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ABSTRACT. In this paper, we introduce the concept of tripolar fuzzy sub-
semigroups, tripolar fuzzy ideals, tripolar fuzzy quasi-ideals, and tripolar
fuzzy bi-ideals of an ordered semigroup and study some algebraic properties
of them. Moreover, we prove that tripolar fuzzy bi-ideals and quasi-ideals
coincide only in a particular class of ordered semigroups. Finally, we prove
that every tripolar fuzzy quasi-ideal is the intersection of a tripolar fuzzy
left and a tripolar fuzzy right ideal.
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1. Introduction

The theory of fuzzy sets is the most appropriate theory for dealing with un-
certainty was introduced by Zadeh [23] in 1965. After the introduction of the
concept of fuzzy sets by Zadeh, several researchers researched the generalizations
of the notions of fuzzy sets with huge applications in computer science, artificial
intelligence, control engineering, robotics, automata theory, decision theory, fi-
nite state machine, graph theory, logic, operations research and many branches
of pure and applied mathematics.

The fuzzification of the algebraic structure was introduced by Rosenfeld [19]
in 1971. The notion of fuzzy subgroups was started. Followed by the concept of
fuzzy semigroups, Kuroki [9] first used the concept of fuzzy sets to investigate
semigroups. Apparently, the concept of ordered semigroups is a generalization
of semigroups (see [2]). Kehayopulu and Tsinglis [5] firstly studied ordered
semigroups in terms of fuzzy sets. Several researched ordered semigroups using
fuzzy sets after inventing fuzzy ordered semigroups. Kehayopulu and Tsingelis
[6] showed that, in ordered semigroups, any fuzzy right (resp. left) ideal is a

Received February 11, 2022. Revised September 10, 2022. Accepted September 17, 2022.
*Corresponding author.
© 2023 KSCAM.

133



134 N. Wattanasiripong, N. Lekkoksung and S. Lekkoksung

fuzzy quasi-ideal, and any fuzzy quasi-ideal is a fuzzy bi-ideal. Moreover, they
proved that in regular ordered semigroups, the notions of fuzzy quasi-ideals and
fuzzy bi-ideals coincide. They finally showed that, in ordered semigroup, any
fuzzy quasi-ideal is an intersection of a fuzzy right and a fuzzy left ideal. Jirojkul
and Chinram [11] worked on the concept of quasi-ideals in ordered semigroups
in 20009.

A bipolar fuzzy set is an extension of fuzzy sets whose membership degree
range is [—1,1]. In 1994, Zhang [24] initiated the concept of the bipolar fuzzy set
as a generalization of fuzzy sets. Shabir and Igbal proposed numerous concepts
of bipolar fuzzy ideals in ordered semigroups. They explored some classes of
ordered semigroups by using bipolar fuzzy left (resp. right, bi-) ideals. In 2017,
Ibrar et al. [4] applied some types of bipolar fuzzy ideals to characterize many
classes of ordered semigroups. Recently, Ibrar et al. [3] used an extended concept
of bipolar fuzzy ideals to describe semi-simple, regular, and intra-regular ordered
semigroups.

The concept of intuitionistic fuzzy sets is another generalization of fuzzy sets.
This concept was introduced by Atanassov [1] in 1986. Similar to bipolar fuzzy
sets, it can also be used to analyze the algebraic structure of ordered semigroups.
In 2005, Jun [12] introduced the intuitionistic fuzzification of bi-ideals in ordered
semigroups. Its essential characteristics of it were given. Intuitionistic fuzzy bi-
ideals were used to describe completely regular ordered semigroups. Later, Park
[18], in 2007, defined and investigated the topic of intuitionistic fuzzy interior
ideals. The natural equivalence relation was investigated on the set of all in-
tuitionistic fuzzy interior ideals. Ordered semigroups were characterized using
intuitionistic fuzzy interior ideals by Shabir and Khan [21]. Some other types of
intuitionistic ideals appeared in ordered semigroups (see [8]).

Fuzzy ideals and their generalizations have become more prevalent in the
study of ordered semigroups by several researchers. The pioneer topic nowa-
days, for instance, is the concept of fuzzy soft ideals, bipolar fuzzy soft ideals,
and almost ideals (see [7, 10, 22]). A further extension of the fuzzy set concept
is the idea of tripolar fuzzy sets. Additionally, bipolar fuzzy sets and intuition-
istic fuzzy sets can be regarded as tripolar fuzzy sets. Rao [14] introduced the
notion of tripolar fuzzy sets as a generalization of fuzzy sets, bipolar fuzzy sets,
and intuitionistic fuzzy sets. The author studied tripolar fuzzy interior ideals
of I'-semigroup. Rao and Venkateswarlu [15, 17] investigated tripolar fuzzy in-
terior ideal, tripolar fuzzy soft ideal, and tripolar fuzzy soft interior ideal of
I-semigroup and I'-semiring. Rao [16] introduced the notion of tripolar fuzzy
interior ideal, tripolar fuzzy soft ideal, tripolar fuzzy soft interior ideal over
semigroup and studied some of their algebraic properties.

Lekkoksung and Lekkoksung [13] introduced the notion of interval-valued in-
tuitionistic fuzzy hyperideals, bi-hyperideals, and quasi-hyperideals of an ordered
semihypergroup. They characterized an interval-valued intuitionistic fuzzy hy-
perideal of an ordered semihypergroup in terms of its level subset. Moreover,



On Tripolar Fuzzy Ideals in Ordered Semigroups 135

they showed that interval-valued intuitionistic fuzzy bi-hyperideals and quasi-
hypetideals coincide in a regular ordered semigroup. Finally, they also showed
that every interval-valued intuitionistic fuzzy quasi-hyperideal is the intersection
of an interval-valued fuzzy left hyperideal and interval-valued intuitionistic fuzzy
right hyperideal.

