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CONFORMAL HEMI-SLANT SUBMERSIONS FROM
COSYMPLECTIC MANIFOLDS

ViNayY KUMAR, RAJENDRA PRASAD, AND SANDEEP KUMAR VERMA

ABSTRACT. The main goal of the paper is the introduction of the notion
of conformal hemi-slant submersions from almost contact metric mani-
folds onto Riemannian manifolds. It is a generalization of conformal anti-
invariant submersions, conformal semi-invariant submersions and confor-
mal slant submersions. Our main focus is conformal hemi-slant submer-
sion from cosymplectic manifolds. We tend also study the integrability
of the distributions involved in the definition of the submersions and the
geometry of their leaves. Moreover, we get necessary and sufficient con-
ditions for these submersions to be totally geodesic, and provide some
representative examples of conformal hemi-slant submersions.

1. Introduction

The theory of smooth maps between Riemannian manifolds has been widely
studied in Riemannian geometry. These maps are useful for comparing geo-
metric structures between manifolds. The study of Riemannian submersions
between Riemannian manifolds was initiated by O’Neil [16] and Grey [8]. Rie-
mannian submersions are very important and interesting maps comparing with
conformal submersions. Riemannian submersions between Riemannian man-
ifold equipped with differentiable structures was studied by B. Watson [23].
Watson also showed that the base manifold and each fiber have the same kind
of structure as the total space. D. Chinea [6,7] extend the notion of almost her-
mitian submersions to different subclasses of almost contact metric manifold.
Gudmundsson and Wood [9, 10] introduced conformal holomorphic submer-
sions.

M. A. Akyol [1,3-5] introduced the concept of conformal semi-slant submer-
sions from almost hermitian manifolds onto Riemannian manifolds. There are
several kinds of Riemannian submersions like, slant submersion, anti-invariant
submersion, contact complex submersion, quaternionic submersions, H-slant

Received December 26, 2021; Revised February 23, 2022; Accepted May 25, 2022.

2010 Mathematics Subject Classification. Primary 53C15, 53C40, 53C42, 53C25.

Key words and phrases. Cosymplectic manifold, hemi-slant submersion, conformal hemi-
slant submersion.

(©2023 Korean Mathematical Society

205



206 V. KUMAR, R. PRASAD, AND S. K. VERMA

submersion, semi-invariant submersions, para contact semi Riemannian sub-
mersion, etc. B. Sahin [19-21] define the notion of anti-invariant Riemannian
submersions from almost hermitian manifolds. Later such submersions were
considered between manifolds with differentiable structures. K. S. Park and
R. Prasad [17] introduced semi slant submersions from almost hermitian man-
ifolds onto Riemannian manifolds. C. Sayar, M. A. Akyol and R. Prasad [22]
studied Bi-slant submersion in complex manifolds. Y. Gunduzalp [2,11-13]
studied semi slant submersions from almost product Riemannian manifolds.
They showed that such submersions have rich geometric properties and they
are useful for investigating the geometry of total space. We know that a semi
slant submersion is the generalized version of a slant submersions. R. Prasad
and S. Kumar [18] define and studied the conformal semi-invariant submersions
from almost contact metric manifolds onto Riemannian manifolds. Conformal
hemi-slant and conformal semi slant submersion in different manifolds were
studied in [14,15]. The conformal maps do not preserve the distance between
points contrary to isometrics but they preserves angle between vector fields.
This property allows one to transfer specific properties of manifolds to another
manifolds by deforming such properties.

In the present paper, we study conformal hemi-slant submersions from co-
symplectic manifolds onto Riemannian manifolds. This paper is divided into
the following sections: In the second section, we provide main notions and
formulae for other sections. In the third section, we give the definition of con-
formal hemi-slant submersions and some useful results. We tend also study
the integrability of the distributions involved in the definition of the submer-
sions and the geometry of their leaves. Finally, we provide some representative
examples of conformal hemi-slant submersions.

2. Preliminaries

In this section, we recall main definitions and properties of cosymplectic
manifolds. We also give definition of conformal hemi-slant submersions which
we have used throughout the paper.

