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Elementary school students’ levels of quantitative reasoning of
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ABSTRACT

Measurement is an imperative content area of early elementary mathematics, but it is reported that students’ understanding of units
in measurement situations is insufficient despite its importance. Therefore, this study examined lower-grade elementary students’
quantitative reasoning of units in length measurement by identifying the levels of reasoning of units. For this purpose, we collected
and analyzed the responses of second-grade elementary school students who engaged in a set of length measurement tasks using
an open number line in terms of unitizing, iterating, and partitioning. As a result of the study, we categorized students’ quantitative
reasoning of unit levels into four levels: Iterating unit one, Iterating a given unit, Relating units, and Transforming units. The most
prevalent level was Relating units, which is the level of recognizing relationships between units to measure length. Each level was
illustrated with distinct features and examples of unit reasoning. Based on the results of this study, a personalized plan to the level of
unit reasoning of students is required, and the need for additional guidance or the use of customized interventions for students with
incomplete unit reasoning skills is necessary.
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Table 1. Developmental progression for the learning trajectory for length measurement (Sarama et al., 2011, p. 670)

Developmental progression Feature Example
Pre-length quantity recognizer Does not identify length as attribute “This is long. Everything straight is long. If it’s not straight, it
can’t be long.”
Length quantity recognizer ~ Identifies length/distance as attribute using appropriate “I'm tall, see?”
vocabulary
Length direct comparer Physically aligns two objects to determine which is longer or ~ Stands two sticks up next to each other on a table and says, “This

Indirect length comparer

End-to-end length measurer

if they are of the same length

one’s bigger.”

Compares the length of two objects by representing them with Compares the length of two objects with a piece of string

a third object
Lays units end to end. May not recognize the need for equal-
length units or to avoid gaps.

Length unit relater and repeater Measures by repeated use of a unit (but initially may not be

Length measurer

precise). Relates size and number of units
Measures, knowing need for identical units, relationship

between different units, partitions of unit, zero point on rulers,

and accumulation of distance.

Lays 9-in. cubes in a line beside a book to measure how long it
is

“It you measure with cm, not inches, you’ll need more, because
each one is smaller.”

“I used a meter stick three times, then there was a little left over.
So, 1 lined it up from 0 and found 14 centimeters. So, it’s 3
meters, 14 centimeters in all.”
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a unit of eight units each containing three units

a unit of three units

one unit

Figure 1. Representation of a structure for unit coordination (Norton et al., 2015)

242= TRJolA 7Y 2F2 T8 F 1S 2 (disembedding)styl siE TS 31 WEESto] 1 AWE 3719] shute] ©hel 2 Tholst

SOk, 5H%£°1' 9l E 8 ‘?_}E%}oq 242 37119 iRl &9 87H3EAIS] T E T 4= Qo

Els 252 THOE B4 9} Bristo] AR A2 7HES EAHA U(Lee & Lee, 2022;

v‘i—éﬁlr E2 AAISH7] &= 3HATH(Lee, 2019). o E©1, Yoo} Shin (2020)0114] 575t A+ T/ 8t

e 27101] 2432 °""§—§ e T OE JEY AR A 490l 2% w4 AE FolA s 2 3ol
50| =2 FAof QIAIGHA| o 24 A et F4=0] 2o & o] 4= AU T.

£ ol ol 25) 24 Alelsl i3, o) 1% ) BUE F o 2SS e SAeIAS FE b
2 gu R A Sk A A oA S S0l B9l B9l R FRlof et Sio] EslA o] rm °ﬂ syl e o
oot Heke BIa 4 91T el uHE o] A2 AmE 4 9k thyl BES ShSo| Folxl ThelE 2 uglsa el
¥ 5 ATE Aolap| o) £ Aol £ 251 E'%‘Oﬂ o el 9] gl 9 P—;— 71% 4 gk wsisist

