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APPLICATIONS OF QUASI POWER INCREASING
SEQUENCES TO INFINITE SERIES
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ABSTRACT. In the present paper, two theorems on absolute matrix summa-
bility of infinite series are generalized for the ¢ — |A, py|r summability
method using quasi [-power increasing sequences instead of almost
increasing sequences.
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1. Introduction

Let 3" a, be a given infinite series with the partial sums (s,). Let (p,) be a
sequence of positive numbers such that

n
Pn:va—M)o as n—oo, (Pj=p_;=0, i>1).
v=0

Let A = (any) be a normal matrix, i.e., a lower triangular matrix of nonzero
diagonal entries and let (¢,) be any sequence of positive real numbers. The
series Y a, is said to be summable ¢ — | A, p, |k, k£ > 1, if (see [11])

Do HAR(s) = Apa(9)]F < e,
n=1
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where
n
An(s) = z:amsU7 n=20,1,...
v=0
For ¢, = %, ¢ — |A,pn|r summability reduces to |4, py|r summability

(see [21]). For ¢, = n for all n, ¢ — |A,ps|r summability is the same as |A],
summability (see [22]). Also, for ¢, = g—: and a,, = B, we get |N, pp|x summa-
bility (see [2]).

A positive sequence (b,) is said to be almost increasing if there exist a
positive increasing sequence (¢,,) and two positive constants K and M such that
Ke, < b, < Mec, (see [1]). Obviously, every increasing sequence is almost
increasing but the converse need not be true as can be seen from the example
b, = 3(-D"n3. There are some different studies on almost increasing sequences,
for more details, see [4, 8, 9, 10, 13, 14, 16, 17, 18, 19]. Furthermore, in [20], the
following theorems on almost increasing sequences have been obtained.

Theorem 1.1. Let (X,) be an almost increasing sequence, and let there be
sequences (yn) and (A,) such that

[AXn| < Yn, (1)
Yo =0 as n— oo, (2)
Zn|A7n|Xn < o0, (3)

n=1
[An|Xn =0() as n — 00. (4)

Let A = (any) be a positive normal matriz such that

ano=1, n=0,1,.., (5)
Ap—1,v > Any fO’I“ nzuv+ 17 (6)

Uy = O <’];:> . (7)

If
- ks
Z—:O(Xn) as n— oo, (8)
v
v=1
. Pv E
ZF\5U| =0(X,) as n— o, 9)
v=1""

then the series Y apA, is summable |A, pplk, k > 1.



Applications of quasi power increasing sequences to infinite series 3

Theorem 1.2. Let (X,,) be an almost increasing sequence, and let the conditions
(1)-(4), (9) be satisfied. Let A = (any) be a positive normal matriz as in Theorem
1.1. If the conditions

o0
> P AY| X, < o, (10)
v=1
— s]*
— =0(X,) as n— o0 (11)
P,

v=1

are satisfied, then the series > anAy, is summable |A, pplk, k > 1.

2. Main Results

A positive sequence X = (X,,) is said to be a quasi S-power increasing
sequence if there exists a constant K = K(8, X) > 1 such that KnPX, >mPX,,
holds for all n > m > 1 (see [6]). Every almost increasing sequence is a quasi (-
power increasing sequence for any nonnegative 3, but the converse need not

be true as can be seen by taking an example, say X, = n~™? for 8 > 0.
A sequence (\,) is said to be of bounded variation, denoted by (\,) € BV,
if Y07 AN = 3007 A — Any1| < co. For some studies on quasi power

increasing sequences, we refer to [3, 5, 12, 15]. The aim of this paper is to
generalize Theorem 1.1 and Theorem 1.2 to ¢ — |A, p, |, summability method
using quasi S-power increasing sequences. Before stating our theorems, we must
first introduce some further notations. Given a normal matrix A = (ay,), two
lower semimatrices A = (@n,) and A = (Gn,) are defined as follows:

n
Apy = § Qnsy, N,V = 0717"- (12)
i=v
Qoo = Goo = A00s Oy = Qpy — Gn-1,0, N =1,2,.. (13)

and

An(s) = ianvsv = il_lm,av (14)
v=0 v=0

AAn(s) = lnvay. (15)