We consider M; is a (2n + 1)-dimensional almost contact manifold which
carries a tensor field ¢ of the tangent space, 1-form 7 and characteristic vector
field ¢ satisfying

¢’ =—-IT+n®E nE) =1,
¢ =0, n0¢=0,

where [ : TM; — TM; is the identity map.
Since any almost contact manifold (M, ¢, £, n) admits a Riemannian metric
g such that

(2) 9(0X1, 9 Xz) = g(X1, X2) — n(X1)n(X2)

(1)
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for any vector fields X1, X € T'(T'M;), where I'(T'M;) represents the Lie al-
gebra of vector fields on M;. The manifold M; together with the structure
(¢,€,7,9) is called an almost contact metric manifold.

The immediate consequence of (2), we have

n(X1) =9(X1,§) and g(¢pX1, X2) + g(X1,0X2) =0

for all vector fields X7, Xy € T'(TM;).
An almost contact structure (¢, &, n) is said to be normal if the almost com-
plex structure ¢ on the product manifold M; x R is given by

B, Fo)= (60— j& n(U)D),

where ¢? = —I and f is the differentiable function on M; x R has no torsion
i.e., ¢ is integrable. The condition for normality in terms of ¢ £ and 7 is
[0, 0] + 2dn ® £ = 0 on My, where [¢, ¢] is the Nijenhuis tensor of ¢. Now, the
fundamental 2-form is defined by ®(X1, Xs) = g(X1, ¢ X>).

An almost contact metric manifold is said to be a cosymplectic manifold if it
is normal and both ® and 7 are closed. The structure equation of a cosymplectic
manifold is given by

(Vx,0)X2 =0
for all vector fields X1, Xs € T'(TM;), where V represents the Levi-Civita
connection of (Mi, g). Moreover, for a cosymplectic manifold, we have

Vx,&=0
for every vector field Xy € T'(TM;).
Example 2.1. We consider R?**! with Cartesian coordinates (z;, y;, 2), where
(i=1,...,k) and its usual contact form n = dz.

The characteristic vector field £ is given by %, and its Riemannian metric
g and tensor field ¢ are given by

g = ((de)Q + (dyZ)Z) + (dZ)27 (;5 = _5ij 0 0 5 Z = 1, ey :ZC
i=1 0 0 O
This gives a cosymplectic structure on R?**1. The vector fields F; = B%i’

By = %, ¢ = 8% form a ¢-basis for the cosymplectic structure. On the
other hand, it can be shown that (R?**! ¢, ¢, 7, g) is a cosymplectic manifold.

Let (Mj,g1) and (Ma, g2) be two Riemannian manifolds of dimension m
and n, respectively, where g; and g» are the Riemannian metrics on M; and
Ms. Let f : (My,g1) — (Ms,g2) be a differentiable map. We call the map
f a differentiable submersion if f is surjective and the differential (f.), has
a maximal rank for any p € M;. The map f is said to be a Riemannian
submersion if f is a differentiable submersion and (f.), : ((ker(f.)p)*, (g1)p) —
(TrpyMi, (92) (p)) is & linear isometry for each p € My, where (ker(f,),)* is
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the orthogonal complement of the space ker(f.), in the tangent space Tp M
of My at p.
Now, we recall following definitions for later use:

Definition 1. Let 7 be a Riemannian submersion from an almost contact
metric manifold (M, ¢,£,n, gm) onto a Riemannian manifold (N, g,,). Then we
say that 7 is an invariant Riemannian submersion if the vertical distribution is
invariant with respect to the complex structure , i.e.,

¢(ker 7,) = ker ..

Definition 2. Let (M, ¢,&,1n,9m) be an almost contact metric manifold and
(N, gn) a Riemannian manifold. Let m : M — N be a smooth submersion.
Then 7 is called a horizontally conformal submersion if there is a positive
function A such that

1
9m (X7 Y) = an (7T*X, W*Y)

for every X,Y € I'(ker7,)*+. It is obvious that every Riemannian submersion
is a particular horizontally conformal submersion with A = 1.

Definition 3. Let (M, ¢,£,n, gm) be an almost contact metric manifold and
(N, gn) a Riemannian manifold. A horizontal conformal submersion

T (M7¢7§a7779m) - (N7gn)

is called a conformal hemi-slant submersion if the vertical distribution ker
of m admits three orthogonal complementary distributions D?, D+ and ¢ such
that DY is slant with angle # and D~ is anti-invariant, i.e.,

(3) kerm, = DY @ D+ & (¢).

In this case, the angle 6 is called the hemi-slant angle of the submersion.

