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THE HOMOLOGY REGARDING TO E-EXACT SEQUENCES

ISMAEL AKRAY AND AMIN MAHAMAD ZEBARI

ABSTRACT. Let R be a commutative ring with identity. Let R be an inte-
gral domain and M a torsion-free R-module. We investigate the relation
between the notion of e-exactness, recently introduced by Akray and Ze-
bari [1], and generalized the concept of homology, and establish a relation
between e-exact sequences and homology of modules. We modify some
applications of e-exact sequences in homology and reprove some results
of homology with e-exact sequences such as horseshoe lemma, long exact
sequences, connecting homomorphisms and etc. Next, we generalize two
special drived functor Tor and Ezt, and study some properties of them.

1. Introduction

Throughout this article, R will denote an integral domain, M a unitary
torsion-free R-module. Here we use monic and epic to denote a monomorphism
and an epimorphism, respectively. The homology concept has had a long and
varied history. In [4], Weibel Charles described this history which is started in
the nineteenth century, via the work of Riemann (1857) and Betti (1871) on
homology numbers. The concept of essential exact sequences was introduced
by Akray and Zebari [1] as a generalization to the notion of exact sequences of
modules. They introduced the e-exact sequence of a module and proved some
results in module theory and they arose two questions. Here we try to answer
question one which is stated:

Question 1. One can use the above two definitions to redefine the homol-
ogy, using the left e-exact functors Hom (M, —), Hom(—, M) and right e-exact
functor M ® — to define their derived functors and study properties of them.

In this paper, we generalized the concept of homology and establish a rela-
tionship between e-exact sequences and the homology. We prove some results
of homology with an e-exact sequence such as horseshoe lemma, long exact se-
quence, connecting homomorphism, etc. Finally, we redefine the drive functor
with e-exact sequences and discuss two special drive functors Tor and Ext.
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22 I. AKRAY AND A. M. ZEBARY
A complex or chain complex A is a sequence of R-modules and maps

dni1 dn
A A I A s neZ,

with d,d,.1 = 0 for all n. We will write (A, d) instead of A. The n*" homol-
ogy R-module is defined to be H,(A) = Ker(d,)/Im(d,+1). The elements of
A,, are called n-chains, the elements of Ker(d,) are called n-cycles, and the
elements of I'm(d,+1) are called n-boundaries and we symbolize by Ker(d,,) =
Zn(A) = Z,, Im(d,4+1) = B,(A) = B, and thus H,(A) = Z,(A)/B,(A)
[3, p. 169].

2. Preliminaries

In this section, we list some basic concepts and well-known results on e-exact
sequences and essential submodule of/in modules which are mainly taken from
[1] and [2].

Definition 1 ([2]). Let M be an R-module. Then a submodule N of M is
called an essential submodule in M if the intersection of N with every non-zero
submodule of M is not equal to zero and we denoted by N <., M.

Equivalently, IV is an essential submodule of M if NN Rx # 0 for all non-zero
element x € M ([2, p. 79]).

Definition 2 ([1]). A sequence of R-modules and R-morphisms

Ay fic1 A, fi

At

is said to be e-exact at A; if Im(fi—1) <. Ker(f;), and it is said to be e-exact
sequences if it is e-exact at each A;. Moreover, a sequence of R-modules and
R-morphisms

f1 f2

0 Ay Ag As 0

is called a short e-exact sequence if and only if Ker(f;) = 0, Im(f1) <. Ker(f2)
and Im(f2) <. As.

In the following, we have an example which is an e-exact sequence but not
exact that show the class of all e-exact sequences is larger than the class of
exact sequences.

Example 2.1. Consider the short e-exact sequence

0 6wz Pz gz o

we define f; and fy as f1(4n) = 2n and fo(n) = 2n +4Z. But fs is not epic,
the sequence is not exact.
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A functor F is called covariant left e-exact if for every short e-exact sequence

0 A, f1 A, f2

As 0, the sequence

F F
0—— F(A) 2% pay) 2Y2 pay)
is e-exact and called covariant right e-exact if the sequence

F(f1) F(f2)

F(Ay)

is e-exact whenever 0 Aq L Ay Iz As 0 is e-exact. A func-
tor F' is called a covariant e-exact functor if it is both covariant left e-exact
functor and covariant right e-exact functor.