Theorem 2.1. Let (A\,) € BV and A = (any) be a positive normal matric
as in Theorem 1.1. Let (X,,) be a quasi S-power increasing sequence for some

0<pB<1and (%f”) be a non-increasing sequence. If the conditions (1)-(4)

and

g PuvPov bt ‘Sv|k

v=1
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n k
Soet (B) Ikt =00 a5 nov, a7)

v=1
are satisfied, then the series ) any, is summable o — |A,py|,., k> 1.
Theorem 2.2. Let (A\,) € BV and A = (any) be a positive normal matriz
as in Theorem 1.1. Let (X,) be a quasi S-power increasing sequence for some
0<pB<1and (%) be a non-increasing sequence. If the conditions (1)-(4),
(10), (17) and

n k—1 k
PyDo EM
g ( . > 2 =0(X,) as n— oo (18)

v=1

are satisfied, then the series Y anAy, is summable ¢ — |A,py|,, k> 1.

Lemma 2.3. ([6]) Let (X,,) be a quasi S-power increasing sequence for some
0 < B < 1. If the conditions (2) and (3) are satisfied, then

nXpyn = O(1) as n— oo, (19)
> Xnm < 00 (20)
n=1

Lemma 2.4. ([3]) Let (X,) be a quasi S-power increasing sequence for some
0 < B < 1. If the conditions (2) and (10) are satisfied, then

P.Xnv, = O(1) as n— oo, (21)
ananyn < 00. (22)
n=1

3. Proof of Theorem 2.1

Let (M,,) denotes A-transform of the series > a,A,. Then, by (14) and (15),
we have

AM, = z": ApoApQy-
v=1

By Abel’s transformation, we have

n—1 v n

AMn = Z A'u (&nv)\v) Z a + &nn)\n Z Ay
v=1 k=1 v=1
n—1

- § (dnv)\v - &n,erlAerl - &n,v+1)\v + dn,v+1>\v)su + annAnsn
v=1

n—1 n—1
= Z Av (&nv)AvSv + Z dn,v+1A)\vSv + ann/\nsn = Mn,l + Mn,2 + Mn,3~

v=1 v=1
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To prove Theorem 2.1, by Minkowski’s inequality, it is sufficient to show that

0o

k—1 k
> b M,
n=1

From Hdlder’s inequality, we obtain

<oo for r=1,23.

m—+1

Z %Ofi_l | My |k

n=2

m—+1 n—1 k

> ek (ZIA )l [Av |Sv|>

n=2
m—+1 n— n—1 k—1

< Z on (Z |Au (o) |>‘v‘k |3U|k> (Z |Av(&nv)|> .
n=2 v=1 v=1

Here, by (13) and (12), we have

IN

A'u (&nv) = dn'u - &n,erl
= Opy — C_Lnfl,v - C_ln,erl + C_7/7171,U+1
= Opy — Qp—1,0- (23)
Then, by (6), (12) and (5), we get

n—1 n—1
Z |Av(dnv)| = Z(anfl,v - anv) < apn- (24)
v=1 v=1

By using (24), (7), we have

m—+1 m—+1 Onp k-1 /n—1 ) .
Z 90]7271 | Mn,l |k = 0(1) Z (;n) <Z ‘Av(&nv” |)\v| ) |SU‘ )
n=2 n v=1

n=2

m m—+1 k—1
¥PnPn .
0(1)Z|>\1)Hsv|k Z <P> ‘Av(am)”

v=1 n=v+1

m k—1 m—+1
(pvp'U ~
= O(DZ( P > ‘)‘vHSva Z | Av(@no)] -

v=1 n=v+1

We get ZZL:JZ)IH |Ay(Gnw)] < ayy by (23) and (6), then

m+1

Skt M, [F = Zso ( )|A||sy|
n=2

k
ZAmZ@ () 5.
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m k
—1( Pr
oW et (B) sl
r=1 r

m—1

= O(l) Z Yo Xy + O(l)‘)‘mlxm
v=1

= O(1) as m — oo,

by Abel’s transformation, and using the conditions (1), (17), (20) and (4).

