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TD-SPACES IN GENERALIZED TOPOLOGICAL SPACES

Chul Kang

Abstract. In this paper, we introduce the concept of a generalized derived set
in generalized topological spaces and we investigate its properties. Using these, we
study TD-spaces in generalized topological spaces.

1. Introduction

Császár([1]) introduced the notion of generalized topological spaces. He also intro-
duced the notions of continuous functions and associated interior and closure operators
on generalized topological spaces. We recall some notions and notations defined in
([1]). Let X be a nonempty set and τ a collection of subsets of X. Then τ is called a
generalized topology (simply GT) on X if and only if ∅ ∈ τ and Gi ∈ τ for i ∈ I implies
∪i∈IGi ∈ τ . We call the pair (X, τ) a generalized topological space(simply GTS) on
X. The elements of τ are called τ -open sets and the complements are called τ -closed
sets. The generalized-closure of a subset A of X, denoted by cτ (A), is the intersection
of generalized closed sets including A.

In this paper, we give a generalization of the concept of a derived set in generalized
topological spaces and investigate its properties. Further, we investigate TD-spaces in
generalized topological spaces and prove that two GTSs (X, τ) and (Y, µ) are homeo-
morphic if and only if the set of τ -closed sets is meet isomorphic to the set of µ-closed
sets.

2. Accumulations and envolutions

We recall that a mapping λ : P(X) −→ P(X) is an envelope operation (or briefly
an envelope) on a set X if

(1.1) A ⊆ λA for A ⊆ X,
(1.2) A ⊆ B implies λA ⊆ λB for A ⊆ X and B ⊆ X, and
(1.3) λλA = λA for A ⊆ X.

(We write λA for λ(A).) More generally, λ : P(X) −→ P(X) is said to be a weak
envelope on X if λ satisfies (1.1) and (1.2).
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Remark 2.1 ([1]). Let λ : P(X) −→ P(X) be an envelope. Then F ⊆ X is
called λ-closed if λF = F and a subset of X is said to be λ-open if its complement is
λ-closed. Let Fλ be the set of all λ-closed sets. Then we have the following :

(i) for any A ⊆ X, λA = ∩{F ∈ Fλ | A ⊆ F},
(ii) the set τλ of all λ-open sets is a GT on X, and
(iii) λA is τλ-closed.

For example, the closure operation in a topological space is an envelope( [1]).
We introduce some generalized concept of drived sets in topological spaces.

Definition 2.2. A mapping δ : P(X) −→ P(X) is an accumulation on a set X if
(a1) for any A ⊆ X, δ(A ∪ δA) ⊆ A ∪ δA and
(a2) A ⊆ B ⊆ X implies δA ⊆ δB.

Proposition 2.3. Let δ : P(X) −→ P(X) be an accumulation on a set X. Then
the mapping λδ : P(X) −→ P(X), defined by λδA = A ∪ δA, is an envelope.

Proof. By the definition of λδ and (a2), (1.1) and (1.2) hold. Let A ⊆ X. By (a1),

λδA ⊆ λδλδA = λδA ∪ δλδA = A ∪ δA ∪ δ(A ∪ δA) = λδA.

Hence λδ satisfies (1.3) and thus λδ is an envelope.

For any envelope λ : P(X) −→ P(X) and A ⊆ X, let δλA = {x ∈ X | for any
λ-open set G with x ∈ G, (G− {x}) ∩ A 6= ∅}.

Proposition 2.4. Let λ : P(X) −→ P(X) be an envelope on X. Then we have
the following :

(1) x ∈ X−δλA if and only if there is a λ-closed set F such that x /∈ F and A ⊆ F∪{x},
(2) y ∈ X − δλ{x} if and only if there is a λ-closed set F such that y /∈ F and
{x} ⊆ F ∪ {y},

(3) λA = A ∪ δλA, and
(4) δλ is an accumulation on X.