It is known that the distribution ker 7, is integrable. Hence above definition
implies that the integral manifold (fiber) 7=1(q), ¢ € N of ker 7, is a hemi-slant
submanifold.

Let 7 be a conformal hemi-slant submersion from an almost contact metric
manifold (M, ¢, &, n, gm) onto a Riemannian manifold (N, g,,). We observe that
the notion of conformal hemi-slant submersion is a natural generalization of
both the notions of anti-invariant, semi-invariant submersion [17] and conformal
slant submersion [13]. More precisely if we denote the dimension of D+ and
D? by m and meg, respectively, then we have the following:

(a) If mg = 0, then M is an conformal anti-invariant submersion.

(b) If my =0 and 6 = 0, then M is an conformal invariant submersion.

(c) If my =0 and 6 # 7, then M is a proper conformal slant submersion
with slant angle 6.

(d) If = %, then M is a conformal anti-invariant submersion.

We say that the conformal hemi-slant submersion 7 : (M, $,&,1n,gm) —
(N, gy) is proper if D+ # 0 and 6 # 0, 5
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Lemma 2.2. Let (M, ¢,&,m,gm) be an m-dimensional almost contact metric
manifold and (N, g,) be an n-dimensional Riemannian manifold. Let m: M —
N be a differentiable map between them and p € M. Then 7 is called hori-
zontally weakly conformal or semi-conformal at p if either (w_ ), =0, or (7,)p
maps the horizontal space H = ((kerm.),) " conformally onto Ty().

The second condition in the above definition exactly is the same as (7, ), is
symmetric and there exists a number x(p) # 0 such that

(4) gn (M X, 1Y) = x(p)gm (X, Y) for all X|Y € ((kerﬂ*)p)l.

Here x(p) is called the square dilation of 7 at p and its square root A(p) =
X(p) is called the dilation of 7 at p. The map = is called horizontally weakly
conformal or semi-conformal on M if it is horizontally weakly conformal at
every point on M. If 7 has no critical point, then it is said to be a (horizontally)
conformal submersion.
We should mention that a horizontally conformally submersion 7 : M — N
is called horizontally homothetic if the gradient of its dilation A is vertical, i.e.,

(5) H(gradi) =0
at p € M, where H is the complement orthogonal distribution to V = ker 7, in
(T, M).

Again, we recall the following definition.
Let m: M — N be a conformal submersion. A vector field £ on M is called
projectiable if there exists a vector field £ on N such that 7. (E,) = Ey, for

any p € M. In this case E and E are called m-related. A horizontal vector field
Y on M is called basic if it is projectiable. It is a well known fact that if A
is a vector field on N, then there exists a unique basic vector field Z which is
called the horizontal lift of Z.

The fundamental tensors 7 and A defined by O’Neill [16] for vector fields
E and F on M such that

(6) ApF = HV Y, VF + VY HF,

(7) TeF = HVYEVE + VYL HE,
where V and H are the vertical and horizontal projections. On the other hand,
from equations (3) and (4), we have

VoV =ToV + Yy,

VuX =HVyX +Tu X,

VxU =AxU +VVxU,

VxY =HVxY + .AXy

(8)

for all U,V € T'(ker,) and X,Y € I'(ker )%, where VWV = Vi V. If X is
basic, then AxV = HVxV.



210 V. KUMAR, R. PRASAD, AND S. K. VERMA

It is easily seen that for p € M, V € V, and X € H,, the linear operators
Tv,Ax : T,M — T,M
are skew-symmetric, that is
9(AXE, F) = —g(E, AxF) and g(Tv E, F) = —g(E, Tv F)

for all E,F € T,M. We also see that the restriction of 7 to the vertical
distribution 7 is the second fundamental form of the fibres of 7. Since 7y, is
skew-symmetric, we get 7w has totally geodesic fibres if and only if 7 = 0.

Let (M, ¢,&,1, gm) be an almost contact metric manifold and (N, g,,) be a
Riemannian manifold. Let 7 : M — N be a smooth map. Then the second
fundamental form of 7 is given by

(VI )(X,Y) = VimY —m.(VxY) foral X, Y € I(T, M),
where we denote conveniently by V the Levi-Civita connections of the metrics

gm and g, and V/ is the pullback connection. We also know that 7 is said to
be totally geodesic map if (V7. )(X,Y) =0 for all X, Y € I'(TM).

