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BEST PROXIMITY POINT THEOREMS FOR CYCLIC
0-o-CONTRACTION ON METRIC SPACES

MOHAMED ROSSAFI?, ABDELKARIM KARIP? AND JUNG RYE LEE®*

ABSTRACT. In this paper, we give an extended version of fixed point results for 6-
contraction and -¢-contraction and define a new type of contraction, namely, cyclic
O-contraction and cyclic 0-¢-contraction in a complete metric space. Moreover, we
prove the existence of best proximity point for cyclic f-contraction and cyclic 6-
¢-contraction. Also, we establish best proximity result in the setting of uniformly
convex Banach space.

1. INTRODUCTION

In 1922, Polish mathematician Banach [1] proved a very important result re-
garding a contraction mapping, known as the Banach contraction principle. It is
one of the fundamental results in fixed point theory. Due to its importance, many
mathematicians have studied many interesting extensions and generalizations in
(2, 7,8,9, 10].

Best proximity point theorems are those results that present sufficient conditions
for the existence of a best proximity point and algorithms for finding best proximity
points. It is interesting to see that best proximity point theorems generalize fixed
point theorems in a natural way. Some interesting best proximity point theorems
in the setting of metric spaces or uniformly convex Banach space can be found in
3, 4, 5].

Our main aim is to resolve a more general problem on the existence of fixed point
for #-contraction and #-¢-contraction. Also, we establish best proximity point in a

complete metric space and in a uniformly convex Banach space using this new type

mapping.
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2. PRELIMINARIES

In this section, we give basic definitions and notations which will be essential
throughout the paper.
The following definition was given by Jleli et al. in [6].

Definition 2.1 ([6]). Let © be the family of all functions 6 : ]0,4o00[ — |1, 400[
such that

(61) @ is increasing;

(02) for each sequence (z,,) C |0, +o0],
lin% z, =0 if and only if lim 6 (x,) =1;
(f3) 6 is continuous.

A mapping T : X — X is said to be 0-contraction if there exists k € such that
for all x,y € X d(Tx,Ty) > 0,

(2.1) 0(d(Tz,Ty)) < 6(d(z,y)).

Remark 2.2 ([7]). From (6;) and (2.1), it is clear that every #-contraction T is a

contractive mapping, i.e.,
d(Tz,Ty) < d(z,y),Ve,y € X, Tz # Ty.

Thus every 6-contraction is a continuous mapping.
In [11], Zheng et al. presented the concept of O-¢-contraction in metric spaces.

Definition 2.3 ([11]). Let ® be the family of all functions ¢: [1,+o00[ — [1,400[
such that

(¢1) ¢ is nondecreasing;

(¢p2) for each t € |1, 00, lim,—ecd™(t) = 1;

(¢3) ¢ is continuous.
Lemma 2.4 ([11]). If ¢ € ®, then ¢(1) =1 and ¢(t) <t for allt € |1, 00] .

Definition 2.5 ([11]). Let (X, d) be a metric space and 7' : X — X be a mapping.
Then T is said to be a 0-¢-contraction if there exist 6 € © and ¢ € ® such that for
all z,y € X with d(Tz,Ty) > 0,

(2.2) 0[d(Tz, Ty)] < ¢ [0 (d(z,y))]-
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Remark 2.6. From (6;), Lemma 2.4 and (2.2), it is clear that every 6-¢-contraction

T is a contractive mapping, i.e.,
d(Tz,Ty) < d(x,y),Ve,y € X, Tz # Ty.

Thus every 6-¢-contraction is a continuous mapping.

Theorem 2.7 ([11]). Let (X,d) be a complete metric space and T : X — X be a

0-¢-contraction. Then T has a unique fixed point.

Definition 2.8 ([5]). Let A and B be two nonempty closed subsets of a complete
metric space (X,d) and T : AU B — AU B be a mapping such that T'(A) C B and
T(B) C A. We say that T is a cyclic contraction if

d(Tz, Ty) < ad(z,y) + (1 — a)d(A, B)
for some a € ]0,1[ and all z € A and y € B, where d(A, B) = inf{d(z,y) : = €

A,y € B}.
A point z € A is said to be a best prozimity point for T if d(z,Tx) = d(A, B).