A functor F' is called contravariant left e-exact if for every short e-exact

sequence 0 Aq i Ay f2 As 0, the sequence
F F
0 —— F(A5) 292 pag) 2 peay)

is e-exact.
Theorem 2.2 ([1]). The sequence of R-modules and R-morphisms

f1 f2

0 Ay Ay

As
is e-exact if and only if for all R-module B, the sequence

0 — s Hom(B, A1) 25 Hom(B, A2) >+ Hom(B, A3)

s e-exact.
Theorem 2.3 ([1]). If a sequence of R-modules and R-morphisms

f1 f2

Ay Ay As 0

is e-exact, then for all torsion-free R-module B, the sequence

0 — Hom(As, B) —2 Hom(As, B) — Hom(A,, B)

is e-exact. The converse is true if As/Im(f2) and As/Im(f1) are torsion-free
R-modules.

f1 f2

Theorem 2.4 ([1]). Let A; Ay Az 0 be an e-exact sequence.
Then for any torsion-free R-module B, the sequence

A 90BN A, 0B Ase B——0

15 e-exact.



24 I. AKRAY AND A. M. ZEBARY

Definition 3 ([1]). We say that an R-module P is e-projective if satisfies
the following condition: for any e-epic map f; : A1 — As, and any map
fa: P — A, there exist 0 # r € R and f3 : P — A; such that fif3 = rfa:

P

f /s
A

%4
AL 4, ——0
Definition 4 ([1]). An e-projective resolution of an R-module A is an e-exact
sequence

Pn+1 Pn P1 PO A 0

in which each P, is e-projective.
Dually, we can define e-injective resolution as follows.

Definition 5 ([1]). An e-injective resolution of an R-module A is an e-exact
sequence

0 A EO El .. En E'7L+1

in which each E™ is injective.

3. E-exact sequences and homology

In this section, we have the applications of e-exact sequences in homology
and prove some results of homology with e-exact sequences.

Theorem 3.1 (Connecting homomorphism with e-exact sequence). Let

0 A A", q 0

be an e-exact sequence of complexes. Then for each non-negative integer number
n, there is a homomorphism

on: Hy(A") — H,_1(A)

defined by:
Z) + Bu(A") =il dup, (r2)) + Buo1(A),
where r € R.

Proof. Consider the commutative diagram:

0 Al g, P g 0
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Suppose that z!! € Al with d/(z!/) = 0. Since Im(p,) <. All, there exist
an € A, and 0 # r € R such that p,(a,) = rz]/. Also, by commutativity of
the diagram

pnfldn(a ) d//pn(an) — d//(rzll) _ ’I“d”( /I) — O

That means d,(a,) € Ker(pn—1), as Im(in,—1) <. Ker(p,—1) and in,l is
monic, there exist 0 # s € R and unique a,,_; € A’ such that i,,_1(a,_;) =
sdy(ay). Let we lifted 2" to dn € A,,. Similarly, we have a unique al,_; € Al
and 0 # § € R such that i(al,_;) = 5d,(a,). It is clear that

n—1

Prl(an — @n) = pu(an) — pu(an) = rzll —rz!l = 0.
Then a,, —a, € Ker(p,) and by e-exactness of the top row there exists a], € A],
such that a,, — a, = d,,(z},) € Bp—1(A4’). Hence the R-morphism defined by

n
Zn(AN) — A;z—l/Bn71<A/)

is well-defined. Since Im(dp+1) C Ker(d,), then this map sends the element
of B,(A”) into B,,_1(A’) and that i, dp; ' (r2") = a!,_, is a cycle. Therefore
the map o, : H,(A”) — H,,_1(A’) is well-defined. O

In the next, we have one of the important theorems of homology we prove
with e-exact sequences.

