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FIXED POINT THEOREMS FOR GENERALIZED G-METRIC
SPACES'
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ABSTRACT. A multi-dimensional metric, called a g-metric, as a generaliza-
tion of the G-metric was introduced. We establish some well-known fixed
point theorems in the frame work of g-metric spaces.
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1. Introduction

A metric is an important notion not only in mathematics but also in various
other scientific fields. An ordinary metric is required to be generalized in order to
improve the performance of clustering, classification, and information retrieval
processes and also to be able to handle large, complex data sets effectively.

An ordinary metric assigns given two points in a space to a non-negative real
number that represents how far they are. It is natural to generalize the ordinary
metric in order to measure the distance between three or more points. Many
authors, including Gahler [8] and Dhage [6], have been investigating general-
izations of ordinary metrics in this context. Mustafa and Sims [11] have come
up with a more general metric between three points, called a G-metric, that
allows fundamental topological properties to be well embodied. See [9] for more
details. The G-metric was generalized to a metric between n points, called a
g-metric [4] in order to analyze complex high-dimensional data sets, such as
grouped multivariate data.

Definition 1.1. [4] Let Ry be the set of all non-negative real numbers.
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(1) For a non-empty set 2, a map g : Q"(= [[[_, Q) — Ry is called a
g-metric with dimension n (n > 2) on  if it satisfies the following

conditions:

(g1) (positive definiteness) g(z1,...,2,) = 0ifand only ifx; = --- =z,

(92) (permutation invariancy) g(x1,...,%n) = g(T1), - - Tom)) for any
permutation o on the set {1, . ,n},

(¢3) (monotonicity) g(z1,...,2n) < g(y1,...,yn) for all (z1,...,2,),
(Y1, yn) €Q" with {z; |i=1,...,n} C{y; | i=1,...,n},
(g4) (triangle inequality) for all z1, ..., 25, y1,..., Yy, w € Q with s+t =
n
g1, Ty Y1y U) < g(@, e T, W W) F G(Y1y e Yy Wy, W)
—— N——
n — s times n — t times
We call the pair (€, g) a g-metric space.
(2) A g-metric on a non-empty set ) is said to be multiplicity-independent
if the following holds
g(w1, - Tn) = g(Y1,- -5 Yn)
for all (z1,...,2n), (Y1, Yn) € Q" with {z; |i=1,...,n} = {y; | i =
1,...,n}.
The following are some basic examples of g-metrics.

Example 1.2. [4] Let  be a non-empty set, and let (€2, ) be a given ordinary
metric space.

(1) The discrete g-metric is the map d : Q™ — R, defined by

0 ifz; = =ux,,
dm,...,xn):{ o ==

1 otherwise

for all z1,...,z, € Q.
(2) The diameter g-metric is the map d : R} — R, given by
d(x1,... 2n) = 1I£ia§Xn Ti— 1I§nj1£n xj
for all z1,...,z, € R;.
(3) The max g-metric is the map d : Q" — R, defined by
d(z1,...,2n) = 1;13?);” 0(z, 4)
for all z1,...,z, € Q.
(4) The shortest path g-metric is the map d : Q™ — R, given by
n—1
d(.%'l, .. 7:L‘n) = TII:IEUS'I}L 4 5(.’[:7,(2-)7 xﬂ(i+1))
=
for all zq,...,z, € €, where S, is the symmetric group on the set

{1,...,n}.
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Note that d(z1,...,2,) is the length of the shortest path connecting
Z1,...,Tn, which is an important notion in computer science and oper-
ational research. See [12] for details.

In this paper, we generalize some well-known fixed point theorems such as the
Banach contraction mapping principle, the weak contraction mapping principle,
and the Ciri¢ fixed point theorem in a g-metric space.

2. Preliminaries

For a given g-metric space (2, g), the open ball centered at x € Q with radius
r>0is
By(z,r) ={y € Q[ g(z,y,...,y) <r}.
It was shown in [4] that the collection B = {By(z,r) | z € Q,r > 0} forms a
basis for a topology on ). The topology generated by the basis B is called the
g-metric topology on ).