Lemma 2.3. Let m : M — N be a horizontal conformal submersion. Then,
for any horizontal vector fields X, Y and vertical vector fields U,V , we have
(1) (Vr)(X,Y) = XIn )71 (Y) + Y(In V)7 (X) — g (X, Y )i (gradln X),
(ii) (Vm ) (U, V) = —m(Tu'V),
(iil) (Vm)(X,U) = —m(VHU) = —m. (AxU).

3. Conformal hemi-slant submersions

In this section, we define and study conformal hemi-slant submersions from
almost contact metric manifolds.

Let m be a conformal hemi-slant from an almost contact metric manifold
(M, $,&,7n, gm) onto a Riemannian manifold (N, g,,). Then, we have

TM = (kerm,) @ (kerm,)*.
For any X € T'(kerm,), we put
(9) X =PX + QX +n(X)¢E,

where PX € T'(D?) and QX € I'(D*).
For all X € I'(ker ), we have

(10) X = X + wX,

where ¥ X and wX are vertical and horizontal components of ¢ X, respectively.
Also for V € I'(ker 7, )+, we have

(11) ¢V = BV +CV,

where BV € T'(kerw,) and CV € T'(u). Then, the horizontal distribution
I'(ker 7,)* decomposed as

I(kerm,)t = wD? @ ¢D* & p,
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where 1 is the orthogonal complement of wD? @ ¢D+ in T'(ker 7))+ and it is
invariant with respect to ¢.

Lemma 3.1. Let f be a conformal hemi-slant submersion from an almost
contact metric manifold (M, ¢,&,n, gm) onto a Riemannian manifold (N, gp).

Then we have
(a) D’ =D, (b) ¥D* = {0},
(¢) BuwD? =1D", (d) B¢Dt =D+,
Lemma 3.2. Let (M, $,£,1,9m) be an almost contact metric manifold and
(N, gn) be a Riemannian manifold. If w : (M, ¢,&,1,gm) — (N, gn) s a con-
formal hemi-slant submersion, then
P2X 4+ BwX = - X +n(X)®¢  wpX +CwX =0,

YBZ+BCZ =0, wBZ+C*Z=-Z
for all V € T'(kerm,) and Z € T'(ker 7,)*.

We define the covariant derivatives of 1) and w as follows:
(Vv )W = VyypW — ¥y W,

(Vyw)W = HVywW — wVy W
for all V,W € I'(ker,), where Vy W = V¥V W.

Lemma 3.3. Let (M, $,£,1,gm) be a cosymplectic manifold and (N, gy) be a

Riemannian manifold. If w : (M, ¢,€,m,9m) — (N, gn) is a conformal hemi-
slant submersion, then

i
v VY + TxwY = BTxY + ¢YVVxY,
TXZ[}Y + HVXQJY = CT)(Y + WVVXY
for all X, Y € T'(kerm,).
(i)
TxBV + HVxCV = CHVxV +wTxV,
VVxBV +TxCV = BHVxV +¢TxV
for all X € T'(kerm,) and V € I'(ker ).
iii
| ) Vv X + AywX = BAy X + ¢YVVy X,
AvpX + HVywX = CAy X + wVVy X
for all X € T'(kerm,) and V € T'(kerm,)*.
iv
) AyBV +HVyCV = CHVyV + wAyV,
VVuyBV + AyCV = BHVyV + v AyV
for all U,V € T'(kerm,)*.
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Now, we define
(Vxth)Y = VVxgh¥ — IV,
(Vxw)Y = HVxwY —wVVxY,
(VyB)W =VVyBW — BHVyW,
(VyCYW = HVyBW — CHVyW

for all X, Y € T'(ker7,) and V,W € I'(ker m,)*.

Lemma 3.4. Let (M, $,£,1,gm) be a cosymplectic manifold and (N, gy,) be a
Riemannian manifold. If w : (M, ¢,€,m,9m) — (N, gn) is a conformal hemi-
slant submersion, then

(Vx9)Y = BTxY — TxwY,

(Vxw)Y = CTxY — Txv)Y,

(VvB)W = wAyW — Ay BW,

(VvO)W = Ay W — Ay CW
for all X,Y € T'(ker,) and V,W € I'(ker,)".

If the tensors ¥ and w are parallel with respect to the linear connection V
on M, respectively, then

BTxY = TxwY,
CTxY = TxyY
for all X,Y € T'(ker ).