Proof. (1) and (2) are trivial.
(3) Suppose that x ∈ X − λA. Then by (i), there is a λ-closed set F such that

A ⊆ F and x /∈ F . Hence A ⊆ F ∪ {x} and by (1), x /∈ δλA. Thus A ∪ δλA ⊆ λA.
Suppose that x ∈ X − (A ∪ δλA). Since x /∈ δλA, by (1), there is an F ∈ Fλ

such that x /∈ F , A ⊆ F ∪ {x} and since x /∈ A, A ⊆ F . Hence x /∈ λA and thus
λA ⊆ A ∪ δλA.

(4) Clearly, δλ satiesfies (a2). Let A ⊆ X. By (1.3) and (3), λA = A ∪ δλA is
λ-closed, δλ(A ∪ δλA) ⊆ λ(A ∪ δλA) = A ∪ δλA. Thus δλ satiesfies (a1).

A GTS (X, τ) is called strong if X ∈ τ . Using the definition λδ and Proposition
2.4, we have the following corollary:

Corollary 2.5. Let δ : P(X) −→ P(X) be an accumulation on X and A ⊆ X.
Then the following are equivlalent :

(1) A is λδ-closed ,
(2) δλδA ⊆ A, and
(3) δA ⊆ A.

Using Proposition 2.4, we have the following proposition:
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Proposition 2.6. Let δ : P(X) −→ P(X) be an accumulation on X such that
x /∈ δ{x} for all x ∈ X. Then we have the following :

(1) δ∅ = ∅,
(2) (X, τλδ) is a strong GTS,
(3) δλδ{x} = δ{x} for all x ∈ X, and
(4) λδ{z} − δ{z} = λδ{z} − δλδ{z} = {z} for all z ∈ X.

Proof. (1) For any x ∈ X, ∅ ⊆ {x}, by (a2), δ∅ ⊆ δ{x} and since x /∈ δ{x}, x /∈ δ∅.
Hence we have the result.

(2) By (3) of Proposition 2.4 and (1), ∅ is λδ-closed and hence (X, τλδ) is strong.
(3) Let x ∈ X. Since (X − {x}) ∩ {x} = ∅, by (2), x /∈ δλδ{x}. By (3) of

Proposition 2.4, λδ{x} = {x} ∪ δλδ{x} = {x} ∪ δ{x} and since x /∈ δ{x}, δλδ{x} ⊇
δ{x}. Similarly, since x /∈ δλδ{x}, δλδ{x} ⊆ δ{x}.

(4) Suppose that there is an x ∈ λδ{z} − δλδ{z} with z 6= x. Then there is a λδ-
closed set F such that x /∈ F and {z} ⊆ F ∪ {x}. Hence {z} ⊆ F and so λδ{z} ⊆ F .
Since x /∈ F , x /∈ λδ{z} which is a contradiction. Since z /∈ δ{z}, by (3), one has the
results.

Example 2.7. Let X = {a, b, c} and define a mapping δ : P(X) −→ P(X) by

δ∅ = δ{b} = ∅, δA = {a} if A 6= ∅ and A 6= {b}.
Then δ is an accumulation on X,

λδ∅ = ∅, λδ{a} = {a}, λδ{b} = {b}, λδ{c} = λδ{a, c} = {a, c},
λδ{a, b} = {a, b}, λδ{b, c} = λδX = X,

and
Fλδ = {∅, X, {a}, {b}, {a, b}, {a, c}}.

Hence we have

δλδ∅ = δλδ{a} = δλδ{b} = δλδ{a, b} = ∅
δλδ{c} = δλδ{a, c} = δλδ{b, c} = δλδX = {a}

and so (3) of Proposition 2.6 dose not hold.

3. TD-space in GTS

In this section, we consider properties of TD-spaces in GTS.
We recall that a strong GTS (X, τ) is called a TD-space if for any x ∈ X, there are

τ -open set G and τ -closed set F such that {x} = G ∩ F ( [4]).
By ([7]), for any topological space X, the following statements are equivalent :
(i) X is a TD-space,
(ii) for any x ∈ X, the drived set {x}′ of {x} in X is closed in X, and
(iii) for any x ∈ X, there are an open set G and a closed set F in X such that

{x} = F ∩G.