Definition 2.9 ([5]). A Banach space X is uniformly convex if there exists a strictly
increasing function ¢ : ]0,2] — [0, 1] such that the following condition holds for all
z,y,2€ X, R>0and r € [0,2R] with ||z — z|| <R, |ly — z|| < R and ||z — y| > r,
I Tty

2

Definition 2.10 ([5]). A subset K of a metric space X is boundedly compact if

every bounded sequence in K has a subsequence converging to a point in K.

r

—z||§1—5<E)R.

3. MAIN RESULTS

In the following, using the idea introduced by Kanta and Mondal in [5], we obtain

fixed point results for cyclic type #-contraction and 6-¢-contraction.

Theorem 3.1. Suppose that there exist two nonempty closed subsets A and B of a
complete metric space (X,d) and that a mapping T : AUB — AU B satisfies

(1) T(A) C Band T(B) C A,
(2) for allz € A and y € B, there exists k € )0, 1] such that

d(T(2),T(y)) > 0 = 0(d(T(z), T(y))) < [0(d(.y))]"-

Then T has a unique fixed point in AN B.
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Proof. First, note that if x and y are two different fixed points of T, then d(z,y) > 0.

Now by the definition of #-contraction we have
0(d(z,y)) = 0(d(Tx, Ty)) < [6(d(x,y))]* < 6(d(x,y)).
Since k € ]0, 1], we have
0(d(z,y)) < 0(d(z,y)).
So = y. Thus the uniqueness part of the theorem is done.

For the existence part, suppose o € AN B. Define a sequence {x,} such that
ZTpy1 = Tay, for all n € N. Set A\, = d(zp,xn+1) for all n € N. Note that if A,, =0
for some n > 0, then z,, = 411 = Tx,. Therefore, z,, € AN B is a fixed point of T’
and the proof follows.

We now assume that A\, # 0 for all n > 0.

Since T is #-contraction, from (2.1),
O(\) < (001" < [Bn-2)" < < B0
Using (), we get
An < Ap—1-

Therefore, {\, }nen is a monotone strictly decreasing sequence of nonnegative real

numbers. Consequently, there exists o > 0 such that

lim A\, = «.
n—oo

Now, we claim that o = 0. Arguing by contraction, we assume that o > 0. Since

{An}nen is a nonnegative decreasing sequence, we have
A > YneN.

By the property of 8, we get
(3.1) 1<0(a)<0\)"".
Letting n — oo in (3.1), we obtain

1<6(a) <1,
which is a contradiction. Therefore,

lim A\, =0.
n—o0

Next, we shall prove that {x,}, .y is a Cauchy sequence, i.e., limy, ;o0 d (T, Zrm)

= 0. Suppose to the contrary. Then there is an £ > 0 such that for an integer k
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there exists two sequences {n(k)} and {m(k)} such that d (fﬁm(k>,$n(k)+1) > ¢ and
d (l’m(k),l‘n(k)_l) < e. Using the triangular inequality, we have

(3.2)

e<d (azm(k>,xn<k)> <d (xm(k>,xn(k>7l> +d (:cn<k)717:cn<k)) <e+d (‘/En(k)—l’xn(k)) .
Taking the limit as k£ — oo in (3.2), we have

lim d (:L’m(k),l‘n(k)) =ec.

k—o0

On the other hand,
(3.3) d (fﬁm(k)ﬂ,ﬂ?n(k)ﬂ) <d (l‘m(k)+1,l‘n<k)) +d (mn(k),xn(k)) ,
(3.4)

d (xmw) ’ w"(k)) <d (xmw)’xm(km) +d (‘Em<k>+1’x“<k)+1) +d ("E"(km’x"(k)) :
Taking the limit as £ — oo in (3.3) and (3.4), we have

Jm d <xm<k>+1’x”<k>+1> -

Now, letting z = Zm,,, and y = zy,, in (2.1), we obtain

0 [d (‘”m(km"’””(km)} < [9 (d (xmw)’x”(k)))]k'

Letting £ — oo the above inequality and applying the continuity of 6, we obtain
k
(o)) <o (o))

0(c) < [0(e)]F < 6(e).

Therefore,

Since @ is increasing, we get

e <e,

which is a contradiction. Thus

lim d(xm,z,) =0.

Hence {z,} is a Cauchy sequence in A. Let lim, .o x, = 2. Then there are
infinitely many number of terms of z,, in A as well as in B. Therefore z € AN B
and so € AN B # ¢.

