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GEOMETRY OF BILINEAR FORMS ON
A NORMED SPACE R"

SunG GUEN KiMm

ABSTRACT. For every n > 2, let ]RW'” be R™ with a norm || - | such

that its unit ball has finitely many extreme points more than 2n. We
devote to the description of the sets of extreme and exposed points of
the closed unit balls of E(QRW“‘) and £S(2R|T|L“‘), where £(2R|T|L‘H) is the
space of bilinear forms on Rﬁ I and Lg (2RW'”) is the subspace of E(QRﬂ‘_”)
consisting of symmetric bilinear forms. Let F = E(QRW“‘) or Ls (QRWH)'
First we classify the extreme and exposed points of the closed unit ball of
F. We also show that every extreme point of the closed unit ball of F is

exposed. It is shown that ext B£S<2R‘7‘L D= ext BL(QRW B QES(QRITIL'H) and

exp Bﬁs(zRﬁ, ) = oxp BL(QIRIIL-H) NLs (ZRT“'”L which expand some results
of [18,23,28,29,35,38,40,41,43].

1. Introduction

Throughout the paper, we let n,m € N, n,m > 2. We write Bg and Sg
for the closed unit ball and sphere of a real Banach space E. The dual space
of E is denoted by E*. An element = € Bg is called an extreme point of By
if y,2 € Bg with z = %(y + z) implies x = y = z. An element z € Bg is
called an ezposed point of B if there is f € E* so that f(x) =1 = | f]| and
f(y) < 1 for every y € Bg \ {z}. It is easy to see that every exposed point of
Bp is an extreme point. An element x € Bg is called a smooth point of Bg if
there is unique f € E* so that f(xz) =1 = ||f||. We denote by ext Bg, exp Bg
and sm B the set of extreme points, the set of exposed points and the set
of smooth points of Bg, respectively. A mapping P : £ — R is a continuous
n-homogeneous polynomial if there exists a continuous n-linear form 7" on the
product E x --- x E such that P(x) =T(z,...,x) for every x € E. We denote
by P("E) the Banach space of all continuous n-homogeneous polynomials from
E into R endowed with the norm ||P|| = sup, =1 [P(x)]. We denote by L("E)
the Banach space of all continuous n-linear forms on E endowed with the norm
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7]l = supyz, =1 [T(z1,...,25)|. Ls("E) denotes the closed subspace of all
continuous symmetric n-linear forms on E. Notice that £("F) is identified with
the dual of n-fold projective tensor product ®mnE. With this identification,
the action of a continuous n-linear form 7" as a bounded linear functional on

&, L is given by

<zk:x<1>,¢®...® ()i, > ZT< (i x(n))
=1

Notice also that L£(™F) is identified with the dual of n-fold symmetric projec-
tive tensor product &) E. With this identification, the action of a contin-

S, T,n
uous symmetric n-linear form 7" as a bounded linear functional on @), . . F is

g
given by

k k

(3 (Tt 0ar), 1) = (s,

=1 i=1

where o goes over all permutations on {1,...,n}. For more details about the
theory of polynomials and multilinear mappings on Banach spaces, we refer to
[8].

Let us sketch the history of classification problems of the extreme points, the
exposed points and smooth points of the unit ball of continuous n-homogeneous
polynomials on a Banach space.

We let I} = R™ for every 1 < p < oo equipped with the /,-norm. Choi
and Kim [3] initiated and classified ext Bp(22) and sm Bp(22). Choi, Ki and
Kim [7] classified ext Bpzjzy. Choi and Kim [5,6] classified sm Bp 22y and
exp Bp(2z) for p = 1,2,00. Grecu [12] classified ext Bpz) forl <p<2or
2 < p < co. Kim and Lee [45] showed that if E is a separable real Hilbert
space with dim(E) > 2, then, ext Bpzg) = exp Bpeg). Kim [17] classified
exp Bp(az) for 1 < p < oo. Kim [19,21] characterized ext Bp(2q4, (1,1)2) and
sm Bp (24, (1,w)2), Where d,(1,w)? = R? with the octagonal norm ||(z,y)|. =