Theorem 3.2 (Long e-exact sequence). Let

0 A sA Py p 0

be an e-exact sequence of complexes. Then there is a long e-exact sequence of
R-modules and R-morphisms

T In 1%

Hy(A) 22 H,y (A7) =2 Hy 1 (A)) 2 H,y oy (A) — -

H,(A")

Proof. First, to show that Im(i,.) <. Ker(p,.). Let  be a non-zero element
of Ker(pn«). Since z € H,(A), so x = z, + By, where z, € Ker(d,) and
By, = Im(dp41). That is pp«(2) = pp«(2n + Bp) = 0 and p,(2,) + B,, = Bj,.
Then py(2,) € By, and p,(2,) = d;,,1(a”), where o € A} . By assumption,
we have I'm(pp41) <c A, so there exist 0 # r € R and a € A4 such that
Pnt1(a) =ra” # 0. Also,

Pu(r2n) = 100 (20) = Tdn+1( ) = d7:+1( ) = dg+1pn+1(a) = pndnt1(a).

It means that p,(rz, — dyy1(a)) = 0 and rz, — dpt+1(a) € Ker(p,). By
hypothebeb and as I'm(in) N R(rz, — dny1(a)) # 0, then there exist 0 # s € R
and a’ € A}, such that i, (a’) = s(rz, — dny1(a)) # 0. By monicness of 4,1 we
can check that a' € Ker(d)) = Z,.

in—1d,(a") = dpin(a’) = dp(srz, — sdpi1(a))
= srdy,(z,) — sdndpy1(a) = 0.
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Now we get:

in«(a' + Bl) =in(a") + B, = srz, — sdp11(a) + B,
= srzp, + B, = sr(zp, + By,) = sr(z) #0.

Since H,(A) has no zero divisors on R, we have I'm(i,.) N Rx # 0.

Second, to prove that Im(pn.) <. Ker(o,). Suppose that x is a non-zero
element of Ker(o,). Then z = 2! + B!/, where z/! € Ker(d!!) and B]] =
Im(d; ;). That is o,(x) = 0 and o,(z, + B;;) = B],_;. By Theorem 3.1
we have i1 d,p,; ' (r2!) + Bl,_, = B!,_,, where r € R and B!,_, = I'm(d.,).
Which implies that i, d,p; ' (r2/) € B!,_,. There exists a’ € A’, such that
it dap t(r2!) = d,(a'), so that d,p, (rz") = in_1d,(a') = dyin(a’). Thus
dn(py(rzl! —in(a’))) =0, and we get p, 1 (rz!! —in(a')) € Ker(d,). Therefore

Prs (P ' (rz))) —in(a') + By) = pup, ' (rz))) — prin(a’) + By, = 2+ By = © # 0.

Hence I'm(p.) N Rx # 0.

Finally, to show that Im(o,) <. Ker(i,—1.). Let x be a non-zero ele-
ment of Ker(in—1x) and x = z,_; + BJ,_;, where z,,_; € Ker(d,—1) and
B!, = Im(d)). That is in,_1.(z) = 0 and 4p—1.(2),_1 + B},_1) = Bn_1.
Which implies that i,,_1(z/,_1) + Bn—1 = Bn—1. It means i,_1(2,_;) € Bn_1,
where B,,_1 = Im(d,). Then there exists a € A,, such that i,,_1(2],_;) =
dn(a). But d’p,(a) = pp—1dn(a) = pp—1in-1(2,_1) = 0. From thus, we get
pnla) € Ker(d") = Z!". Therefore o, (pn(a) + B.,) =it dup; 'pn(ra) + B =
irtida(ra)+ B =ri ' i, (2 )+ B =r(z,_, +B,_,) =rz, where r € R.
Hence I'm(o) N Rx # 0 and we have Im(o) <. Ker(i.). O

Remark 3.3 (Naturality of o with e-exact sequence). Consider the commutative
diagram of complexes with e-exact rows:

0 Ay AP A 0
lf Jg J{h
0 B ,B_%,B" 0

Then there is a commutative diagram of R-modules and R-morphisms with
e-exact rows:

S HA (A~ Hoy(A) — 2 Hy(A”) — 7 Hy 1 (A)) —— -

lf* Jg* Jh* Jf*
S H,(B) L H,(B)—* 5 H,.(B") —7 s H, 1 (B) —— -

The proof of this is easy. Since by Theorem 3.2 the rows are e-exact. Also, H,
is a functor and using Theorem 3.1 we get each square is commute.
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Definition 6. For any diagram of R-modules and R-morphisms, the triangle

Al L)142

| A

B,
is e-commute if and only if there exists 0 # r € R such that fyo fo = rf;. Also,

the diagram

A -1 4,
Jtl }2
B, —2 B,
is e-commute if and only if there exists 0 # r € R such that g; oty = r(ta o f1).