Now (1) implies T': AN B — AN B while (2) implies that 7" restricted to AN B
is a O-contraction. By Theorem 3.1, applied to T on A N B, we have a unique fixed
point in AN B. O
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Theorem 3.2. Suppose that there exist two nonempty closed subsets A and B of a
complete metric space (X,d) and that a mapping T : AUB — AU B satisfies

(1) T(A) C Band T(B) C A;
(2) for allz € A and ly € B, there exist € © and ¢ € ® such that
d(T(x),T(y)) > 0= 0(d(T(x),T(y))) < ¢ [0(d(z,y))]-
Then T has a unique fized point in AN B.

Proof. First, note that if x and y are two different fixed points of T', then d(z,y) > 0.

Now by the definition of #-¢-contraction, we have

0(d(z,y)) = 0(d(Tz, Ty)) < ¢[0(d(z,y))] < 0(d(z,y)).
By Lemma 2.4, we have
0(d(z,y)) < 0(d(z,y)).
So = y. Thus the uniqueness part of the theorem is done.
For the existence part, suppose zg € AN B. Define a sequence {z,} such that
ZTpy1 = Tay, for all n € N. Set A\, = d(zy,xn+1) for all n € N. Note that if A,, =0
for some n > 0, then z,, = 11 = Tx,. Therefore, z, € AN B is a fixed point of T’

and the proof follows.
We now assume that A\, # 0 for all n > 0. Since T is §-¢-contraction, from (2.2),

0(Bn) < ¢ [0(Bn-1)] < &% [0(Ba—2)] < -+ < ¢" [0(S0)].-
Using (01) and Lemma 2.4, we get

ﬂn < 571—1-
Therefore, {3, }nen is a monotone strictly decreasing sequence of nonnegative real

numbers. Consequently, there exists p > 0 such that

lim 3, = u.

n—oo
Now, we claim that ;4 = 0. Arguing by contraction, we assume that p > 0. Since

{Bn}nen is a nonnegative decreasing sequence, we have
On>p VneN.

By the properties of 8 and ¢, we get

(3.5) 1< 0(p) <¢"[0(5o)]-

Letting n — oo in (3.5), we obtain

1<0(p) <1
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which is a contradiction. Therefore,

lim p, =0.

n—oo
Next, we shall prove that {z,,},cy is a Cauchy sequence, i.e., limy m—oo d (Tn,Tm) =
0. Suppose to the contrary. Then there is an € > 0 such that for any integer k

there exist two sequences {n(k)} and {m(k)} such that d (wm(k), ) > ¢ and

d (xm(k),xn(k%l) <e.
As in the proof of Theorem 3.1, we have

Jim 4 (@ ong ) = ¢

T ()41

and

klggod <$m(k)+l,$n(k)+1> =e.

Now, letting = = Zm,,, and y = z,, in (2.2), we obtain

0 [d <xm<k)+1’x”(k)+1)] <¢ [9 (d (xmw)’m”(k)))] :

Letting K — oo the above inequality and applying the continuity of # and ¢ and

using Lemma 2.4, we obtain

0 <kli_)n;od (xm(k)ﬂ,xn(k)“)) < ¢ [0 <kli_>120d (azm(k>,xn(k)>)] .

Therefore,
0(e) < ¢[0(c)] < 0(e).
Since @ is increasing, we get
e <g,

which is a contradiction. Thus

lim d(zm,z,) =0.
n,Mm—00

Hence {z,} is a Cauchy sequence in A. Let lim, oz, = z. Then there are
infinitely many number of terms of x,, in A as well as in B. Therefore z € AN B
and so € AN B # ¢.

Now (1) implies T': AN B — AN B while (2) implies that 7', restricted to AN B,
is a #-contraction. By Theorem 3.1, applied to T on A N B, we have a unique fixed
point in AN B. O

To study the convergence and existence results for best proximity points, we

first introduce new concepts of cyclic #-contraction and #-¢-contraction. We also
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prove the existence results for best proximity points of cyclic #-contraction and 6-

¢-contraction in the setting of uniformly convex Banach space.

