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ITERATING A SYSTEM OF SET-VALUED VARIATIONAL
INCLUSION PROBLEMS IN SEMI-INNER PRODUCT SPACES

SUMEERA SHAFI

ABSTRACT. In this paper, we introduce a new system of set-valued variational in-
clusion problems in semi-inner product spaces. We use resolvent operator technique
to propose an iterative algorithm for computing the approximate solution of the
system of set-valued variational inclusion problems. The results presented in this
paper generalize, improve and unify many previously known results in the literature.

1. INTRODUCTION

Variational inequalities have been well inquired and theorized to distinct direc-
tions due to its huge collaboration with partial differential equations and optimiza-
tion problems. An intimate conclusion of variational inequality problem is a vari-
ational inclusion problem which is of ruling concern. Numerous researchers used
different tactics to establish iterative algorithms for solving various classes of vari-
ational inequality and variational inclusion problems. The method based on the
resolvent operator technique is a conception of projection method and has been
widely used to solve variational inclusion problems, see for example, [1-4, 7-9, 11,
13, 14, 19].

Inspired by recent research works in this area, in this paper, we consider a system
of set-valued variational inclusion problems (in short, SSVIP) in 2-uniformly smooth
Banach space. Further, using H — n—accretive mapping, we establish an iterative
algorithm for recognizing the approximate solution of the system of variational in-

clusions and check the convergence of sequences generated by iterative algorithm.
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2. RESOLVENT OPERATOR AND FORMULATION OF PROBLEM

Let X be a real 2-uniformly smooth Banach space equipped with norm ||.|| and
a semi-inner product [.,.]. Let C(X) be the family of all nonempty compact subsets
of X and 2% be the power set of X.

We need the following definitions and results from the literature.

Definition 2.1 ([15]). Let X be a vector space over the field F' of real or complex
numbers. A functional [.,.] : X x X — F'is called a semi-inner product if it satisfies
the following:
(i) [zt 4y, 2] =[x, 2] + [y, 2], Va,y,2 € X,
(il) [A\x,y] = A[z,y], VA € F and z,y € X,
(iii) [x,z] > 0, for x # 0,
(iv) |l 9] < [2, ][y, y].

The pair (X, [.,.]) is called a semi-inner product space.

We observe that ||z|| = [z, a;]% is a norm on X. Hence every semi-inner product
space is a normed linear space. On the other hand, in a normed linear space, one
can generate semi-inner product in infinitely many different ways. Giles [10] had
proved that if the underlying space X is a uniformly convex smooth Banach space
then it is possible to find a semi-inner product, uniquely. Also the unique semi-inner

product has the following nice properties:
(i) [z,y] = 0 if and only if y is orthogonal to z, that is if and only if ||y|| <

lly + Az||, V scalars .
(ii) Generalized Riesz representation theorem: If f is a continuous linear func-
tional on X then there is a unique vector y € X such that f(z) = [z,y], Vz €
X.
(iii) The semi-inner product is continuous, that is for each x,y € X, we have
Rely, z + A\y] — Re[y,z] as A — 0.
The sequence space [P, p > 1 and the function space LP, p > 1 are uniformly
convex smooth Banach spaces. So one can define semi-inner product on these spaces,

uniquely.

Example 2.2 (]20]). The real sequence space [P for 1 < p < oo is a semi-inner

product space with the semi—inner product defined by

['7:7y ” ||p 22 zyz‘yz ) x,yelp.
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Example 2.3 ([10, 20]). The real Banach space LP(X,pu) for 1 < p < o0 is a

semi-inner product space with the semi-inner product defined by

fog)= s [ S@la@)P senl(@)dn, .9 € 7
lolly 2 Jx

Definition 2.4 ([20, 21]). Let X be a real Banach space. Then:

(i) The modulus of smoothness of X is defined as

|z +yll +llz =yl _
2

pX(t):sup{ L:lzl =1yl =t t>0 } .

t
(ii) X is said to be uniformly smooth if %iH(l) PXtU =0.
(iii) X is said to be p-uniformly smooth if there exists a positive real constant
¢ such that px(t) < ¢ t?, p > 1. Clearly, X is 2-uniformly smooth if there

exists a positive real constant ¢ such that px(t) < c 2.

