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HOMOGENEOUS STRUCTURES ON FOUR-DIMENSIONAL
LORENTZIAN DAMEK-RICCI SPACES

ASSIA MOSTEFAOUI AND NOURA SIDHOUMI

ABSTRACT. Special examples of harmonic manifolds that are not sym-
metric, proving that the conjecture posed by Lichnerowicz fails in the
non-compact case have been intensively studied. We completely classify
homogeneous structures on Damek-Ricci spaces equipped with the left
invariant metric.

1. Introduction and preliminaries

A pseudo-Riemannian manifold M is homogeneous provided that, given any
points p,q € M, there is an isometry ¢ of M such that ¢(p) = ¢. It is locally
homogeneous if there is a local isometry mapping a neighborhood of p into
a neighborhood of ¢q. If M is homogeneous, then any geometrical properties
at one point of M hold at every point. The characterization by E. Cartan of
Riemannian locally symmetric spaces as those Riemannian manifolds whose
curvature tensor is parallel was extended by Ambrose and Singer in [1] (see
also [18]). They proved that a connected, simply connected and complete Rie-
mannian manifold is homogeneous if and only if there exists a (1,2) tensor
field T satisfying certain equations, see (1). In [12] Gadea and Oubina have
extended that characterization to pseudo-Riemannian manifolds. Specifically,
let (M,g) be a connected pseudo-Riemannian manifold of dimension n and
signature (k,n — k). Let V be the Levi-Civita connection of g and R its curva-
ture tensor field. A homogeneous pseudo-Riemannian structure on (M, g) is a
tensor field T of type (1,2) on M such that the connection V = V — T satisfies

(1) Vg=0, VR=0, VI =0.

More explicitly, T' is the solution of the following system of equations (known
as Ambrose-Singer equations)

(3) (VxR)y, =[Tx,Ryz] — Rryyz — Ryry 7,
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(4) (VxT)y = [Tx,Ty] — Tryy,

for all vector fields X,Y, Z. If g is a Lorentzian metric (k = 1), we say that T is
a homogeneous Lorentzian structure. The geometric meaning of the existence
of a homogeneous pseudo-Riemannian structure is explained by the following:

Theorem 1.1 ([12]). Let (M, g) be a connected, simply connected and complete
pseudo-Riemannian manifold. Then, (M,g) admits a homogeneous pseudo-
Riemannian structure if and only if it is a reductive homogeneous pseudo-
Riemannian manifold.

This means that M = G/H, where G is a connected Lie group acting tran-
sitively and effectively on M as a group of isometries, H is the isotropy group
at a point o € M, and the Lie algebra g of G may be decomposed into a vector
space direct sum of the Lie algebra b of H and an Ad(H)-invariant subspace
m, that is g = h @ m, Ad(H)m C m. It must be noted that any homogeneous
Riemannian manifold is reductive, while a homogeneous pseudo-Riemannian
manifold need not be reductive. Homogeneous Lorentzian structures have been
investigated for several classes of Lorentzian manifolds.

For some special classes of metrics, the Ambrose-Singer equations can be
completely solved, leading to a complete classification. Natural candidates for
this kind of study are Lie groups. Some examples of complete classifications of
homogeneous structures in a class of homogeneous pseudo-Riemannian may be
found in [3-5,7,13,14].

The study of Damek-Ricci spaces includes a wide investigation in literature.
That is particularly relevant, to give a negative answer, in high dimensions,
to the famous question posed by Lichnrowicz: “Is a harmonic Riemannian
manifold necessarily a symmetric space?”