Definition 3.3. Let A and B be two nonempty closed subsets of a complete metric
space (X,d) and T : AUB — AU B be a mapping. Then we say that 7" is a 8-cyclic

contraction if the following conditions hold:
(i) T(A) C B and T(B) C 4;
(ii) for all x € A and y € B, there exist k € |0, 1[ and 6 € O such that
d(Tz,Ty) > 0= 0 (d(Tz,Ty)) < [0 (d(z,y))]* + (1 — a)0 (d(A4, B))
for some « € ]0, 1] provided d(A, B) > 0.

Note that (ii) implies that T satisfies 0 (d(T'z, Ty)) < a [0 (d(z,y))]" for all z € A
and y € B. On the other hand, (ii) can be written as:

0 (d(Tx, Ty)) - 0(d(A, B)) < a [(6 (d(x,9)))" — 0 (d(4, B))
< (0 (d(z,y))" —0(d(A, B)).
Example 3.4. Consider the complete metric space X = R with the usual metric
d. If we consider 0(t) = e*/z,t > 0, then clearly 0 satisfies all the conditions from

(1) — (03). In this case, a mapping T': AU B — AU B such that T(A) C B and
T(B) C A satisfying the condition

ATa,7y) < ot (- @ VATAE) (Vi) | (Vi)

for all z € A and y € B with d(Tz,Ty) > 0, a € ]0,1] and k € ]0, 1], provided
d(A, B) > 0, is a cyclic #-contraction.

Definition 3.5. Let A and B be two nonempty closed subsets of a complete metric
space (X,d) and T': AUB — AU B be a mapping. Then we say that T is a cyclic

0-¢-contraction if the following conditions hold:

(i) T(A) C B and T(B) C A;
(i) for all x € A and y € B, there exist § € © and ¢ € ® such that

d(Tz,Ty) >0=0(d(Tz,Ty)) < a¢ [0 (d(z,y))] + (1 — «)d (d(A, B))

for some « € ]0, 1] provided d(A, B) > 0.
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Note that (ii) implies that 7" satisfies 0 (d(Tx, Ty)) < a¢ [0 (d(z,y))] for allz € A
and y € B. On the other hand, (ii) can be written as

0 (d(Tz,Ty)) — 0 (d(A, B)) < al¢ (0 (d(z,y))) — 0 (d(4, B))]
< ¢ (0(d(z,y))) — 0 (d(A, B)).
Example 3.6. Consider the complete metric space X = R with the usual metric
d. If we consider 6(t) = Vt+1, t > 0 and ¢(t) = 1, then clearly 6 satisfies all
the conditions from (61) — (f3) and ¢ satisfies all the conditions from (¢1) — (¢3).
In this case, a mapping T': AU B — AU B such that T(A) C Band T(B) C A

satisfying the condition

g oo ) ty) | (5)

for all z € A and y € B with d(Tz,Ty) > 0, a € |0, 1[, provided d(A, B) > 0, is a

cyclic 0-¢-contraction.

Now we present our main results regarding the convergence and existence of best

proximity point as below.

Proposition 3.7. Let A and B be nonempty closed subsets of a complete metric
space (X, d). Suppose that a mapping T : AUB — AU B is a cyclic 0-contraction.
Let zg € AU B and zp+1 = T, for all n € N. Suppose that {x2,} has a convergent

subsequence in A. Then we have

lim d(x,,Tx,) =d(A, B).

n—-+o0o

Proof. Suppose that xyp € AU B. Define a sequence {z,} such that z,41 = T, for
all n € N. Now,

Q(d(:L‘l, xz)) = 9(d(T(L’0,T(E1))
< alf (d(zo,21))]" + (1 — a)f (d(A, B))
< [0(d(zo, 21))* + (1 -~ )8 (d(4, B)),

which implies that

0(d(z1,22) — 0 (d(A, B)) < a [[9 (d(z0,21))]" + d(A, B)] .
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Again
G(d(xg, 1,‘3)) = Q(d(T:L’l, TCEQ))
< af(d(x1,22))]" + (1 - a)6 (d(A, B))
< af (d(z1,72)) + (1 — ) (d(A, B)),
which implies that
0(d(w2,3)) — d(A, B) < a [0 (d(e1,22)) — 0 (d(A, B))
< o [0 (d(zo, 1)) — 0 (d(A, B))] .