max{\a:| lyl, %} for 0 < w < 1. Kim [26] classified exp Bp2q4, (1,1)2) and

showed that exp Bp(2q, (1,w)2) 7# ext Bp(2q, (1,w)2). Recently, Kim [31,34] clas-

sified ext B'p(QRf 2) and exp Bp(ng( s where Rh(l/Q) = R? with the hexag-

onal norm ||(z,y)||n1/2) = InaX{|y|a |z| + §|Z/‘}

Parallel to the classification problems of ext Bppg),exp Bprg) and
sm Bp gy, it seems to be very natural to study the classification problems
of the extreme points, the exposed points and smooth points of the unit ball
of continuous (symmetric) multilinear forms on a Banach space.

Kim [18] initiated and classified ext Bz (2;2 ), exp B (22 ) and sm B (252 ).
It was shown that ext B (22 ) = exp By 22y, Kim [20,22,23,25] classified
eXtB£S(2d*(1,w)2)7 eXtBL(Qd*(pr), eXpBLS(2d*(1,w)2)7 and eXpBL(2d*(1,w)2)-
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Kim [29,30] also classified ext Bz (23 y and exp Bz (s;2 ). It was shown that
ext BCS(Zlgo) = exp Bﬁs(zlic) and ext Bﬁs(?’lgo) = exp Bgs(slgo). Kim [33] charac-
terized ext B 2;n ) and ext Bz (2jn ), and showed that exp Brzin y=ext B )
and exp Br (2iny = ext Bz (2pn). Kim [35] characterized ext Br(2s ) and
exp B (23 ). Kim [36] characterized sm B (n2 ). Kim [37] studied ext Bz (2.
Cavalcante et al. [2] characterized ext Br(nym). Kim [40] classified ext Bz )
and ext B (n2 ). It was shown that |ext Bz )| = 2(2") and | ext Be iz =
27+ and that exp BL("lgo) = ext Bﬁ(nlgo) and exp B£8(7zlgo) = ext B£8(7zlgo).
Kim [39,42] characterized ext B (nim),ext Brnymy,exp Bg (mim), €Xp Brmim)y,
sm Bg (nymy and sm Bgmy for every mn,m > 2. Kim [44] characterized
ext B[:S('mll), ext Bﬁ(mll)’ exXp Bﬁs(m’l1)7 exXp B£(7nl1), Sm Bﬁs(m,l?) and sm Bl:("m,l;l)
for n,m > 2. Recently, Kim [43] characterized ext Bﬁ(an), ext Bﬁs(an),
exp Bﬁ(an), and exp Bgs(an) if RITH is R™ with a norm || - || such that
| ext BRWH | = 2m for m > 2. It was shown that every extreme point is exposed
in this case.

We refer to ([1-7,9-15,17-54] and references therein) for some recent work
about extremal properties of homogeneous polynomials and multilinear forms
on Banach spaces.

For every n > 2, let R} be R™ with a norm I - || such that its unit ball has
finitely many extreme points more than 2n. We devote to the description of

the sets of extreme and exposed points of the closed unit balls of £<2R\7|1-H) and
ES(ZR?\F‘H)' Let F = E(Q]Rl’“.”) or ES(2RW'\I)' First we classify the extreme and
exposed points of the closed unit ball of F. We also show that every extreme
point of the closed unit ball of F is exposed. It is shown that ext B[;S(QRW_ D=
ext BE(2]R"I|L.”) N Es(zRﬁ_”) and exp BL‘/S(Q]R'“L.H) = exp B[:(?R""L_”) N ,CS(QRW_”). We
expand some results of [18,23,28,29, 35, 38,40, 41,43].