Lemma 2.5 (20, 21]). Let p > 1 be a real number and X be a smooth Banach space.
Then the following statements are equivalent:
(i) X is 2-uniformly smooth.
(ii) There is a constant ¢ > 0 such that for every z,y € X, the following in-
equality holds

e+ ylI? < [l + 2y, fo) + clly|?,

where f, € J(x) and J(x) = {z* € X* : (x,2*) = ||z||* and ||z*|| = ||z||} is the

normalized duality mapping.

Remark 2.6 ([20]). Every normed linear space is a semi-inner product space (see [15]).
In fact by Hahn Banach theorem, for each x € X, there exists atleast one functional
fe € X* such that (z, f,) = ||z||?>. Given any such mapping f from X into X*, we
can verify that [y, z] = (y, f») defines a semi-inner product. Hence we can write (ii)

of above Lemma as
|z + yl1? < |lz]]> + 2[y, 2] + c|ly||*, Va,y € X.

The constant ¢ is chosen with best possible minimum value. We call ¢, as the

constant of smoothness of X.
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Example 2.7 ([20]). The function space LP is 2-uniformly smooth for p > 2 and it
is p-uniformly smooth for 1 < p < 2. If 2 < p < oo, then we have for all x,y € LP,
[l +yl* < |l + 2[y, =] + (p — DllylI*.

Here the constant of smoothness is p — 1.

Definition 2.8 ([16, 20]). Let X be a real 2-uniformly smooth Banach space. A
mapping 7' : X — X is said to be:
(i) monotone, if [Tx — Ty, x —y] > 0, Vz,y € X,
(ii) strictly monotone, if [Tx — Ty, —y] > 0, Vz,y € X, and equality holds if
and only if x =y,
(iii) r-strongly monotone if there exists a positive constant r > 0 such that
[Tx - Tyax - y] > ’I”||.I‘ - y|‘27 vay S X7
(iv) d-Lipschitz continuous, if there exists a constant 6 > 0 such that
IT(x) = Tl < dllz —yll, Yo,y € X,
(v) m-monotone, if [Tx — Ty,n(z,y)] > 0, Vz,y € X,
(vi) strictly n-monotone, if [Tx —Ty,n(z,y)] > 0, Vx,y € X, and equality holds
if and only if z = y,
(vii) r-strongly n-monotone if there exists a positive constant » > 0 such that
[Tz — Ty, n(x,y)] = rlle = y|P, Yoy € X,
(viii) p-cocoercive if there exists a constant p > 0 such that

[T?L'—Ty,ﬂ?—y] > MHT‘T_Ty‘Fa Vﬂfay € X.

Definition 2.9. Let X be a 2-uniformly smooth Banach space. Let H : X — X,
n: X x X — X be single-valued mappings and M : X x X — 2% be multi-valued
mapping. Then

(i) H is said to be n-accretive, if

[H$ _Hyan(xay) > 07 Vz:,y € X.

(ii) H is said to be strictly n-accretive, if H is n-accretive and equality holds if
and only if x = y.
(iii) H is said to be r-strongly n-accretive if there exists a constant r > 0 such
that
|Ha = Hyn(a,y)| = rla —y|? va,y € X.
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(iv) 7 is said to be m-Lipschitz continuous, if there exists a constant m > 0 such
that

In(z, y)|| < mllz —yl, Yo,y € X.

(v) M is said to be n-accretive in the first argument if
[u - v,n(w,y)} >0, Va,y € X, Yu € M(z,t),v € M(y,t), for each fixed t € X.

(vi) M is said to be strictly n-accretive, if M is n-accretive in the first argument
and equality holds if and only if x = y.

(vii) w-strongly n-accretive if there exists a positive constant p > 0 such that

[u - U;W(%iU)] > MHx - yH27 VI',y € Xau € M(l’,t),’l) € M(yat)'

Definition 2.10. Let S : X x X x X — X be a single-valued mapping. Then the
mapping S is called

(1) (&, y)-relazed cocoercive in the second argument if there exists a constant
&,v > 0 such that

[S(2,y,2)=8 (2.9, 2),y=y] = —€||S(x,y, 2)=S (2, ¥, 2)|[*+lly—y'II”, Vo, 9,9/, 2 € X.
(ii) o-relazed accretive in the third argument if there exists a constant o > 0
such that
[S(z,y,2) — S(x,y,2), 2 — 2] > —0|lz = 2|, Vz,y,2,7 € X.
(iii) J-strongly monotone in the first argument if there exists a constant § > 0

such that

[S(.T,y,Z) - S(x/7y7 2)7$ - $I] > (SH.T - 1:/”27 vxaxlvyaz € X.

