, the method has been widely extended and adjusted;
see [10,13] and references therein. We will apply a similar method based
on coarse vertices to our model problem. In case of many subdomains or
multiscale problems, the size of the coarse component will be consider-
ably lager than the sizes of the local components. This might yield a bot-
tleneck in the parallel computation, a nature of domain decomposition
methods. Thus, a coarse component with less computational complexity
is essential. With this point of view, we focus on the computational cost
for the coarse component not for the comprehensive algorithm.

The rest of this paper is organized as follows. In section 2, we intro-
duce the discrete problem discretized with the Raviart—-Thomas finite
element. We next define the domain decomposition algorithm in section
3. Finally, we present numerical experiments in section 4.

2. The discrete problem

Let Ty, be a triangulation of €2 into hexahedral element. We discretize
the model problem (1.1) using the lowest order hexahedral Raviart—
Thomas finite element conforming in H(div;2). On each hexahedral
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element T € T, the finite element has the following shape:

a1 + bz
az + b2y )
as + bsz

where a;,b; € R for i = 1,2, 3. Here, the six constants, a;’s and b;’s, are
completely determined by degrees of freedom associated with the face f
of the element T' given by

1
Af(u) = m/fu~nd5.

For more detail, see [7, Chapter 3].

In order to obtain the discrete algebraic system, we restrict the model
problem (1.1) to the finite element space. We then have following linear
system:

(2.1) Au =y,

where A is the stiffness matrix, u is the vector of unknowns, and g is
the right-hand side vector obtained from g.

We remark that our algorithms and results are similarly valid with
minimal modifications for tetrahedral elements.

3. Overlapping domain decomposition method

We first divide the domain €2 into N nonoverlapping subdomains

Q;,1=1,2,--- , N. The nonoverlapping subdomains are then expanded
by adding several element layers to form overlapping subdomains, §},i =
1,2,--- . N. We consider a two-level overlapping domain decomposition

preconditioner defined by

N
M~ =R{A;'Ro+ > RIAT'R;

i=1
for solving (2.1). Here, Ay is associated with the coarse problem and A;’s
are related to local subproblems defined in §2}. Each action of Ai_l,i =
0,--- N can be implemented using direct methods, e.g., Cholesky fac-
torization. Once the factorizations are available, we can apply forward
and backward substituting methods in each iteration. Hence, the num-
ber of nonzero elements in the triangular systems will be important in
the computation. The restriction operators Ry and R;’s restrict the
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whole problem to the coarse space and the corresponding local spaces,
respectively. For more detail, see [24, Chapter 3].

3.1. Local components

The restriction operator R; is a rectangular matrix which consists
of 0 or 1 and extracts all degrees of freedom related to the extended
subdomain €. The operator A; is defined by the following Galerkin
product:

A; = R;ART.
We note that A; is just a submatrix of A and we do not need any
matrix multiplications since every computation can be equivalently im-
plemented by suitable indexing.

3.2. The coarse component

We first introduce the interface I" defined by

N
I = (U aQi) \09.
i=0

The traditional GDSW methods introduced in [21] are based on the
discrete harmgnic extension associated with the coarse face.

For F;; = Q; N Q;, the local stiffness matrix related to €2; and ; is

defined by

) i

A A

A

A%’ijl Agi)jl AFijFij

We consider uIT;Z,j =[1,1,---,1] and the discrete harmonic extensions
@) _ _ 407 4G)
up’ = —Apg AIFiquij’
() _ _ A7 40G)
up’ = —Aj AIFij“Fu"

We then define u;; as the extension by zero from the space of the degrees
of freedom associated with ;U F;; US); to that of the degrees of freedom
for Q. Then, the rows of the restriction matrix Ry are given by all
possible u;;’s. The coarse matrix Ag is then obtained by the Galerkin
product

AO = R()ARE;

For more detail, see [20,21].
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We now consider a vertex-based method. Let Fj be defined by the
set of all interior faces associated with the triangulation 7. For a given
face f € Fy, let us denote by cy the center of gravity of f. We consider
coarse vertices P, -+, Py, and the following sets associated with the
coarse vertices:

Vi i= {f cfeFuANfCT, argmind(cs, P;) = k},
1<i<m

where d(a, b) is the Euclidean distance between a and b. If argmin gives
more than one indices, we take the smallest index. We will also denote
by Zy, := {k:(l), e ,k‘(l)} the set of indices of subdomains that share P
in common. Then, the local submatrix associated with Py is given by

k(1) kD)
Afp Ay,
JAO) k@)
() AI{D W
k1 k
AVkI T AVkI AVka
In a similar way to the face-based method, we consider the following
discrete harmonic extensions with ugk =[1,1,---,1]:
RO JRES Rt I REH)
up = —Ajp AIVk UV
O k(l)_1 k)
up = —Ajp AIVkqu'

Then, the construction of Ry and Ag is analogous to that of the face-
based method.