Lemma 2.1. [4] Let g be a g-metric with dimension n on a non-empty set §.
Then the following statements hold:

(1) glz, ..., 2,y ., y) < glz,...,z,w,...,w) + glw,...,w,y,...,y),
—— —— ——
s times s times s times

(2) g(x7y7"‘7y)Sg(x?w7"'7w)+g(w7y""7y)7
3) g(z,...,z,w,...,w) < sg(z,w,...,w) and
——

s times
g(x7"'7z’w7"'7w) S (n_s)g(w7x""7x)7

s times
n
(4) g(xlax%"'axn) S Zg(xhwv"'vw);
i=1

(5) ’g(y,mg,...,xn)—g(w,xg,...,xn)| < max{g(y,w,...,w),g(w,y,...,y)},
(6) ’g(x,...,x,w,...,w —g(z,...,z,w, 7w)’§’s—s‘g(az,w, , W),

—— N——

s times 5 times
(7) glz,w,...,w) <1+ (s=1)(n—2s))g(z,...,z,w,...,w).
——
s times

Definition 2.2. [4] Let (€2, g) be a g-metric space. Let = € § be a point and
{zr} C Q be a sequence.

(1) {1} converges to x, denoted by {x} %+ z, if for all € > 0 there exists
N € N such that

Ty sln_1 ZN:>g(.Z‘,.’L‘i1,...,.’L‘Z'n71) <E.

For such a case, {x}} is said to be convergent in Q and x is called the
limit of {:Z?k}
(2) {xx} is said to be Cauchy if for all € > 0 there exists N € N such that

W1yeenyin >N = g(ziy,...,2;,) <E&.
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(3) (Q,9) is complete if every Cauchy sequence in (2, g) is convergent in
(€,9).
Lemma 2.3. [4] Let (Q,g) be a g-metric space. Let {xi} C Q be a sequence
and x € Q. Then the following statements are equivalent:
(1) {zx} L .
(2) For a given € > 0, there exists N € N such that x, € By(z,¢) for all

k> N.
(3) lim  g(xky,- s Tp, @y .., 2) =0 for a fized 1 < s <n—1. That
k1, ks—00 " N —r
s times
is, for all € > 0, there exists N € N such that k1,...,ks > N =
9(Thyy ooy Thoyy Ty oo, ) < E.

Lemma 2.4. [4] Let (2, 9) be a g-metric space. Let {x} C Q be a sequence.
Then the following statements are equivalent:

(1) {xx} is Cauchy.

(2) g(zk, X1, That, -, Thr1) —> 0 as k —> oo.
(3) lim g(xg,..., Tk, Te,...,x¢) =0 for a fited 1 <s<n-—1.
K00 " e
s times

A g-metric space (£, g) is said to have the fixed point property if every con-
tinuous map T :  — Q has a fixed point.

Proposition 2.5. The fized point property is a topological invariant.

Proof. Let (21,g1) and (Qg,g2) be g-metric spaces, and let h : Q3 — Q5 be a
homeomorphism. Suppose that {21 has the fixed point property.

Let T : Q5 — Q9 be a continuous map. We consider the map T : Q1 — Q4
given by T(z) = (h~' o T o h)(x). Since Q; has the fixed point property and T
is continuous, there exists a fixed point « € Q; under T, i.e., T(z) = x. Denote
h(z) by y. Then we have

T(y) = T(h(x)) = (ho k™" o T o h)(x) = h(T(x)) = h(z) = y,
implying that y is a fixed point under T. Therefore, Q2 has the fixed point
property. O
Lemma 2.6. If (Q,g) is a g-metric space, then the map g is jointly continuous
in all n variables, i.e., if for eachi=1,...,n, {:I:Ek)};geN is a sequence in ) such
that {xgk)} s 1z, then {g(acgk), . 7ncglk))}—>{g(gcl7 cey )} as k — o0o.

