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CONTINUOUS DATA ASSIMILATION FOR THE
THREE-DIMENSIONAL LERAY-aa MODEL WITH
STOCHASTICALLY NOISY DATA

Bur Kim My AND TRAN Quoc TuAN

ABSTRACT. In this paper we study a nudging continuous data assimila-
tion algorithm for the three-dimensional Leray-a model, where measure-
ment errors are represented by stochastic noise. First, we show that the
stochastic data assimilation equations are well-posed. Then we provide
explicit conditions on the observation density (resolution) and the relax-
ation (nudging) parameter which guarantee explicit asymptotic bounds,
as the time tends to infinity, on the error between the approximate so-
lution and the actual solution which is corresponding to these measure-
ments, in terms of the variance of the noise in the measurements.

1. Introduction

Data assimilation is a methodology to study and forecast the trend of natu-
ral phenomena, such as the weather, ocean models and environmental sciences.
The idea of data assimilation is to combine observational data with dynamic
principles related to the basic mathematical model. The classical method of
data assimilation is to insert observational data directly into a model as the
latter is being integrated in time, see e.g. [17,23,26] and references therein.
However, this algorithm reveals some difficulties when measurements are gath-
ered from a discrete set of nodal points, because it is impossible to accurately
calculate the value of the spatial derivatives present in the model. In the pio-
neering work [7], the authors introduced a new approach for data assimilation
problem, which is a feedback control algorithm [8] applied to data assimilation,
and this method has overcome the disadvantages of the classical method. In
this new algorithm, instead of directly inserting measurements into the model,
a nudging parameter and the observational measurements are used to establish
a new model whose approximation solution converges to the unknown solu-
tion of the original model. Such an approach has been developed later for
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data assimilation of many important equations in fluid mechanics, see, e.g.
[1,2,5,21,22,25,27]. A similar data assimilation algorithm for stochastically
noisy data was introduced in [9], where the problem for the 2D Navier-Stokes
equations was investigated.

The three-dimensional (3D) Leray-ov model was first introduced and stud-
ied in [13]. This model is one of a number of regularizations of the Navier-
Stokes equation in which the amplitudes of high wave number components are
suppressed (over and above the suppression already provided by the viscosity
term). In recent years, the existence, regularity, convergence and long-time
behavior of solutions to this model have attracted the attention of many math-
ematicians in both deterministic case [3,4, 11,12, 20, 28] and stochastic case
[6,10,15,18,24]. The continuous data assimilation for the 3D Leray-a model
was studied recently in [21], while the discrete data assimilation for this model
was studied more recently in [5]. It is noticed that in these two works the
observational data do not contain measurement errors.

In this paper we study the continuous data assimilation algorithm with
stochastically noisy data for the following three-dimensional Leray-a model

%—VAU-F(U-V)U-i-vp:f,

(1) V-u=V-v=0,
v=1u—a?Au,

where u = u(x,t) is the unknown velocity vector field, p(z,t) is the scalar un-
known pressure field, » > 0 is the kinematic viscosity, and o > 0 is a scale
parameter with dimension of length. We assume periodic boundary condi-
tions with the fundamental domain D = [0, L]® and take the initial condition
v(z,0) = vo(x) and the body forcing f = f(x) to be an L-periodic function
with zero spatial average.

In what follows, we will describe the data assimilation problem, which will
be studied in the present paper. Assume that v(t) is a solution lying on the
global attractor of the 3D Leray-o model (1). Denote by Op(v(t)), for t > 0, the
exact observational measurements without error of the exact solution v at time
t. We assume Oy, : V — RP to be a linear operator, where V is the function
space defined in Section 2 below, D is of the order (L/h)3, L is a typical large
length scale of the physical domain of interest, h is the observation density or
resolution, and denote by Ry (v(t)) the interpolation of the observational data,
ie.,

Rp(v(t)) = Ly 0 O(v(t)),
where £, : RP — V is a bounded linear operator. Here we assume the inter-
polant operator Ry, satisfies the approximating identity property

(2) lw — Rp(w)||2: < e1h?|Vw||2. for all w € V.