That is, the diagram is e-commutative if each of its triangles and squares is
e-commute.

Definition 7. Let f,g: A — B be chain maps. Then f is e-homotopic to g
if there are maps s, : A, —> B, 11 and non-zero elements r,p and ¢ in R such
that

r(fn - gn) = p(d/n+15n) + q(sn_ldn) for all n.
Theorem 3.4. If f,g: A — B are e-homotopic chain maps, then
fv =g« Ho(A) — Hyn(B)
for all integer number n.
Proof. We have to show that f.(z, + B,(A)) = g«(2n + Br(A)) for all z, +
B,(A) € H,(A). Since rf(z,) — rg(zn) = r(f — g)(zn) and by definition
of e-homotopic we have rf(2,) — rg(zn) = p(dy, 1 150)(2n) + @(Sn—1dn)(2n) =

dy,15n(p2n) € Bp(B). Therefore r(f(2,) — g(2n)) + Bn(A) = B, (B). Hence
Je(2n + Bn(A)) = g«(2n + Bn(A)). U

Theorem 3.5 (Comparison Theorem with e-exact sequence). Consider the
diagram

X2 x, M x, T A 0
| | |
| | | Jf

4// dl2 \P/ dll \b/ o’ /

X} X! X A 0

where the top row is e-projective resolution and the bottom row is e-exact se-
quences. Then there is a chain map f : X4 — X' (the dashed arrows)
making the completed diagram e-commute. Moreover, any two such maps are
e-homotopic.
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Proof. By induction on n, if n = 0, then we have the diagram:

Xo

-

X)—Z s A ——0

Since Xy is e-projective and o’ is e-epic, then there exist fo:Xo — X} and a
non-zero element r € R such that ¢’ fo = r fo. For the indicative step, consider
the diagram:

Xn—i—l

Frndnt1
X #H)Ker(d’ ) ——0
which is defined when I'm(fndn41) C Ker(d),). To prove this, suppose that
a2l € Im(fndns1). Then, there exists x,41 € X141 such that frdpi1(p41) =
x). Also, we have

d, (73/ ) =d, fndn-i-l(xn-&-l) = Tfn—ld dn-l-l(xn-i-l) =0.
By e-exactness of the bottom row, we have Im(d;, ;) <. Ker(d;,) and as X, 1
is e-projective, there exist r,, € R and f, 11 : X401 — X/ nt1 such that

d;z+1fn+1 = TnfndnJrL

Now, to show the uniqueness of f up to e-homotopy, suppose that h: X4 —
X' 4+ is a second chain map satisfying o’hg = r fo. We construct an e-homotopy
s by induction. We define s_; : X_; — X} as the zero map (there is no choice
here, because X_; is zero). For the inductive step (and also for sp). Now, we
want to show that Im(r(hyi1— fat1) —7'psndn+1) C Ker(d,, ), where r,7',q
and p are non-zero elements of R. Then

dry 1 (r(hpg1 = fag1) — r'PSpdnir)

=d, 1 7(hns1 — fas1) — diy oy (' pSndnir)

= d;z+17"(hn+1 - f_n+1) ( (B, fn) — qSn—1dn)dn i1
- dn—&-lr(h’n-i-l - .}Fn-i-l) ( fn) nt+l — T p(sn—ldn)dn+l
= dy 17 (o1 — fog1) = dipy7(Bngr — fos1)

where d),_ (hn41 — fni1) =" (hp — fn)dnyi1. Therefore, we have the diagram:
Xn+1
T(hn+1—an+1)_T‘/psndn+1

X0 —H)ZKer( ny1) ——0
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Since X, 11 is e-projective, there exist a map s,+1 and r”” € R such that

Ay o8ng1 = 1" (r(hngr — fas1) = 7'Psndnia).
Therefore
T”T(hn+1 - fnJrl) = d;z+25n+1 + T//T/psndn+1~
Hence f and h are e-homotopic. O

The dual of this theorem is true for e-injective resolution.