Damek-Ricci spaces have been constructed by Damek and Ricci in [9]. These
spaces are semidirect products of Heisenberg groups with the real line. Several
results about these spaces have been investigated by many authors. In [10],
Degla and Todjihounde proved the non existence of any proper (nongeodesic)
biharmonic curve in the four-dimensional Damek-Ricci space although such
curves exist in three-dimensional Heisenberg groups. In [2], they studied the
dispersive properties of the linear wave equation on Damek-Ricci spaces and
their application to nonlinear Cauchy problems. In [11], it was constructed un-
countable many isoparametric families of hypersurfaces in Damek-Ricci spaces,
by characterizing those of them that have constant principal curvatures. In [15],
Koivogui and Todjihounde gave a setting for constructing Weierstrass repre-
sentation formulas for simply connected minimal surfaces into four-dimensional
Riemannian Damek-Ricci spaces. This was extended to the case of spacelike
and timelike minimal surfaces in 4-dimensional Damek-Ricci spaces equipped
with left-invariant Lorentzian metric [8]. In [17], Tan and Deng considered
the four-dimensional Lorentzian Damek-Ricci spaces (S%,g.) and investigated
other geometrical properties. In particular, they proved the non-existence of
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left-invariant Ricci solitons on these spaces. More recently, the second author
generalized this result proving the non-existence of non invariant vector field
for which the soliton equation is satisfied [16].

In this paper, we shall classify homogeneous structures of the four-dimen-
sional Damek-Ricci spaces (S2, g.), equipped with the left-invariant Lorentzian
metric g..

The paper is organized in the following way. In Section 2, we shall report
some basic information about four-dimensional Damek-Ricci space and its left-
invariant metrics in global coordinates, we shall describe their Levi-Civita con-
nection, the curvature and the Ricci tensor. In Section 3, homogeneous struc-
tures of four-dimensional Damek Ricci spaces (S, g.) are considered, proving
their classification.

2. Geometry of 4-dimensional Damek-Ricci spaces

For a brief introduction to Damek-Ricci spaces structures, we express the
relevant definitions here. We start with a short description of four-dimensional
Damek-Ricci spaces, referring to [6] and [9] for more details and further results.
For this purpose, we need to recall the so-called generalized Heisenberg group,
since Damek-Ricci space depends on it.

2.1. Generalized Heisenberg group

The generalized Heisenberg algebras are defined as follows. Let b and z
be real vector spaces of dimension m and n, respectively, such that n is the
orthogonal sum n = b @ z. We define in n the bracket

U+X,V+Y]=p6(UYV),

where 8 : b X b — z is a skew-symmetric bilinear map. This product defines a
Lie algebra structure on n.

We equip b with a positive inner product and z with a positive or Lorentzian
inner product and let (,), denote the product metric. Define a linear map
J:Z¢€z— J, €End(b) by

(JLU V), = (B(U,V),Z), forall U,V €band Z € 2.

Then, n is a two-step nilpotent Lie algebra with center z.

- If the inner product in z is positive and J% = —(Z, Z), id,, for all Z € z,
then the Lie algebra n is called a generalized Riemannian Heisenberg algebra,
and the associated simply connected nilpotent Lie group, endowed with the
induced left-invariant Riemannian metric, is called a generalized Riemannian
Heisenberg group.

- If the inner product in z is Lorentzian and

g2 — )~ (Z,7),idy, when Z is spacelike,
Z (Z,Z),idp, when Z is timelike,
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then the Lie algebra n is called a generalized Riemannian Heisenberg alge-
bra, and the associated simply connected nilpotent Lie group, endowed with
the induced left-invariant Lorentzian metric, is called a generalized Lorentzian
Heisenberg group.

2.2. Damek-Ricci spaces

Now, let ¢ = £1 and a. be a one-dimensional pseudo-Riemannian real vector
space, which is Riemannian when ¢ = 1 and Lorentzian when € = —1, and let
n_. = bdz be a generalized Heisenberg algebra which is Lorentzian when ¢ = 1
and Riemannian when ¢ = —1.

Consider a new vector space a.®n_. as the vector space direct sum of a. and
n_.. Let s,r € R, U,V € band X,Y € z. We define the Lorentzian product
(-,-) and a Lie bracket [-,-] on a. & n_. by

(rA+ U+ X,sA+V +Y)=(U+X,V+Y), _+ers,
1 1
rA+ U+ X,sA+V +Y]= [U,V]nfg—l—irV—isU—l—rY—sX

for a non zero vector A in a.. Therefore a. & n_. becomes a solvable Lie
algebra. The corresponding simply connected Lie group, equipped with the
induced left-invariant Lorentzian metric, is called a Lorentzian Damek-Ricci
space and will be denoted by S..