Definition 2.11. Let H : X — X,n: X x X — X be single-valued mappings,
M : X x X — 2% be a multi-valued mapping, then M is said to be H — n—accretive

mapping if for each fixed t € X, M(.,t) is n-accretive in the first argument and
(H+pM(.,t)X =X,Vp>0.

Theorem 2.12. Let H : X — X, n: X x X — X be single-valued mappings. Let
H : X — X be s-strongly n-accretive, M : X x X — 2% be H—n—accretive mapping.
If the following inequality [u—v, n(z, y)} >0, holds ¥(y,v) € Graph (M(.,t)), then
(x,u) € Graph(M(.,t)), where Graph (M(.,t)) :=={(z,u) € X x X :u € M(x,t)}.
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Proof. Suppose, on the contrary that there exists some (zg,ug) ¢ Graph (M(.,t))
such that

(2.1) [uo —v,n(z0,y)| >0, Y(y,v) € Graph (M(.,1)).
Since M is H — n—accretive operator,
= (H + pM(.,1))(X) = X Vp > 0 and for each fixed ¢t € X.
Therefore, there exists (x1,u1) € Graph (M(.,t)) such that
(2.2) H(x1) + pur = H(xg) + pup € X.
Combining (2.1) and (2.2), we have
0< p[uo — Ulﬂ?(%@l)]

— [H(xo) — H(m),"?(l"oaxl)}

< —sllwo — z1||? < 0.

Since s > 0, therefore x1 = xy, .
Hence, it follows from (2.2) that u; = wo, a contradiction. This completes the

proof. O

Theorem 2.13. Let H : X — X, n: X x X — X be single-valued mappings.
Let H : X — X be s-strongly n-accretive, M : X x X — 2X be H — n—accretive
mappings. Then the mapping (H + pM(.,t))~" is single-valued, ¥ p > 0.

Proof. For any z € X, let 2,y € (H + pM(.,t))~1(2). It follows that
1

;(z — H(x)) € M(z,t),
and .
;(Z — H(y)) € M(y,1).

Since M (., t) is n-accretive in the first argument and H is s-strongly n-accretive, we

have

0< ll(z — H(x)) — l(z - H(y)),n(x,y)]

P p

= YH@) - By
p
1
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which implies that
1 2
=sllz —y[” <0.
p

Since s > 0, therefore x = y and so (H +pM|(.,t))~! is single-valued. This completes
the proof. O

Definition 2.14. Let H : X — X, n: X x X — X be single-valued mappings.
Let H : X — X be s-strongly n-accretive, M : X x X — 2% be H — n—accretive

mappings. Then for each fixed ¢ € X, the resolvent operator R, HMGD . x L X s

defined by
RIMD (z) = (H + pM (., 1)) (z), Yz € X.

Now, we prove that the resolvent operator defined above is Lipschitz continuous.

Theorem 2.15. Let n : X x X — X be m-Lipschitz continuous mapping. Let
M : X x X — 2% be H—n—accretive mapping and H be s-strongly n-accretive. Then
for each fized t € X the resolvent operator of M, Rg;,M("t) (z) = (H+pM(.,t)) " (z)

is Lipschitz continuous, that is,
S
HRHM“ — REM(0)( H<—||:r—y|| Va,y,t € X.

Proof. Let x,y € X. Then from Definition 2.14, it follows that

RGN0 (@) = (H + pM (1) (2),

and
REMED (yy = (H + pM (., 1) (y),
and so
s H,M(.t) H,M(.t)
; <a; H(R, (a;))) e M (RM (x),t),
and

;') (y — H(RIMGH (y))) c M (RghM(.,t) (y),t) '

For the sake of brevity, let A(z) = Rg;,M("t) (x), Aly) = RH M (1) (y).

Since M(.,t) is n-accretive operator in the first argument, we have

0< [1@: ~ H(A(@))) ~ (s~ H(A@))). n(Ax), A))

or,

= —y.n(4@).AW))| = |HAR) - HAW),1(A@), AW)]-
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Since H is s-strongly n-accretive, we have
o = yll||n(A@), Aw)) |
> [o—y.n(4@). AW))]
> [H(A@)) — H(A@y).n(A), A) )|
> s||A(2) - AW,
therefore,
le =yl m | Az) = AW = sl|A@) - AW
This implies
JA@) = AWl < iz = ol
IR () = RO ()] < e =yl

This completes the proof.