Recursively we obtain that for a € |0, 1],

O(d(xnaxn+1)) - d(Aa B) <a” [0 (d(ﬂ:‘o, ZL‘1)) -0 (d(A7B))] :

This implies that
lim 0(d(zy, zn+1)) = 0(d(A, B)).

Since @ is increasing,

i (d(n,7011)) = d(4, B)
That is,

ngrfoo(d(xn,Txn)) = d(A, B).

This completes the proof.

0

Proposition 3.8. Let A and B be nonempty closed subsets of a complete metric

space (X,d). Suppose that a mapping T : AUB — AUB is a cyclic -¢-contraction.

Let xg € AU B and xp+1 = T, for all n € N. Suppose that {xa,} has a convergent

subsequence in A. Then we have

lim d(zy,,Tx,) = d(A, B).

n—-—+o0o

Proof. Suppose that xyp € AU B. Define a sequence {x,} such that z,+1 = T, for

all n € N. Now,
O(d(z1,x2)) = 0(d(Txo, Tx1))
< aglf (d(xo,z1))] + (1 — ) (d(A, B))
< aff (d(zo,z1))] + (1 — a)f (d(A, B)),
which implies that
O(d(w1,32) — 0 (d(A, B)) < a[616 (d(zo,1))] + d(4, B)].
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Again
6(d(w2, 3)) = 0(d(T1, T))

< ag 0 (d(z1,x2))] + (1 —a)f (d(A, B))

< af (d(z1,z2)) + (1 — )0 (d(A, B)).
By Lemma 2.4, we get

0(d(xg,23)) — d(A, B) < [0 (d(1, 22)) — 0 (d(A, B))]
< a? [0 (d(wo,21)) — 0 (d(A, B)).
Recursively we obtain that for a € 0, 1],
0(d(@n, T041)) — d(A, B) < " [0 (d(x0,21)) — 0 (d(A, B))] .

This implies that
lim 0(d(xy,zn+1)) = 0(d(A, B)).

Since 6 is increasing,

im(dn, ) = d(A, B).
That is,

nEIfoo(d(x"’Tx”)) =d(A, B).

This completes the proof.

345

0

Theorem 3.9. Let A and B be two nonempty closed subsets of a complete metric

space X and T : AUB — AU B be a cyclic 8-contraction mapping. Let xg € AUB

and xpy1 = Tay, for alln € N. If {x2,} has a convergent subsequence in A, then

there ezists x € A such that d(z,Tx) = d(A, B).

Proof. Let {xay, } be a subsequence of {x9,} with z2,, — x € A. Since

(3.6) d(A, B) < d(z,xon,) < d(z,x2n,_,) + d(2n, > Ton,)

for all k£ > 1, by Proposition 3, letting n — oo in (3.6), we have
d(A,B) < d(z,x2p,) < d(z,x2, ,) < d(A,DB)

and so d(z, xa,,) — d(A, B) as k — oo.
Again

d(A, B) < d(xapn,,Tx) = d(Txon, ,,Tx) < d(x2m, ,,T)
for all k£ > 1 and hence d(x,Tx) = d(A, B).
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Theorem 3.10. Let A and B be two nonempty closed subsets of a complete metric
space X and T : AUB — AU B be a cyclic 8-¢p-contraction. Let zp € AU B and
Tnt1 = Tay for alln € N. If {x9,} has a convergent subsequence in A, then there
exists © € A such that d(xz,Tx) = d(A, B).

Proof. Let {xay, } be a subsequence of {x9,} with z3,, — x € A. Since
(3'7) d(Av B) < d(w7x2nk) < d(%x?nkﬂ) + d(aj2nk717x2nk)
for all £ > 1, by Proposition 3.8, letting n — oo in 3.7, we have
d(A,B) < klirf d(z, xop,) < d(A, B)

and so d(z, za,,) — d(A, B) as k — oo.
Again

d(A, B) < d(xan,,Tx) = d(Txon, ,,Tx) < d(xom,_,,T)
for all £k > 1 and hence d(x,Tx) = d(A, B). O

Now we present the following lemmas from [5] in order to prove our best proximity

result of cyclic #-contraction and 6-¢-contraction in uniformly convex Banach space.

