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ON THE STRUCTURE OF A k-ANNIHILATING IDEAL
HYPERGRAPH OF COMMUTATIVE RINGS

SHAYMAA S. EssA AND HusaM Q. MOHAMMAD

ABSTRACT. In this paper we obtain a new structure of a k-annihilating
ideal hypergraph of a reduced ring R, by determine the order and size of
a hypergraph AGy(R). Also we describe and count the degree of every
nontrivial ideal of a ring R containing in vertex set A(R, k) of a hyper-
graph AGy (R). Furthermore, we prove the diameter of AGy(R) must be
less than or equal to 2. Finally, we determine the minimal dominating
set of a k-annihilating ideal hypergraph of a ring R.

1. Introduction

In the last twenty years, the structure of finite commutative rings associated
graphs has been an intriguing issue that has been studied by some authors such
as [2], [6], [7] and [8]. According to [4], Eslahchi and Rahimi introduced and
studied a graph known as the k-zero divisor hypergraph of a commutative ring
R, which is defined as: Let R be a commutative ring and k > 2 a fixed integer,
a nonzero nonunit element a; in R is said to be a k-zero-divisor in R if there

exist k — 1 distinct nonunit elements as, as,..., a; in R different from a; such
that aj-as-as-...-ax = 0 and the product of no elements of any proper subset
of A={a1,a9,...,ar} is zero.

In [8], K. Selvakumar, V. Ramanathan have introduced a k-annihilating ideal
hypergraph of a commutative ring and defined as: Let R be a commutative ring
and let A(R, k) be the set of all k-annihilating ideals in R and k > 2 an integer.
The k-annihilating ideal hypergraph of R, denoted by AG(R) is a hypergraph
with vertex set A(R, k) and for distinct elements I, I, ..., Iy in A(R, k), the
set {I1,I2,...,I;} is an edge of AG(R) if and only if Hle I; = (0) and the
product of (k — 1) element of {Iy,Is,...,I;} is nonzero. Clearly, if R is an
integral domain with A(R, k) = ¢ for all k > 2, then AGx(R) = ¢ .

Throughout this paper we suppose R is a finite commutative ring with iden-
tity. One of the most significant structures of a finite commutative ring is that
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a ring R is a reduced ring if and only if R = F} X Fy X --- X F},, where F; are
finite fields and 1 <4 < n, we denote J,,_s = (F1 X Fo X+ - X Fsx0x0x---x0)
be any nontrivial ideal of a ring R with arbitrary s, where 2 < s <n —1. We
Assume that k = 3 is a fixed integer in the definition of a k-annihilating ideal
hypergraph of R with the set of a nontrivial ideals J,_s of a ring R; A(R, k)
as a vertex set of a hypergraph AGy(R).

A hypergraph H is a pair (V(H),E(H)) of disjoint sets, where V(H) is a
non-empty finite set whose elements are called vertices, and the number of
elements of V(H), is called order of hypergraph #; denote by n(H). Also the
elements of £(H) are nonempty subsets of V(H) called hyperedges and the
number of elements of hyperedges is called size of hypergraph H; denote by
m(H). While graph edges are pair of vertices, hyperedges are arbitrary sets of
vertices and can contain an arbitrary number of vertices. Special hypergraphs
called uniform hypergraph where all the hyperedges have the same cardinality.
The hypergraph H is called k-uniform if every edge e of H is of size k. The
number of edges containing a vertex v € V(H) is its degree dy(v). A path
of length k from a vertex x; to another vertex xo in a hypergraph H is a
finite sequence of the form z1, F1,y1, Fo,y2, ..., Fx—1,Yk—1, Ex, x2 such that
r1 € Byandy;, € E;NE;4y fori=1,2,...,k—1and 9 € Ey. Let H be a
connected hypergraph. For u,v € H(v), the distance between u and v is the
length of a shortest path from u and v in H, denoted by dy (u,v). In particular,
dy(u,u) = 0. The diameter of H is the maximum distance between all vertex
pairs of H (see [9]).

The hypergraph and algebraic properties have been covered by r-Stirling
numbers which were introduced by Broder [3] and were counted as restricted
partitions with the restriction being that the first r elements must be in distinct
subsets. Although let X be a finite set with n elements, then the partitions of X
which contain exactly k blocks are called k-partitions of X. The numbers of k-
partitions are denoted by {7} which are known as the regular Stirling numbers
of the second kind with some special values of them as {§} = 2""! — 1, and
{5} =431 —2"+1) see [5].