In this present paper, we introduce the concept of tripolar fuzzy subsemi-
groups, tripoar fuzzy ideals, tripolar fuzzy quasi-ideals, and tripolar fuzzy bi-
ideals of an ordered semigroup and study some algebraic properties of them.
Moreover, we prove that tripolar fuzzy bi-ideals and quasi-ideals coincide only
in a particular class of ordered semigroups. Finally, we prove that every tripolar
fuzzy quasi-ideal is the intersection of a tripolar fuzzy left and a tripolar fuzzy
right ideal.

2. Preliminaries

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.
An ordered semigroup is a structure (S;-, <) such that
(1) (S;-) is a semigroup.
(2) (S;<) is a partially ordered set, and
(3) x <yimpliesu-z <v-yand z-u <y-v for all u,v,z,y € S.
For simplicity, we will be written xy instead of x -y and an ordered semigroup
(S;-, <), will be written in its universe set as a bold letter S.
A fuzzy set on a nonempty set X is a mapping f : X — [0,1] from X to a
unit closed interval, (see [6]).
A tripolar fuzzy set (tripolar fuzzy subset) A of S [14] is an object having the
form

A= {($7uA($), )‘A(x)7514(x)) | z€5,0< NA(x) + )‘A(x) < 1}7

where pg4: S —[0,1], Aga : S = [0,1] and d4 : S — [-1,0].

A tripolar fuzzy set A = {(z,pa(x),Aa(2),04(z)) | z € 5,0 < pa(z) +
Aa(z) < 1} of S, for the sake of simplicity, we shall use the symbol A =
(a,Aa,04) for A= {(z,pa(x), a(x),0a(x)) |z € S,0 < pa(x)+ Aa(z) <1}

Now, we let Tri(S) be the set of all tripolar fuzzy subsets of S and define the
operation on Tri(S) as follows: Let A = (pa,Aa,904) and B = (up, Ap,dp) be
elements in T7i(S). Then the product Ao B of A and B as the tripolar fuzzy
subset Ao B = (uaopup,AaoAp,d400dp) of S and is defined by:

\/ {min{/’LA (a)v 1202] (b)}} if Sz 7é @
(paopp)(z) = { (a,b)eS, . e

{ A Amax{Aa(a), Ap(b)}} if Sy # 0
(AaoAp)(x) =4 (ab)eS,

1 otherwise,
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(6a0dp)(z) =< (ab)ES,

{ A Amax{da(a),0p(b)}} if Su # 0

0 otherwise.

It is easy to verify that the structure (7'ri(S); o) is a semigroup. In the set of
all tripolar fuzzy subsets of S we define the order relation on 7'i(.S) as follows:
A C Bif and only if pa(x) < pp(x), Aa(z) > Ap(x) and §4(z) > dp(x) for all
x € S. Finally for tripolar fuzzy subsets A and B of S we define the operation
AN B as the tripolar fuzzy subsets of S defined by:

ANB:= (,uAﬂ/LB,/\AU)\B,(SAU(SB),

where (14 Ni) (@) o= min{pa (), i (2)}, (A UAp) (2) 1= max{Aa(2), Ap(2)}
and (04 Udp)(x) :=max{da(x),dp(x)}.

The tripolar fuzzy subset S := (1;,05,15) of S defined by 1§(x) = 1,
Os(xz) :==0and 1g(x) = —1forall z € S.

3. Main results

In this section, we introduce the notions of tripolar fuzzy subsemigroup, tripo-
lar fuzzy ideal, tripolar fuzzy quasi-ideal, and tripolar fuzzy bi-ideal of the or-
dered semigroup. We study some of their algebraic properties and the relations
between them.

Definition 3.1. Let S be an ordered semigroup. A tripolar fuzzy subset A =
(1A, Aa,04) of S is called a tripolar fuzzy subsemigroup of S if for any x,y € S,

(1) pa(zry) > min{pa(z), pa(y)},
(2) Aa(zy) < max{Aa(z), Aa(y)},
(3) da(zy) < max{da(z),0a(y)}

Example 3.2. Let S = {a,b,c}. Define the binary operation o on S by the
following table:

Q|

ol |0
ISEESEESHES]
SEESEESRES)

and define an order on S as follows:
<:={(a,b), (a,c)} UAg,

where Ag is an equality relation on S. That is, Ag := {(z,z) € S x S |z € S}.
Then, S := (S;0,<) is an ordered semigroup. We define a tripolar fuzzy subset
A= (s, a,04) of S by:

Slpa|Aa| 64

al08]0.1]—-0.8
b107102] 0.7
c| 07102 -0.7
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Then A is a tripolar fuzzy subsemigroup of S.

Definition 3.3. Let S be an ordered semigroup. A tripolar fuzzy subset A =
(1A, Aa,04) of S is called a tripolar fuzzy right ideal (resp. tripolar fuzzy left
ideal) of S if for every z,y € S,

(1) pa(ry) > pa(x) (resp. pal(ry) > pal(y)),
(2) Ma(zy) < Aa(w) (resp. Aa(zy) < Xa(y)),
(3) da(zy) < da(z) (resp. da(ry) <da(y)),
(4) if # <y, then pa(z) = pa(y), Az) < Ay), 6(x) < o(y).