2. Extreme and exposed points of L, (ZRW.”)

Throughout the paper, we let n > 2 and R}, = R" with a norm || - || such
that BRF’- ' has finitely many extreme points more than 2n. Let ext BR‘«‘L
{£Uy,...,£U,} for some m > n and U; # U; for 1 <i # j < m. Let
T1Ys + TsYi

2
Notice that {F};:1 <1 < s < n} is a basis for £S(2Rh). Hence, dim(ﬁs(QR"I’.H))
_ n(ntl)
= notd),

Fis = for1<i<s<n.

By Mazur’s theorem, B£3(2Rﬂb.”) is compact and convex. By the

Krein-Milman theorem, ext B L.CR? ) is nonempty.

Let T € L’S(QR‘T”). Then

T((xlau'»xn)a (y177yn)) = Z AsTiYs = Z allFll+ Z 2als-Fls

1<l,s<n 1<i<n 1<l<s<n
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for some a;; € R.
For simplicity, we denote

t n(n+1)
T= (a1172a127~-~72a1n7a2272a237~-~72a2n7~--7an—1n—172an—1n7ann) GR 2 .

For j=1,...,m, we let U; = Zl<k<n /\éj)ek for some )\Ecj) cR.
It follows that for 1 <i < j <m,

T(Ui,Uj):T( 3 a0, S AP )7 S A Tler, en,)

1<k<n 1<k<n 1<k, ka<n
= Z )\/(C?)\/(Cé)aklkg = X(iJ) ’ T’
lgkl,kQSn
where
N O N N BN N BN C NG B
X(i,j):(AY)Agj)7 1 A9 ;F 2 M A ;F 1 ,Aé’)Aéﬂ,
SV U U RS VIV
e, Tl
2 2
(@) () (1) y (4)
Ana A+ An Ay )\())\(J)> c R™F
2
n(nt1)
2 .

and X(; j) - T denotes the dot product of X; jy and T on R

Let T := {(4,5) : 1 <i < j <m}. Then || = ™2+ > nlnt) Notice that
n(n+1)

there are at most

since {X(; ;) : (4,7) € I‘} CR =
In this section we characterize ext B.. (R7 ) and exp B, CR ) which ex-
pand some results of [18,23,28,29, 35, 38,40, 41, 43]. First, we present some

examples.

Examples. (a) Let n > 2 and Rj = {Z,. Then

linearly independent vectors in {X(; ;) : (i,5) € I'}

n(n+l)

ext By :{:I:(l,tg,...,tn):tj ::tl,j:Z,...,n}.

Hence, 2n < |ext By | = 2",
(b) Let0<w<1and1Rﬁ.H =R2

#(w)

max{\x| lyl, ‘Tllﬂl;yl } Then 2 -2 < ‘ext BRi(,u,>‘ = 8.

(c) Let 0 <w < Land Rj | =R}, with the hexagonal norm ||(z, y)|n(w) =
max{\y|, || + w|y|} Then 2 -2 < ‘extBRi( )‘ = 6.
(d) Let Rﬁ-\l = RS with the £(?(2,)-norm

[@beden], . = max{ial. ol 1dl. 5 (la=di+el).

with the octagonal norm ||(z,y)||.(w) =

5 (1o —di+171), 3 (la+—2d1 +1el),
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1 1
- a—l—b—2d—c’—|—fe— }
7| | = lel |+ 5le = 71

Kim [41, Theorem 2] showed that 2 -6 < ‘ ext BRﬁ-H ’ = 26.

We present an explicit formulae for the norm of T € ES(ZRW,H).
Theorem 2.1. Let n > 2 and let Rj} | =R™ with the norm |- || be such that
ext BRT\L'H = {:l:Ul, ey ﬂ:Um}

for some m >n and U; # U; for 1 <i# j < m.

