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GENERALIZING SOME FIBONACCI–LUCAS RELATIONS

Junghyun Hong, Jongmin Lee, and Ho Park

Abstract. Edgar obtained an identity between Fibonacci and Lucas

numbers which generalizes previous identities of Benjamin–Quinn and

Marques. Recently, Dafnis provided an identity similar to Edgar’s. In
the present article we give some generalizations of Edgar’s and Dafnis’s

identities.

1. Introduction and statement of main results

Let Fn denote the nth Fibonacci number defined by

F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 (n ≥ 2).

Lucas numbers Ln are defined as L0 = 2, L1 = 1, and Ln = Ln−1 + Ln−2 for
n ≥ 2. In 1999, Benjamin and Quinn [1] obtained an identity

n∑
i=0

2iLi = 2n+1Fn+1

between Fibonacci and Lucas numbers. An analogous identity was proven by
Marques [5] as

n∑
i=0

3i(Li + Fi+1) = 3n+1Fn+1

and these two identities were generalized by Edgar [3] as

n∑
i=0

mi(Li + (m− 2)Fi+1) = mn+1Fn+1.
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Recently, Dafnis [2] showed another identity
n∑

i=0

(−1)imn−i(Li+1 + (m− 2)Fi) = (−1)nFn+1,

which is similar to Edgar’s identity. In the same article, he further obtained
an identity

n∑
i=0

(−1)imn−i(Vi+1 + (m− 2)Ti − 3Ti−1) = (−1)nTn+1

between Tetranacci numbers Ti and Lucas-Tetranacci numbers Vi.
The main purpose of the present article is to generalize Edgar’s and Dafnis’s

identities.

Theorem 1.1. Let k and n be nonnegative integers and let m be a real number.
Then we have

(1)
∑n

i=0 m
i(LkiFk + (mLk − 2)Fki+k) = mn+1LkFkn+k,

(2)
∑n

i=0 m
i(5FkiFk + (mLk − 2)Lki+k) = mn+1LkLkn+k − 2Lk,

(3)
∑n

i=0(−1)imn−i(Lki+kFk + (mLk + 2(−1)k)Fki) = (−1)nLkFkn+k,
(4)

∑n
i=0(−1)imn−i(5Fki+kFk + (mLk + 2(−1)k)Lki) = Lk((−1)nLkn+k +

2mn+1).

Note that we can derive Edgar’s and Dafnis’s identities from Theorem 1.1(1)
and (3) with k = 1. In Section 2, we prove Theorem 1.1. In Section 3, we also
provide several additional identities similar to Edgar’s and Dafnis’s identities.

2. Proof of Theorem 1.1

The following is well-known identities of Fibonacci and Lucas numbers which
will often be used in the proofs of our theorems.

Lemma 2.1 ([4, p. 91 and p. 97]). For any integers m and n, we have

(1) Fm+n − (−1)nFm−n = LmFn,
(2) Fm+n + (−1)nFm−n = FmLn,
(3) Lm+n − (−1)nLm−n = 5FmFn,
(4) Lm+n + (−1)nLm−n = LmLn.

Proof of Theorem 1.1. (1) Applying the identities in Lemma 2.1(1) and (2), we
obtain

n∑
i=0

mi
(
LkiFk + (mLk − 2)Fki+k

)
=

n∑
i=0

mi
(

(Fki+k − (−1)kFki−k) + (mLk − 2)Fki+k

)
=

n∑
i=0

mi
(
− (Fki+k + (−1)kFki−k) + mLkFki+k

)
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=

n∑
i=0

mi(−FkiLk + mLkFki+k)

= Lk

(
−

n∑
i=0

miFki +

n+1∑
i=1

miFki

)
= mn+1LkFkn+k.

(2) Using Lemma 2.1(3) and (4), we compute

n∑
i=0

mi
(

5FkiFk + (mLk − 2)Lki+k

)
=

n∑
i=0

mi
(

(Lki+k − (−1)nLki−k) + (mLk − 2)Lki+k

)
=

n∑
i=0

mi
(
− (Lki+k + (−1)nLki−k) + mLkLki+k

)
=

n∑
i=0

mi(−LkiLk + mLkLki+k)

= Lk

(
−

n∑
i=0

miLki +

n∑
i=1

miLki

)
= mn+1LkLkn+k − 2Lk.