Our aim in this paper is to determine some basic graphical properties of
a k-annihilating ideal hypergraph of a ring R, such as the order and size of
AG(R), and to explain the degree of any nontrivial ideal of a ring R containing
in A(R,k) in Section 2. In Section 3, we find the diameter of AGy(R), which
differs from [9, Theorem 3.5], that is, diam(AG(R)) < 2. In addition, we
discover the minimal dominating set of AGy(R) of a ring R.

2. Basic properties of a k-annihilating ideal hypergraph of a ring R

Recall that A(R, k) is a set of all k-annihilating ideals in R, where k is an
integer; as a vertex set, and R = Fy X Fy X --- X F, , where F; are finite fields for
1 < i < n. In this section, we obtain the properties of a set of vertices A(R, k),
and relate it to a k-annihilating ideal hypergraph of a ring R. Also we get more
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detailed explanation of the degree of every vertex of A(R, k). Furthermore, we
find the order and size of AGy(R).

Firstly, we instigate this section by getting the property of minimal ideals
of R.

Lemma 2.1. Let R be a ring and let I; be a minimal ideal of R. Then I; is
not contain in A(R, k).

Proof. Suppose that I; is a k-annihilating ideal of R. Then there are k-
annihilating ideals as Iy, Io, . . ., I} such that the product of any (k — 1) ideals

of {I1,I,..., I} is nonzero and HZ:l I, = (0). Since I; is a minimal ideal of
R, then for some j different from 4; (0) # I; - I; C I; implies that I; - I; = I,
that is contradiction; so I; is not contain in A(R, k) . O

Theorem 2.2. Let R be a ring such that R =2 Fy X Fy x --- X F,,, where F; are
finite fields for 1 < i <mn and let J,_o = (F1 x Fo x0x0x---x0) be any ideal
of a ring R with randomly s, where 2 < s <n —1. Then deg(J,—2) = {71’_'::;}3,
where {Tfié

5 s 3-Stirling number of the second kind.

Proof. Let R be a ring such that R = F} x Fy X --- X F},, where F; are finite
fields for 1 < i < n and let J,_o be an ideal containing in A(R, k) such that
F;’s are all zeros except I} and F5, then the combination of zeros F; are given
by 22;12 (";2) and every combination in this expansion has some exception,
so we can explained it by fixing F; # 0 and F» = 0 for any ideal in A(R, k)
such L; with combination of zeros F;, and fixing F5 # 0 and F; = 0 for another
ideal in A(R, k), as Lo with combination of zeros F;, therefore we conclude the
following general form for .J,,_5 which possess randomly s, where 2 < s <n—1,
as

0 mes= (S E L)
()
(CAEC)-S )

Observe the terms of zz;f (";2) and simplified expansion (1) by using bino-
mial coefficients

o= () - 1)
((2"‘2 —1)— (2" 1)) 4.
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+(223) ((2"—2 —1- (- 1)>,
bl )

(-0 -+ G- 6)

deg(Jn—z):§<n12><{ .} {nle
SCOTECT
(2”21><2”1>nj( )
o (k: ("2 ) - 1>>
>

n—2 2717,%27”22 n—2
n—k—2 n—k—2

k=0
+ (2n—2 _ 1)

=222 9. gn 2y g gt n o]
— 22(n—2) _ 3n—27

(2) deg(]n_g) =4n72 3772 = (1 4 3)(ntD=3 _gntD=3,
That is, deg(/J, = {17 }3, where ’fjrr?l) , is 3-Stirling number of the second
kind. O

Theorem 2.3. Let R be a ring such that R =2 Fy X Fy x --- X F,,, where F; are
finite fields for 1 < i <mn and let J; = (Fy X Fy x --- X Fs x 0) be any ideal of
a ring R with randomly s, where 2 < s <n —1. Then deg(Js) = {S'gl}, where
{s‘gl} is regular Stirling number of the second kind.