Lemma 3.5. Let w: (M, $,£,1,gm) — (N, gn) be a conformal hemi-slant sub-
mersion from an almost contact metric manifold (M, $,&,1, gm) onto a Rie-
mannian manifold (N, g,). Then 7 is a proper conformal hemi-slant submer-
ston if and only if there exists a constant \ € [0,1] such that

Y2X = —(cos?0)X for all X € T(D?).

Proof. For any non-zero vector field X € I'(D?), we have

x|
=170
ST ex |
and
12 0 — Im (60X, 9 X) 7
(12) 080 = X T oxX |

where 6(X) is the hemi-slant angle.
Using equations (2) and (10), we get
gm (X, ¥ X)

g = _ Im\ ¥ 4A)
(13) s = X Tex |
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From equations (12) and (13), we have
P?X = —(cos? 0) X. O
From Lemma 3.6, equations (1) and (2), we easily proof.

Lemma 3.6. Let 7w : (M, $,&,m,9m) — (N, gn) be a conformal hemi-slant sub-
mersion from an almost contact metric manifold (M, ¢,&,m, gm) onto a Rie-
mannian manifold (N, g,). Then

gm('l/]X7 /¢Y) = cos’ egm(Xy Y)7

Im(WX,wY) = sin® 09m(X,Y)
for all X,Y € T(D?).
Lemma 3.7. Let m : (M, ¢,&,1,9m) — (N,gn) be a conformal hemi-slant
submersion from a cosymplectic manifold (M, ®,&,n, gm) onto a Riemannian

(M,
manifold (N, g,) with the slant angle 6 € [0, T]. If w is parallel with respect to
V on DY, then we have

ToxtX = —cos®0-Tx X for X € T(DY).

Proof. If w is parallel ((Vxw)Y = HVxwY —wVVxY = 0), then from Lemma
3.6, we have

HVXMY — wVVXY = CTXy — Tx’(/)Y,
CTxY = TxyY forall X,Y € T(D?).
Interchanging the role of X and Y in equation (14), we have

(14)

(15) CTyX = TyyX for all X,Y € I'(DY).
Since 7 is symmetric, from equations (14) and (15), we get
ToxX =cos?0 - Tx X for all X € I'(DY). O

Lemma 3.8. Let m : (M,0,&,1,9m) — (N,gn) be a conformal hemi-slant
submersion from a cosymplectic manifold (M, $,&,1, gm) onto a Riemannian
manifold (N, g,). Then, we have

(i) gm([X,Y],€) =0,
where X,Y € T'(DY @ D1).
Theorem 3.9. Let w be a conformal hemi-slant submersion from a cosymplec-

tic manifold (M, ¢,&,n, gm) onto a Riemannian manifold (N,g,). Then the
slant distribution D? is integrable if and only if

9m (TX(*”/}Ya V) - gm(TwaXv V)
= (VT (V,0X) — (Vr)(X,0Y), . (6V))

+ 330 (VET(@Y) = Vi, (0X), 7. (6V)
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for all X,Y € T(DY) and V € T'(D4).
Proof. We note that D? is integrable if and only if
In([X, Y], V) =0, gn([X,Y],W) =0 and g.,([X,Y],€) =0

forall X,Y € T(DY), V € I'(D+) and W € (ker m,.)*. Since ker , is integrable
then, g,,([X,Y],W) = 0 and from Lemma 3.8, g,,,([X,Y],&) = 0. Thus, DY is
integrable if and only if g,,([X,Y],V) = 0.

From equations (2), (10) and Lemma 3.6, we have

gm([X, Y], V)
= gm(VxY,V) = gm(Vy X, V)
= gm(VxVY, 0V) + gm(VxwY, 0V) = g (Vy Y X, ¢V) — gim (VywX, 7V)
c08” 09 ([X, Y], V) = g (VWY V) + g (Vywty X, V)
+ g (VxwY, V) — g (VywX, ¢V).
Next, using equation (6), we have
sin® 0, ([X, Y], V) = = g (TxwY, V) + g (Tywtp X, V) + g (HV xwY, ¢V)
— gm(HVywX, V).
Since 7 is a conformal submersion, using Lemma 3.6 and (2), we have

sin? 09, ([X, Y], V) = — g (TxwY, V) + gm(Tywi X, V)

+ 1o (T7)(Y,0X) = (Tm) (X, 0¥, 7. (6V)

+ %gn(VQﬂ'*(wY) — Vim(wX), m (V). 0

Theorem 3.10. Let w be a conformal hemi-slant submersion from a cosym-
plectic manifold (M, ¢,&,1,gm) onto a Riemannian manifold (N,g,). Then
the anti-invariant distribution D+ is always integrable.