Proof. Assume that {a:gk)} s x; as k —» oo for each i = 1,...,n. For a given
e > 0, there exists N; € N such that g(m(k),xi, cen @) < ik > N; by Lemma
n

i
2.3 (3). We let N = max{Nj,...,N,}. Then by the conditions (¢2), (g94), if
k > N, then

n
g(mgk), ety < Zg(xgk),xi,...,xi) +9(z1,22,...,2n) <e+g(x1,T2,...,Tn).
=1



Fixed point theorems for generalized G-metric spaces 209

In a similar way, we have g(z1,x2,...,2,) <&+ g(zgk), xgk), cey xglk)).

3. Fixed point theorems in a g-metric space

Fixed point theorems on a G-metric space have extensively been studied (see
[2] and references therein). The interested reader can also refer to [1, 3, 7, 10].
In this section we generalize several fixed point theorems on a g-metric space
under the g-metric topology.

The following is a generalization of the Banach contractive mapping principle
in a g-metric space.

Theorem 3.1 (Banach contractive mapping principle in a g-metric space). Let
(Q,9) be a complete g-metric space and let T : Q@ —  be a map such that there
exists A € [0,1) satisfying
g(T(x1), T(x2),...,T(xy)) < Ag(x1,22,...,2,) forallzy,...,z, € Q.

Then T has a unique fized point in 2.
Proof. Let yg be an arbitrary point in Q. Set yr11 = T'(yx) for all k € N.

(Existence of a fixed point) If y,,,11 = y,, for some m € N, then y,, is
a fixed point of T. We assume that yxi1 # yi for all & € N. Then, by the
condition (3.1) it follows that

g(yk+1ayk+27 Yk+25-+ -5 yk+2) S Ag(yk)yk-‘rhyk-‘rla cee 7yk?+1) for all k eN.

So, by induction we have g(Yr, Ykt1, Yetts - Uri1) < Ng(yo,y1,y1,...,91),
implying

9k Yb+15 Ykt 15 - -+ Yk1) —> 0 as k — oo,
Thus, {yi} is a Cauchy sequence in (£2,g) by Lemma 2.4. Since (€2, g) is com-
plete, there exists y € Q such that {y} = . It follows that

g(yk-i-l?T(y)aT(y)v v 7T(y)) < )\g(yka Y, Y,--- ay)
As k — o0, by Lemma 2.6

9y, T(y), T(y),..-. T(y) < Ag(¥,9,y,--.,y) = 0.

Therefore, T(y) = y by the positive definiteness for the g-metric.
(Uniquness of a fixed point) Suppose that y, 7 are distinct fixed points.
Then

9@y, 9, y) =9(T@), T(y), T(y),....,T(y))
<N YY) <90, 9,9, -5 Y),
which is a contradiction. Thus, y = 3. O

Definition 3.2. Let (2, g) be a g-metric space. A map T : @ — Q is said to be
weakly contractive if

9g(T(z1),....,T(xn)) < g(x1,...,2,)
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for which any two of x1,...,x, € (0 are distinct.

Proposition 3.3. Let (2, g) be a g-metric space. Suppose that T : Q@ — Q is
weakly contractive. Then the map f: Q — Ry given by f(z) = g(z,T(z),...,
T(x)) is continuous.

Proof. Let x € . We need to show that for any ¢ > 0 there exists § >
0 such that |g(y, T(y),....T(y)) — g(z,T(z),...,T(x))| < € if y € By(x,0).
<

We let § = % For y € B,y(x,0), we first assume that g(y,T(y),...,T(y))
g(z,T(x),...,T(x)). Then
lg(z, T(x),....T(x)) — gy, T(y),---. T(y))|

=9 T(x),....,T(x) =9y, T(y),...,T(y))
<9y, y) + 9. T(),....T(z)) — 9(y,T(y), ..., T(y)) (by Lemma 2.1 (2))
<glz,y,....,y) + 9(T(y), T(x),...,T(x)) (by Lemma 2.1 (2))
<glz,y,...,y)+9y,z,...,x) (by the weak contractivity of T')
<g(z,y,...,y) + (n—Dg(z,y,...,y) (by Lemma 2.1 (3))
<nd=¢

In a similar way, it can be proved that |g(z, T'(z),...,T(x))—g9(y, T(y), ..., T(y))]
< € holds when ¢(y,T(y),...,T(y)) > g(z,T(x),...,T(x)). Hence, f is contin-
uous. (|

Theorem 3.4 (Weak contraction mapping principle in a g-metric space). Let
T be a weakly contractive map on a compact g-metric space (2,g). Then T has
a unique fized point.