(a) If T € ES(QR\TH)’ then
ITI= sw [TOU) = s XTI
1<i<j<m 1Sk§nl(n;,+l)

(b) If ctijy € R for (i,j) € T with c; ;) = c(q), then there is a unique
S e ES(QRW”) such that S(U;, Uj) = c( 5 for all (i,7) € T.

Proof. Tt follows from the Krein-Milman theorem and bilinearity of 7. (I

We are in position to prove the main result in this section.

Theorem 2.2. Let n > 2 and let Ry} | = R™ with the norm || -1 be such that

ext BRM ={xU,...,£U,}
for some m > n and U; # U; for 1 < i # j < m. Let T € ES(ZRW‘H)
with |T|| = 1. Then T € ext B‘CS(Z]RT‘L.”) if and only if there are w lin-
early independent vectors X, jy, - - - s X i (ms1) /20 Gn(nsry ) W R™E for some
(i1,41), -+ (in(ns1)/2: Inms1y/2) € T such that | X, ;) - T| = 1 forall k =
1,..., 20

yeeey

Proof. (=) Suppose that T is extreme.

Claim:  There are % linearly independent vectors X, j),---,

.ot . . .
X(,»Mnﬂ)/% dntnsny2) I R™=7" for some (i1, 1), -, (intnt1)/25 In(n+1y/2) €L
Assume the contrary. Let N € N be the largest number of linearly indepen-
n(n+1)

dent vectors among {X(; j) : (4,7) € I'}. Then N < =5— and so there are

€(ix,jr) € R for some (ix,jx) €and k =1,..., % such that
E = (e(ihjk))igkgn(n;rl) 7é 0 and X(l,]) -E=0all (Z,j) erl.
Let T* = T 4+ £. We will show that ||T%|| < 1. Tt follows that for (i,5) € T,
+
[Xsg) - T < max {|Xi - T+ Koy €l Xy - T = Xeiy - €1}
= Xy TI<|T| =1

9)
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By Theorem 2.1(a), |T*|| < 1. Since T* # T and T' = (T+ +T7), T is not
extreme. This is a contradiction.

Claim: | X, j)-T|=1forallk=1,...,n(n+1)/2.
Assume the contrary. Thereis ko € {1,...,n(n +1)/2} such that [ X, ;. )-
T| < 1. Let tg € R such that 0 <to <1 —|X;, 5,,) Tl
By Theorem 2.1(b), there are LT € L, (QRW”) such that
Li(Ui’ UJ) = T(Ul’ UJ) for (Z,]) € F\{(Z’kovjko)V (jkoaiko)} and
Li(UikU ’ Ujko) = T<Uik0 ) Ujko) + to.
By Theorem 2.1(a), ||L*|| < 1 forl =1,2. Since LT # T and T = F(LT+L7),

T is not extreme. This is a contradiction.
(<) Let S1,5: € ES(ZRM) be such that ||S)|| = 1 for [ = 1,2 and T =

1(S1 + 52).
Claim: T =S, for 1 =1,2.
Since ||S;|| = 1 for [ = 1,2, by Theorem 2.1(a),
| X (i) - S1| <1 forall k=1,...,n(n+1)/2.

Let M be the w x ) hatrix such that the k-th row of M equals to

2
Xipjo) for k = 1,...,n(n+1)/2. Notice that M is an invertible “F x
W—matrix because rows vectors of M are linearly independent. Since

MT = L(MSy + MSs), X, ;) - T (which is the k-th component of MT)
equals to the middle point of the k-th components of M.S; and M .S;. Hence,

1
X(ikvjk:) . T = §(X(Zk7.7k) . Sl + X(Um]k) . SQ) fO]f' 3,11 k = ]., e ,TL(TL + 1)/2
Since
| X(ipgo) T =1 forallk=1,...,n(n+1)/2,
we have

Xeingw) T =X(ipjo) S forallk=1,...,n(n+1)/2and [ =1,2.
Hence, MT = MS) for [ = 1,2. Since M is invertible, T = S; for | = 1,2.
Therefore, T is extreme. O

Using Theorem 2.2, we completely describe ext Bﬁs(zRﬁ_H).