Theorem 3.11. Let m be a conformal hemi-slant submersion from a cosym-
plectic manifold (M, $,&,m, gm) onto a Riemannian manifold (N,g,). Then
the distribution (ker m,)* is integrable if and only if

%gn( P (CX)=VEm.(CY), 7 (wZ))

= gm(Ay BX—-AxBY —CY(In )X +CX(In \)Y 429, (X, CY )gradln \, wZ)
+ gm(VVyBX —VVxBY +AyCX —AxCY, ¢ Z)

for all Z € T'(kerr,) and X,Y € T'(kerm,)*.

Theorem 3.12. Let w be a conformal hemi-slant submersion from a cosym-
plectic manifold (M, ®,&,m, gm) onto a Riemannian manifold (N,g,). Then
any two conditions below imply the third:

(i) (kerm,)* is integrable,
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(ii) 7 s a horizontally homothetic map,
() 3500 (VEm(OX) — VEm(CY), m(w)
= gm(Ay BX — AxBY,wZ)
+ 9m(VVWyBX-VVxBY + AyCX-AxCY,)Z)
for all Z € T(kerm,) and X,Y € T'(kerm,)= .

Theorem 3.13. Let m be a conformal hemi-slant submersion from a cosym-
plectic manifold (M, $,&,m, gm) onto a Riemannian manifold (N,g,). Then
the distribution (ker )" is totally geodesic foliation on M if and only if for

3 (VA (), m (@PV)) = u(TEm (), ma (V)

= 082 09 (AxY, PV) + gm(Ax BY,wV)

+ gm (X, gradIn X) gy (Y, wp PV') + g (Y, gradln X) g, (X, wp PV)

— gm (X, Y)gm(gradln \,wp PV) — g, (CY, gradln \) g, (X,wV)

+ g (X, CY)gm(gradln A, wV')
for all X,Y € T'(kerm,)t and V € T'(kerT,).

Proof. For all X,Y € T'(kerm,.)* and V € T'(ker ), using equations (1), (2),
(7), (8), (9), (10) and Lemma 3.6, we have

gm(VxY,V)
= gn(VxY, PV +QV)
= gn(Vx @Y,y PV) + gn(Vx oY, wPV) + gn(Vx oY, $QV)
= €05 0gim (VxY, PV) = g (VxY,wpPV) + g (Vx Y, wPV)

+ 9m(Vx oY, 6QV)
= 052 09y (VxY, PV) = gn(HV xY,wpPV) + g (Vx BY,wPV + ¢QV)
+ g (VxCY,wPV + ¢QV).

Since wV = wPV + ¢QV, we have
Im(VxY, V) = c0s? 09, (VxY, PV) — gm(HV xY,wp PV)
+ gm(VxBY,wV) + g (VxCY,wV)
= 08209, (VxY, PV) — g (HV xY,wip PV)
+ gm(AxBY,wV) + g (HV xCY,wV).
Since 7 is a conformal submersion using (2) and Lemma 3.6, we have
gm(VxY,V)

= 05?09 (AxY, PV) + g (Ax BY,wV)

1 1
- ﬁgn(vg(ﬂ*(y)vﬂ* (W PV)) + 159 (VET(CY), T (wV))
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+ g (X, gradIln ) g, (Y,wp PV) 4+ g (Y, gradIn A) g, (X, wip PV)
— g (X, Y)gm(gradln \,wp PV) — g, (CY, gradln ) g, (X, wV)
+ g (X, CY) g (gradln A, wV). |

Theorem 3.14. Let w be a conformal hemi-slant submersion from a cosym-
plectic manifold (M, ¢,€,m, gm) onto a Riemannian manifold (N,g,). Then
the distribution (ker ) is a totally geodesic foliation on M if and only if
1
32 9n (VAT (@Y PY), 1 (V) = gn (V) (X, wp PY), m (V) }
= ¢08? 09y (Tx PY, V) + g (TxwY, BV) + gim(X, gradIn A) g, (V,wip PY')
for all X,Y € T'(kerm,) and V € I'(ker m,)t.