Proof. Let R be a ring such that R = F} x Fy x --- X F,, where F; are finite
fields for 1 <i <n andlet Js = (F} X Fy X -+ - X F5 x 0) be any ideal containing
in A(R, k) such that F; and Fy and ... and F§ are nonzeros for 2 < s <n—1.
Suppose Js, L1 and Lo are ideals of a ring R containing in A(R, k) such that
Js L1 #(0), Js- Ly # (0) and Ly - Ly # (0), so Fy X Fy x - -+ x Fy is not equal
to zero in Ly and Ls. Now, to obtain Jg - Ly - Ly # (0), let Fs # 0 in Ly for
2 < s <n—1, then Fy must be zeros in Ly. For getting F; # 0 in Ly, then
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Fy =0in Ly so, we can explain the number of cases of Js as

3)

s—2

>

Jj=0

(

IE )R ()

J

7=0

s—2

=0 \T I

s—1

-1 )
-3 (7 )e-

=1

s—1

» <
Il
=]

Also, fixed F; =0 and Fy # 0 in Ly, then F} = F5 = 0 in Ly, we get

E (L) E e

s—3

D

Jj=0

(

j=0

-5 (57

-5 (57
0500
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By continuing this process and using (3) and (4), for 1 < ¢ < s — 1, we have
the degree of J; as

deg(J.) = ; ( ; 1) CRaITe ( . 2) (27372 _ 1)

J 7=0
st s —1 .

+-~-+Z< , )(25”—1)
J=0 J

:387172871+357272872+.'.+31721,

s—1
deg(J.) =) (3" =27
t=1
s—1 s—1
— Z szt _ Z 287t
t=1 t=1
1

=53 -3)-(2-2)

1
5(35 _ 23+1 4 1)

_fs+1
= 5 [
where {Sgl} is regular Stirling number of second kind. O

Theorem 2.4. Let R be a ring such that R = Fy X Fy X --- X F,,, where F; are
finite fields for 1 <i<n andlet J,_s = (F1 X Fax---x Fsx0x0x---x0) be
any ideal of a ring R with randomly s, where 2 < s <n—1. Then deg(J,—s) =
3 HMEE

Proof. Let R be a ring such that R = F} x Fy x --- X F,, where F; are finite
fields for 1 <i<nandlet J,_s = (F1 X Fa X--- X Fs x0x0x---x0) be any
ideal of R containing in A(R, k) for 2 < s < n — 1, by depending on expansion
(1) and (5), we can conclude the general formula for any ideal as a form, for
randomly s; Jp—s = (F1 X Fo X +-+ X Fg x 0 x 0 x --- x 0) without loss the
generality. So the proof is complete from Theorem 2.2 and Theorem 2.3. O

Theorem 2.5. Let R be a ring such that R = Fy X Fy X --- X F,,, where F; are
finite fields for 1 < i < n. Then n(AGg(R)) = Z?:_; (M) ={""} - (n+1),

where {";1} is reqular Stirling number of the second kind.
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Proof. Let R be a ring such that R = F} x Fy x --- X F,,, where F; are finite
fields for 1 < i < n. Let Ji,Js,...,J,_1 are nontrivial distinct ideals in
A(R, k). Since R Fy x Fy x --- X F,, for F; are fields and for 1 < ¢ < n, then
n(Jn-1) = (}) and n(J—2) = (5) and ... and n(J;) = (,",). Since the set of

n—1
ideals of the form J; are minimal by Lemma 2.1, then the order of AG(R) is
expansion of (2), where 2 < s <n — 1. That is,

n n
(6) n(AGr(R)) = (2> +o 4 (n B 1)
n—1
-2 ()
s=2 s
By using regular Stirling number of the second kind, we obtain

n(AGL(R)) =2" —n—2
=2"-1)—(n+1)

~{"3'} -+,

where {";1} is regular Stirling number of the second kind. (|

Theorem 2.6. Let R be a ring such that R = Fy X Fy X --- X F,,, where F;
are finite fields for 1 < i <mn. Then the size of hypergraph AG(R) is equal to

m(AGK(R)) = 5(52 (D5 H" ™)
Proof. Let A(R, k) be the set of all nontrivial k-annihilating ideals of R and

n—1

not minimal ideals, since the order of hypergraph of AGy(R) = > .5 (Z), since
k = 3, then there are three nontrivial ideals in A(R, k) contained in every edges
of AG(R), that is,

m(E(AGk(R)))

= 3{(§) s (amties (7o)

So, we can conclude the following

™ m(E(AGL(R)) = © (i (7) deg(Jn_s>> .

s=2

For more interpretation, we can rewrite (7) by using Theorem 2.4, as

m(E(AGH(R))) = ;((g) {2 : 1}{” o 3}3+ (7;) {3; 1}{n 3 3}
(G
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SEOF)

S

3. Adjacency property of a k-annihilating ideal hypergraph of
ring R

In this section, we study the idea of adjacency between the ideals of R
containing in A(R, k), where k = 3, that based on its, which found the diameter
and minimal dominating set of a k-annihilating ideal hypergraph of a ring R.