SOELER]
oz 24T 40
A7
A7zoizt

2 QT 20N BY) 22 47 242 9ste] 250k 23S A7 Folatz Agstelct. Thelel that ofs) REo=
213 shido] Sehgtel akeh 27 819lo] ofel 8-S Z=Th A A7 (u & Kim, 2009)0] 25t} ASHAES AT 2 3o} T
127k 9I9ich 1 % 255 25hA0) 49 ok A4t Qodoll ] vl 242 4741 40) W7 St 54 FelolAs o]
of Tifg 2w ] mE BETY), 2ol 22 EE FESH WA shastelr] thzol 4ot o|E B 4 A FEE 7|
2 AN A e Ao Festelct. Eak SIS0l 7H 3 Qs AT S0t S0l BT HIPAH 24 8 5ol
Foj7l o] 274 o] A2 A 4 UL Ao Bkt

AT FolA 248 5ot thEA|eh 2EA] A|of $1xI5k2 AT, thEA] A ZE St 33olglon 2EA A
ofo] 258k} 130|913 S W BHY 4 21759 olQIch ThEA] ole] ZSEH 3T % 232 W8o| ek Al el
7hee Mo o Eo] shySo] Heha S 9o ALE-S W 9lof B4 wg chatel SHY 192 Alefahant 45} 271 o
Ago] g 2ol gick thEA] 119j0) th 258 1328 WFo| chat TAIT Aoj7t 9O AbLS-S e ShAjo] A 9, 3
ol %802 g Sk SySol BEeo] It 2EA| Aol 9IA|e ZESIL 13 E Sy Sol A g E A

Journal of the Korean Society of Mathematical Education Series A 461



The Mathematical Education. Vol. 62, No. 4, 457-471

Zo| sk U

2 Aol Fofdt SIS 2015 70 8t} wsIol whE M E FA 2= Aol & S5t shEolth A7oiAEY
Z0] 3k W-8-2 Table 22+ ZTHMOE, 2017a, 2017, 2017d, 2017¢). SIS 181 18}7]0] of2] 7}4] 4 5 o] Q1451 2]
A v i 9 A B wehs WS Etokal vl awste] Weke B S shEotelth 281 1517 TRl ARE-Sto] Lol & H]
wokal 57 sh52 EAA 0 & A Aot gAolt) &7, Mk -2 AAE o] 85U 29, A197et 22 =5 ARSSt] o
et ARl S RHEsho 24 Zol & S5k, o & HFF O 2 BE TR lem@t ImE S50t 5 AFS o] §-5to] ti/de] Ao
£ SHot= 2 ool 28hd 28170l = 2ol & Felriut A o] Ato] €] 2to] & FL5EAL, 2m, 3m, 10m ©1/d2] 71 2ol & oY
Sl o] € o] 8h4-2 258k 35hd7HA] olofz]= tﬁl 3P0l A= Iem 2T 22 ©9 2 mmE =S, ImErh 2 9
kmE =4sto] Zojek A2 & ofdolal F4ol= AL a2 Aie 0 S TRl R AAT 4 Qe AP udeR
staztsiglonz 7o) Hof 242 oheje B 2 &9)7hA] h5dtA] 2 258l 25hd o 2 o2 S sl Aol
ol gt SHYE-2 Table 29] 1,281 dol| sigots Zo] sHa2 nil el o &7t # 5o AA &, |71, 28 52 A =,
Aot 22 27 =5 o] &sto] 19| Zol& A 4 AU B R T| S oot 3l A0 pkE|Qle ek oY SIS |1
d 5ot 2shd 8H4-2 olsfishs  of2go] §ller ZAolE Tl & QIAlskaL 4T 4= gl o B & HARA] Aol o2&l 8l
20 & 7|ttt

Table 2. Length measurement contents

Grade Theme Length measurement contents
1 Comparing * Exploring and comparing intuitive

* Direct comparison methods of length
2 Measuring Length(1) * Introducing lcm as an arbitrary unit and standard unit