The Akray and Zebari generalized 3x 3 lemma with e-exact rows and columns
[1]. In the following, we have a generalize of 3 x 3 lemma where the diagram
is e-commute, the rows and columns are e-exact sequences. We use it to prove
the next results.

Theorem 3.6 (3 x 3 lemma with e-commute). Consider the e-commutative
diagram of R-modules and R-morphisms:

0 0 0
0 Y LNy (S ANy 0
11 J1 P1
0 B 2B, "B, 0
12 J2 p2
0 oMo, 2oy 0
0 0 0

If the columns and the two bottom rows are e-exact, then the top row is also
e-exact.

Proof. To prove that the top row is e-exact we have to check the following three
conditions:

(1) Let a1 € Ker(f1). Then gii1(a1) = rj1fi(a1) = 0, where r € R and
so i1(a1) € Ker(g1). Since g1 and i; are monic, then the result follows that
a; = 0. Therefore Ker(f1) =0.

(2) To prove that Im(f1) <. Ker(fz). We must to show that Im(f;) C
Ker(fa). Let ag € Im(f1). Then, there exists a1 € A; such that f1(a1) = a9
and by e-commutative of the diagram there exists 0 # r € R such that
g1i1(a1) = rj1 f1(a1) = rji(az), which implies that rj; (az) € Im(g1) C Ker(gz)
and 0 = rgaji1(as) = r7'p1 fa(az), where v’ € R. Hence 71 fo(ag) € Ker(p1) =0
and Ker(py) is a torsion-free module. Therefore fo(az) = 0. Now to prove
that Im(f1) is an essential submodule of Ker(f2). Let as be a non-zero ele-
ment of Ker(fs). Then goj1(az) = rp1fa(az) = 0 with » € R. So ji(az) €
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Ker(gs) and as Im(g1) <. Ker(gs), there exist 0 # s € R and by € By
such that g1(b1) = sji(az). Also hyia(b1) = 17j2g1(b1) = 1'sjaji(az) = 0,
where 7 € R. Thus iz(b1) € Ker(h1) = 0. By e-exactness of first column
we have Im(i;) N Rby # 0. Then, there exist a; € A; and k € R such
that i1(a;) = kb; and by e-commutative of the diagram ksji(a2) = kg1(b1) =
g1(kb1) = gri1(ar) = r"j1f1(ar) with 7" € R. Thus ji (ksas—r" f1(a1)) = 0 and
as Ker(j1) =0, Then ksaz = f1(r"a1). Therefore we have Im(f1) <. Ker(f2).
(3) Let ag be a non-zero element of Az. So there exist by € By and s € R such
that g2(b2) = sp1(as). By e-commutative of the diagram there exists r € R with
hoja(be) = rpaga(ba) = rspapi(as) = 0. Which implies that jo(be) € Ker(hs)
and by e-exactness of the bottom row, there exist ¢; € C; and n € R such
that hi(c1) = nja(b). Again by e-exactness of the first column there exist
m € R and by € B; such that i5(b;) = mey. Using the e-commutativity, we
have mnja(be) = mhi(c1) = hi(mer) = hyia(by) = 1'j2g1(b1), where ' €
R. Therefore ja(r'g1(b1) — mnba) = 0, so r'g1(b1) — mnbs € Ker(j2). Since
Im(j1) <. Ker(ja2), there exist ay € As and 0 # k € R such that ji(a2) =
k(r'g1(b1) — mnbsz). By hypotheses and e-commute of the diagram, we have

—kmnspy(az) = —kmnga(bs) = kr' g2g1(b1) — kmnga(bs)
= ga(k(r'g1(b1) — mnby))
= gaji(az) = r"p1 f2(a2).