(3) By Lemma 2.1(1) and (2), we have

n∑
i=0

(−1)imn−i
(
Lki+kFk + (mLk + 2(−1)k)Fki

)
=

n∑
i=0

(−1)imn−i
(
Fki+2k − (−1)kFki + (mLk + 2(−1)k)Fki

)
=

n∑
i=0

(−1)imn−i
(
Fki+2k + (−1)kFki + mLkFki

)
=

n∑
i=0

(−1)imn−i(Fki+kLk + mLkFki)

= Lk

( n+1∑
i=1

(−1)i−1mn−i+1Fki +

n∑
i=0

(−1)imn−i+1Fki

)
= Lk

(
(−1)nFk(n+1) + mn+1F0

)
= (−1)nLkFkn+k.
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(4) From Lemma 2.1(1) and (2), we derive

n∑
i=0

(−1)imn−i
(

5Fki+kFk + (mLk + 2(−1)k)Lki

)
=

n∑
i=0

(−1)imn−i
(
Lki+2k − (−1)kLki + (mLk + 2(−1)k)Lki

)
=

n∑
i=0

(−1)imn−i
(
Lki+2k + (−1)kLki + mLkLki

)
=

n∑
i=0

(−1)imn−i(Lki+kLk + mLkLki)

= Lk

( n+1∑
i=1

(−1)i−1mn−i+1Lki +

n∑
i=0

(−1)imn−i+1Lki

)
= Lk

(
(−1)nLk(n+1) + mn+1L0

)
= Lk

(
(−1)nLkn+k + 2mn+1

)
.

�

3. Some additional identities

Theorem 3.1. Let k and n be nonnegative integers and let m be a real number.
Then we obtain

(1) If m 6= 1, then

n∑
i=0

(−1)kimi(Lk(i−t) − (−1)kmLk(i−t+2)t)Fki+k

= (−1)kt
(
mn+1Lk(t−n−2)Fk(n+1) − (−1)kLkiFk

mn+2 − 1

m− 1

)
,

(2)

n∑
i=0

(−1)kiFk(i−t+1)Fk(i+1)

=
(−1)kt

5Fk

(
Lk(t−n−2)Fk(n+1) − (−1)k(n + 1)LkiFk

)
.

Proof. Using Lemma 2.1(1) and (2), we obtain

LktFk − Lk(t−i)Fki+k

= (Fkt+k − (−1)kFkt−k)− (Fkt+k − (−1)ki+kFkt−2ki−k)

= (−1)k+1(Fkt−k − (−1)kiFkt−2ki−k)

= (−1)k+1Lkt−ki−kFki.
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Now we compute
n∑

i=0

mi
(
LktFk +

(
(−1)kmLk(t−i−2) − Lk(t−i)

)
Fki+k

)
=

n∑
i=0

mi(−1)k+1(Lkt−ki−kFki −mLk(t−i−2)Fki+k)

= (−1)k+1

(
n∑

i=0

miLkt−ki−kFki −
n∑

i=0

mi+1Lkt−ki−2kFki+k

)

= (−1)k+1

(
n∑

i=0

miLkt−ki−kFki −
n+1∑
i=1

miLkt−ki−kFki

)
= (−1)kmn+1Lk(t−n−2)Fk(n+1).

Since L−k = (−1)kLk for any integer k, it follows that
n∑

i=0

mi
(

(−1)kt−ki−kmLk(i−t+2) − (−1)k(t−i)Lk(i−t)

)
Fki+k

= (−1)kmn+1Lk(t−n−2)Fk(n+1) −
n∑

i=0

miLktFk

and
n∑

i=0

(−1)kimi(mLk(i−t+2) − (−1)kLk(i−t))Fki+k

= (−1)ktmn+1Lk(t−n−2)Fk(n+1) − (−1)kt+k
n∑

i=0

miLktFk.

If m = 1, then the left-hand side becomes
n∑

i=0

(−1)ki(Lk(i−t) − (−1)kLk(i−t+2))Fki+k

=

n∑
i=0

(−1)ki5FkFki−kt+kFki+k

and the right-hand side becomes

(−1)ktLk(t−n−2)Fk(n+1) − (−1)kt+k(n + 1)LkiFk.

If m 6= 1, then we have
n∑

i=0

(−1)kimi(Lk(i−t) − (−1)kmLk(i−t+2))Fki+k

= (−1)kt
(
mn+1Lk(t−n−2)Fk(n+1) − (−1)kLkiFk

mn+2 − 1

m− 1

)
.