Theorem 2.3. Let n > 2 and let Rfj = R™ with the norm || - || be the same

as in Theorem 2.2. Then
ext Bﬁs(2Rﬁ_H) = {M_l(ch .. ,Cn(n_;'_l)/g)t € Sﬁs(zRﬁH) tep =11, M is
the invertible n(n + 1)/2 x n(n + 1) /2-matriz such that

the k-the row of M equals to X(;, ;) for (ix,jr) €T
and k=1,...,n(n+ 1)/2}.
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Proof. (C) Let T € ext Bﬁs(zﬂw B By Theorem 2.2, there are w linearly
independent vectors
n(n+1)
X(ihjl)’ te X(in(n+1)/27 Jn(nt1)/2) € 2
for some (i1,71),.. ., (in(m+1)/2s Jnn+1)2) € I Let ¢ = X5, 5,y - T for 1 <
k <n(n+1)/2. By Theorem 2.2, |cx| = 1forall k =1,...,n(n+ 1)/2. Notice
that

T = M_l(cl, ceey cn(n+1)/2)t.

(D) Let L := M_l(cl,. .. ,Cn(n+1)/2)t S SES(QRﬁ,”) such that ¢ = +1 and M
is the invertible n(n 4+ 1)/2 x n(n + 1)/2-matrix such that the k-the row of M

equals to X(;, j,) for (ig,jr) €T and k =1,...,n(n +1)/2. It follows that

ML = MM~ (c1, -, Cnnsnyj2)') = (€15 s Cnnrsy2)'s
which shows that
[ X(iggw) - Ll = lex| =1forall k=1,....n(n+1)/2.
By Theorem 2.2, L € ext B, gy - -

Kim [23] showed the following theorem:

Theorem 2.4. Let E be a real Banach space such that ext Bg is finite. Suppose
that © € ext Bg satisfies that there exists an f € E* with f(x) =1=|f| and
If(y)] <1 for every y € ext Bg\{xz}. Then = € exp Bg.

Using Theorem 2.4, we show that every extreme point of Bﬁs(zRﬁ ) is ex-
posed.

Theorem 2.5. Let n > 2 and let Rfj = R™ with the norm || - || be the same

as i Theorem 2.2. Then the equality exp BCS(QRW_”) = ext Bﬁs(QRﬁ_H) holds.

Proof. Let T € ext BES(QR"’(_ BE By Theorem 2.2, there are
(i1,71)5 -+ s (in(ns1)/2s Jn(nsny2) €T

such that X, jy,... >X(in(n+1)/2, n(ns1y/2) ATE linearly independent in R™F

and | X, ;) - Tl = |T(Ui,,Uj;,)| = 1 forall k = 1,...,n(n+1)/2. Let M be

the invertible w X W—ma‘urix such that the k-th row of M equals to

Xipjw) for k=1,...,n(n+1)/2. Let f € ES(QRW_”)* be such that

n(n+1)
2 N
fzm Z Slgn(T(Uik’Ujk))(s(Uik,Ujk)7
k=1

where 0y, v,)(S) = S(U;,Uj) for S € ES(QRl"L.”). Then 1 = || f]| = f(T).