A tripolar fuzzy subset A of S is called a tripolar fuzzy two-side ideal (tripolar
fuzzy ideal) of S if A is both a tripolar fuzzy right and a tripolar fuzzy left ideal
of S.

Example 3.4. Let S = {a,b,c}. Define the binary operation o on S by the
following table:

o|lo|a|o
ISERESHESEES]
(Sl ESHESHES)
[SRESEESEES)

and define an order on S as follows:
<i= {(a,b)} U As,

where Ag is an equality relation on S. That is, Ag := {(z,z) € S x S |z € S}.
Then, S := (S;0,<) is an ordered semigroup. We define a tripolar fuzzy subset
A= (pa,ra,04) of S by:

Slpa|da| da

al07]01]—-0.6
b10510.2| -0.5
c| 07101 -0.6

Then A is a tripolar fuzzy left ideal of S but, A is not a tripolar fuzzy right ideal
of S since pa(cob) = pa(b) =0.5 < 0.7 = palc).

Example 3.5. Let A = (ua,A4,d4) be as Example 3.2. Then it is not difficult
to show that A is a tripolar fuzzy ideal of S.

Definition 3.6. Let S be an ordered semigroup. A tripolar fuzzy subset A =
(1A, Aa,d4) of Sis called a tripolar fuzzy quasi-ideal of S if satisfies the following
conditions:

(1) (AoS)N(S0oA) C A, and
(2) if x <y, then pa(z) > pa(y), AMz) < AMy), 6(x) < o(y) for all z,y € S.
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Example 3.7. Let S = {a,b,¢,d, f}. Define the binary operation * on S by
the following table:

x|a|lblc|d]|f
alalalal|ala
bla|blal|d]|a
clal|flelcl|f
dla|b|d|d|b
flalflalcla

and define an order on S as follows:

<= {(a’ b)a (av C)v (a’ d)v (a7 f)} UAsg,

where Ag is an equality relation on S. That is, Ag := {(z,z) € S x S |z € S}.
Then, S := (S;*,<) is an ordered semigroup. We define a tripolar fuzzy subset
A= (pa, a,04) of S by:

Slpual|Aa| 64
al|08]01]—-0.7
b|108|]0.1]-0.7
c|05104|-04
d|03]03|-02
710801] —07

Then A is a tripolar fuzzy quasi-ideal of S. By simple calculation, we see that
A is not a tripolar fuzzy right ideal of S. Indeed, there are b,d € S such that
pa(bxd) = pa(d) =0.3 <0.8=pa(b). Moreover, A is not a tripolar fuzzy left
ideal of S since there are ¢,d € S, such that pa(d*c) = pa(d) =0.3 < 0.5 =

pa(c).

Definition 3.8. Let S be an ordered semigroup. A tripolar fuzzy subsemigroup
A= (ua,Aa,04)of Sis called a tripolar fuzzy bi-ideal of S if for every z,y,z € S,

1) pa(zyz) = min{pa(z), pa(z)},
2) Aa(zyz) < max{Aa(z),Aa(2)},
3) da(zyz) < max{da(z),0a(2)},
4) if x <y, then pa(z) > pa(y), AMz) < My), d(z) < i(y).

(
(
(
(

Example 3.9. Let S = {a,b,c,d}. Define the binary operation o on S by the
following table:

ISHESHESERSE RS
SR
SalESHESHESHESS

QO[] O
ISHESH SRS IS

and define an order on S as follows:

<:={(a,b)} UAs,
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where Ag is an equality relation on S. That is, Ag := {(z,z) € S x S |z € S}.
Then, S := (S;0,<) is an ordered semigroup. We define a tripolar fuzzy subset
A= (pa,Aa,04) of S by:

Slpa|da| da
al|08]01]|-0.7
b103|0.1|-0.2
c|05104|-04
d|08]0.1|-0.7

Then A is a tripolar fuzzy bi-ideal of S but not a tripolar fuzzy quasi-ideal of S.

Lemma 3.10. Let S be an ordered semigroup and A = (pa,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions are equivalent.
(1) A is a tripolar fuzzy right ideal of S.
(2) A satisfies
(2.1) AoS C A4,
(2.2) if x <y, then pa(z) > pa(y).Aa(z) < Aa(y) and da(x) < da(y)
forall x,y € S.

Proof. (1)=(2). Let A = (pa,Aa,04) be a tripolar fuzzy right ideal of S and
z € 8. If S, =0, we obtain that (140 1%)(z) =0 < pa(z), (Aao0s)(z) =1>
Aa(z) and (04 0 1g)(x) =0 > da(x). If Sy # 0, we have that

(paclf)@) =\ A{min{pala), 15O = \/ nala)

(a,b)€S, (a,b)eS,
<\ pa@) <\ pale) = pa(a),
(a,b)eS, (a,b)ES,
Aao0g)(@) = AN {max{da(a),0s(0)}} = A Aala)
(a,b)ES, (a,b)ES,
> A @)= A\ Aal@) =),
(a,b)€S, (a,b)ES,
and
aolg)@) = N\ {max{oa(a), 150} = A 6ala)
(a,b)ES, (a,b)eS,
> /\ (SA(ab) > /\ 5,4(1‘) = (5,4(5(:)
(a,b)ES, (a,b)ES,

For any two cases, we obtain Ao S C A and (2.2) is clear by hypothesis.
(2)=(1). Let z,y € S. By assumption, we have that

palry) > (paclf)wy) = \/ {min{pa(a),15()}}
(a,b)€Sy4y

> min{ua(z), 1% (y)} = pa(z),
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Maley) < AaoOs)@y)= A\ {max{Aa(a),0s(0)}}
(a,b)ESqy

< max{la(z),05(y)} = Aa(x),

and

dalwy) < (Baolg)ay)= [\ {max{éa(a),15(b)}}

(a,b)ESay
< max{da(z),15(y)} =da(x).
Let z,y € S be such that x < y. Then, by assumption, we have that p4(z) >

pa(y)Aa(z) <Aa(y) and d4(x) < d4(y). Hence A is a tripolar fuzzy right ideal
of S. 0

By a similar method to Lemma 3.10, we have the following lemma.