Theorem 3.1. Let δ : P(X) −→ P(X) be an accumulation on X such that for
any x ∈ X, x /∈ δ{x}. Then the following are equivalent

(1) (X, τλδ) is TD,
(2) for any x ∈ X, δ{x} is λδ-closed, and
(3) for any x ∈ X, δτλδ{x} is a τλδ -closed set.
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Proof. By Proposition 2.6, (2) and (3) are equivalent.
(1) ⇒ (3) Let x ∈ X. By (1), there are λδ-open set G and λδ-closed set F such

that {x} = F ∩ G. Now, we claim that δλδδλδ{x} ⊆ δλδ{x}. Let y /∈ δλδ{x}. Then
there is a λδ-closed set H such that y /∈ H and {x} ⊆ H ∪ {y}.
case 1 y 6= x
Then {x} ⊆ H, and since H is λδ-closed, δλδδλδ{x} ⊆ δλδδλδH ⊆ H. Since y /∈ H,
y /∈ δλδδλδ{x}.
case 2 y = x
Since x /∈ δλδ{x}, F ∩G ∩ δλδ{x} = ∅, and since δλδ{x} ⊆ F , G ∩ δλδ{x} = ∅. Since
x ∈ G, x /∈ δλδδλδ{x}.
Hence δλδδλδ{x} ⊆ δλδ{x} and so δλδ{x} is λδ-closed.

(3) ⇒ (1) Let x ∈ X. Since x /∈ δ{x} and δ{x} is λδ-closed, there is a λδ-open set
G such that x ∈ G and G ∩ δλδ{x} = ∅. Then G ∩ [{x} ∪ δλδ{x}] = G ∩ λδ{x} = {x}
and hence (X,λδ) is TD.

Let (X, τ) be a GTS and F τ = {F ⊆ X | X − F ∈ τ}. Define λτ and δτ on P(X)
as follows :

λτA = ∩{F ∈ F τ | A ⊆ F}, δτ = δλτ .

Then λτ is an envelope on X, δτ is an accumulation on X, and for A ⊆ X, cτ (A) =
λτ (A).

Sarsak [4] studied the separation axioms τ − T0 and τ − T1 in GTS, which appear
in more general forms in [1].

Let (X, τ) be a GTS, let Mτ = ∪{G | G ∈ τ}. Then a GTS (X, τ) is called (i) τ−T0
( [6]) if for any pair of distinct points x, y ∈ Mτ , there exists τ -open set containing
precisely one of x and y and

(ii) τ -T1 ([3]) if x, y ∈Mτ and x 6= y implies the existence of τ -open sets U and V
such that x ∈ U , y /∈ U and y ∈ V , x /∈ V .

Theorem 3.2 ([6]). A GTS (X, τ) is τ − T0 if, for any pair of distinct points
x, y ∈Mτ , cτ{x} 6= cτ{y}.
The proof of Theorem 3.2 is obvious ([6]).

Proposition 3.3. Every TD-GTS is T0.

Proof. Let (X, τ) be a TD-GTS and x, y ∈ X with x 6= y. Suppose that λτ{x} =
λτ{y}. Then x ∈ λτ{y} and y ∈ λτ{x}. Since (X, τ) is TD, there are a τ -open set
G and τ -closed set F such that {x} = G ∩ F and hence y /∈ G ∩ F . If y /∈ G, then
x /∈ λτ{y} which is a contradiction. Hence y ∈ G and so y /∈ F . By the definition of
λτ , y /∈ λτ{x} which is a contradiction.

Let (X, τ) be a GTS. Then (F τ ,∩) is a complete lower semilattice, that is, for any
F ′ ⊆ F τ , ∩F ′ ∈ F τ . Let (L,∧) and (M,∧′) be lower semilattices and h : L −→ M
a mapping. Then h is called a meet homomorphism if, for any a, b ∈ L, h(a ∧ b) =
h(a) ∧′ h(b) and h is called a meet isomomorphism if it is 1-1, onto and h is a meet
homomorphism.