2.3. Curvature of four-dimensional Damek-Ricci spaces

Consider the four-dimensional Damek-Ricci spaces (S%, g.), equipped with
the left-invariant Lorentzian metric g.. Through the paper, we will denote the
coordinate basis {%, %, %, %} by {0z,0y,0;,0:}.

As it was pointed in [8], the left-invariant Lorentzian metric g. on the four-
dimensional space S? is given by

(5) ge = e 'da? + e tdy? + ee H(dz + gydx - ggcdy)2 —edt?,

where ¢ € R.
Following [8], let us denote

(6) e =e? 9 _wa ey =e? g—kgi e*et2 e*g
t or  20z) oy 20z) P "oz YT ot

Then, {e1, ez, e3,e4} form an orthonormal basis of the Lie algebra s of S? for
which
g-(e1,€1) = ge(ea, €2) =1, ge(es, €3) = —g=(ea,e4) = &
The bracket operation in s* is given by the formulas:

1
[617 62] = ceg, [617 63] = 07 [617 64] = _5617

[e2,e3] =0, le2,e4] = —=ea, [es,e4] = —e3.

2
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We will denote by V the Levi-Civita connection of (S2,¢.), and by R its cur-
vature tensor taken with the sign convention:

R(X,Y)=[Vx,Vy] = Vix,y]

Using the Koszul formula to calculate the components of the Levi-Civita con-
nection with respect to the orthonormal basis given by (6), we find

0 0 0 -3 0 0 £ 0
[ o 0o —-= o0 o o o -1
Va =1 o £ 0 0 » Ve = £ 0 0 0 |
J _£
o 5 066 0 0 0 —-£ 0 0
S0 o0
— T2 —
Ve=| ¢ o o -1 | Vea=0
0 0 -1 0

Denoting by R;; the matrix describing R(e; e;) with respect to the orthonormal
basis given by (6) and for ¢? = 1, we have

0 —-£ 0 0 0 0 3 0
S 0 00 0 0 0 £
— 2 — 4
R12 - 0 0 0 % ’ R13 - 73745 0 0 0 )
0 0 £ 0 0 £ 0 0
0 0 0 -3 0 0 0 -—%
[ o 0o -= o0 o o 2 o0
(8) R14 - 0 % 0 0 ) R23 - 0 _% 0 0 )
-£ 0 0 0 -< 0 0 0
0 0 £ 0 0 £ 0 0
0o 0 0 -3 -<£ 0 0 0
= 4 = 2
Rz -< 0 0 0 |’ R 0 0 0 -1
0 - 0 0 0 0 -1 0

3. Homogeneous structures on four dimensional Damek-Ricci
4
spaces S

A homogeneous Lorentzian structure T' on the four dimensional Lorentzian
Damek-Ricci spaces (S2, g.) is uniquely determined by its local components Ti’}

with respect to {e1, ea, €3, €4} . The smooth functions Tl}; are defined by

4
T(ei,e;) = Zngek.
k=1
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From (5) we prove that the first Ambrose-Singer equation (2) is satisfied if and
only if

T} =-T}y fori=1,...,4,

T3, =—eT!y fori=1,....4 and j =1,2,
Ti’fj:Ti{k fori=1,...,4 and j,k = 3,4,

9) Té4:51}‘fj forzizl,...,él and j = 1,2,

Ty = fori=1,...,4,

T2, = fori=1,...,4,

T3, =0 fori=1,...,4,

Ti, =0 fori=1,..., 4.