Again, using Holder’s inequality, we obtain

m—+1 m+1

k
n—1
S M S0 g (z |an,v+1|mv|sv|)
n=2 n=2 v=1
m—+1 n—1
< S (z |an,v+1|mv|sv|k)
n=2

v=1

n—1 k-1
<Z dn,v+1|A>\v|> .

v=1

IN

X

Now, by (13), (12), (6), we get
n—1

|an,'u+1‘ = Gpw+l — Opn—1,0+1 = Qnp + g (ani - an—l,i) < Gnnp.
1=v+1

Then, using (7) and (1), we have

m—+1 m—+1 <

S e Mz = o)y
n=2

n=2
o1 k—1
X (Z |A)\v|> :
v=1
Here, using the fact that (A\,) € BY, we get

m—+1 m—+1 Onp k—1 n—1
D e Maal = 0<1>Z< }3") <Z|an,u+1|%|sv|’“>
n=2 n v=1

O k-1 /n—1
) <Z|an,v+1m|sv|’“)

v=1

n=2
m m+1 PP k—1

= 0(1)27v|5’v‘k Z < ;”) |41l
v=1 n=v+1 n

We have 371 |a,, 41| < 1 by (13), (12), (5) and (6), then
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m—+1

k—1 k % PovPo bt |Sv|k
S M = oY (G) e
o

v=1

Thus,

m—+1

. . m—1 v 1Dy k—1 |Sr|k
S A e = 0w s ()
v=1 r=1 r

- PrPr o A
+O(1)m7m Z (P) T

r=1
m—1 m—1
= O(I)ZMA'Y@‘X +0(1 ZVU+1XU+1
v=1

+ O()ymymX, =0(1) as m — oo,
by using Abel’s transformation, and using the conditions (16), (3), (20) and (19).

Finally, we have

Zwk s = S ekt
= o> (B ) sl

n=1

= O(1) as m — oo,

as in M, 1, thus the proof of Theorem 2.1 is completed.

4. Proof of Theorem 2.2

For the proof of Theorem 2.2, it is sufficient to show

ngﬁ_l | My, |F< oo for r=2.

n=1
First, as in the proof of Theorem 2.1, we have

m—+1

k—1
_ p
Z 902 ! ‘ M, 2 |k = Z <90v v) 7v|5v‘k~
n=2

Then, by Abel’s transformation, and using the conditions (18), (10), (22) and
(21), we get

m+1 k—1

k—1 k - PovPo |5v|k
M, = 1 — P,y
S AT M = oW (5) P
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k—1
|

m—1
- oY arw (f)
k—1
©rpr EX
. o(1>pmvm;( ) b

k

m—1 m—1
= Z Py|Av, | X, +0O(1 Z Dot+1Vo+1Xvt1
v=1 v=1

+ O)PpymXm =0(1) as m — .
This completes the proof of Theorem 2.2.

5. Conclusions

If we take (X,,) as an almost increasing sequence and ¢,, = £2 in Theorem 2.1
and Theorem 2.2, the conditions (16), (17) reduce to the conditions (8), (9) and
the condition (18) reduces to (11), then we get Theorem 1.1 and Theorem 1.2.

Also, if we take (X,,) as an almost increasing sequence, @, = 5—: and a,, = &

L _ P’Vl
in Theorem 2.1 and Theorem 2.2, then we get two known theorems on | N, p, |k
summability method (see [7]). In these cases, the condition (\,) € BV is not
needed.
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