Proof. The map f: Q — Ry defined by f(z) = g(z,T(z),...,T(z)) is contin-
uous by Proposition 3.3. Since 2 is compact, the continuous map f attains its
minimum at some = € Q. If & # T(Z), then

gz, T(z),...,T(z)) = glelsr)l g(z, T(x),...,T(x))
<yg(T(z), T(T()),..., T(T(2)))
<g(@T(z),....,T(z)),
which is a contradiction. So, Z is a fixed point of 7. The uniqueness argument
follows exactly same as in the proof of Theorem 3.1. (]
We next generalize the Ciri¢ fixed point theorem [5] in a g-metric space. Let
(Q,g) be a g-metric space and T : @ — Q a map. For each = € 2, we denote
O(z,N) = {z, T(z), Tz(z)v EEEE) TN(I)} and O(z,00) = {z, T'(z), T2(z)7 b
where TF+1 = T o T* for all k € N and T° is the identity map on .

Definition 3.5. (1) A g-metric space  is said to be T-orbitally complete
if every Cauchy sequence contained in O(z, 00) for some z € Q is con-
vergent in €.
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(2) Amap T :Q — Qis called a quasi-contraction if there exists A € [0,1)
such that for all z1,...,z, € Q,

9(T(x1),...,T(xp)) < %max [{g(xl,...wn)}
U{g(@:, T(x;), ..., T(x;)) | i,j = 1,...,n}]

For A C Q, we denote sup{g(a1,...,an) | a1,...,a, € A} by u(4).

Lemma 3.6. Suppose that T : Q0 — ) is a quasi-contraction on a g-metric
space (2, g). Then for each x € Q the following inequalities hold:

(1) g(T* (z),...,T" (z)) < %M(O(LN)) forallky,... .k, €{1,...,N}.

(2) WO, %)) < 759(x. T(w)...., T()).

Proof. (1) Let x € Q. Since {T*' (x), T*~Y(x),..., T* (z), T*>~1(z)} is a subset
of O(z, N) and the map T is a quasi-contraction, there exists A € [0,1) such that

g(T’€1 (x),... ,TFn (z)) = g(TTkl_l(x)7 .. ,TTk"_l(a;))

< %max {g(Tkl_l(x), . ,Tk"_l(x))}

U{g(Tr Y(x), TF (z),...,T" (z)) | i, =1,...,n}

< %N(O(x>N))

(2) Let = € Q. Since the sequence {p(O(x, N))}nen is monotonically increas-
ing, u(O(x,00)) = sup{u(O(z,N)) | N € N}. For a fixed positive integer No,
the statement (1) implies that there exist k1, ko, ..., kn—1 € {0,1,..., Ng} such
that g(z, 7% (x),...,Tk=1(z)) = p(O(z, No)). Without loss of generality, we
can assume that k1 < ko < --- <k,_1. If k,—1 =0 (ie. k; =0 for all 7), then
w(O(x, Ny)) = g(z,z,...,2) = 0. Suppose that there exists 1 < j <mn — 1 such
that k; # 0 and kj—1 = 0. Then by Lemma 2.1 (4) and the statement (1) we
have

g, TR (@), ... T51 (2)) < gl T(@), ... T(2) + 3 g(TH (@), T(2), ..., T(x))
i=1
n—1
= j9(@. T(@),.... T(@) + 3 9(TH (@), (@), ... T(x)

< gl T(@), . T(@) + (1= 1) (O, No))

= G, T(w), - T(@)) + (0= ) g, T (@), .., TH 1),
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Thus, it follows that
w(O(z, No)) = g(z, Tk (x),... ,ThFn—1 (2))

J
=~ @g(x,T(xL R vT(x))
< = /\g(x, T(z),...,T(x)).