Theorem 3.1. Let R be a ring such that R = Fy X Fy x --- X F,,, where F; are
finite fields for 1 < i <n andlet J,_s = (F1 X Fyx---XFgx0x0x---x0) be any
ideal of a ring R with randomly s, where 2 < s <n—1. Then diam(AGy(R)) <
2.

Proof. Let R be a ring such that R = F} x Fy x --- X F,, where F; are finite
fields for 1 <i<mandlet I = (Fj; x Fj, X --- x F;_, x0x0x ---x0) be any
ideal of a ring R containing in A(R, k) and F;; be a field in position ;. Our
purpose is to prove that diam(R) < 2. It is enough to find a path between any
two ideals of R in AG;(R). So we must discuss these cases:

Case 1. Let I and J be any two ideals of R such that I C J or J C 1,
without lost generality, let I C J, then there are two fields F;, and F;, in i;-th
position are nonzero in I and J also Fj, is nonzero in J, but the i3-th position
is equal to zero in I. Furthermore; there are i4-th position are equal to zero in
I and J. Now let Ky =T; x Ty X --- x T;, be an ideal of R, where T; € {0, F;}
such that

T — Fz lf’L:Zl,Z3 or i4,
" 10 if otherwise

and Ko =17 x Ty X --- x T, be an ideal of R such that

T — Fi ifi:igori4,
! 0 if otherwise.

That iS7 I- Kl . KQ = (O) with I - K1 7& (0), I- K2 75 (0)7 K1 . K2 7é (0) and
J'K1~K2 = (O) with J'Kl 75 (O), J'KQ 75 (0), K1'K2 7é (O) So we
conclude that; there are two hyperedges in AG(R) known as e; = {I, K1, K2}
and eg = {J, K1, K»}. Then diam(I,J) = 2.

Case 2. Again, let I and J be any two ideals of R such that I-J = (0).
Then Fj;, and F;, be two fields in i;-th position are nonzero in I, and Fj, and
F;, be two fields in i;-th position are nonzero in J. Also the i3-th position and
i4-th position are equal to zero in I, but i;-th position and is-th position are
equal to zero in J.
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Now let Ly =Ty x Ty X -+ X T;, be an ideal of R, where T; € {0, F;} such
that

T — Fz 1f2221723 or ’L'4,
" 10 if otherwise

and Lo =717 x Ty x --- x T, be an ideal of R such that

{E if i = i, = 43 OF iy,

T, = . .
0 if otherwise,

also let Ly =T} x Ty x --- x T}, be an ideal of R, such that

T — Fi ifiZil,ig or i4,
! 0 if otherwise.

Therefore, I- Ll . Lg = (0) with I - L1 7é (0), I- Lg 7& (O), L1 . L2 7é (0) and
J'Ll 'L3 = (0) with JLl 7é (O), JLg # (0), L1 'L3 7& (0)7 that iS, there are
two hyperedges in £(AGk(R)) known as e; = {I, L1, Lo} and es = {J, L1, L3},
which are explained that diam(I,J) = 2.

Case 3. At least, let I and J be any two ideals of R such that I-.J # (0) and
I ¢ J,and J ¢ I. Then there are F;, and Fj, are two fields in i;-th position
are nonzero in I and F;,, F;, are two fields in i;-th position are nonzero in J.
Also the i3-th position is equal to zero in I, with io-th position is equal to zero
in J.

Now let N =T x Ty x --- X T,, be an ideal of R, where T; € {0, F;} such
that

n:{ﬂ%ﬁzwq@,
0 if otherwise

since I-J # (0), by assumption we get I-N # (0), J-N # (0),s0 [-N-J = (0).
That is, there is exactly one hyper edge containing I and J. So diam(I,J) =
2. O

Corollary 3.2. Let R be a ring and R = Fy X Fy X --- X F,,, where F; are
finite fields for 1 < i < n and let I and J be two nontrivial ideals containing
in A(R,k) such that I-J # (0) and I ¢ J (J ¢ I). Then there is another
nontrivial ideal as K in A(R, k), different from I and J, that is, {I,J, K} is
contained in E(AGy(R)).