Lemma 3.11. Let S be an ordered semigroup and A = (tia,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions are equivalent.
(1) A is a tripolar fuzzy left ideal of S.
(2) A satisfies
(2.1) S0 AC A,
(2.2) if x <y, then pa(z) > pa(y).Aa(z) < Aa(y) and da(x) < a(y)
forall x,y € S.

Combining Lemma 3.10 and 3.11, we obtain the following result.

Lemma 3.12. Let S be an ordered semigroup and A = (pa,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions are equivalent.
(1) A is a tripolar fuzzy ideal of S.
(2) A satisfies
(21) ScACAand AoS C A,
(22) ifx <y, then pa(z) = pa(y),Aa(x) < Aa(y) and da(x) < 0a(y)
forallz,y e S.

Lemma 3.13. Let S be an ordered semigroup and A = (tia,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions are equivalent.
(1) A is a tripolar fuzzy bi-ideal of S.
(2) A satisfies
(2.1) Ac AC A.
(22) AcSoACA,
(2.3) if x <y, then pa(z) = pa(y).Aa(z) < Aa(y) and da(x) < a(y)
forallxz,ye S.

Proof. (1)=(2). Let A be a tripolar fuzzy bi-ideal of S and z € S. (2.1). If
S: = 0, we obtain (a0 pa)(z) =0 < pa(z),(AaoAa)(z) =1 > Aa(x) and
(6a0d)(x) =02>da(x). If S, # 0, we obtain

(naopa)(@) = \/ {min{ua(a),pa(®)}}

(a,b)ES,
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< \/ {palab)}

(a,b)ES,
\VARTNES):
(a,b)ES,

= .UJA(:E)v

IN

Aaoda)@) = A A{max{ra(a), Aa(®)}}

and

(a,b)eS,

> A {alab)}

(a,b)ES,

> A Da@)
(a,b)ES,

= Aa(z),

Gaoda)(@) = J\ {max{da(a),5a(b)}}

(a,b)€Sz

> A\ {da(ab)}

(a,b)€S,

> N\ o)}

(a,b)ES,
= (5,4(%)

For any two cases we have Ao A C A. The proof of (2.1) is completed.
(2.2) If S, = 0, we obtain (a0l opa)(x) =0 < pa(z), Aaolsoda)(z) =
1> Xg(z), and (da01g0d4)(x) =0>0a(x). If S; # 0, we obtain

(paol§opa)(z)

IN

V' Amin{ua(a), (15 0 pa)(0)}}

(a,b)ES,
\ Amin{pa(a), \/ {min{1}(u), pa(v)}}}}
(a,b)€S, (u,v)€Sy

VoV {min{ua(a), 15 (u), pa(o)}}

(a,b)€Sy (u,v)ESy

V' A{min{pa(a), 1 (), pa(v)}}

(a,uv)€S,

\/ {min{pa(a), pa(v)}}

(a,uv)€S,

Vo {ralau)}

(a,uv)€S,;
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<
(>\A OOSO)\A)(QZ) =
>
>
and
(0aolgoda)(x) =
>
>

Vo A{pal2)}

(a,uv)€S,
,U'A(‘T)v

A {max{\a(a), (0s o Aa)(0)}}

(a,b)eS,
N\ Amax{pa(a), J\ {max{0s(u),Aa(v)}}}}
(a,b)eS, (u,v)ES)

A A {max{ra(a), 0s(w), Aa(v)}}

(a,b)€Ss (u,v)ESy

/\ {max{Aa(a),0s(u), \a(v)}}

(a,uv)€ES,

/\ {max{Aa(a), Aa(v)}}

(a,uv)€S,

/\ {Aa(auwv)}

(a,uv)€S,

A @)

(a,uv)ES,
Aa(z),

A Amax{da(a), (15 0 54)(0)}}

(a,b)eS,
N Amax{a(a), N\ {max{15(u),da(v)}}}}
(a,b)eS, (u,v)ESy

A N\ Amax{da(a), 15 (u),6a(v)}}

(a,b)€S4 (u,v)ESy

A {max{da(a), 15 (u),6a(v)}}

(a,uv)€S,

/\ {max{da(a),da(v)}}

(a,uv)€S,

A (Galaun)}

(a,uv)€S,

A {8a(@)}

(a,uv)ES,

(5A($L')

For any two cases we obtain AoS o A C A. (2.3) is clear by hypothesis.
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(2)=-(1). Firstly, we prove that A is a tripolar fuzzy subsemigroup of S. Let
x,y € S. By the hypothesis of (2.1), we obtain that

pa(zy) < (paopa)(zy)

A

and

= \/ {min{pa(a),pa(b)}}

(a,b)€Say

min{pa(x), pa(y)},

IN

alzy) > (Aaoda)(zy)