4. Numerical experiments

We report the numerical results that illustrate the performance of
the overlapping domain decomposition preconditioner in this section.
We consider the domain ©Q = (—1,1)% and decompose the domain with
4 x 4 x 4 identical subdomains. For each subdomain, we use the uniform
mesh consists of 8 x 8 x 8 cubes. The values of a and 3, which are
piecewise constants, are given in a checkerboard pattern in Figure 1. We
use the lowest order Raviart—Thomas finite element for the discretized
problem. We solve the resulting linear system using the preconditioned
conjugate gradient method. The iterations are stopped when the I[%-
norm of the residual has been reduced by a factor of 1076.
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F1GURE 1. Checkerboard distribution of the coefficients.

In the first set of experiments, we fix the relative overlap H/d and
use different values of H/h with several pairs of coefficient distributions.
Here, H and h are the edge lengths of subdomains and elements, respec-
tively. The parameter § is measured by the overlap between neighboring
subdomains. The results are shown in the Tables 1 and 2. It is observed
that the method is robust to jumps of the coefficients.

TABLE 1. Condition numbers and iteration counts. a; = 1 or spec-

ified values as indicated in a checkerboard pattern, f; = 1 and
H _
5 =4
Qg = 100 oy = 10 oy = 1 Qg = 0.1 Q; = 0.01
H/h | cond [ iters | cond [ iters | cond [ iters | cond [ iters | cond [ iters
8 12.02 15 18.34 18 16.61 18 9.29 16 8.27 14
4 11.89 17 15.78 19 16.53 20 9.90 18 8.32 17

TABLE 2. Condition numbers and iteration counts. 3; = 1 or spec-

ified values as indicated in a checkerboard pattern, a; = 1 and
H _
5 =4
B; = 100 B; = 10 Bi = 1 B; = 0.1 B; = 0.01
H/h | cond [ iters | cond [ iters | cond [ iters | cond [ iters | cond [ iters
8 12.49 19 11.19 18 16.61 18 17.37 19 16.21 18
4 12.61 21 11.26 20 16.53 20 15.54 20 16.15 20

We next fix the value H/h and vary H/J in the second set. Other
general settings are similar to those of the first set of experiments. The
results are reported in Tables 3 and 4. The condition numbers and
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iteration counts are insensitive to the jumps of the coefficients. Also,
the condition numbers grow as H/J increases.

TABLE 3. Condition numbers and iteration counts. a; = 1 or spec-

ified values as indicated in a checkerboard pattern, 8; = 1 and
H _
5 =38
a; = 100 a; =10 a; =1 a; = 0.1 a; = 0.01
H/§ | cond [ iters | cond | iters | cond | iters | cond | iters | cond | iters
4 21.09 17 21.24 19 20.49 20 18.72 20 14.93 18
2 12.02 15 18.34 18 16.61 18 9.29 16 8.27 14

TABLE 4. Condition numbers and iteration counts. 5; = 1 or spec-

ified values as indicated in a checkerboard pattern, a; = 1 and
H _
=38
Bi = 100 Bi =10 Bi=1 B; =0.1 B; = 0.01
H/§ | cond [ iters | cond [ iters | cond [ iters | cond [ iters | cond [ iters
4 24.77 | 26 | 2041 | 22 | 2049 | 20 | 27.80 | 23 | 34.63 | 23
2 1249 | 19 | 11.19 | 18 |16.61 | 18 | 17.37 | 19 | 16.21 | 18

Finally, we compare the performance of the vertex-based GDSW
coarse space with that of the traditional GDSW coarse space. As we
see in the Tables 5 and 6, the condition numbers of the vertex-based
method are almost twice as compared to the traditional method. Also,
vertex-based method has a few more iteration counts. This is expected
since the computational costs are lower when acting the coarse compo-
nent in the preconditioner; see Table 7. Here, Ag is the coarse matrix
and Lg is obtained from a Cholesky factorization of Ayg. We see that
the number of nonzero elements, which play a critical role in the sparse
matrix computation, has been reduced substantially.