Examples of such interpolant operators Ry are the orthogonal projections onto
the low Fourier modes or finite volume elements (see [2,7] for details).
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In the absence of measurement errors, the data-assimilation algorithm pro-
posed by Titi et al. [7] would construct the approximating solution z from the
interpolant observables Ry, (v(t)) dynamically as the solution to the following
equations

- % —vAz+ (w-V)z+Vp=f— p(Ry(z) — Ry(v)),
V-z2=0,

with z = w — a?Aw and arbitrary initial condition w(0) = wo. Here p > 0 is
a relaxation parameter that will be determined later, which forces the coarse
spatial scales of z, i.e., Ry(z), towards those of the observed data, i.e., Rp(v).

Suppose now the exact measurements O, (v(t)) are subject to some random
errors. Therefore, the only observations available for data assimilation are noisy
observations Oy, (v(t)) given by

(4) On(v(t)) = On(v(t)) + E(D),

where £ : [0,00) — R represents the measurement error, for example, due
to instrumental errors. This implies that the measurements of v(t) contain
random errors and are given by

(5)  Ru(v(t)) = La(O(v(t))) = Lr(On(v(t)) + Lr(E(t) = Ra(v(t)) + (1),

where the random vector £(t) lies in the range of the interpolant operator R,.

In this paper we will examine the data-assimilation method given by equa-
tion (3) when the noise-free interpolant observable Ry (v(t)) is replaced by
Ry,(v(t)). In this case, following the general lines of [9], the algorithm for con-
structing z(t) from the observational measurements Oy (v(t)) is given by the
following stochastic evolution equation

dz + [—vAz + (w- V)z + Vpldt = fdt — p[Ry(z) — Ry (v)]dt + p&dt,
(©) V-z2=0

where 2 = w — o?Aw and with arbitrary initial condition z(0) = 2. Our
aim here is to find explicit conditions on the relaxation parameter p and the
observation resolution h which guarantee explicit asymptotic bounds, as the
time tends to infinity, on the error between the approximate solution z and the
actual solution v which is corresponding to these measurements, in terms of
the variance of the noise in the measurements.

The paper is organized as follows. In Section 2, for convenience of the
reader, we recall the functional setting and some results for the deterministic 3D
Leray-a model, and describe the noise term. The data-assimilation algorithm,
including the well-posedness and the convergence results, is presented in Section
3 with observations of volume elements.
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2. Preliminaries
2.1. The functional setting

In this subsection we introduce some notations which will be frequently used
throughout this paper.

Denote by V the space of all divergence-free R3-valued L-periodic trigono-
metric polynomials with zero spatial averages. Let

H = the closuse of V in [L*(D)]?,
V = the closuse of V in [H*(D)]?,

with the inner products given by

3
(u,v) := / Zuivi dz,
D=1
3
((u,v)) = / ZVui - Vv, dzx, respectively
D=1
and the associated norms |u|? := (u,u) and ||ul|? := ((u, u)).
For ¢ € L' we define the average

)= 75 | ola)da,

and for every subset Z C L', we denote Z = {p € Z : (¢) = 0}.

Let IT : [L?(D)]*> — H be the Leray-Helmholtz orthogonal projector, and
the Stokes operator A subject to the periodic boundary conditions with do-
main D(A) = [H*(D)> NV is defined by Au = —ITAu = —Awu. The norm in
D(A) is ||lull pcay = |Aul, Yu € D(A). Moreover, the Stokes operator A is a pos-
itive self-adjoint operator with compact inverse, thus there exists a complete
orthonormal set of eigenfunctions {1;}52; C H such that Ay; = A;4; and

472
2
We have the following Poincaré inequalities
lullZ, < AMul?, Yu e H,
[ul* < ATHul?, VueV,

where V' denotes the dual space of V' (see e.g. [14,29]).
For all v = u + a?Au,v € H, we have

=X <A<, )\j = +ooas j — o0.

(7)

[0 = [ul® + 207 [[ul* + a* | Aul*.

Thus, from (7) we get

1
(8) luf < ol [of,  |Aul < —ol.