/\ {max{A4(a),Aa(b)}}

(a,b)€Sqy
max{Aa(z),  \a(y)},

v

dalzy) > (dao0da)(zy)

= /\ {max{da(a),04(b)}}

(a,b) Esmy
> max{da(z),da(y)}

Therefore A is a tripolar fuzzy subsemigroup of S, as needed. Secondly, we let
x,y,z € S. By the hypothesis of (2.2), we obtain

pa(ryz)

Aa(zyz)

oa(zyz)

< (paol§opa)(zyz)
=V (i), 03 o) ®))
(a,b)ESqy=

< min{pa(x), (1§ o pa)(y2)}

= min{ua(z), \/ {min{1§ (u), pa(v)}}}
(u,v)ESy=

< min{pa(x), min{1&(y), pa(z)}}

= min{pa(z),pa(2)},

> (Aao0s0g)(zyz)

= /\ {max{Aa(a),(0soAra)(b)}}
(a,b)ESqy-

> max{Aa(z),(0s 0o Aa)(y2)}

= max{Aa(z), /\ {max{0s(u),\a(v)}}}

(u,v)€S,y.
> max{\(z), max{0s(y), A\a(2)}}
= max{la(x), a(2)},

> (6aolgoda)(xyz)
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N {max{éa(a), (15 0 54)(0)}}

(a,b)ESqy=
> max{oa(z), (15 0da)(yz)}
= max{da(x), /\ {max{1g(u),0a(v)}}}

(u,v)€ESy-
> max{da(z), max{lg(y),0a(2)}}
= max{0a(z),d4(2)}.
By the firstly and the secondly, we have A is a tripolar fuzzy bi-ideal of S. O

We, now give a relation between their tripolar fuzzy ideals.

Theorem 3.14. Let S be an ordered semigroups. FEvery tripolar fuzzy right
ideals of S are tripolar fuzzy quasi-ideals of S.

Proof. Let A = (ua,Aa,04) be a tripolar fuzzy right ideal of S. Since (Ao S)N
(S0A) C AoS C A. By Lemma 3.10, A is a tripolar fuzzy quasi-ideal of S. O

In a similar way to Theorem 3.14, we obtain the following theorem.

Theorem 3.15. Let S be an ordered semigroups. Every tripolar fuzzy left ideals
of S are tripolar fuzzy quasi-ideals of S.

Combining, Theorem 3.13 and 3.14, we obtain the following result.

Corollary 3.16. Let S be an ordered semigroups. Every tripolar fuzzy ideals of
S are tripolar fuzzy quasi-ideals of S.

The converse of Corollary 3.16, in general, is not true, this is shown by Ex-
ample 3.7.

Theorem 3.17. Let S be an ordered semigroup. FEvery tripolar fuzzy quasi-
ideals of S are tripolar fuzzy bi-ideals of S.

Proof. Let A = (ua,Aa,04) be a tripolar fuzzy quasi-ideal of S. Since Ao A C
AoSand Ao AC SoAandthen AocAC (AoS)N(SoA) C A, and since
AoSo0ACAocSoSCAoSand AoS0ACSo0S0A C So A and then
AoS0AC(AoS)N(SoA) C A By Lemma 3.13, we obtain A is a tripolar
fuzzy bi-ideal of S. O

The converse of Theorem 3.17 is not true, in general as the following example.

Example 3.18. Let A = (4, Aa,04) be as Example 3.1. Then it is not difficult
to show that A is not a tripolar fuzzy quasi-ideal of S. Indeed, we have S, =
{(d,c) € S x S|b<doc} and then

\  Amin{ua(e), pa(d)}} = min{pua(c), pa(d)} = pa(c) > pa(d).
(d,c)€eSy
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We now have a question arising from the previously illustrated results: how do
the concepts of tripolar fuzzy quasi-ideals and tripolar fuzzy bi-ideals coincide?

Let us consider a class of ordered semigroups called regular ordered semi-
groups. Let S be an ordered semigroup. The element a € S is said to be regular
if there exists element x € S such that a < axa. An ordered semigroup S is
regular if every element in S' is regular. We address our question by the following
theorem.

Theorem 3.19. Let S be a regular ordered semigroup. Fvery tripolar fuzzy
bi-ideals are tripolar fuzzy quasi-ideals of S.

Proof. Let A = (ua,Aa,04) be a tripolar fuzzy bi-ideal of S and a € S. Since S
is regular ordered semigroup, there exists € S such that a < aza < az(aza) =
aza(za), and then S, # (}, we have that

(aolf)@ = \/ {min{ua(w), 15} < min{ua(aza), 15 (za)}
(u,v)ES,
= pialesa) < pa(a).
Similarly, we also obtain that (1% o p4)(a) < pa(a). It follows that
(a0 1£) 0 (1F 0 )] (@) = minf (e 0 15)(a), (13 0 ) (@)} < pra(a),

and

(Aa00s)(a)

/\ {max{A4(u),0s(v)}} > max{As(aza),0g(xa)}
(u,v)€Saq

= Aa(aza) > Aa(a).
Similarly, we also obtain that (0g o Aa)(a) > Aa(a). It follows that
[(>\A o) 05) U (OS o )\A)} (a) = max{()\A o Os>(a), (OS o) )\A)<(l)} > )\A(Cl),
and

(04 015)(a)

/\ {max{da(u),15(v)}} > max{ds(azra),1g(xa)}

(u,v)€S,
= dalaza) > da(a).