This is equivalent to p1 (7" f(a2)+kmns(as)) = 0. But py is monic, so f(r"az) =
—kmns(as). Hence Im(f2) <. As. O

Theorem 3.7 (Horseshoe lemma with e-exact sequence). Consider the dia-
gram of R-modules and R-morphisms:

P Py
a4 dy
By ry
0 Al A A 0
0 0

where the columns are e-projective resolutions and the row is e-exact. Then
there exist an e-projective resolution of A and a chain R-maps so that the
columns form an e-exact sequence of complezes.
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Proof. By induction on n it suffices to complete 3 x 3-diagram. Consider the
diagram:

0 0
K, Kl
P py
0 J,A’ — A— A:” 0
0 0

where K) = Ker(o’) and K{j = Ker(c"”). Then the rows and columns are e-
exacts. Since P} and Pj are e-projective, we define Py = P{® P}, ip : P} — Fo
by ' — (2/,0), and py : Py — P by (¢/,2") — 2”. Since Py is sum of two
e-projective, then it is also e-projective. It is clear

Po

0 Py—"5 Py

Py 0
is an e-exact sequence. Since Pj is e-projective, there exist a map h : P}/ — A
and 7 € R such that ph = ro”’. Now we define o : Py — A by

o: (2, 2") —io'(z") + h(z").

We take Ky = Ker(o), then the diagram is e-commute and columns are e-
exact. Also the two bottom rows are e-exact. Then by Theorem 3.6 the top
row is also e-exact. (]

The dual of Theorem 3.7 is true for e-injective resolution.

4. E-derived functors

Let T be a functor between categories of R-modules. In this section, we
want to describe its left and right e-derived functors on the e-projective and
e-injective resolutions.

Definition 8. For each R-module A, its left e-derived functors are defined by
(L,T)A = H,(TP,) = Ker(Td,)/Im(Td,+1),
where
dg d1
P: .- P2 Pl PO A 0

is the e-projective resolution of A chosen once for all.
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Definition 9. If T is a covariant functor, its right e-derived functors R™T are
defined on an R-module A by

(R"T)A = H"(TE,) = Ker(Td")/Im(Td"™"),

where

do dy

E:0 A E° E! E?
is the e-injective resolution of A chosen once for all. Also, we used a convenient
notation for the e-injective resolution.

(R"T)A = H_,(TE4) = Ker(Td_,)/Tm(Td—p+1).

Definition 10. If T" is a contravarint functor, then
(R"T)A = Ker(Tdyp+1)/Im(Td,,),
where
do d1
P P2 P1 PO A 0

is the e-projective resolution of A chosen once for all.

We need the next results to make the definitions of left and right e-derived
functors well-defined. We prove these definitions are independent of the choice
of e-projective resolutions and e-injective resolutions.

Theorem 4.1. For a functor T, left e-derived functors are additive functors
for every n.

Proof. Let f : A — B be a map. Then by Theorem 3.5 there is a chain
map f : P4 — Ppg, where P4 and Py are deleted complexes of e-projective
resolutions for A and B, respectively. To prove that (L, T)f is well-defined for
all integer numbers n. Suppose that h : P4 — Pp is a second chain map
over f. Then by Theorem 3.5 again we have f and h are e-homotopic, and T'f
and Th are also e-homotopic. By Theorem 3.4 we can say that (T'f). = (Th)..
Now, to prove that L, T is additive functor for all n. We have (L,,T)(f + g) =
Hu(T(f + g)) = Hu(Tf +Tg) = Hu(Tf) + Ha(Tg) = (LaT)f + (LaT)g.
Therefore left e-derived functors are additive functors for every n. O

Theorem 4.2. For any functor T, the left e-derived functors L,T and L,T
are naturally equivalent. In particular for each A,

(L,T)A = (L, T)A.
Proof. Let
P . - Pg P1 PO A 0

be an e-projective resolution for A that used to define L,,T. Let

P - PQ Pl P() A 0
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be another e-projective resolution for A. It used to define L, T. Consider the

diagram
A
JlA
P, P Py—2 A 0

where 14 : A — A is the identity map. By Theorem 3.5 there is a chain map
i: P4 —> P4 over 14 which is unique up to e-homotopy. When we applying a
functor T gives a chain map 7% : TP 4 — TP 4 over 1p4. Now, we symbolize
this chain map to define

74 = (T), : (LpT)A — (L, T)A.