1
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Let b(-,-,+) : V x V x V — R be the continuous trilinear form defined by

3
b(u,v,w) = Z /Duig;]_wjdx, Yu,v,w € V.

ij=1
It is well-known that there exists a continuous bilinear operator B(-,-) : V X
V — V' such that

(B(u,v),wyyr v = blu,v,w), YweV.
Lemma 2.1 ([14,29]). We have
(B(u,v), z) = —(B(u, 2),v) and (B(u,v),v) =0, Yu,v,w € V.
Furthermore,
|(B(u,v), 2)| < Crlul”*[[ull*[[o]||[*|=1*%, Vu,0,w eV,
and
9)  [(B(u,v),2)| < Crllull|[v]|'/?|Av|'/?|z|, Vue€ D(A),v € Hwe V.
Applying the Leray-Helmholtz orthogonal projector II to the Leray-a model
(1) to obtain the functional evolution equation
% + vAv+ B(u,v) = f,
v(0) = v,

(10)

where v = u + o?Au, f € H, and vy € H.
Similarly, the stochastic data assimilation equation (6) becomes

(11) dz+ [VAz + B(w, 2)|dt = [f — plIRk (2 — v)]dt + pdW,
where z = w + a? Aw and dW (t) = [I£(t)dt is the noise term.
2.2. The deterministic Leray-a model

Let f € H. We denote the Grashof number in three dimensions by
/]

Gr = .
3/4
V2>\1/

The following result was proved in [13].

Theorem 2.2. Let f € H and vy € H. Then for any T > 0, problem (10) has
a unique weak solution v that satisfies
d
v e C(0,T]; H)NL2(0,T;V)  and di; € L2(0,T; V).
Additionally, the associated semigroup S(t) : H — H has a global attractor A
in H. And for any v € A, we have
202Gr?
(12) ol < M3 = =
1
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2.3. The noise term

We now describe the error term & : [0,00) — RP that gives rise to the noisy
observations @h in (4) in terms of a Brownian motion and by using Rh = Eho@
to obtain the noise term dW in (11).

Let (Q,F,(F:),P) be a probability space on which is defined a sequence of
independent one-dimensional Brownian motions 54(t),d =1,2,..., D, relative
to the filtration (F;), which is assumed to be complete and right continuous,
such that

t 2
E(84(t)) = 0 and E(B3(t)) = % for t > 0.
The measurement errors may now be described by

(13) E(t)dt = (dB1(t),dB=(t),...,dBp(t)).
Note that o is a dimensional constant whose units of measurement must be
chosen so that the units of measurement for O(v(t)) are the same as €.
Writing the linear operator £j, : RP — [H(D)]? as
D

(14) La(Q)() = Catal-), ¢ €RP and €y € [H' (D),

d=1
it follows that the noise term in (11) is the Wiener process

D
(15) W(t) = Bat)va, ~va=Tla.
d=1
We do not assume ~4 are orthogonal or even linearly independent.
We can see that W is an [L?(D)]3-valued Q-Brownian motion with E(W (t))
= 0. Following [16] (see also [19]), we have

D
tQ = Cov(W(t)) =E | > Balt)1a @ By(t)1

d,p=1

Note that @ is a nonnegative and symmetric linear operator with finite trace.
By some computations as in [9], we get that

9 D
g
Tr(Q) = 3 Z |yal? < oco.
d=1

We now give an example for interpolant observable based on volume ele-
ments. Suppose the observations of volume elements Oy, : [H(D)]? — R3*Y are
given by

(16) Oh((p):(@l,SZQ,..»,SZE.N),
where [gg;;f} = @an O (z)dr = %an ®(z)dx for n = 1,..., N, where

the domain D = [0, L] has been divided into N = K3 disjoint equal cubes
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with @, with edges %/Lﬁ and so |Q,| = % Define R, = L} o Oy, where

Ly, : RN — [L2(D)]® with £,(C) is the L-periodic function on D given by

N <3n72 3
Ly(¢)(z) = Z (3n—1 (XQn (x) — 23) .

n=1| (3n
Let
Xq.(z) —h*/L? 0
l3n—2(7) = 0 , lanoa(x) = | xa,(x) = h3/LP],
0 0
(17 ;
and {3, (z) = 0

xa, () — h3/L3
for n = 1,2,...,N. This implies D = 3N functions are needed in (14). We
have the following proposition.

Proposition 2.3. Let W (t) be the Wiener process in (15), where {4 is as
in (17) ford=1,...,3N. Then W is an [L?(D)]3-valued Q-Brownian motion
with covariance operator @ that satisfies

Tr(Q) < o?L3.

Proof. We have
9 3N

™Q) = 5 > hl’
d=1

< €47

=02 Z/Q X, (z) — B3/ L3 de

n=1

zgzz/

n=1 Q

h3 ho
|:(]. — 2ﬁ)XQn(x) + ﬁ dxr

< o*(L? - h®) < o?L3. O

3. Continuous data assimilation algorithm

Let v be the weak solution of the 3D Leray-a model (10) given by Theo-
rem 2.2, and let R;, be an interpolation operator satisfying (2). Suppose the
only knowledge we have about v is from the noisy observational measurements
Ry (v(t)) + &(t) that have been continuously recorded for times ¢ € [0, 7.