Lemma 3.11 ([5]). Let A be a nonempty closed and convexr subset and B be a
nonempty closed subset of a uniformly convexr Banach space. Let {xy,} and {y,} be
sequences in A and {z,} be a sequence in B satisfying
() llzn = ynll — d(A, B);
(ii) for every € > 0 there exists Ny such that for all m >n > Ny, ||[zm — yn|| <
d(A,B) +«.

Then for every € > 0 there exists N1 such that for allm >n > Ny, ||z, — 2,]| < €.

Lemma 3.12 ([5]). Let A be a nonempty closed and convex subset and B be a
nonempty closed subset of a uniformly convexr Banach space. Let {x,} and {y,} be
sequences in A and {z,} be a sequence in B satisfying

(i) [|en — ynll — d(A, B);

(i) flyn = zull — d(A, B).
Then ||y — zn|| — 0.
Theorem 3.13. Let A and B be two nonempty closed and conver subsets of a

uniformly convex Banach space. Suppose that T : AUB — AU B is a cyclic 6-

contraction. Then there exists a unique best proximity point x € A with ||x — Tz|| =
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d(A, B). Further, if xo € A and xp41 = Txp, then {x9,} converges to the best

proximity point.
Proof. Suppose that d(A, B) # 0. Then by Proposition 3,
[z2n — Tonta || = [[w2n — Taon|| — d(A, B)
and
220+ = z2p1]| = | T2@2n — T — d(A, B).

Then by Lemma 3.12, ||x2,4+2 — Z2,|| — 0. Similarly, we can show that ||Tzop4+2 —
Txon|| — 0.

We now show that for every € > 0 there exists Ny such that for all m > n > Ny,
|x2m — Txap|| < d(A, B)+e¢. Let € > 0. If possible, suppose that for all £ € N there
exist my > ng > k such that

||x2mk - TxanH > d(A’ B) +e€

and
|xom, , — Txop, || < d(A,B) +e.
Now,
d(A, B) + ¢ < ||zam, — Txap,||

< |@2my — T2my_ || + [|1T2my_y — Ton, ||

< lz2my, — zomy_, | + d(A, B) +e.
Thus

kEToo | z2m, — Txon, || = d(A, B) +e.

Consequently,

Hmek - TfUan H S ||':U2mk - x2(mk+1)“
+ Hx?(mkﬂ) - TxQ(nk+l)H + ||x2(nk+l) — Tzon, |-
Since # is continuous and increasing, we get
0 ([ 2m, — Tw2n, )

<40 [”mek - x2(mk+1)” + ||x2(mk+1) - TxQ(nk+1)H + H$2(”k+1) - Tx?”kM

=0 [llz2m, — Tome, ) Il + 1T 2mp 11 — Tang 2]l + 12200y 1) — T22n, ]l -
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Thus

kEI-&I-looe (lT2m, — Txon,||)

—6 (i loam, ~ T

<0 LETOO Z2my, — To(my, )| + 1 TT2my 41 — To2n 42 + [|Zo(ny 1) — TT2n, ||

=40 |: lim HT@‘ka_H - T.%'an+2":| .
k—+o00
Since T is a cyclic #-contraction, we get

Jm 0 (llz2m, — Ton,[|)

k
SQP<££JMWH—MWMO]+ﬂ—®WmABD
=a lim [0 (|Te2m, — w20, [)]" + (1 - a)6 (d(4. B))

< akgrfoo 16 ([ T22m, — TQIEanH)] + (1 —«a)f(d(A,B))

Sak1m;wwmm—Tmmmﬁ+u—aWMMJm}+u—@waAB»

—+

= a? 1im_[10(1wam, = Taanc))* + (1 = )0 (d(4, B))]

Since lim ||zom, — Txon, || = d(A, B) + ¢, we have
k——+o0

0(d(A, B) +¢) < a?[0(d(4, B) + )] + (1 — o?)0 (d(4A, B))
< a?0(d(A,B)+¢)+ (1 —a?)6 (d(A, B)).
Hence
6(d(A,B)+¢) <0 (d(A,B)),
which is a contradiction. Therefore {2x,,} is a Cauchy sequence by Lemma 3.11 and
hence it converges to some x € A. From Proposition 3, it follows that ||z — T'z| =
d(A, B). Suppose that x,y € A and & # y such that ||z — Tz|| = d(A, B) and

ly — Ty| = d(A, B), where, necessarily, T?x = 2 and T?y = y. By Remark 2.2, we
have

|ITa —yll = | Tz = T?| < [lz — Tyl,

1Ty — || = Ty — T2| < [ly — T|,
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which imply ||[Ty — z|| < |ly — Tz| < ||Ty — ||, which is a contradiction. Thus
T =1q. O