TABLE 5. Condition numbers and iteration counts. a; = 1 or spec-
ified values as indicated in a checkerboard pattern, 8; = 1, % =38,
and % =4
a; = 100 a; =10 a; =1 a; = 0.1 a; = 0.01
method cond [ iters | cond | iters | cond | iters | cond | iters | cond | iters
face-based | 10.89 | 14 | 10.89 | 14 | 11.16 | 17 | 10.73 | 16 | 10.54 | 15
vertex-based | 21.09 17 21.24 19 20.49 20 18.72 20 14.93 18
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TABLE 6. Condition numbers and iteration counts. 3; = 1 or spec-
ified values as indicated in a checkerboard pattern, a; = 1, % =3,
and & =4
B; = 100 B; = 10 B =1 B; = 0.1 B; = 0.01

method cond [ iters | cond [ iters | cond [ iters | cond [ iters | cond [ iters
face-based 10.72 19 11.75 18 11.16 17 12.88 16 13.69 17
vertex-based | 24.77 26 20.41 22 20.49 20 27.80 23 34.63 23

1]

(10]

TABLE 7. The numbers of nonzero elements in Ag and Lo for each

method.
l method l AO l LO ‘
face-based | 2160 | 5245
vertex-based | 2197 | 3064
References

D. N. Arnold, R. S. Falk, and R. Winther, Preconditioning discrete approzima-
tions of the Reissner-Mindlin plate model, RAIRO Modél. Math. Anal. Numér.,
31 (1997), no. 4, 517-557.

D. N. Arnold, R. S. Falk, and R. Winther, Preconditioning in H(div) and appli-
cations, Math. Comp., 66 (1997), no. 219, 957-984.

D. N. Arnold, R. S. Falk, and R. Winther, Multigrid preconditioning in H (div)
on non-convex polygons, Comput. Appl. Math., 17 (1998), no. 3, 303-315.

D. N. Arnold, R. S. Falk, and R. Winther, Multigrid in H(div) and H(curl),
Numer. Math., 85 (2000), no. 2, 197-217.

S. C. Brenner and D.-S. Oh, Multigrid methods for H(div) in three dimensions
with nonoverlapping domain decomposition smoothers, Numer. Linear Algebra
Appl., 25 (2018), no. 5, €2191, 14.

S. C. Brenner and D.-S. Oh, A smoother based on nonoverlapping domain de-
composition methods for H(div) problems: a numerical study, in Domain de-
composition methods in science and engineering XXIV, Springer, Cham, 2018,
523-531.

F. Brezzi and M. Fortin, Mized and hybrid finite element methods, Springer-
Verlag, New York, 1991.

Z. Cai, R. D. Lazarov, T. A. Manteuffel, and S. F. McCormick, First-order
system least squares for second-order partial differential equations: Part I, STAM
J. Numer. Anal., 31 (1994), no. 6, 1785-1799.

Z. Cai, C. Tong, P. S. Vassilevski, and C. Wang, Mixed finite element methods
for incompressible flow: stationary Stokes equations, Numer. Methods Partial
Differential Equations, 26 (2010), no. 4, 957-978.

C. R. Dohrmann, K. H. Pierson, and O. B. Widlund, Vertex-based preconditioners
for the coarse problems of BDDC, SIAM J. Sci. Comput., 41 (2019), no. 5,
A3021-A3044.


http://www.numdam.org/item/M2AN_1997__31_4_517_0.pdf
https://www.ams.org/journals/mcom/1997-66-219/S0025-5718-97-00826-0/S0025-5718-97-00826-0.pdf
https://www-users.cse.umn.edu/~arnold//papers/hdivn.pdf
https://www-users.cse.umn.edu/~arnold/papers/hdivcurl.pdf
https://onlinelibrary.wiley.com/doi/full/10.1002/nla.2191
http://www.ddm.org/dd24/proceedings/PDFs/50_DD24_Brenner_Oh.pdf
https://link.springer.com/book/10.1007/978-1-4612-3172-1
https://epubs.siam.org/doi/abs/10.1137/0731091?journalCode=sjnaam
https://onlinelibrary.wiley.com/doi/10.1002/num.20467
https://epubs.siam.org/doi/abs/10.1137/19M1237557?journalCode=sjoce3

(11]

(12]

(13]

(16]
(17]

18]

(19]

(20]

22]

23]

24]
(25]

[26]

A DD method for RT vector fields 63

C. R. Dohrmann and O. B. Widlund, An overlapping Schwarz algorithm for
almost incompressible elasticity, STAM J. Numer. Anal., 47 (2009), no. 4, 2897—
2923.