Our first goal is to show that the data-assimilation algorithm given by equa-
tion (11) for computing the approximating solution z is global well-posed. The
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second goal is to prove that z, the solution of the data assimilation equation
(11), approximates the unknown reference solution v of (10), when ¢t — oo,
within some tolerance depending on the error in the observations.

3.1. Well-posedness

In this subsection we will prove the existence and uniqueness of a global
solution to the stochastic data assimilation equation (11) with arbitrary initial
condition 2(0) = zgp € H and 2z = w + o> Aw, where dW (t) = TI{(¢)dt is the
noise term.

We first give the definition of weak solutions to problem (11).

Definition. A stochastic process (z(t)):e[o, 1) is called a weak solution on (0, T
of the stochastic problem (11) if the following conditions holds:

(i) z is progressively measurable;
(ii) 2 = w + a?Aw belongs to C([0,T); H) N L*(0,T;V) a.s.;
(iii) for all t € [0,T] and P-a.s.,

(6(0.9) + [ (4901~ [ (Bluls).2(5). 9)ds
0
for all test functions ¢ € V.

— (c0.0) + / (f.)ds — / (Rn(2(s) — (). 0)ds + / (W (s), )

The following theorem gives the well-posedness of problem (11).

Theorem 3.1. Suppose that the interpolant operator Ry, : (H'(D))* — (L?(D))?
3/2 ~2

satisfies (2) and that 2ucih?® < v with u > % Then for any zo € H and

T > 0 given, there exists a unique stochastic process solution z € C([0,T]; V)

of problem (11). Moreover,
(18) IE( sup (|z(t)|2)> < 00,
0<t<T

and

T
(19) E (/0 ||z(t)||2dt> < 0.

Proof. The proof is based on a pathwise argument. Consider the auxiliary
process y which is a solution of the following problem

{dy + vAydt = pdW,

(20) y(0) = 0.

It is known (see [16]) that
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is a stationary ergodic solution to (20) with continuous trajectories taking
values in H. In particular, we have

2
< ET(Q).

E(ly(®))

Indeed, we write

0o 0o 00 D
y= Zyjej and W = ZWjej = Z (Z%l,jﬁd> €;
j=1 d=1

j=1 j=1

where y;(t) = (y(t),e;) and v4; = (7a,€;). Then

t
yj(t> _ M/ —vj(t— T)dW — MZ'Yd,j/ u/\j(t—T)dBd(T>.
0

By the independence of 5; and the It6 isometry, we get that

Bl OF = 3| [ e Nast )|
D
_MU Z 2 / —2v;(t— T)d
= Vd,j e T
d=1 0
2 2 D t
::U/U 2 7211)\(15 ‘r)d 2w (t —
6L, ;’Ydu/o (—2vX;(t = 7))
2 2 D 2 2 D
Ko 2 M g 2
< — -
= 6uA; 2 2w, ( 3 Z”J)
d=1 d=1
Therefore, we have
oo
Ely(t)* = > AEly;|”
j=1
o) 2 o D D
ueo
< ZAJ ] 3] Z%U
- 6v;
j=1 d=1 d=1
2 0_2 D 00
<SG | =i
2v 3 = \ia 2

Now, using the change of variable Z = z — y, we find that Z is a solution of
the random differential equation

d
(21) a2+z/A/%jLB(w,équ) +ullRy(Z +y) = f
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with 2(0) = Zy = 2, where f = f + uIlR;(v). Since v € C([0,T]; H) and since
R;, is a bounded linear operator, we have

IRy (v)] < Clol,

which implies that IRy, (v) € C([0,T]; H). Therefore, f € C([0,T]; H).

For every w € €, there exists a unique weak solution @ of equation (21) and it
depends continuously in C([0, T]; H) N L?(0,T;V), for any given T > 0, on the
initial condition Z(0) = zp in H. The rigorous proof is based on the Galerkin
approximation procedure and then passing to the limit using the appropriate
compactness lemmas. Because the proof is quite standard, in what follows we
only give the necessary a priori estimates.