Definition 2.16. The Hausdorff metric D(-,-) on CB(X), is defined by

D(A, B) = max {sup inf d(u,v), sup inf d(u, U)} , A,Be€ CB(X),

uc AVEDB veEB UEA

where d(-,-) is the induced metric on X and CB(X) denotes the family of all

nonempty closed and bounded subsets of X.

Definition 2.17 ([6]). A set-valued mapping 7' : X — C'B(X) is said to be y-D-

Lipschitz continuous, if there exists a constant v > 0 such that

D(T(x), T(y)) <lz —yl, Vo,y € X.

Theorem 2.18 ([17]). Let T : X — CB(X) be a set-valued mapping on X and

(X, d) be a complete metric space. Then:

(i) For any given & > 0 and for any given u,v € X and x € T(u), there exists

y € T'(v) such that

d(z,y) < (1+&D(T(u), T(v));

(ii)) If T': X — C(X), then (i) holds for £ =0, (where C(X) denotes the family

of all nonempty compact subsets of X ).
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Definition 2.19 ([18]). Let Y be a semi-inner product space ad let T': X — Y be
an arbitrary operator. Then the generalized adjoint operator T of an operator T
is defined as follows: The domain D(T") of T consists of those y € Y for which
there exists z € X such that

t2], =[]

for each x € X and z = T"y.

Remark 2.20. T is an operator from D(T") into X with the nonempty domain
D(T™), since 0 € D(Tt). Hence TT(0) = 0. As it is observed in [5] that if X
and Y are Hilbert spaces then the generalized adjoint operator is the usual adjoint

operator. In general, 7" is not linear even for T is a bounded linear operator.

Proposition 2.21. Let X and Y be 2-uniformly convexr smooth Banach spaces and
let T : X —Y be a bounded linear operator. Then

(i) D(TT) =Y

(ii) T is bounded, and it holds that

1Tyl < |71 llyll, Yy € Y-
Now, we formulate our main problem.

For each i = 1,2, let S;, V; : X; x X; x X; — X5, Hy + X; — X;, m 0 Xs x X — X;
be single-valued mappings. Let A;, B;, F; : X; — C(X;) be set-valued mappings.
Suppose that M; : X; x X; — 2% is H; —n;—accretive mapping and let G : X1 — Xo
be a bounded linear operator such that xo = Gy € Xs,y2 = Gy; € Xo. Then we
consider the following system of set-valued variational inclusion problems (in short,
SSVIP): Find (z;,y;) € Xix Xi,ui € Ai(yi),vi € Bi(yi), w; € Fi(y;),u; € Ai(x;),v] €
Bi(x;),w} € F;(z;) such that
(2.3)

0 € Hi(z1) — Hi(y1) + pr{S1(u1, v1,w1) + Mi(21,91)}

0 € Ha(x2) — Ha(y2) + p2{S2(uz, v2, w2) + Ma(z2,y2)}

0 € Hi(y1) — Hi(z1) + p1{N1(uy, vy, wy) + Mi(y1, 1)}

0 € Ha(y2) — Ha(z2) + p2{Na(uh, vy, wh) + Ma(ye2, x2)}, Vp1,p2 > 0.

SPECIAL CASES:
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I. If in problem (2.3) X; = X (a real Hilbert space), M; = M : X x X — 2% be
a maximal n-monotone mapping, S; = S, N; = N such that SN : X — X then
problem (2.3) reduces to the following problem: Find (z,y) € X x X,u € A(y),u’ €
A(x) such that

0 € H(x) ~ H{y) + p{S(u) + M(z,0))
(2.4)

0€ H(y) — H(z) + p{N(v) + M(y,x)}, Vp>0.

This type of problem has been considered and studied by Kazmi and Bhat [12].

3. ITERATIVE ALGORITHM

First, we give the following technical lemma:

Lemma 3.1. Let X1, Xs be Z2-uniformly smooth Banach spaces. Let for each
i € {1,2}, S;,N;, H;,m; be single-valued mappings, G : X1 — Xo be a bounded
linear operator and M; : X; x X; — 2%i be H; — n;j— accretive mappings. Then
(@i, Yi, Wi, v, Wi, ul, ), wh) where (x;,y;) € X; x Xi,ui € Ai(yi),vi € Bi(yi),w; €
Fi(yi),u), € Ai(z;),v, € Bi(x;),w) € Fi(x;) with x2 = Gzy1,y2 = Gy1 is a solution of
(2.3) if and only if (xi, i, wi, vi, w;, ul, vi, W) satisfies

1 Yo

Hy My (
= Rpjn | ’yl){Hl — p1S1(uy, vy, wy }
Ho, Ma(
T = Ryln,° ’yg){Hz — p2S2(ug, v2, wo)
(3.1)
Y1 = g{%’l {Hl — p1 N1 (uf, v}, wy }
2. M
Y2 = 022772 : { p2N2(u2’ U2’ w2)}
, -1
where RZ ]Zw(’yl) = (HH—pZMZ(,yZ)) Rpum M) (Hz+lel(,xZ)) are the

resolvent operators.