�
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Theorem 3.2. Let i1, i2, . . . , ir, k, n be nonnegative integers and let m be a
real number. Then

n∑
ir=0

(
mir (LkirFk − 2Fkir+k) +

ir∑
ir−1=0

(
mir−1(Lkir−1

Fk − 2Fkir−1+k) + · · ·

+

i3∑
i2=0

(
mi2(Lki2Fk − 2Fki2+k) +

i2∑
i1=0

mi1(Lki1Fk + (mLk − 2)Fki1+k)
)
· · ·
))

= mn+1LkFkn+k.

Proof. By Theorem 1.1(1), we obtain

n∑
ir=0

(
mir (LkirFk − 2Fkir+k) +

ir∑
ir−1=0

(
mir−1(Lkir−1Fk − 2Fkir−1+k) + · · ·

+

i3∑
i2=0

(
mi2(Lki2Fk − 2Fki2+k) +

i2∑
i1=0

mi1(Lki1Fk + (mLk − 2)Fki1+k)
)
· · ·
))

=
n∑

ir=0

(
mir (LkirFk − 2Fkir+k) +

ir∑
ir−1=0

(
mir−1(Lkir−1

Fk − 2Fkir−1+k) + · · ·

+

i3∑
i2=0

(
mi2(Lki2Fk − 2Fki2+k) + mi2+1LkFki1+k

)
· · ·
))

=

n∑
ir=0

(
mir (LkirFk − 2Fkir+k) +

ir∑
ir−1=0

(
mir−1(Lkir−1Fk − 2Fkir−1+k) + · · ·

+

i3∑
i2=0

mi2(Lki2Fk + (mLk − 2)Fki2+k) · · ·
))

...

=

n∑
ir=0

(
mir (LkirFk − 2Fkir+k) + mir+1LkFkir+k

)
=

n∑
ir=0

mir (LkirFk + (mLk − 2)Fkir+k)

= mn+1LkFkn+k. �

Taking m = 2 and k = 1 in Theorem 1.1(2), we easily obtain a result similar
to the identity of Benjamin and Quinn.

Lemma 3.3.
n∑

i=0

2iFi =
1

5
(2n+1Ln+1 − 2).
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Using the above lemma and Benjamin–Quinn’s identity, we can prove the
following.

Theorem 3.4. Let n and k be nonnegative integers. Then

(1)
∑n

i=0 2i
(
FkLi + (2kLk − 2)Fi+k

)
= Lk

5 (2n+k+1Ln+k+1 − 2n+1Ln+1 −
2kLk + 2),

(2)
∑n

i=0 2i
(

5FkFi + (2kLk − 2)Li+k

)
= Lk(2n+k+1Fn+k+1 − 2n+1Fn+1 −

2kFk).

Proof. (1) By Lemma 2.1(1) and (2), we have

FkLi − 2Fi+k = Fi+k − (−1)kFi−k − 2Fi+k

= −(Fi+k + (−1)kFi−k)

= −LkFi.

Using Lemma 3.3, we compute
n∑

i=0

2i
(
FkLi + (2kLk − 2)Fi+k

)
=

n∑
i=0

2i(−LkFi + 2kLkFi+k)

= Lk

( n∑
i=0

2i+kFi+k −
n∑

i=0

2iFi

)
= Lk

( n+k∑
i=0

2iFi −
k−1∑
i=0

2iFi −
n∑

i=0

2iFi

)
=

Lk

5
(2n+k+1Ln+k+1 − 2n+1Ln+1 − 2kLk + 2).

(2) Similarly, we obtain

5FkFi − 2Lk+i = Lk+i − (−1)iLk−i − 2Lk+i

= −(Lk+i + (−1)iLk−i)

= −LkLi

and hence we get
n∑

i=0

2i
(

5FkFi + (2kLk − 2)Li+k

)
=

n∑
i=0

2i(−LkLi + 2kLkLk+i)

= Lk

( n∑
i=0

2k+iLk+i −
n∑

i=0

2iLi

)
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= Lk

( n+k∑
i=0

2iLi −
k−1∑
i=0

2iLi −
n∑

i=0

2iLi

)
= Lk(2n+k+1Fn+k+1 − 2kFk − 2n+1Fn+1). �
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