Taking the inner product of equation (21) by Z, we get

1d
2.dt

We now estimate each term on the right-hand side. First, by using Lemma 2.1
and (8),

L1512 + V)22 = —(Bw, 2 +y), 2) — n{lIRW(Z + 1), 2) + (F, 2).

[(B(w, 2 +y),2)| = [(B(w,y), Z)|
< Clwl | Aw|* |yl 2|

< CL271/4073/2|y||Z|H5||
2
|7 2 2
91/ 202
— (27 + [yl
Next, by (2) and the Cauchy inequality, we have

(IR (2 + y), 2) = —p{Rn(y), Z) — u(Ru(2), 2)
< ply — Ru(y)| a2l + plyl|2| + n(z — Ru(2), 2) — plz?
< S + Iyl + ly = Ra@)l?)

. . . .
+ 215 = Ru@) + 5132 — plzP?

< gnsuz

clh ch*p

< pAT +ah?) |yl + 1211,

and
7o P =1/2) Fi15112 L o zo Vo
< < < _ .
(f,2) < AR < A AR < )\lylfl + 11zl

Therefore, if we choose h and p such that v > 2¢1h?u, then we get

d ~2 2 < 1/QCYL 2 -1 2 2 1 £12
2" + H "< P27 + 1) + nOT + eyl + 11
dt )\11/
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Since f € C([0,T); H) and y € C([0,T];V), by the Gronwall inequality, we
obtain

sup |Z(t)]> < C.
t€[0,T]

And thus, we also obtain

T
JRECIRIEE
0
Since z = 7 + y, we have P-a.s., z € C([0,T]; H) N L*(0,T; V).
We now prove estimate (18). Using the Itd formula on |z|?, we have
dlzf? + 2((vAz + B(w,2) — f, 2)]dt
= 2(dW (t), 2) + 1> Tr(Q) + 2u(Rp(z — v), 2)dt.
Integrating over (0,7"), we obtain

T
sup [=(t)[2 + 2 / 2(r) |2 dr
0<t<T 0

T

T
= a2 [ (st =2 [ (Rae(r) = v(r),2)ir
t
o sup [ @W (). a(r)dr + Q)T
o<t<T Jo
By the Burkholder-Gundy-Davis inequality (see [19]), we have
t t 3
QME( sup / (dW(T),z(T))dT) < 2u/Tr(Q)E (/ |z(7‘)|2d7'>
0<t<T Jo 0
<UE sup |2(t)y/TTHQ)
0<t<T

1
< =E sup |z(t)]* + 212TTr(Q).
2 o<i<T

On the other hand, using (2) and the Poincaré inequality, we get
—20(Ri (2 = v), 2) < 2plz — Ri(2)l|2]2] — 20l 2]? + 2u]| Ra (v) | 2 2]
< 2ucrh?||z))* — plzl® + 2u(|lv — Ri(v)|Z2 + [vf?)
< 2peth®||2)1 = plzl® + 2u(eah® + A7 vl
and by the Cauchy inequality,

2f,2) < ulel + im?

Since 2uci1h? < v, combining the previous estimates with the Gronwall inequal-
ity, we obtain

(s (20%)) <C,

0<t<T
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T
E (/ ||z(t)||2dt> <C
0
as claimed in (19).

This completes the proof. [l

therefore, we also obtain

3.2. The convergence theorem

Let 0 = w —u,d = 2z —v with 2 = w+ o?Aw,v = u + o®?Au. Then
§ = o + a?Ac. Thus, from (10) and (11) we have
(22) dé+ [vAd + B(0,0) + B(o,v) + B(u,0)]dt = —pIIRp(5)dt + pdW(t),
with §p € V is chosen arbitrarily.

Theorem 3.2. Assume that v is a solution of (10) and Ry, : (H'(D))* —
(L?(D))? is a linear interpolant operator satisfying assumption (2). Assume
that p is large enough and h is small enough such that

1 2ap 23/2¢,C2 M2

h2 = v = v2a3 ’

where ¢1,Cy, are given in (2) and (9), respectively. Then the solution z of the
data assimilation equation (11) given by Theorem 3.1 satisfies

(23)

(24) lim sup E (Iz(t) — v(t)]?) < uTr(Q),
and
v t+T
@) tmsn 2 [ B(le) — v(s) s < £10(Q)+ A THQ).