Proof. Let (zi,yi, wi, vi, wi, ul, v, w,) is a solution of (2.3), then we have

Rgfhjzw i) {Hi(yi) — piSi(ui, vy, wi)}

= T = <Hz + piMi(-ayi)>_ {Hi(yi) — piSi(u;, Uiawi)}
= Hi(xi) + piMi(zi,y:) = {Hi(yi) - pz‘Sz‘(uz',Ui,wi)}
< 0¢€ H(x;) — Hi(yi) + pi{ Si(ws, vi, wi) + M;i(xs,y4) }
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Proceeding likewise by using (3.1), we have

= RYMC () — Vo o), wl) |

<=0 € Hi(y;) — Hi(zi) + pif Ni(ug, vi, wy) + M;(yi, i)}
O
Lemma 3.1 allows us to suggest the following iterative algorithm for finding the

approximate solution of (2.3).

Iterative Algorithm 3.2. For each i = {1, 2} given {xZ Ly ud v wd ull vl wil}
where 79 € X;,90 € X;,ud € A;(y9),00 € Bi(y?),w) € Fi(y?),u? € A;(z),v0 €
Bi(2?),w? € F;(2)) compute the sequences {z, y?, ul, v, w?, u/™, v/" w"} defined

7,7@7

by the iterative schemes
Hy, My (g7
pi = Ry O D) = puSi (ot w)

n H. 71\4 o o n n n n
Py = RP22,772 2 yQ){HZ(QQ) — p2iSa(uy, vy, w2)}
)
)

Hy,My(.,xV) ’ ’ /
n __ s n n n n
= Rpim Hy(27) — p1Ny(uf", vy, wy

Ho MQ( To ) / / /
n k] °y mn n n
Ty = Rpy s Ha(zy) — palNa(ugy', vg", wy

and
2t = (1= Maf + 5" (0 + pG* (p§ — Gp))
y?“ (1= 8"y + 6" (17 + pG* (ry — GrY))
forallm =0,1,2,--- and p1, p2, u > 0, where G is the generalized adjoint operator
of G and 25 = Gz and y3 = Gy} for all n.

4. EXISTENCE OF SOLUTION AND CONVERGENCE ANALYSIS

Theorem 4.1. For each i € {1,2}, let X; be a 2-uniformly smooth Banach space
with k as constant of smoothness. Let S; : X; x X; x X; — X; be §;-strongly mono-
tone in the first argument, o;-relazed accretive in the third argument and (&;,v;)-
relazed cocoercive w.r.t H; in second argument. Let N; : X; X X; X X; — X; be
Ai-strongly monotone in the first argument, v;-relazed accretive in the third argu-
ment and (7;,€;)-relazed cocoercive w.r.t H; in second argument. Let S; be LSil’
Lg,, and Lg,, -Lipschitz continuous in the first, second and third arguments respec-
tively and N; be Ly, , Ln,, and Ly, -Lipschitz continuous in the first, second and
third arguments respectively. Let A;, B;, F; : X; — C(X;) be set-valued mappings
such that A; is la, — D-Lipschitz continuous, B; is lp, — D-Lipschitz continuous
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and F; is lp, — D-Lipschitz continuous. Let H; be Ly, -Lipschitz continuous. Let

G : X1 — Xo be bounded linear operator such that xo = Gx1,yo = Gyi1. In addition

if

(4.1)

D)

P

H; ,M;(

i ;,n HlvM 1J1
| R0 ) = REGSC )| < il = will, Ve € X

H; M, (. H;,M;(.,x;
| Ro e = R )

< th||al — x|, Vi e X,

0< & + | GH|| |Gll(®1 + B3) < 1

0 < @+ p| G IGII(P2 + Pa) < 1

) 2712 12 2712 12
.—{81{\/1 + kpllellAl —2p101 + \/1 + kplL513ZF1 —2p101

+ \/L%h + k:p%L%wl%l - 2/)1(—511%12%1 + ’Y1L%{1)} + t1}.