Let S € ext BLS(2RW.”) be such that |f(S)] = 1. We will show that S = T or
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S = —T. It follows that

n(nt1)
2 ~
L= 1) = |y X eI Ui, Ua))S (U, )
n(n+tl)
2 2

Z ‘S(UllﬂUjk)' <1

L —
“n(n+1) —

which shows that
S(Us,,Uj,) =sign(T(U;,,Uy,)) for k=1,...,n(n+1)/2
or
S(U;,,Uj,) = —sign(T(U;,,,Uj,,)) for k=1,...,n(n+1)/2.
Suppose that
S(Ui,,Uj,) = —sign(T'(U;,,,Uj,)) for k=1,...,n(n+1)/2.
Since |S(U;,,,Uj, )| =1=|T(U;,,Uj )| forall k=1,...,n
S(Ulk, U]k) = —T(Uik7 U]k:) for all k = 1, sy
It follows that for all k =1,...,n(n+1)/2,
X(ik,jk) S = S(Uik’ Ujk) = 7T(Uik’ Ujk) = 7X(7;k7jk) - T,
which shows that MS = —MT. Since M is invertible, S = —T'. Notice that
it S(U;,,U;,) = sign(T(U;,,,U;,)) for k=1,...,n(n+1)/2, then S =T. By
Theorem 2.4, T' is exposed. ([l
Kim [18, 23, 28, 29, 35, 38, 40, 41] showed that if n > 2, 0 < w < 1 and
X = l&,Rf(w),Ri(w) or L(*12)), then exp Bz 2x) = ext B 2x).
Using Theorem 2.5, we obtain the following;:

Corollary 2.6. Letn >2, 0<w <1 and X = [ ,R?

*(w),R%(w) or Ls(%12,).
Then the equality exp Bz (2x) = ext Bz _2x) holds.

3. Extreme and exposed points of L(zRﬁ_”)

Let n > 2 and R}, = R" with a norm |[| - || such that Bgp = has finitely

many extreme points more than 2n. Let ext BR'\'\L- | = {xUy,..., Uy} for some

m > n and U; # U; for 1 < i@ # j < m. Notice that {z;ys : 1 < I,s < n}
is a basis for [Z(QR‘T”). Hence, dim(ﬁ(zRﬁ”)) = n?. By Mazur’s theorem,
B£(2RM) is compact and convex. By the Krein-Milman theorem, ext B£(2R‘7‘l. )
is nonempty.

Let T € ‘C(2R\7|l-\l)' Then

(1), o)) = 3 awa,

1<l,s<n

for some a;5 € R.
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For simplicity, we denote
t 2
n
T:(a117"'7a’ln’a217"'7a2n7"'7an17"')ann) ER .

For j=1,...,m, we let U, = Zl<k<n /\](Cj)ek for some )‘I(cj) cR.
It follows that for 1 <i < j < m,

T(Ui,Uj):T< 3 AWe, S A,(j')ek)z S AN T(er,en,)

1<k<n 1<k<n 1<k1,ka<n
RV
1<k ,k2<n
where Y(; ;) = (Agiu?), o AN AN ADAD A

A@A@) € R™ and Y(i,j) - T denotes the dot product of Y(; ;) and T" on R,
Let A := {(i,j) : 1 < i,j < m}. Then |A] = m? > n? Notice that
there are at most n? linearly independent vectors in {Y(; ;) : (¢,7) € A} since
. n2
In this section we characterize ext Bz zgr y and exp B zg» ), which expand

I 01
some results of [25,35,38,39,43]. First, we present an explicit formulae for the

norm of T' € £(2R|"L.”).

Theorem 3.1. Let n > 2 and let |, = R" with the norm || - || be the same
as in Theorem 2.2.

(a) If T € E(2Rﬁ~\l)’ then
1T = sup (U, Uj)| = sup |}/(ik:jk) -
1<i,j<m 1<k<m?

(b) If ci,jy € R for (i,5) € A, then there is a unique S € E(QRM) such that
S(Us, Uj) = ¢ 5) for all (i,7) € A.

Proof. Tt follows from the Krein-Milman theorem and bilinearity of T'. O

We are in position to prove the main result in this section.