Since Ny was arbitrarily chosen, p(O(x, 00)) < &g(m‘, T(x),...,T(z)). O

Theorem 3.7 (Ciric’ fixed point theorem in a g-metric space). Let Q be a g-
metric space. Suppose that Q0 is T-orbitally complete and T : Q@ — Q is a
quasi-contraction. Then the following are true:

(1) {TN(z)} Ly as N — .
(2) T has a unique fixved point y in .
N
) 9T (@))€ @ (@), 7).

Proof. (1) Let z € Q. Since T is a quasi-contraction, by Lemma 3.6 (1) it
follows that

g(T™ (x),..., T (2)) = g(TT* ~(z), T MM (g), .. TRl (g)

< %u(O(T’“—l(az),kn — 4+ 1))

for positive integers ki, ko, ..., k, with ky < ky < --- < k,,. By Lemma
3.6 (1), there exist ¢1,...,€,—1 € {0,...,k, — k1 + 1} (without loss of
generality, we assume that ¢, < --- < ¢,_1) such that
w(O(TH =Y (x), by — by 4+ 1)) = g(TH Y (2), TH T (), ..., T TH 1 (2)).
Then by Lemma 3.6 (1), we have
g(Th @), 7O TH " (w), ..., T T ()
= g(TT" 7 (2), 7O TR 2 (), .., T T2 ()
A

< ﬁu(O(Tk“Q(an—l +1) < %u(O(TkPQ(’I)v kn — k1 +2)).

By repeating process, we eventually obtain the following inequalities:
A

g(T* (x),..., T (z)) < Eu(O(T’“*l(o:), kn — k1 +1))
2
< (2) w(O(T*=2(x), kyy — ky +2))

< (A)klmow,kn)).
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Then it follows from Lemma 3.6 (2) that

k1
g(T" (),..., T (z)) < <A> 9@ T(@), ... T(x)). (%)

n

ANk
The sequence of iterates {T™ (x)} is Cauchy because (ﬁ) " tends to 0

as k; — oo. Therefore, since Q is T-orbitally complete, {7V (z)} has
the limit y in Q.

(2) (Existence of a fixed point) We shall show that the limit y is a fixed
point of T'. Let us consider the following inequalities:

9, T(Y),-- . T() < gly, TV (y), ... TV () + 9(TT (), T(y), - .- T(y))
< 95T ), TV ) + Smas{ (T () 9)

9T (), TN (), ., TN (), 9(y, T(w)s -, T(y)),

g(TN (), T(y), -, T(y)), 9(y, T"*'(y),.. TN“(y))}

< gy, TV (y),.... TV (y)) + %(Q(TN(y),y,---7y)
+ 9TV (), T" ™ (v),.... T (v) +9(u.T(),....,T(y))
+ g(y,TN'H(y), ... 7TN'H(y))) (by Theorem 2.1 (2)).

7

Then for every positive integer N, we have

9y T(y), - T(y))
< S [TV @)y ) 9TV @) TV ) TV )
+ (5 1)@ T @), T )

Note that for any € Q, {T™ (z)} % y. Thus, g(y, T(y), ..., T(y)) =0,
i.e., T(y) = y. Therefore, y is a fixed point of T.

(Uniqueness of a fixed point) Suppose that y and § are fixed
points under 7', i.e., T'(y) = y and T(y) = y. The quasi-contractivity of
T gives rise to the following:

9.5 9) = 9(T@.T(w), ... T(w))
< Smax {g@ v )95 TG, TE) 90 T, TW))

GG TW), - TW), 9y T@),- T(H) |

A N _
< Emax{g(y,y,---,y),g(y,y,-~-@}

< %max{g@, Ysoovs y)7 (n - 1)9(@3 Yyoo ay)} (by Theorem 2.1 (3))
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8.

9.

A N _
= ﬁ(n—l)g(y,yw--,y) <X y,---,y).

Since 0 < A < 1, it holds that ¢(¥,y,...,y) = 0. Therefore, y = ¥ as
desired.

(3) Taking the limit as ko — oo on the both side of (x), one can obtain
the inequality

o = (2) (1 ) 1@ T,

n

as desired.
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