C. R. Dohrmann and O. B. Widlund, On the design of small coarse spaces for do-
main decomposition algorithms, SIAM J. Sci. Comput., 39 (2017), no. 4, A1466—
A1488.

A. Heinlein, C. Hochmuth, and A. Klawonn, Reduced dimension GDSW coarse
spaces for monolithic Schwarz domain decomposition methods for incompressible
fluid flow problems, Internat. J. Numer. Methods Engrg., 121 (2020), no. 6,
1101-1119.

R. Hiptmair, Multigrid method for H(div) in three dimensions, Electron. Trans.
Numer. Anal., 6 (1997), no. Dec., 133-152.

R. Hiptmair and A. Toselli, Overlapping and multilevel Schwarz methods for
vector valued elliptic problems in three dimensions, in Parallel solution of partial
differential equations, Springer, New York, 2000, 181-208.

R. Hiptmair and J. Xu, Nodal auziliary space preconditioning in H(curl) and
H(div) spaces, SIAM J. Numer. Anal., 45 (2007), no. 6, 2483-2509.

T. V. Kolev and P. S. Vassilevski, Parallel auziliary space AMG solver for H(div)
problems, SIAM J. Sci. Comput., 34 (2012), no. 6, A3079-A3098.

J. H. Lee, Owerlapping domain decomposition methods for numerically thin
Reissner-Mindlin plates approzimated with the Falk-Tu elements, STAM J. Nu-
mer. Anal., 51 (2013), no. 1, 24-46.

P. Lin, A sequential regularization method for time-dependent incompressible
Navier-Stokes equations, SIAM J. Numer. Anal., 34 (1997), no. 3, 1051-1071.
D.-S. Oh, An alternative coarse space method for overlapping Schwarz precondi-
tioners for Raviart-Thomas vector fields, in Domain decomposition methods in
science and engineering XX, Heidelberg, 2013, 361-367.

D.-S. Oh, An overlapping Schwarz algorithm for Raviart-Thomas vector fields
with discontinuous coefficients, SIAM J. Numer. Anal., 51 (2013), no. 1, 297-
321.

D.-S. Oh, A BDDC preconditioner for problems posed in H(div) with deluze
scaling, in Domain decomposition methods in science and engineering XXII,
Springer, Cham, 2016, 355-361.

D.-S. Oh, O. B. Widlund, S. Zampini, and C. R. Dohrmann, BDDC algorithms
with deluxze scaling and adaptive selection of primal constraints for Raviart-
Thomas vector fields, Math. Comp., 87 (2018), no. 310, 659-692.

A. Toselli and O. Widlund, Domain decomposition methods—algorithms and the-
ory, Springer-Verlag, Berlin, 2005.

P. S. Vassilevski and U. Villa, A block-diagonal algebraic multigrid preconditioner
for the Brinkman problem, SIAM J. Sci. Comput., 35 (2013), no. 5, S3-S17.

B. I. Wohlmuth, A. Toselli, and O. B. Widlund, An iterative substructuring
method for Raviart-Thomas vector fields in three dimensions, SIAM J. Numer.
Anal., 37 (2000), no. 5, 1657-1676.


https://epubs.siam.org/doi/abs/10.1137/080724320?journalCode=sjnaam
https://epubs.siam.org/doi/10.1137/17M1114272
https://kups.ub.uni-koeln.de/9675/1/CDS_TR-2019-12.pdf
https://etna.math.kent.edu/vol.6.1997/pp133-152.dir/pp133-152.pdf
https://link.springer.com/chapter/10.1007/978-1-4612-1176-1_8
https://epubs.siam.org/doi/10.1137/060660588
https://epubs.siam.org/doi/abs/10.1137/110859361?journalCode=sjoce3
https://epubs.siam.org/doi/abs/10.1137/110837516?journalCode=sjnaam
https://discovery.dundee.ac.uk/ws/portalfiles/portal/83312/SINUM_Lin_97.pdf
 https://link.springer.com/chapter/10.1007/978-3-642-35275-1_42
https://cs.nyu.edu/media/publications/TR2010-933.pdf
http://www.ddm.org/DD22/proceedings/oh_mini_18.pdf
https://repository.kaust.edu.sa/handle/10754/626963?show=full
https://link.springer.com/book/10.1007/b137868
https://epubs.siam.org/doi/abs/10.1137/120882846?journalCode=sjoce3
https://www.jstor.org/stable/2587339

64

Duk-Soon Oh

Duk-Soon Oh

Department of Mathematics
Chungnam National University
Dagjeon 34134, Republic of Korea
E-mail: duksoon@cnu.ac.kr