Proof. For X, Y € I'(kerm,) and V € I'(ker 7,)*, using equations (1), (2), (6),
(9), (10), (11) and Lemma 3.6, we have

g (VxY, V)
= gm(VxPY, V) + gn(VxQY.V)
= gm(VxPY,V) 4+ gm(VxQY, V)
= — gm(VxYPY, V) + gn(VxwPY, ¢V) + g (Vx dQY, $V)
= 08 09, (Vx PY, V) — g (HV xwip PY, V)
+ 9 (Vx(WPY + ¢QY),CV) + g (Vx (wPY + ¢QY), BV).
Since wPY + ¢QY = wY, we have
gm(VxY,V) = cos® 09, (Vx PY,V) = g (HV xwip PY, V)
+ g (Tx PY, V) 4+ g (HV xwY,CV).
Since 7 is a conformal submersion using (2) and Lemma 3.6, we have

gm(VxY,V)

1
= ¢08%2 09, (Tx PY, V) 4 gm(TxwY, BV) — an(v&ﬂ'* (wyPY), m.(V))

+ 539 (VT) X PY), 1 (V) + 350a(VEm, (07 ), 7 (CV)
— 5o ((VT)(X, ), 7 (CV))
= <08 g (T PY, V) + gin (T, BY) = 3500 (VEm. (@i PY), 7, (V)
+ 550 (VT) X0 PY), 7 (V) + g (X, grad 1o g (V, w0 PY )
which is complete proof. O

Theorem 3.15. Let m be a conformal hemi-slant submersion from a cosym-
plectic manifold (M, ¢,&, 1, gm) onto a Riemannian manifold (N, g,). Then the
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anti-invariant distribution D+ define a totally geodesic foliation on M if and
only if
gn(TxY,002) = 3500 (VEma (67 ), 7 (w02)),
and
gn(Tx 6, BY) = —5500(VEma (V) 7. (CV)
for all X,Y € T(D1), Z € T(DY) and V € I'(ker 7,)*.

Proof. For all X,Y € I'(D1), Z € (DY), and V € T'(ker 7, )" using equations
(1), (2), (5), (6), (10) and Lemma 3.6, we have

In(VxY,Z) = gm(Vx oY, ¥ Z) + gn(Vx 9Y,wZ)
= c08” 0gim (VxY, Z) = gm(Tx Y, W Z) + gm(HV x¢Y,wZ).
Now, we have
sin? 09, (VxY, Z) = —gm(Tx Y, w0 Z) + gm(HV x ¢Y,w7).

Since 7 is a conformal submersion using (2) and Lemma 3.6, we have
SIHQ ggm(vXK Z) = = gm(TX}/’ W"/)Z) + an(vXﬂ*(JY)a T (WZ))

_ %Qn((vw*)(x ¢Y), m(wZ))

= gn(TXY,087) + 3500 (VEma (V) 7e(w7))

— 2 (XA (8Y) + 6Y (In A, (X)
— gm(X,0Y ). (gradln \), m(wZ))

= (TR Vw0 2) + 1500 (VA (67 ), 7 (7).

Next, using equations (1), (2), (6) and (11), we have

= g (T 8Y, BV) + gu(HV x Y, CV).

Since 7 is a conformal submersion using (2) and Lemma 3.6, we have
gm(VxY,V)
1
= gm(TxPY, BV) + 1590 (Vi (0Y), 1. (CV))

_ % 9n((VI) (X, 9Y), 7. (CV))

= g (Tx Y, BV) + 550n(VEm. (6 ), 7 (CV)

- %gn(X(ln M7 (YY) + oY (In M) X — g (X, Y )i (gradln N), m (CV))
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1
= gm(Tx¢Y, BV) +

150V (6Y ), (CV))

which is complete proof. O

Theorem 3.16. Let m be a conformal hemi-slant submersion from a cosym-
plectic manifold (M, $,&,m, gm) onto a Riemannian manifold (N,g,). Then
the slant distribution DY define a totally geodesic foliation on M if and only if

L 0 (VI (@), T (X)),

I (TzwW, X) = 35

and
1
dm (TZU-WW» V) - gm(7-ZwW7 BV) = pgn(vgﬂ* (WW)7 Tk (CV))
for all ZZW € T'(D?), X € T(D+) and V € T'(kerm,)*.