Let (X, τ) and (Y, µ) be GTS and f : X −→ Y a mapping. Then f is called
(τ, η)-continuous if for any G ∈ µ, f−1(G) ∈ τ and f is a homeomorphism if f is
one-to-one, onto and (τ, η)-continuous and f−1 is (η, τ)-continuous.

Lemma 3.4. Let (X, τ) be a GTS. Then there is no λ-closed C such that δλτ{z} ⊂
C ⊂ λτ{z}, where A ⊂ B means that A is a proper subset of B .
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Proof. Suppose that there is a τ -closed set C such that δλτ{z} ⊂ C ⊂ λτ{z}. If
z ∈ C, then λτ{z} = C which is a contradiction. Hence z /∈ C and, since C ⊂
λτ{z} = {z} ∪ δλτ{z}, C = δλτ{z}. This is a contradiction.

Theorem 3.5. Let λ : P(X) −→ P(X) and η : P(Y ) −→ P(Y ) be envelopes
such that λ∅ = ∅ = η∅ and (X,λ), (Y, η) are both TD. Then (X,λ), (Y, η) are
homeomorphic if and only if there is a meet isomorphim φ : Fλ −→ Fη.

Proof. (⇒) It is trivial.

(⇐) Let φ : F τ −→ Fη be a meet isomorphism and x ∈ X.

Since (X,λ) is TD, δλ{x} is λ-closed and so φ(δλ{x}) and φ(λ{x}) are η-closed. Let
A = φ(δλ{x}) and B = φ(λ{x}). Since λ∅ = ∅, (X,λ) is strong and, so by Propoistion
2.6, {x} = λδλ{x} − δλ{x}. By Proposition 2.4 and Proposition 2.6,

λδλ{x} = {x} ∪ δλδλ{x} = {x} ∪ δλ{x} = λ{x}

and so {x} = λ{x} − δλ{x}. Since φ is a meet isomorphism, A ⊂ B.

Now, we claim that | A−B |= 1. Suppsoe that there are p, q ∈ B −A with p 6= q.
Since (Y, η) is T0, q /∈ η{p} or p /∈ η{q}. We may assume that q /∈ η{p}, that is,
η{q} 6⊆ η{p}. Since η{p} 6= B, φ−1(η{p}) ⊂ λ{x}. Let y ∈ φ−1(η{p}). Suppose that
y /∈ δλ{x}. Since φ−1(η{p}) ⊂ λ{x}, by Propoistion 2.6, y ∈ λ{x}− δλ{x} = {x} and
so y = x. Since λ{y} ⊆ φ−1(η{p}), φ−1(η{p}) = λ{x} which is a contradiction. Hence
y ∈ δλ{x} and so φ−1(η{p}) ⊆ δλ{x}. Hence η{p} ⊆ A, which is a contradiction to
p /∈ A, and thus | A−B |= 1.

Let {yx} = B−A. SinceB is η-closed, η{yx} ⊆ B and φ−1(η{yx}) ⊆ λ{x}. Suppose
that φ−1(η{yx}) ⊂ λ{x}. If x ∈ φ−1(η{yx}), then λ{x} = φ−1(η{yx}), which is a
contradiction. Hence x /∈ φ−1(η{yx}) and, since φ−1(η{yx}) ⊆ λ{x}, φ−1(η{yx}) ⊆
δλ{x}. Thus η{yx} ⊆ A, which is a contradiction. Moreover, φ−1(η{yx}) = λ{x}
and η{yx} = φ(λ{x}). Similarly, for any y ∈ Y , there is an xy in X such that
λ{xy} = φ−1(η{y}).

Define a map f : (X,λ) −→ (Y, η) by f(x) = yx. Suppsoe that f(a) = f(b). Then
φ(λ{a}) = η{f(a)} = η{f(b)} = φ(λ{b}) and, since φ is one-to-one, λ{a} = λ{b}.
Since (X,λ) is T0, f is ono-to-one. Let y ∈ Y . Then φ−1(η{y}) = λ{xy}, and so
η{y} = φ(λ{xy}). By the definition of f , f(xy) = y and hence f is onto.