To prove that 74 is an isomorphism, consider the diagram

P Py Py —=

P, P, B -2 A 0
JflA
P P Py—2— A 0

and Theorem 3.5 gives a chain map j : P A — P4 over 14. The composite
map ji : P4 — P4 and the identity chain map 1p : P4 — P4 are also
chain maps over 14. By Theorem 3.5 ji and 1p are e-homotopic. Therefore
7+t = 1 and similarly, we have i,j, = 1. That is i, is an isomorphism, and so
is TA = (TZ)*

Let f : A — B be a map. For natural transformation of 74 we have to
prove that the diagram

(L,T)A —2 (L,T)A

W |

(LnT)B —— (L,T)B

is commutative. From (L,T)A with clockwise direction, consider the diagram

Py P Py—2— A 0
J ' :
Py by Py—"— A 0

Qo Q1 Qo ——B 0
by Theorem 3.5 there exists a chain map P4 — Q g over foly = f. Similarly
for counterclockwise direction, we have a chain map P4 — Qg over 1go f =
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f and by Theorem 3.5 these chain maps are e-homotopic. When we apply
a functor T, we get e-homotopic chain maps TP, — TQpg over Tf. By
Theorem 3.4 these two induced maps are equal. (I

Theorem 4.3. If T is covariant, each right e-derived functor R™T is an ad-
ditive functor whose definition is independent of the choice of e-injective reso-
lutions. Similarly, if T is contravariant, then each right e-derived R™T is an
additive contravariant functor whose definition is independent of the choice of
e-projective resolutions.

Proof. The proof is dual to the proof of Theorem 4.2. O

Theorem 4.4. Let 0 A A A" 0 be an e-exact se-
quence of R-modules. If T' is a covariant functor, there is an e-eract sequence
of R-modules

o (L T)A —— (LyT)A —— (LpT)A” — 2 (Ly 1 T)A” ——

oo —— (LyT) A’ —— (LoT)A — (LyT)A” ———0.

Proof. Assume that

P} P P A 0

and

Py Py Py A" 0

be e-projective resolutions for A’ and A", respectively. Then by Theorem 3.7
we can construct an e-projective resolution

P Py A 0

for A. The e-exact sequence of deleting complexes is

0 PiA’ PA PZ‘// 0

and when, we applying covariant functor 7" we get

0—— TP, TP A TP, ——0.
By Theorem 3.3 we have an e-exact sequence
er—— H,(TP",) — H, (TP ) — H,(TP"4,)) —Z= H,_(TP'y,)) — ---
and by the definition of left e-derived functor, we have

o —— (LpyT)A —— (LpyT)A —— (L, T)A" —2— L, \TA — - ..
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We write (L, T)A instated of (L, T)A, because the e-projective resolution of
A constructed with Theorem 3.7 and which is not the originally e-projective
reticulation. But Theorem 4.2 is saying both of them are equal and we get

o (L, T)A" —— (L,T)A —— (L, T)A" — 7 (L, _1T)A" —— - --
Also we know that (L,T)A’ = 0 for all negative integer number n. Therefore

oo (L, T)A —— (L, T)A —— (L, T)A" — % (L, ,T)A" ——

s (LoT) A —— (LoT)A —— (LoT) A" —————— 0. 0

Theorem 4.5. Let 0 A’ A A" 0 be an e-exact se-
quence of R-modules. If T is a covariant functor, there is an e-exact sequence
of R-modules

0 —— (R'T)A" —— (R°T)A —— (R'T) A" —2— (R'T) A" ——

5 (R"T) A" —— (R"T)A —— (R'T)A” —— - .