Similarly, we also obtain that (15 0d4)(a) > da(a). It follows that
[(0a01g)U (15 064)] (a) =max{(64 01g)(a), (15 0da)(a)} > da(a).
Therefore A is a tripolar fuzzy quasi-ideal in S. O

The final major result that we illustrate concerns tripolar fuzzy right, left,
and quasi-ideals of an ordered semigroup. That is, we aim to prove that for any
tripolar fuzzy quasi-ideal, it is minimal of a tripolar right and left ideal. We also
aim to prove the converse. Firstly, we illustrate that for any tripolar quasi-ideal,
it is a minimum of a tripolar fuzzy right and left ideal. To do so, we provide
some elements as follows:



146 N. Wattanasiripong, N. Lekkoksung and S. Lekkoksung

Lemma 3.20. Let S be an ordered semigroup and A = (pa,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions hold. For each x,y € S

(1) (15 o pa)(zy) > paly),
(2) (Os oAa)(zy) < Aal(y),
(3) (15 0da)(zy) < Aaly).

Proof. Let A = (
(1) Since («,y

(1Gopa)ey) =/ {min{if(a). pa(b)}}
(a,b)€Sqy
> min{1§(2), pa(y)}
= pa(y)
(2) Since (z,y) € Sgy, this implies that S,, # 0, we obtain
(Osopa)(ay) = N\ {max{0s(a),Aa(b)}}
(a,b)€Szy
< max{0s(z), Aa(y)}
= Aa(y)
(3) Since (z,y) € Sgy, this implies that S,, # 0, we obtain
(Isopa)ey) = N\ {max{lz(a),6a(0)}}
(a,b)€Syy
< max{lg(z),0a(y)}
= da(y)

A, Aa,04) be a tripolar fuzzy subset of S and z,y € S.
) € Sy, this implies that S,,, # (), we obtain

By a similar method of Lemma 3.20, we obtain the following result.

Lemma 3.21. Let S be an ordered semigroup and A = (pa,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions hold. For each x,y € S

(1) (pao1%)(zy) = paly),
(2) (Aao0s)(zy) < Aa(y),
(3) (0aolg)(zy) < Aaly).

Lemma 3.22. Let S be an ordered semigroup and A = (pa,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions hold. For each x,y € S

(1) (18 o pa)(zy) = (18 o pa) (),
(2) (0s0Xa)(zy) < (0s0Aa)(Y),
(3) (15 0Xxa)(zy) < (15 0Aa)(y).

Proof. Let A= (ua,Aa,d4) be a tripolar fuzzy subset of S and z,y € S.
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(1) If S, = 0, then (1} o pa)(wy) > 0 = (17 o pa)(y). If S, # 0, it follows
that y < uwv for all (u,v) € S, and then zy < zuv. Then

\/ {min{lg(a),,uA(b)}}
(a,b)ESqy
min{1¥ (zu), pa(v)}
min{1¥ (), pa(v)}
V  {min{1{(w), pa(v)}}
(u,v)€Sy
= (1 ona)).
(2) If S, = 0, then (04 0 Aa)(zy) <1 = (040Aa)(y). If S, # 0, it follows
that y < wo for all (u,v) € S, and then xy < zuv. Then
Osern)ey) = A {max{0s(a),2a(®)}}
(a,b)ESey
< max{0g(zu), Aa(v)}
= maX{Os(U),/\A(U)}
/\ {max{0s(u), A\a(v)}}

(u,v)€S,
(Os ©Aa) ().
(3) If S, =0, then (1, 0d4)(zy) <0 = (1,004)(y). If S, # 0, it follows that
y < uw for all (u,v) € Sy, and then zy < zuv. Then and
(Igoda)wy) = A\ {max{lz(a),da(0)}}
(a,b)€Sqy
< max{lg(zu),0a(v)}
max{15 (1), 64(0))
N\ A{max{1g(u),6a(v)}}
(u,v)€S,
(15 0da(y).

(1& 0 pa)(zy)

IV v

In a similar way to Lemma 3.22, we obtain the following lemmas.

Lemma 3.23. Let S be an ordered semigroup and A = (tia,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions hold. For each x,y € S

(1) (paol§)(zy) = (naolf)(x),

(2) (Aa00s)(zy) < (Aa00s)(z),

(3) (Baclg)(zy) < (Aaolyg)(x).

It is easy to verify the following lemmas.
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Lemma 3.24. Let S be an ordered semigroup and x,y € S. Let A = (tia, a,04)
be a tripolar fuzzy subset of S and x < y. Then the following conditions hold.
For each z,y € S

(1) (paol§)(x) = (naol3)(y),

(2) (Aae0s)(x) < (Aae0s)(y),

(3) (baolg)(z) < (daclg)(y).
Proof. Let A = (pa, a,04) be a tripolar fuzzy subset of S and = < y for all
x,y € S. It is easy to verify that S, C S,.
(1) If S, = 0, we obtain (ua 0 1&)(x) > 0= (pao1%)(y). If S, # 0, it follows
that y < wwv for all (u,v) € S, and we obtain

(raolf)ly) =/ {minfua(u), 1{(0)}}

(u,v)€ES,
<V {min{ua(). 150}
(u,v)ES,
= (paoly)(@).
(2) If S, = 0, we obtain (A4 00g)(z) < 1= (Aao0g)(y). If S, # 0, it follows
that y < uwv for all (u,v) € S, and we obtain
(v)

(Aa00g) = /\ {max{A4(u),0s(v)}}

(u,v)€ES,
>\ {max{Aa(u),05(0)}}
(u,v)ES,
= (>\A o 05)(3;‘)
(3) If S, = 0, we obtain (64 0 1g)(x) <0 = (040 1g)(y). If S, # 0, it follows
that y < uwv for all (u,v) € S, and we obtain
(v)

Baols)y) = N\ {max{a(u),15(0)}}

(u,v)€ES,
N\ {max{oa(u), 15(v)}}
(u,v)ES,

= (Baols)(a).

v

In a similar way to Lemma 3.24, we obtain the following lemma.