Proof. For all Z,W € I'(D%), X € T'(D+) and V € I'(ker 7,)*, using equations
(1), (2), (10) and Lemma 3.6, we have

9 (V2W. X) = g (V20W, X) + gon(V 20W, 6 X)
= c08% 09 (V2 W, X) = g (V200 W, X) + g (V20 W, $X).
Now, we have
sin® 09, (VZzW, X) = —gm (T2 W, X) + gm (HV z0W, ¢ X).

Since 7 is a conformal submersion using (2) and Lemma 3.6, we have

. 1
sin? 09 (VW X) = — g (TzwypW, X) + ﬁgn

_ %gn((vm)(Z,wW),m((/ﬁX))

(Vo (wW), 7. (¢X))

1
= = gm(TzwypW, X) + 5 gn(VET(wW), 7. (0X))

- %gn(Z(ln M7 (WW) + wW (ln M. (Z)

— gm(Z,0W)(m.(gradin \))m. (X))
= — g Tyt W, X) + 3500 (VEma (@), ma (6).
Next, using equations (1), (2), (6) and Lemma 3.6, we have
In(V2ZW, V) = g (VzyW, V) + g (VZzwW, ¢V)
= 05”09 (V2 W, V) = g (V20 W, V)
+ g (TzwW + HV zwW, BV + CV).
Now, we have

sin® egm(vZVVa V) - 7gm(vawWa V)+gm(TZWVV7 BV)+gm(,HvZWVV7 CV)
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Since 7 is a conformal submersion using (2) and Lemma 3.6, we have
sin® 0, (V2 W, V)
= —9dm (Twa‘/Va V) + gm(7dZWVVa BV)

+ 55 (VER W), 7 (CV)) = 200((T7) (2, W), 7. (CV)

1

(V5 (W), m (CV))
- %gn(Z(ln M (WW) + wW (In N7 (Z)

— gm(Z,wW ) (s (gradln X)), m.(CV))

= — g (Tr W, V) + g (T7W, BV) + 5500 (Vi (1), 7. (CV)

which is complete proof. O

4. Examples

Example 4.1. Let R” have a cosymplectic structure as in Example 2.1. Define
amap h: R” — R3 by,

V3xg + w3 )
LT |-

h($17x27x37y17y27y37z) =e" <.’E 2

Then, by direct calculations, we obtain the Jacobian matrix of h as

1 0 00000
0 ¥ 1 09000
00 00010

Since, the rank of above Jacobian matrix is 3, therefore the map h is a
submersion. After some straightforward computations, we obtain

(ker hy) = span{X; = 0 )(287)(31<a 33>’X48}

oy’ Ay 2 \ O O 02
and
9 o 1 0 0
ker h, )t = =92 T o 2\ "0zy ' O
(ker h,,) span{V; 8:161"/2 9ys’ V3 5 <\/§8x2 + 8x3>}

Then it follows that,

0 1/ 0 0

DY = span{X, = a—yQ,Xz =5 ( - \/3)},

D+ = span{V; _ 9
= sp 1_8y1 .

Thus the map h is a conformal hemi-slant submersion with the hemi-slant angle

0= % and dialation A = 7.
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Example 4.2. Let R” have a cosymplectic structure as in Example 2.1. Define
amap h: R” — R3 by,

h(xh T2,X3,Y1,Y2,Y3, Z) = 67 (an X1 sina — Y2 COS &, yS) .
Then, by direct calculations, we obtain the jacobian matrix of h as

0 1 0 O 0 0 0
sinae 0 0 0 —cosa 0 O
0 0 0 O 0 1 0

Since, the rank of above Jacobian matrix is 3, therefore the map h is a
submersion. After some straightforward computations, we obtain

0 0 0 0 0
k h* - X :77X :7’X = _— ) 7’X = —
(ker h,) = span{X; s 9 i 3 = CoSQ P + sino 9 1= 5
and
0 0 0
(ker hy )t = span{V; = 92y’ Vo = o’ V3= Sinaa—xl — cosoza—y2 .
Then, it follows that
0 0
D? = Xo=— Xq= 1 sino——
span{ Xy o0 3 = cosa pr + sina s
Dt = span{V; = aixs}

Thus the map h is a conformal hemi-slant submersion with the hemi-slant angle
0 = o and dialation \ = .
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