Proof. Suppose that

0 A’ E| E;] . E! E! 11
and
0 A" E} EY . E! E! 11

are e-injective resolutions for A’ and A", respectively. Then by dual of Theorem
3.7 we have

0 A EO El ce En En+1

an e-injective resolution for A such that

0 E EA E’. 0

is the e-exact sequence of deleting complexes. When we applying a covariant
functor T' we get

0——TE/,, TEA TE',. 0
and by Theorem 3.3 we have the e-exact sequence
oo —— H,(TE)) —— H,(TE ) —— H,(TE4,)) —2 H,,_1(TE,,) — - - .
Then by the definition of right e-derived e-exact functor, we have

i —— (R"T)A’ —— (R"T)A —— (R"T)A” —2 (R 'T)A —— .- -
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By Theorem 4.3 for all right e-derived functor we have (RT)A = (RT)A.
So, we have

oo —— (R"T)A —— (R"T)A —— (R"T) A" —"— (R"'T) A" —— - -
and since (R™T)A = 0 for all negative integer n, we get the e-exact sequence

0 —— (R'T)A" —— (R°T)A —— (R'T) A" —2— (R'T) A" ——

5 (R"T) A" —— (R"T)A —— (R"T)A" ——— - .

5. Functors e-Tor and e-Ext

In this section, we generalize two special derived functors Tor and Ext and
discuss some properties of them.
Recall that, for each R-module A and B we have

e — Ext"(A,B) = H_,(Hom(A, Ep)),
where Epg is a deleted e-injective resolution of B and
e — Ext"(A,B) = H_,,(Hom(P 4, B)),
where P 4 is a deleted e-projective resolution of A. Also,
e—Torl(A,B) = H,(P,® B) = H,(A® Qp),
where P 4 and Qp are deleted e-projective resolutions of A and B, respectively.

Theorem 5.1. If n is a negative integer, then e — Ext(A,B) = 0 for all
R-module A and B.

Proof. Suppose that

P te P2 P1 PO A 0
is an e-projective resolution for A. Then the deleted complex of A is

PA : PQ P1 Po 0.

When we apply Hom( , B) on the deleted complex we get
0 —— Hom(Fy, B) —— Hom(P;, B) —— Hom(P,, B) —— - -

which implies that Hom(P,,, B) = 0 for all negative integer number n. Hence
e — Ext(A, B) = 0 for all negative integer number n. O

Theorem 5.2. If n is a negative integer, then e — Tor(A,B) = 0 for all R-
modules A and B.
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Proof. Let

P PQ P1 PO B 0

be an e-projective resolution for B. The deleted complex of B is

Pp : .- Py Py Py 0.

When we apply A® on the above deleted complex we get
e AP, —— AP —— AR Py —— 0.

Since H,(A ® Pg) = 0 for all negative integer number n. Therefore e —
Tor(A, B) = 0 for all negative integer number n. O

Theorem 5.3. Ifn =0, then e — Ext"(A, ) = Hom(A4, ).

Proof. Let
o do d_y
E : 0 B Eo E_1 E_2
be an e-injective resolution for B and
X d_
Ep : 02 g —%p,“SE,

is an deleted e-injective resolution for B and also when we apply Hom(A, ) on
the e-injective resolution we get

0 —— Hom(A, B) —Z— Hom(A, Ey) — s Hom(A, E_;) —— - --

Then e — Ext’(A, B) = Ho(Hom(A,Eg)) = Ker(dy)/Im(d;) = Ker(dy). We
define ¢* : Hom(A4, Ey) — Ker(d). Since Im(c*) <. Ker(dy), o* is well-
defined and since Hom(A4, ) is a left e-exact functor, then ¢* is monic. Now,
we want to prove that o* is epic. Let f € Ker(dj). Then 0 = d§(f) = do(f) =
do(f(a)) for all a € A therefore f(a) € Ker(dy). By e-exactness of e-injective
resolution we have Im(c) <. Ker(dp), so there exist b € B and 0 # r € R such
that o(b) = rf(a). We define g : A — B by rg(a) = b for fixed r € R. Let
ai,az € A and a3 = ag. Then rf(a1) = rf(az) which means that o(b) = o(b')
and by monicness of o we have b = b’. Hence rg(a;) = rg(as) and g is well-
defined. Now, we have rf(a) = o(b) = o(rg(a)) = ro(g(a)) which is equivalent
to o*(g) = f. Hence o* is an isomorphism and since e— Ezt’(A, B) = Ker(d}).
Therefore e — Ext?(A, ) is isomorphic to Hom(A, ). O

Question 2. One can use the definition of e-exact sequences and their appli-
cation in homology to redefine the cohomology, using the e-derived functors to
discuss all five generalizations of cohomology study properties.
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