Proof. Applying the Ité formula on |§]2, and from (22) we get
dls(t)|* = 2(5(t),ds(t)) + p*Tr(Q)dt.
This is equivalent to
(26)  dlof? + 20]3)?
= —2(B(0,v),8)dt — 2u(Rp,(8),8)dt + 2u(dW (t),8) + p*Tr(Q)dt.

Using Lemma 2.1, (8), (12) and Young’s inequality, we get
(27) ~2b(0,v,8) < 2C|o||"/2[Ac|"?|u] |8

< 2CL My |lo||*?[Ac |25

< 227 Y4032 My6|||6)

_ (21/4CL0¢_3/21/_1/2M0|5\) (21/2u1/2||5||)
1 < 21202 M3
2 adv

5P +2u|5|2)
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C2 M}
o
By (2) and the Cauchy inequality, we obtain
(28) —20(8, R (0)) = —2|6| + 21(6 — Ry (6),0)

< 2132 + 2016 — Ry, (8)]19
1
2182 + 21 (|5 R+ 4|6|2)

= —2ulo[? + 20113 — Ra(3)* + 5102

IN

3

< =102 + 2pe k0]
3

< =l + volP,

where we have used the fact that 2ucih? < v due to (23).
Therefore, from (26), (27) and (28) we deduce that

3u  C2M2

2 I Rt 2 2

d|s)? + ( 5 T 51/5,03 |0]°dt < 2p(dW (), 6) + p~Tr(Q)dt.
Noting that 72?/2215153 — £ <0 by (23) and integrating from ¢y to ¢, we obtain

BOF +u [ 15(6)Pds < 3(ta) P+ 20 [ G dW (o) + [ i@

to to to
Taking the expected value, we obtain

t t
B(SOP) + 8 [ 16(5)ds < Els(eo) + B2 | Te(@ds,
to tO
and using the Gronwall inequality we get
t
E(|6(t)|%) < E(|6(0)]?)e™ ) 4 12Tr(Q) / e H(t=5) gg

to

— E(5(0)P)e 1) 1 uT(Q) / e d(pu(t — 5))

< E([§(0)[)e ) + pTa(Q).

Hence
limsup E(]6(1)|?) < pTr(Q),

t—o0
or

lim sup E(|2(t) — v(t)|*) < pTr(Q)-

t—o00
This proves (24).
In order to obtain the estimate (25), we now estimate

~2(B(0,v),8) < 2C1|o||'/*| Aa|*/2|u]||o]|



106 B. K. MY AND T. Q. TUAN
< CrMol|a ||| Aa|' /28]
< 2.27Y4CLa32 My)6) |||
— (23/4CL04_3/2V_1/2M0|(5‘) (1/1/2”6”)

23/2C2 M2
<3 | e loP + ol
21 QCQMQ
= 2O 2 Y e,
Oé

and
—2u(0, Rp(0)) = —2u|5l2+2u(5 Rp(6),0)
—2p|0|* + 2|6 — R (9)||5]
2u|5l2+u(|5 Ru(5)]* +16]%)
= —plof* + uld — Ru(5)/?
—pl8* + perh?| )12
sz L Y2
WIS + 21611

| /\

A

Thus, from (26) and by two estimates above, we get
(29) d|s> + v[|5||*dt

21/2 2 g2
(yoago - u) |6]2dt 4 2u(dW (1), 0) + > Tr(Q)dt

2u(dW (t),6) + p*Tr(Q)dt.

IN

By taking expected values and integrating from ¢ to t + T (29), we have

t+T
E(lo(t +T)%) + V/t E(l6(s)]*)ds < E(6(8)]*) + p*TTe(Q).

Therefore,

— 00

t+T
Jin sup v / E(|6(s)]%)ds < pTr(Q) + >TTH(Q),
t t

and this is equivalent to

t+T
limsupl//t E(|[z(s) — v(s)||*)ds < uTr(Q) + p*TTr(Q).

t—o00

This completes the proof. (|

Corollary 3.3. Suppose that the observational measurements are given by fi-
nite volume elements in (16) plus a noise term as in (13), where each Bq is
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an independent one-dimensional Brownian motion with variance o2 /3. Inter-
polate these noisy observations using (14) where €4 are given by (17). Let

1/2 42 32
= %, and choose N = K3 large enough such that
S U
K =V 2c1p

Then the solution z to the data assimilation equation (11) satisfies

2 2L4
limsup B (|2(£) — o(t)[?) < hvGro'l?