Next, using (7), (8) and (9), a straight computation leads to prove that the
second Ambrose-Singer equation (3) is satisfied if and only if

Tﬁi -5 fori=1,2,
TI?),Z - %7
T23,1 = _%7
(10) T?i4 =-1
T31,1 =0,
T13,1 = Tig,4 = T23,2 = T23,4 = T?il = T?iz = Tf,l = Tfp = TEA =0,
T14,2 = T24,1 = T:?,l = Tél,z = Tzﬁl = ng =0.

Finally, from (7), (9), (10) and after computations we can prove that the third
Ambrose-Singer equation (4) is satisfied if and only if

(alel,z - %alel,z) - T11,2T212 =0,
A T
ey =0

wl3o — 5013, =0,
0.T}, — G0.Tf, =0, ,
€2 (0,Ti, + S0:Ti,) = (T52)" =0,
ez (0,155 + F0.T3,) + T1 T3, = 0,
(11) 0y + 5 0: T35 =0,
‘9yT41,21+ %61ZT41,2 = 0, )
0. T}y —Ts o (T4y — 5c2) =0,
€'0.Ty o — Tl (T4 5 + 5ce) =0,
0Ty o+ T15T)o =0,
atT11,2 - T41,2T21,2 =0,
T%,z = k1,
T4,2 = ko,

t
ez
t
ez

where k1, ky are real constants. Now, we put F' = T},, G = Tj,, which are
smooth functions on S%.
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Therefore, (11) becomes

ez (0,F — 20.F) — FG =0,
ez (0,G — £0.G) + F? =0,
ez (0,F + <£0.F) - G* =0,
(12) ez (0,G + £0.G) + FG =0,
e'0.F — G (k1 — %cs) =0,
€'9.G + F (k1 — 5ce) =0,
0:G + ko' =0,
HF — kG = 0.

Deriving the seventh equation in (12) with respect to t and using the last
equation in (12), we get

G = hy cos (kat) + ha sin (kat)

for some smooth functions hy = hyi(x,y,z) and hy = ha(z,y, 2).
Again, by deriving the fifth and the sixth equations in (12) with respect to
t and using the seventh and the eighth equations in (12), we obtain

etﬁzF + kg@tazG + kg (kl — %Cé‘) F = 0,

(13) €'0.G — koe'0.F + (k1 — 4ce) O.F = 0.

Now, we derive the first equation in (13) with respect to ¢ and taking into
account the derivative of the fifth and sixth equations in (12) with respect to

t, we get
1
kg (kl — 205) F=0.

Thus, we need to consider the following different cases.

1) If F =0, then, from the third equation in (12), we find G = 0.

2) Let k1 = 3ce. In this case, adding the first and fourth equations of (12)
and using the fifth and the sixth ones, we get

0, F = -0,G.
Now, deriving the third equation of (12) with respect to x, we obtain
20
0,G =0,
Go,G =0.

For G = 0, we have immediately F' = 0, while if 9,G = 0, the second and
the third equations in (12) give F' =0 and G = 0.

3) ko = 0. That is to say K = 0, thus G = hy. Now, deriving the sixth
equation in (12) with respect to z and using the fifth one, we obtain

1 2
etﬁfhl + (kl — 205) eith1 =0.
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Therefore,
02hy =0,
{ (k1 — see)? by = 0.
If hy = 0, that is to say G = 0, then from the second equation in (12) we have
F=0.

Theorem 3.1. Consider the four-dimensional Damek-Ricci spaces (S2,g.)
equipped with the left-invariant Lorentzian metric g.. Then (S2,g.) is locally
reductive homogeneous space.

Furthermore, all homogeneous structures of (S, g.) are determined (through
their local components Tl];) with respect to the orthonormal basis given by (6)
and dual basis (o.)i)i:l’m’4 as follows:

T:a(w3®w2®el—w3®w1®62)+ﬁ(w4®w2®el—w4®wl®eg)

ce 1
+§(w2®w3®el—w1®w3®eg) —§(w1®w4®61 —|—w2®w4®62)
£
—gWeweatu’eu®e) —wow g —wow B
c
+§(w1®w2®637w2®w1®63).
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