Lemma 3.25. Let S be an ordered semigroup and x,y € S. Let A = (tia, a,04)
be a tripolar fuzzy subset of S and x < y. Then the following conditions hold.
For each z,y € S

(1) (& o pa)(x) = (1F o pa)(y),
(2) (0soAa)(x) < (0s0Aa)(y),
(3) (Igoda)(w) < (1g0da)(y).
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Lemma 3.26. Let S be an ordered semigroup and A = (pa,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions hold. For each x,y € S

(1) [raU 1 opa)] (xy) > [pa U (1f o pa)] (v),
(2) Man(0soAa)] (zy) < [Aa N (0s0Aa)](y),
(3) [(5A N(lgo 5A)] (zy) < [5,4 N(lg 0(5,4)] (y).

Proof. Let A= (ua,Aa,d4) be a tripolar fuzzy subset of S and z,y € S.
(1) Since 1% o ppa € pa U (1 o pa), we have
(AU (1§ 0 pa)] (zy) = (1F 0 pa)(zy),
and by Lemma 3.20, we have that (15 o 14)(zy) > pa(y), and by Lemma 3.22,
we have (1% o pa)(zy) > (1& o pa)(y), so we obtain
(15 © pa)(ay) > max{pa(y), (1§ o pa)(®)} = [pa U (15 o pa)] (v).
Therefore [pa U (1§ 0 pa)] (2y) > [pa U (1§ 0 pa)] (y)-
(2) Since Og 0o Aa D Aa N (0g0A4), we have
[Aa N (05 0 Aa)] (zy) < (05 0 Aa)(zy),
and by Lemma 3.20, we have that (0g o Aa)(zy) < Aa(y). By Lemma 3.22, we
have (0g o Aa)(xy) < (00 Aa)(y), so we obtain
(0s 0 Aa)(zy) < min{Aa(y), (0s 0 Aa)(y)} = [Aa N (0s 0 Aa)] (1)
Therefore [Aa N (05 0 Aa)] (zy) < [Aa N (050 Aa)] (v).
(3) Since 15 004 264N (1g 0d4), we have
(04N (15 084)] (2y) < (15 0 da)(ay),
and by Lemma 3.20, we obtain (15 0 d4)(2y) < 64(y), and by Lemma 3.22, we
have (15 004)(zy) < (15 0d4)(y), so we obtain
(15 0d4)(zy) < min{da(y), (15 0 64) ()} = [6a N (15 0d4)] (y).
Therefore [04 N (15 0684)] (zy) < [64N (15 084)] (). O
In a similar way to Lemma 3.26, we obtain the following result.
Lemma 3.27. Let S be an ordered semigroup and A = (pa,Aa,04) a tripolar
fuzzy subset of S. Then the following conditions hold. For each x,y € S

(1) [paU(paol1d)] (zy) > [paU(pao13)] (x),
(2) Pan(Aao0s)](zy) < [AaN(Aa00s)] (2),
(3) [(SA n (5,4 o 1§)] (xy) < [5A N (5A o 1§)] (CL‘)

By Lemma 3.26 and Lemma 3.27, we have the following lemma.

Lemma 3.28. Let S be an ordered semigroup and A = (tia,Aa,04) a tripolar
fuzzy subset of S such that for all x,y € S if © <y, we have pa(x) > paly),
Aa(x) < Aaly) and 54(x) < da(y). Then the following statements hold.

(1) AU(AoS) is a tripolar fuzzy right ideal of S.

(2) AU (S0 A) is a tripolar fuzzy left ideal of S.
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Proof. Let A = (ua,Aa,d4) be a tripolar fuzzy subset of S and x,y € S. Fristly,
by Lemma 3.27, we have

[a U (pao1$)] (zy) > [pa U (pa o 15)] (z),

[Aa N (Aa 0 0s)] (zy) < [Aa N (Aa00s)] (2),
and

(64N (0a0lg)] (zy) < [0aN(64013)] ().

Secondly, we let z < y. By Lemma 3.24, we have (ua01%)(2) > (naold)(y),
(Aa 0 0g)(2) < (Aa©00s)(y), (6a01g)(z) < (040 1g)(y), and by hypothesis,
pa(x) = pa(y), Aa(@) < Aa(y) and 64(x) < 64(y). Then

(na U (a0 15))(x) max{pa(z), (aol3)(x)}
max{pa(y), (a0 15)(y)}
(ha U (pao13))(y),

min{A4(z), (A4 0 0g)(z)}

min{A4(y),(Aa o 0s)(y)}
(AanN(Aa00s))(y),

v

()\A N ()\A o 05))($)

IA

and
(0aN(0aolyg))(x) = min{da(z),(da0lg)(x)}
< min{da(y), (64 01g)(y)}
= (64N (0a01g))(y).

Therefore AU (Ao S) is a tripolar fuzzy right ideal of S.
(2) By similar method of (1), we can prove (2).

Now, we introduce a useful lemma given by Kehayopulu and Tsinglis [6].