Theorem 3.14. Let A and B be two nmonempty closed and convexr subsets of a
uniformly convexr Banach space. Suppose thatT : AUB — AU B is a cyclic 0-¢-
contraction. Then there exists a unique best proximity point x € A with ||x — Tz|| =
d(A, B). Further, if xo € A and xp41 = Txp, then {x2,} converges to the best

proximity point.
Proof. Suppose that d(A, B) # 0. Then by Proposition 3.8,
[#2n — Zont1ll = (|20 — Twon|| — d(A, B)
and
22012 = @2nt1]| = [ T?@2n — Twon|| — d(A, B).

Then by Lemma 3.12, ||x2p+2 — @2,|| — 0. Similarly, we can show that | Txa, 2 —
Txon|| — 0.

We now show that for every € > 0 there exists Ng such that for all m > n > Ny,
lx2m — Txon|| < d(A, B)+e. Let ¢ > 0. If possible, suppose for all k& € N there exist
my > ng > k such that,

||x2mk - Taj2”k” > d(A’ B) +e€
and
Hmek_1 - TwQ”k” < d(A7 B) +e.

As in the proof of Theorem 3.13, we conclude that

lim ||xom, — Txon, || = d(A, B) +¢.

k——+o0
Consequently,
|Z2my, — Ton, || < [[T2my — Tagmy )l
+ HxQ(mk+l) - TxZ(nk;+1)” =+ Hx2(nk+1) - T‘rgnkH
Since # is continuous and increasing, we get
0 ([ 2m, — Tw2n, )

<40 [”mek - x2(mk+1)” + ||x2(mk+1) - TxQ(nk+1)H + HJ;Q(MH) - Tx?”kM

=0 [llz2m, — Togme, ) Il + 1T 2mp 11 — Tang 2]l + 12200y 1) — T22m, ]l -
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Thus

kEI-&I-looe (lT2m, — Txon,||)

—6 (i loam, - T

<6 LEIEOO |Z2my, = T2(mp, )| + 1 TT2m 41 — To2n 42 + [|Zo(ny 1) — TT2n, ||

=40 |: lim HT@‘ka_H - T.%'an+2":| .
k—+o00

Since T is a cyclic 6-¢-contraction, 6 is continuous and increasing and ¢ is continuous
and increasing, we get

kEr-{looe (lw2m, — Txon,||)

<00 Jim_ Loz~ samsal ) | + (1= 08 (DA B)
=a lim ¢ 10 (1T 22m, — T?m20,||)] + (1 — )6 (d(A, B))

< akglfoo [0 (1T z2m,, — T?x2n, ||)] + (1 — )0 (d(A, B))

<a {a i 910 (fram, — T, D] + (1= )0 (d(A, B)| + (1= )8 (d(4. B))

=o? lim_[6[0(lwzm, — Tz, )] + (1~ )0 (d(4, B))].

Since klim | w2m, — Txon, | = d(A, B) + ¢, by Lemma 2.4, we have
— 400

0(d(A,B) +¢) < a”¢[0(d(A, B) +¢)] + (1 — a®)f (d(A, B))

< a®0(d(A,B) +¢)+ (1—a?)0(d(A, B)).
Hence

0(d(A,B)+¢)<0(d(A,B)),
which is a contradiction. Therefore, {x2,} is a Cauchy sequence by Lemma 3.11 and
hence it converges to some = € A. From Proposition 3.8, it follows that ||z — Tz|| =
d(A, B). Suppose that z,y € A and = # y such that ||z — Tz| = d(A, B) and
ly — Ty| = d(A, B), where, necessarily, T2z = 2 and T?y = y. By Remark 2.6, we
conclude that

1Tz —yl| = 1Tz — T?y|| < ||z — Ty|

and

1Ty — || = Ty — T2| < [ly — Tx|,
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which imply || Ty — x| = [Tz — y||. But, since ||y — Tz|| > dist(A, B), it follows that
|ITz — y|| < ||T'=z — y||, which is a contradiction. Thus z = y. O
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