According to [1], Acharya introduced the dominating set and minimal dom-
inating set in hypergraphs as an extension of basic results from the theory of
domination in graphs, which defined as:

Definition. Let (V(H),E(H)) be any hypergraph. Then, D(H) C (V(H) is
an adominating set of H if for every v € V(H) — D(H), there exists u € D(H)
such that u and v are adjacent in H; that is, if there exists £ € £ such that
u,v € E. Furthermore, D(H) C (V(H) is a minimal dominating set of H if
D(H) does not contain proper dominating set.
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Theorem 3.3. Let R be a ring and R = Fy X Fy x --- X F},, where F; are finite
fields for 1 <i <mn. Then

(i) If n is even, then the dominating set of a k-annihilating hypergraph of
AGk(R) is defined as D(AGr(R)) = {D1,D2,...,Dz,Dx 41, }, where
D1:(F1><F2><0><-~-><0),D2:(0><0><F3><F4><O><~--><O)7D% =
(0x - xOXFy1 X Fy),Dnyq = (F1 x0x F3x0x F5x---x F,_1x0).

(ii) If n is odd, then the dominating set of a k-annihilating hypergraph of
AGr(R) is defined as D(AGL(R)) = {Dl,DQ,...,Danl,DnTH,DnTM}7
where D1 = (F1 X Fo x0x -+-x0),Dy = (0x0X F3 X Fy x0x---X
O),Danl =0x- - x0xF,_9x F,_ xO),DnTH =(0x---x0x
Fn,ngn,len),D%g =(F1 X0X F3x0Xx Fsx0x---x0xF,).

Proof. Let R be a ring and R = F} X Fy X --- x F},, where F; are finite fields
for 1 <4 < n and let I be an ideal of a ring R containing in A(R, k) such that
I € A(R,k) — D(AGk(R)).

(i) If n is even, we instigate to show that D(AG(R)) is a dominating set of
AG(R).

Firstly, we observe an axiom, if D; C I for all 1 < j < %, then we have
I = R, which contradicts the assumption. Also if I C D, then we get I is a
minimal ideal of R, so by Lemma 2.1, that any minimal ideal is not a vertex in
A(R, k). Hence there exists D; in D(AGy(R)) such that D; ¢ I(I ¢ D;) for
some 1 < j < % Furthermore, if D%H - I = 0, then there exist two nonzero
even positions as F;, and Fj;, in I, so there is D; in D(AGy(R)) such that
satisfied the conditions of Corollary 3.2.

Secondly, we investigate Dz 1, when Dz C T or I C Dzyg.

If Dzyy C I, since there exists D; € D(AGy(R)) such that D; ¢ I(I ¢ D;)
for some 1 < j < & and Dj = (0 x --- x 0 x I, x F;, 11 x 0) for a nonzero
odd position as F;, and a nonzero even position as I, 41 with D= 1 C [, then
we get Dj - I # 0. Therefore, Corollary 3.2, involves that; there is another
nontrivial ideal as K in A(R, k), different from I and D, that is, {I, D;, K} is
contained in £(AGk(R)).

If I C Dz .y, there are two nonzero odd positions as F;, and Fj, in I.
Therefore if F;, in D; for some 1 < j < Z, then Fj; is not in Dj, also F;, is
in D; but not in I, which implies that D; - I # 0 and D; ¢ I(I ¢ D;), thus
the conditions of Corollary 3.2, satisfied and there is another nontrivial ideal
as K in A(R, k), different from I and D;, that is, {I,D;, K} is contained in
E(AGL(R)).

Moreover, we discuss, if D; C I for some 1 < j < 5. Then either D; - I =0
or D;j C I forall 1 <j< 3. Thus we obtain Dny-1#0and Dnyy ¢ I(I ¢
Dxnq). That is, there is another nontrivial ideal as K in A(R, k), different
from I and Dj, that is, {I, D=, K} is contained in £(AG(R)).

Finally, we discuss the instances of D; -1 =0 for some 1 <j < 5 + 1.
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If D%H -I =0, then there are two nonzero even positions as Fj, and F;, in
I such that D; - I # 0 for some 1 < j < &, and D;I(ID;). Thus by Corollary
3.2, that is, there is another nontrivial ideal as K in A(R, k), different from [
and Dj, that is, {I, D;, K'} is contained in £(AGy(R)).