) 212 12 212 12
.—{Sl{\/l +kplLN11lA1 — 2011 + \/1 —i—kplLnglF1 — 2p111

+ \/qul + kﬂ%L?\th?gl - 2p1(—nL§V12l§31 +eal?) } + t’l}.

m
::{822{\/1 + kp%L%Qlliz — 2p28o + \/1 + k:p%Lng3 1%, — 2p202

+ \/L%,Q + k:ng§22 1%, — 2p2(—g2L§22 IB, + WL%{Z)} + tg}

m
::{522{\/1 + kp%LfV%liz — 2p2)g + \/1 + kp%L?Vzg 1%, — 2p2v2

+ \/L%,Q +kp3LR,, 1B, — 2p2(—2LY,, 13, +e2Liy,) } + t;}.

Then the sequences {xl'}, {y?}, {ul}, {vl}, {wl}, {u*}, {v/*}, {wi"} generated

by above iterative algorithm converges strongly to (zi,yi, wi, vi, w;, ul, v, w,) where

i Y

(@i, Vi, Wi, Vi, w4, ul, v, wh) is a solution of problem (2.3).

10 Ve
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Proof. From Lemma 3.1, Iterative Algorithm 3.2, (4.1) and by using Theorem 2.15,
it follows that

Hy, M (. y"
HP?—JHH HR,01177711 y1){H1(y1) p1S1(uf, vy, wy') }

Hi, M (. y?
_Rpll,m i yl){Hl(yl) ,0151 ui, v, W1 }H

+ HRZI%;JYI ’y?){fh(?ﬂ) p151 Ul,vl,w1)}
Rﬁfl%l(’yl){fh(yl) p151(u1,v1, w1 }H
< sTH (Hl(?/f) - Hl(?ﬂ)) - pl{Sl(ul ;o1 wy) — St (u, v, wl)}H
(4.3) +t1lly? — |-

(4.3) we can have
| (o) = B w0)) = o { a0 o ) = S o1, ) |
< le{&(ul,vl,wl) Su(ur i wf) = (o = )|

+ le{sl(ul,vuwﬁ - S’l(ul,v{‘,wl)} + 1 - yl)H

@4) oSt ) = S e} - E) - Hio)]|

Now, from

Using Remark 2.6, d1-strongly monotonicity of Si in the first argument, Lg, -
Lipschitz continuity of S in the first argument and [4, — D-Lipschitz continuity
of Ay, it follows that

Hm{&(df,v?,w?) - Sl(ul,v?,W?)} — (1 - yl)H2
< ot =P+ ke [Sa(at o wf) = S, 0]
—2p {Sl(u?a vy, wy) — S1(ur, vy, wy), Y1 — 91]
< (1+ kLY, B, — 20100) gt = w1
This implies
[en{saut ot wt) = 1ot wi) = 1 =)

(4.5) < \/1 +kpiLg, B, = 20101 97— wll-

Again, using o1-relaxed accretivity of S7 in third argument, Lg, -Lipschitz continuity

of Sp in the third argument, ([, — D-Lipschitz continuity of F; and Remark 2.6, we
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have
n n n n 2
HPI{SI(Ulvvlawl) - Sl(ulﬂhawl)} + (yl - yl)H
2
< gt = 12+ kod 1 ot ) = S (ur, o )|
+2p1 |8 (ur. o wf) = i (w1 of w0 —
< (14 kolL3, 1 =200 gt — ]
This implies
le{&(m, i, wy) = Si(u, U?,wl)} + (' — yl)H

(4.6) < \/1 +kptLE, 1 —2p101 |lyi — |-

Again by using (§1,71)-relaxed cocoercivity of S; w.r.t H; in second argument, Lg,,-
Lipschitz continuity of S in the second argument, {p, — D-Lipschitz continuity of
By, Lp,-Lipschitz continuity of H; and using Remark 2.6, we have

H,Ol{sl(uhv?,wl) — Sl(ul,Ulawl)} — (Ha(y1) — Hl(?Jl))H2
< HH1(y{‘) - Hl(yl)H2 + k:p%HSl(ul, vt wi) — Si(ug, v, wl)H2

=21 [Sa(un, o wr) = Sy (ur, o1, w1), Hy(y7) — Ha (o))
< L ot — will? + kpiL3 1, Iyt — will?