* Started measuring activities using a ruler

Measuring Length(2) * Introducing 1m, sum and difference of length

e 2-3m, 10m, 20m, 30m estimation activities

3 Length and Time ¢ Units smaller than 1cm

¢ Units larger than 1m
* Estimating and measuring lengths and distances

N 4214 2l
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Table 3. Length measurement task

Items Tasks Units

1 Mark the position of the number on the number line. unit 1

16. 17. 18 t f f t ¥
12 13 14 15
2 Find the wrong part on the following number line, correct it, and write the reason for the mistake. unit 2
4 6 8 9
3 Find and mark the position of zero on the following number line and write how you located it. unit 10
} 4
20 30
4 Write the correct number in 0 and explain how you found the number. unit 4
[ - i
5 Write the correct number in 0 and explain how you found the number. units 10, 5
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Table 4. Final coding scheme

Code Description Examples
Unitizing The given situation be reinterpreted as one or “4, 6, and 8 increase by 2, and 8 to 9 increase by 1.”
(Lamon, 1994; Steffe & Olive, 2010) more units.
Iterating The given length be measured with repeated : } } ! ; t e
(Lehrer et al.,2003; Sarama & unit 1. 4 [~ 6 1 8 4 ?;,
Clements, 2004) The given length be measured with repeated
multiple units. ) 8 0 Tw 100 .
90, then 80, and’/ then 70.”

Partitioning The given units are partitioned into partial units. “One space between o and 90 is 5.”
(Norton et al., 2015
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Table 5. Students’ unit reasoning levels in length measurement

Units Levels Description Frequency(%)
Single unit Iterating unit one Iterating only unit one to measure the length 8(9.2%)
Multiple units Iterating a given unit Iterating a given unit to measure the length 22(25.28%)
Relating units Relating units to measure the length 41(47.13%)
Transforming units ~ Transforming multiple units to measure the length and recognizing relationships between units 15(17.24%)
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Question 1 Question 2

o 20 30
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I found the number by estimating. A space of 10 is a little wider, while a space of 1 is a little narrower.

Question 4 Question 5

Figure 2. Example of Hyunsu using iterating unit one
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The number increases by 2 as you move to the right on the number line. If you
add 2 to 8, you get 10, but this is because 9 is written on the number line.

Question 1 Question 2

As you move to the left on the number line, it gets smaller by 10, so you find 30, 20, 10, 0.

Question 3
s : "u + - — ot
As you move to the right, the numbers increase by 4, As you move to the left on the number line, it decreases by 10,
soyoufind 2, 6, 10, and 14. giving you 100, 90, 80, and 70.
Question 4 Question 5

Figure 3. Example of Jungmin using iterating a given unit
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The rule for this number line is ‘the further to the right it gets, the bigger it gets
by 2’, but at the end, 8+2=10, but 9 came out, which is wrong.

Question 1 Question 2

20 30

As it goes to the left, it gets smaller by 10, so it comes out as shown above.

Question 3
[ 6 0 " " 108 ‘
This number line gets smaller by 4 as it goes to the left, The distance between 90 and 100 is the same
so 10-4=6 and 6-4=2. as the distance between o and 90, so 90-10=80.
Question 4 Question 5
Figure 4. Example of Jiho using relating units
— R S S e e } | } :
14, 1 .. 18" 0T 4 5 ga- X p
4, 6, and 8 increase by 2, and 8 to 9 increase by 1.
The space similar to 1 and 2 is wrong.
Question 1 Question 2
o 2 %

Considering the order 30, 20, 10, 0, the interval between 20 and 30 is 10, so the distance of repeating that interval twice is the position of 0.
Question 3

H 10 14 E] " 120

14-10=4. If you mark in the middle, it becomes 10-4=6, and if you mark it one The distance between 0 and 90 is 5. This is because the distance between 2 and
more time, it becomes 6-4=2. the distance between 90 and 10 are similar. 90-10=80.

Question 4 Question 5

Figure 5. Example of Yunseong using transforming units
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