Lemma 3.29. If a,b, c are real numbers, then
(1) min{a, max{b, c}} = max{min{a, b}, min{a, c}},
(2) max{a, min{d, c}} = min{max{a, b}, max{a,c}}.
By the above lemma, we obtain a similar result in terms of elements in the
set of tripolar fuzzy subsets of S.

Lemma 3.30. Let A = (,LLA,/\A,(SA), B = (,[LB,AB,(gB) and C = (/LC,AC,CSC)
be tripolar fuzzy subsets of an ordered semigroup S. Then AN (BUC) = (AN
B)U(ANnCQC).

Proof. Let x € S. Then we have that

[wa N (pp Upe)(x) = min{pa(z), (ppUpc)(z)}
min{pa(z), max{up(z), pc(z)}
max{min{p(z), up(2)}, min{pa(z), pc(z)}}
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= max{(pa Npp)(x), (pa Npe)(z)}
= [(wanNus)U(panpe) (),

PAaUAsNA)] () = max{Aa(z), (A NAc)(x)}
= max{A(z), min{\g(x), \c(z)}
= min{max{A4(z), A\g(2)}, max{ 4(x), A\c(2)}}
= min{(Aa UAp)(z),(Aa UAc)(x)}
= [(AaUXB)N(AaUA)] (2).

Similar method we obtain that [§4 U (dp N )] (z) = [(04 Udp) N (04 Udc)] (x).
Therefore AN (BUC) = (ANB)U(ANC). O

Corollary 3.31. Let S be an ordered semigroup, then the set of all tripolar fuzzy
subsets of S is a distributive lattice.

This will allow us to prove our theorem.

Theorem 3.32. Let S be an ordered semigroup and A = (pa, Aa,04) a tripolar
fuzzy subset of S. Then the following condition are equivalent.

(1) A is a tripolar fuzzy quasi-ideal of S.
(2) A= BNC for some tripolar fuzzy left ideal B = (up, A, dp) and tripolar
fuzzy right ideal C = (uc, Ao, d¢) of S.

Proof. (1)=(2). Assume that (1) holds. By Corollary 3.31, we have
(AU(AoS)N(AU(S0A)) = AU((S0oA))NA)U((AoS)NA)U((SoA)N(So A)),
since AC AU (Ao S8) and A C AU (S o A), we obtain

A C (AU(A0S)N(AU(SoA))
= AU((SoANNA)U((A0S)NA)U((SoA)N(SoA))
C AUAUAUA

A

This implies that A = (AU (A0 S8))N (AU (S o A)). The prove is completed,
since AU(A0S8) and AU (S0 A) is a tripolar fuzzy right ideal of S and a tripolar
fuzzy left ideal of S, respectively, by Lemma 3.28.

(2)=(1). Let z € S. If S, = 0, then

(a0 1) N (1 0 pa)) (@) = min{(a o L§) (@), (Lf 0 pa)(@)} = 0 < pa(e),

((/\A o OS) @] (05 o} /\A))(JC) = max{()\A o Os)(ﬂf), (OS o /\A)(I)} =1 Z )\A(l’),

and

((0a0lg)U(lg 0da))(z) = max{(da o Ig)(x), (15 0da)(2)} = 0 = da(x).
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Therefore (AoS)N (S0 A) C A. If S, # ), then we let B and C be a tripolar
fuzzy left ideal of S and a tripolar fuzzy right ideal of S, respectively and we
have

(paold)@) = \/ {minfua(a),1EON =\ {pal@)}

(a,b)€Ss (a,b)€S.
=\ Awsnpe)@}< '\ {usla)}
(a,b)eS, (a,b)eS,

= pp(a) < pp(ab) < pp(z),

and by the same method we have that (ua o 1%)(z) < pc(x) and then (4 o
15)(@) < (up N pe)(@) = pa(@),

Mao0s)@) = A {max{Aa(@).0s0) = A {ra(@)}

(a,b)€S, (a,b)€Ss
= A {Gsura)@rz= A {xs)
(a,b)€S, (a,b)€S,

= )\B(a) 2 )\B(ab) 2 )\B({E)7

and by the same method we have that (Ag 0 0g)(z) > Ac(z) and then (A4 o
0s)(z) > (A U Ac)(x) = Aa(x), and

Gaclg)@) = N A{max{fa(a) 1501} = A {da(a)}

(a,b)€Ss (a,b)eS,
= A\ {6sudc)@yz= A {ds(a)}
(a,b)ESI (a,b)ESI

— 4pla) 2 5p(ab) > dp(a),

and by the same method we have that (64 o 1g)(x) > d¢ () and then (64 o
15)(z) > (0 Udc)(x) = 6a(x). Therefore AoS C A. By the same method, we
have that So A C A. Altogether, we obtain (AoS) N (So A) C A. Therefore A
is a tripolar fuzzy quasi-ideal of S. O

4. Conclusion

In this present paper, we applied the concept of tripolar fuzzy sets to ordered
semigroups. We introduced the notions of tripolar fuzzy subsemigroups, tripolar
fuzzy ideals, tripolar fuzzy quasi-ideals, and tripolar fuzzy bi-ideals of ordered
semigroups, and some of their algebraic properties and the relations between
them are studied. Moreover, we proved that tripolar fuzzy bi-ideals and quasi-
ideals coincide only in a particular class of ordered semigroups. Finally, we
proved that every tripolar fuzzy quasi-ideal is the intersection of a tripolar fuzzy
left ideal and a tripolar fuzzy right ideal. The notions presented in this paper can
be applied to the theory of hyperstructures, ordered hyperstructures, semirings,
hemirings, groups, BCI/BCK algebras, etc.
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