Theorem 3.2. Let n > 2 and let Rfj |, = R™ with the norm || - || be the same
as in Theorem 2.2. Let T € L'(2]Rﬁ.”) with ||T|| = 1. Then T € ext Beerp ) if
and only if there are n? linearly independent vectors Yiirji)s-o o0 Y(i o, j,0) N
R for some (i1,71), ..., (in2, jn2) € A such that |Y(;, ;) - T| =1 for all k =

2
1,...,n°.

Proof. (=) Suppose that T is extreme.

By similar arguments as in Theorems 2.2 and 3.1(b), there are n? linearly in-
dependent vectors Y(;, j,y, -, Y(i 5, j ,) i R"” for some (i1,71)y -+, (inz, Jn2)
€ A such that |Y(;, ;) T|=1forall k=1,... ,n2.
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(<) Let 51,5 € ‘C(2RW~H> be such that [|S)]| = 1 for I = 1,2 and T =
%(Sl —|—52).
Claim: T = S; for 1 =1, 2.

Since ||Sj]| = 1 for [ = 1,2, by Theorem 3.1(a), |Y(;, j.) - Si| < 1 for all k =
1,...,n% Let M; be the n? x n?-matrix such that the k-th row of M; equals
to Y(;, j,) for k = 1,...,n% Notice that M; is an invertible n* x n*-matrix
because rows vectors of M; are linearly independent. By similar arguments as
in Theorem 2.2, M T = M;S; for [ = 1,2. Since M; is invertible, T' = S; for
I =1,2. Therefore, T is extreme. O

Using Theorem 3.2, we completely describe ext Bﬁ(zkh).
Theorem 3.3. Let n > 2 and let Rfj , = R™ with the norm || - || be the same
as in Theorem 2.2. Then
ext By ) = { M7 b1, bee)' € Secmp ) by = %1, M s
the invertible n? x n?-matriz such that the k-the row of M
equals to Y;, j.y for (ir,jr) €A and k =1,... ,n2}.
Proof. By similar arguments as in Theorems 2.3 and 3.2, it follows. (]

Using Theorem 3.3, we show that every extreme point of Bz zgn

") is exposed.

Theorem 3.4. Let n > 2 and let R7} R™ with the norm || - || be the same

I =
as in Theorem 2.2. Then exp B£(2R1"‘L.H) = ext B[/(Q]Rﬂl.”).

Proof. Let T € ext BE(ZRT‘L‘ BE By Theorem 3.2, there are

(ilajl)a~'~7<in27 an) €A

such that Y(;, j,),..., Y 5, j ,) are linearly independent in R"* and IY(ir i) -
T|=|T(U;,,U;)|=1forall k=1,...,n% Let M; be the invertible n® x n?-
matrix such that the k-th row of M; equals to Y(;, ;) for k =1,... ,n?. Let
fe E(QRW_”)* be such that

2
J
f=- > sign(T(Us, Uj))dw,, v,,)-
k=1

Then 1 = ||f|| = f(T). Let S € extBreern ) be such that |f(S)] = 1. By

similar arguments as in Theorem 2.5, S =T or S = —T. By Theorem 2.4, T
is exposed. (I
Kim [25, 35,38, 39] showed that if n > 2, 0 <w < 1 and X =17 or Rz(w),
then exp Brex) =ext Beiex).
Using Theorem 3.4, we obtain the following:
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Corollary 3.5. Letn > 2, 0 <w < 1 and X = [, R?
Then the equality exp By x) = ext B2 x) holds.

(w),Ri(w) or L(312).

The following theorem shows a relation between the spaces Ls(QRﬁ_H) and
LR )

Theorem 3.6. Let n > 2 and let R = R™ with the norm | - || be the same
as in Theorem 2.2. Then the following equalities hold:
(a) ext Blls(?R" y = ext Bc(zR"‘L_H) N ES(QRW_”).

I
(b) exp Bz, 2ry ) = exp Bgrr )N ,CS(QRWV”).

Proof. (a) It follows from Theorems 2.2 and 3.2.
(b) It follows from Theorems 2.5, 3.4 and (a). O
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