Let C be a λ-closed set and x ∈ C. Then λ{x} ⊆ C and φ(λ{x}) = η{f(x)} ⊆
φ(C). Hence f(C) ⊆ φ(C). Let y ∈ φ(C). Then η{y} ⊆ φ(C) and so φ−1(η{y}) =
λ{f−1(y)} ⊆ C. Since f−1(y) ∈ C, y ∈ f(C). Hence φ(C) ⊆ f(C) and so φ(C) =
f(C). Thus f is a (λ, η)-closed map. Similarly, f−1 is a (η, λ)-closed map and thus f
is a (λ, η)-homeomorphism.

Csaszar [2] introduced the product of GTS as follows : Let {(Xi, τi) | i ∈ I} be
a family of GTS,

∏
i∈I Xi the Cartesian product, and pi :

∏
i∈I Xi −→ Xi the i-th

projection. Let B denote the set of all sets of the form
∏

i∈I Gi, whereGi ∈ τi and, with
the exception of a finite number of indices i, Gi = Mτi . Let τ(B) = {∪B′ | B′ ⊆ B}.
Then τ(B) is a GT on

∏
i∈I Xi. We call τ(B) the generalized product topology of

{τi | i ∈ I} and denote it by
∏

i∈I τi = τ(B). Further, (
∏

i∈I Xi,
∏

i∈I τi) is called the
generalized product topological space of {(Xi, τi) | i ∈ I} and denoted by

∏
i∈I Xi.
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Theorem 3.6 ([2]). Let {(Xi, τi) | i ∈ I} be a family of GTS and Ai ⊆ Xi.

Then cτ

(∏
i∈I Ai

)
=
∏

i∈I cτi(Ai), where cτ

(∏
i∈I Ai

)
is the closure of

∏
i∈I Ai in(∏

i∈I Xi,
∏

i∈I τi

)
and cτiAi is the cτi-closure of Ai in (Xi, τi).

Theorem 3.7. Let (X,λ) and (Y, η) be strong GTS. Then (X × Y, τλ × τ η) is TD
if and only if (X,λ) and (Y, η) are both TD.

Proof. (⇒). Let x ∈ X. Since (X×Y, τλ× τ η) is TD, δτ
λ×τη{(x, y)} is λ× η-closed

for some y ∈ Y .
Now, we claim that δτ

λ×τη{(x, y)} = δλ{x} × δη{y}. Let A = δτ
λ×τη{(x, y)},

B = δλ{x}, and C = δη{y}. Let (p, q) /∈ B × C. Then p /∈ B or q /∈ C. We may
assume that p /∈ B. Then there is a λ-open set G such that p ∈ G and x /∈ G. Since
Y is strong, [(G× Y )− {(p.q)}] ∩ {(x, y)} = ∅ and so (p, q) /∈ A. Hence A ⊆ B × C.

Suppose that (p, q) ∈ B × C. Let G be a λ-open set and H an η-open set such
that (p, q) ∈ G × H. Then (G − {p}) ∩ {x} 6= ∅ and (H − {q}) ∩ {y} 6= ∅. Hence
[(G×H)− {(p, q)}] ∩ {(x, y)} 6= ∅. Thus (p, q) ∈ A and so B × C ⊆ A.

Since (X × Y, τλ × τ η) is TD, B ×C is λ× η-closed and by Theorem 3.6, B ×C =
cλ×η(B×C) = λB× ηC. Hence B is λ-closed and thus (X,λ) is TD. Similarly, (Y, η)
is TD.

(⇐) Let (x, y) ∈ X × Y . Since (X,λ) and (Y, η) are TD, there are λ-open set
G , λ-closed set F , η-open ste H, and η-closed set K such that {x} = G ∩ F and
{y} = H ∩K. Then {(x, y)} = (G∩F )× (H ∩K) = (G×H)∩ (F ×K). Since G×H
is λ× η-open and F ×K is λ× η-closed, (X × Y, τλ × τ η) is TD.
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