- 201( - leSI(Ula ors wi) — Si(ug, v, wl)H2 + ’YlHHl(?ff) - H1(y1)H2)
< (L3, + ko3, By — 200 (=612, B, +nLE)) It — ol

This implies
{81t of wn) = Sa(un v )}~ (B 7) ~ Ha)|

(4.7) < \/L%1 +kpiLg, U = 2p1(=6 L3 1B +nLiy) [lvf = wll.

Therefore combining (4.3)-(4.7), we have

=

m
< {511{\/1 + kp%L%lllEh —2p161 + \/1 + kp%L?%S 17, —2p01
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+\/L2 +kpiLE, Up, — 201 (=61L3, I +71L%11)}+t1} 19T — vl
(48) < &iflyf —wml,

where @, is defined by (4.2).
Again from Lemma 3.1, Iterative Algorithm 3.2, (4.1) and by using Theorem 2.15,

it follows that

n
|7t =]
Hy,Mq(.,x}) n m _m _In
= HRm,m Hy(27) — p1Ny(uf", vy, wy®)

Hy Mq(.,.x27
S 1){H1(ac1) — p1 N1 (uf, vy, wy)

Hy M (.27
+ Hle,m 1 wl){Hl(xl) — p1N (uy, vy, wh
= REMC [y (1) — puNa(uhof, wh) }

- QH <H1($?) - H1($1)) a pl{Nl(“/lnvviTL?win) - N1(u/pvi,wi)}H
(4.9) |2t — 2.
Now, we have

| (#11(@) = Hian)) = oo {Nau,of? i) = NGt of i) }|

Sle{Nl ulvvlvwl) Nl ul?vlawl } _:El H
+ le{]\ﬁ(u’l,vi”,w’l ) — Ny(uf, v, wh) }—i— T —z1) H
(4.10) o { Mt et wh) = NG, o, wh) } = (@) = Ha(a)|

Using Remark 2.6, Ai-strongly monotonicity of Ny in the first argument, Ly, -
Lipschitz continuity of N in the first argument and /4, — D-Lipschitz continuity of
Aq, it follows that

2
o { Mt oty = Ny (g o, wi) } = (@ = )|
2

< Nt = w2 + kel | Nl o ) = Na (a0 )
—2m [Nl(ullna UT) wlln) - Nl(u,b U/1n7 wlln)v :LJIL - IL‘1:|

< (14 k3L, B, = 2000) 2t — 12
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This implies

o { Mg, o i) = N, v wi) | = (@ - )

(4.11) < \/1 + koA, 1B, — 2000 || — 2]

Again, since N; is vi-relaxed accretive in third argument, L le—Lipschitz continuity
of Ny in the third argument and [, —D-Lipschitz continuity of F} and using Remark

2.6, we have

2
[Vt ot ) = N, o wh) b+ (@ = )|
‘2

< Nl = w2 + kol | N, o, ) = Na o, ", )
+ 2p1 [Nl(u/l, U/I", w’ln) — Nl(u/l, ot wh), ot — 1?1}
< (14 kol LR, 1 — 200n) flaf =]
This implies

oMt of, ) = Ny, o wh) b+ (@ = )|

(4.12) < \/1 +kp3L%, 12, —2p01 o} — ]|

Again by using (71, €1)-relaxed cocoercivity of Ny w.r.t Hj in second argument, L Ny~
Lipschitz continuity of N; in the second argument, Ip, — D-Lipschitz continuity of
By, Lg,-Lipschitz continuity of H; and using Remark 2.6, we have

o { Vit o ) = NG, o8 ) } — (Ba(af) — (o)
’2

2
< || @) = HiGeo)| + ke | Nt o, wh) = Na(odh, )

- 2p1 [Nl(u/bv/ln?w/l) - Nl(lLll,’l)i,wll),Hl((E?) - Hl(ﬂ?l)]

’2
! Vi / ! / / 2 2

— 2p1(7 TlHNl(U1,U1n,w1) — Nl(ul,vl,wl)H + elHHl(m?) - Hl(xl)H )

< Lig, 2t —a1|® + kpi Ly, U, |2} — 21]1 = 2p1(-71LR, 1, + e1LEy,) [} — 21

2
< || M) — Hu)||” + ko | Nt of,wh) = N, of, wf)

< (L%,l +kptLYy, U5, — 201 (—mi L%, UB, + €1L12L11)) ot — a1 ||
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This implies

[ { Vit o wh) = Nau ot wh) = (H () — Hian)|

(4.13) < T, +kd13, B, — 20— L, B, + el 2t — ol

Therefore combining (4.9)-(4.13), we have

|75 =

m
< {511{\/1 + k:p%L%VHZQAI — 2011 + \/1 + k‘p%L?Vl?) l%l —2p1

o\ AT T, — 2 (- T, L)} + ta} o~
(4.14) < ol — a1].