t— oo a3

t+T 2 2,2 4
L
1imsup%/ E(”Z(S) —U(S)H2)ds < (ku/Gr n kll/ Gr >02L4,
t

00 o3T b

)

and

21/202
L,

where k1 =
Proof. By Proposition 2.3 and the above choice of p and h, we have

21202 M2 o258 — 23202 vGr? 273 _ kivGr?o?L*
vas QS)\}/Q 7 = as

) 13

21/2 2M2 2 EBVE:
C’L CL 0>0_2L3

pTr(Q) < po’L? =

)

and similarly, we also get that

(7 +) @

vas3T v2ab

A1 2713
oL
vo3T v2ab

(21/20%21/)\21§r 204 92 4G7"

22CvGr?L QOgV‘ZGr‘LL?) 2L

o37T b7
kiwGr?  E22GriL\ o,
B < P af oL
where we have used the fact that \; = 47%/L? and k; = 21/;01%. (]

Remark 3.4. Tt is observed that the upper bound on the error given by Corollary
3.3 is independent of h. In particular, if we increase the observation density,
there is no improvement in the quality of the approximation. This is not
surprising since increasing the resolution of the observations did not lead to
any decrease in the size of the measurement errors present in the interpolant
observables Ry, given by (5). We remedy this defect in the following corollary.
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Corollary 3.5. Suppose that the observational measurements are given by fi-
nite volume elements in (16) plus a noise term as in (13), where each By is an
independent one-dimensional Brownian motion with variance 0%/3. Let u be
as in Corollary 3.3 and € € (0,1). Then, there exists an interpolant observable
based on volume elements with observation density h such that

dGr3 e _ max{e, 64¢'Gr3}
S i i il §
L3 — h~ L3 ’
5/ 3/2
where ¢/ = (%) , and
(30) limsup E(|z(t) — v(t)|*) < po?L3e.
t—o0

Proof. It \/v/(2c1p4) > L, then we may take h = L in Theorem 3.2. In this
case v is a steady state and consequently no observational data is needed to
accurately recover v. Otherwise, let M = K3, where K; > 3 is the unique
integer such that

L v L
= — < < .

Kl - 2C1/.L Kl —1
Let @, be cubes with edges h’, where m = 1,..., M. Choose h = h'/q, where

m

q is the integer satisfying

h/

(31) ¢ >

> (¢ —1)%

a | =

With these choices of K7 and ¢, we have

/201M<l:ﬁ<2([(1_1) <9 20111’
v — K L — L v

and
B <g=(g-1)+1<e B p1<273
or
el/3 1
<D<
2 T q~
Thus,

which is equivalent to

By 4 2/20IME _ 2¥20tvGr?
Yy B = vos - 72,3
1 «

3/2 3/2
(25/%10%1/(%2) / . <16.25/2c10%uGr2> /
ks ) S@ s '

1/2 1/2
u)\l/ a3 u)\l/ a3

, we arrive at
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Therefore, we obtain
dGr3
I3

b ;252,02 L3 3/2
where ¢’ = ( 5775 .

Let Q,, be the cubes with edge h, where m = 1,...,N and N = L3/h3 =
¢>M. Define the averaging operator A : R3V — R3M by

64 Gr®
<

€
WS

A(‘P)3m—2 1 V3n—2
A(@)3m—1| = — Z Y3n—1| form=1,2,... M.
A(9)3m T q.cay, | ean

We note that O) = Ao, where O}, are the noise-free observations of volume
elements given in (16), for the @,, and Oy are analogous observations for Q7.

Let Oy (v(t)) be the noisy observations defined by (4), where £(t) is given
by (13). Tt follows that A o Oy (v(t)) = On (v(t)) 4+ F(t), where

F(t)dt = (dB1(t),dBa(t),...,dBsa(t))
and (3;’s are one-dimensional independent Brownian motions such that

o2

e

Therefore, by taking averages of volume elements we have reduced the variance
in the noise term of the measurements. In particular, from (31), the noise term
is equivalent to an [L?]*>-valued @’-Brownian motion with

Tr(Q') < 0?L3/¢® < 0?L3e.

E(B;(t)) =0 and E(BF(t) = j=1,2,...,3M.

We now define the interpolant observable
Ry = Lpr o Ao Oy,

Since Ry satisfies (2) with the same constants as before, applying Theorem
3.2 we get (30) as desired. O
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