If Dj-I = 0 for some 1 < j < 3, then obviously, D24y ¢ I and so
Dunyq - I = 0, therefore, by last confirmation, there is D; with i # j such
that D; - I # 0 and D; ¢ I(I ¢ D;), hence by Corollary 3.2, there is another
nontrivial ideal as K in A(R, k), different from I and D, that is, {1, D;, K} is
contained in £(AGk(R)).

Similarly, if D; - I = 0 for some 1 < j < 7, then, may be; I C D=y, which
is explained in secondly instance, so {/, D= 41, K'} is contained in 5(Agk( )
for some K in A(R, k).

Again, if Dn -1 # 0 with I ¢ Dn (D=1 ¢ I), so there is a hyperedge
as {I, Dn 41, K} is contained in £(AGy(R)). Therefore for all cases there is an
ideal in D(AGy(R)) adjacent with I.

(ii) If n is odd, we begin to show that D(AG(R)) is a dominating set of
AGi(R), in the same way that (i), then D; is discussed for all 1 < j < 221 as
well as Dugs. It is sufficient to show that D1 is contained in D(AGk(R)).
Now, we suppo&e if Dusa C 1, then I = (Th ><T2 X XT3 X Fp_o X Fp_1 X F,)
is an ideal containing ln A(R, k), where T; are not all zeros such that T; €
{0, F;} for i = 1,2,...,n — 3, then there is Dugs in D(AGk(R)) such that
Dugs -1 # 0 and Dn+3 ¢ I(I ¢ Dn+3), so by Corollary 3.2, {I,D#,K} is
contained in E(AGK(R )) for some K in A(R, k).

Moreover, if I C Dungr, then I = (0x -+ x0x F,_1 xF,)orI=(0x

- X 0x F,_2 x0x F,) is contained in A(R, k), implying that; I is adjacent
to Dn1 that is contained in a hyperedge of E(AGL(R)).

At last, we suppose, ifDan I =0,then] = (Ty xTyx---xT,_3x0x0x0),
where T; are not all zeros such that T; € {0, F;} fori = 1,2,...,n—3, contained
in A(R, k), so there is D; in D(AGy(R)) for 1 < j < 251 .
and D; ¢ I(I ¢ D;), so by Corollary 3.2, {I, D;, K} is contained in £(AG(R))
for some K in A(R, k). O

Theorem 3.4. Let R be a ring and R = | X Fy X - -- X F,,, where F; are finite
fields for 1 <i < mn. Then the dominating set D(AG(R)), which is defined in
Theorem 3.3, (1) and (ii) is a minimal.

Proof. Let R be aring and let R = F| X Fy X - - - X F},, where F; are finite fields
for 1 <i<n.
(i) Assume that, n is even, we instigate to show that
D(AGk(R)) ={D1,Da,...,Du, Dz i1}
is a minimal dominating set of AGy(R). Now let D(AG(R))—D; be a dominat-

ing set of AG(R), and suppose that I = (Fy; x0x F3x Fy x---Xx F,) be an ideal
containing in A(R, k), then there is no D; in D(AGy(R))—D; for2 < j < 241,
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adjacent to I in a hyperedge of AGy(R); such that I ¢ D;(D; ¢ I) and
D;-I # 0. Thus D; must be contained in D(AGy(R)). To continuing for all
D(AGr(R)) — Dj, where 2 < j < %, there is an ideal I not adjacent with every
ideals of D(AGk(R)) — D;.

Also, if we get D(AGk(R)) — Dz 41 a dominating set of AGx(R), and for
I=(F1 xFyx F3x Fyx0x---x0) containing in A(R, k), then there is no D,
in D(AGL(R)) — Dz for 1 < j < %, adjacent to I in a hyperedge of AGy(R).
Thus D=1 must be contained in D(AGy(R)). Therefore, D(AGy(R)) must be
a minimal dominating set.

(ii) Suppose that, n is odd, according to the same method and a same as-
sumption as in (i), we show that D(AG,(R))={D1, Da,..., D%,D%,D%g}
is minimal, so we only need to prove that D a1 is a minimal dominating set
containing in D(AGy(R)). Let us now continue D(AG,(R)) — Dy is a domi-
nating set of AGr(R), and assume that I = (F; x 0 X F3 X Fy x --- x F,) be
an ideal containing in A(R, k). Then there is no D; in D(AG(R)) — Dapr for

1< < "T'H)’, adjacent to I in a hyperedge of AG(R). Thus DnTH must be
contain in D(AGg(R)). O
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