Similarly, following the same procedure as in (4.3)-(4.8) and (4.9)-(4.14), we have

s =

m
< {S;{\ﬁ +kp3LY, B, — 20002 + \ /14 kp3LY, 13, — 2pa0

+ \/L%Q +kp3L%, U, — 202(—&L5, 1h, + VzL%Q)} + tz} s — y2l|
(4.15) < ®3llyy — 2l
and
|75 e
ma

+ \/1 + kp%L?VZS l%,z — 2p219

+ \/quz + kp%L?V22 l2B2 - 2p2(—7'2L%V22 l%b + GQL%{?)} + tlg} |z — x2]
(4.16) S @4”.%3 — :BQH,

where ®g, Pz, O, is defined by (4.2).
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Now, from (4.8),(4.15) and using the fact that G* is bounded, we have
(4.17)
|
L= B")l2Y — 21| + B[P} — 21 + nG " (5 — GpY)
1= B")l2} — ol + 8" [IpY — zall + B Ll G Hlps — G|
L= 6" = @1l + 5" @ulyf =yl + B ul| G (1Ips = 72 — Gpf + 2]

(
(1-4")
<(1- ")
< (1= 82t = @] + B @yt =l + Bl G (g — ol + 1G5k — 211])
<(1-p")
<(1- ")
<(1-p")

B}

L gt — mll + Bl — vl + G (2305 el + (G2t )
1- ﬂ”Wl—mH+W¢Nm—yﬂ+WWMﬁMGMQﬂ%—yw+@ﬂm—yﬁ)
1= 82t = a1l + (@1 + ulGHIGH@ + ) 157 = vall

Similarly, using the boundedness of G, (4.14),(4.16) and following the same process

as in (4.17), we obtain

g — i

@18) < (- — il + 0 (B + GGz + 80)) faf — ).
Now define a norm |||« on X7 x X5 by |[(z,y)[l+« = ||z|| + [|yll, (z,y) € X1 x Xos.

We can show that (X7 x X1, ||.||x) is a Banach space.
By making use of (4.17) and (4.18), we have the following estimate

(797 = (@1, 1)l

= 27" — @1l + Jyp T =l
< (1= 8"l = o] + lyd = wal)
+ 5" (@1 + ul GG (@1 + D5)) Iyt = w1
+ 5" (@2 + ul| GG + @4t — a1
< (1= 8"l = 2] + Iyt = wal)
+ 0" max {h1, ha} {llaf —will + yf -}
(4.19) = (1-8"(1 =) | @t 51) = (21,90)]
where ® = max {f, ho} and

By = @1 + pl|GT||G||(@1 + P3)
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or,
h1 = @1 + b(P1 + D3)
hy = @2 + p|| G| G|(P2 + Pa)
or,
g = Oy + b(Pa + Dy)
where b = p||G1||||G||. Thus it follows that

12T 57 = (2 y) e
(4.20) <Gy (1= 67(1 = @), 1) — (1,91 -

o0
It follows from (4.2) that ® € (0,1). Since > " = oo it follows that

n=1

lim ", (1 — 3"(1 — ®)) = 0.

Thus, it follows from (4.20) that {(z7™' y7™!)} converges strongly to (z1,%:1) as
n — oo, that is 27 — x; and y!' — y1 as n — oo. Moreover, it follows from (4.8),
(4.14) that p}" — x1 and r} — y; as n — oo. Therefore, it follows from (4.15), (4.16)
respectiely that pf — x9 = Gz; and ry — y2 = Gy; as n — oo. This completes the

proof. O

5. CONCLUSION

System of variational inclusions can be viewed as natural and innovative gener-
alizations of the system of variational inequalities. Two of the most difficult and
important problems related to inclusions are the establishment of generalized inclu-
sions and the development of an iterative algorithm. In this article a new system
of set-valued variational inclusion problems is introduced and studied which is more
general than many existing system of variational inclusions in the literature. An
iterative algorithm is established to approximate the solution of our system, and
convergence criteria is also discussed.

We remark that our results are new and useful for further research and one can
extend these results in higher dimensional spaces. Much more work is needed in
all these areas to develop a sound basis for applications of the system of set-valued

variational inclusion problems in engineering and physical sciences.
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