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FIXED POINT THEOREMS FOR (¢, F)-CONTRACTION
IN GENERALIZED ASYMMETRIC METRIC SPACES

MOHAMED ROSSAFI?, ABDELKARIM KARI® AND JUNG RYE LEE®*

ABSTRACT. In the last few decades, a lot of generalizations of the Banach con-
traction principle have been introduced. In this paper, we present the notion of
(¢, F)-contraction in generalized asymmetric metric spaces and we investigate the
existence of fixed points of such mappings. We also provide some illustrative exam-
ples to show that our results improve many existing results.

1. INTRODUCTION

Banach contraction principle is considered to be the initial result of the study of
fixed point theory in metric spaces [2]. Various generalizations of it appeared in the
literature, much mathematics steadied many interesting extensions and generaliza-
tions (see [6, 9, 15, 18]) and the recent works of Wardowski in [18, 19, 20].

In 2018, Wardowski [19] analysed a generalization of the Banach fixed point
theorem on metric spaces in a new type of contraction mappings on metric space
called F-¢-contraction. Very recently Kari et al. [9] extended Wardowskis ideas
to the case of nonlinear F-contraction via w-distance and studied the solution of
certain integral equations under a suitable set of hypotheses.

A well known, several generalizations of standard metric spaces have appeared.
In particular, asymmetric metric spaces were introduced by Wilson [21] and then
studied by many authors (see [1, 11, 13, 16]). In 2000, for the first time generalized
metric spaces were introduced by Branciari [3], in such a way that triangle inequality
is replaced by the quadrilateral inequality d(z,y) < d(z, z) + d(z,u) + d(u, y) for all

pairwise distinct points z,y,z and u. Any metric space is a generalized metric
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space but in general, generalized metric space might not be a metric space. Various
fixed point results were established on such spaces (see [4, 5, 10, 17]) and references
therein.

Combining conditions used for definitions of asymmetric metric and generalized
metric spaces, Piri et al. [14] announced the notions of generalized asymmetric met-
ric space, and formulated some first fixed point theorems for 8-contraction mapping
in generalized asymmetric metric space.

In this paper, inspired by the interest aroused #-¢-contraction introduced in [8],
we introduce the notion of (¢, F')-contraction and establish some new fixed point
theorems for mappings in the setting of complete generalized asymmetric metric
spaces. Our results generalize, improve and extend the corresponding results due to
Kannan and Reich. Moreover, an illustrative example is presented to support the

obtained results.

2. PRELIMINARIES

In the following, we recollect some definitions which will be useful in our main

results.

Definition 2.1 ([3]). Let X be a non-empty set and d: X x X — R be a function
such that for all z,y € X and for all distinct points u,v € X, each of them different
from x and y, one has
(i) d(z,y) =0 if and only if z = y;
(ii) d(x,y) = d(y,x) for all distinct points =,y € X;
(iii) d(z,y) < d(z,u) + d(u,v) + d(v,y) (quadrilateral inequality).
(

Then (X, d) is called a generalized metric space.

Definition 2.2 ([14]). Let X be a non-empty set and d : X x X — RT be a
function such that for all z,y € X and for all distinct points u,v € X, each of them
different from = and y, one has

(i) d(z,y) =0 if and only if x = y;

(ii) d(z,y) < d(x,u) + d(u,v) + d(v,y) (quadrilateral inequality).

Then (X, d) is called a generalized asymmetric metric space.

Definition 2.3 ([14]). Let (X,d) is a generalized asymmetric metric space and

{#n},en be a sequence in X, and z € X.
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(i) We say that {x,},cy is forward (backward) convergent to x if

lim d(z,z,) =0 ( lim d(xp,x)=0).

n—-+oo n—-+oo

(ii) We say that {x,},cy is forward (backward) Cauchy if

lim d(zp,zm) =0 ( lim d(zm,xn) =0).

n,m—-+oo,nm n,m—-+oo,nm

Example 2.4 ([7]). Let X = AU B, where A ={0,2} and B =
d: X x X —[0,+00] be defined by

p

n € N*} and

eres
0(52)=ra(20) =3
(o))

for all n,m € N*, n # m. Then (X,d) is a generalized asymmetric metric space.
However, we have the following:

1) (X,d) is not a metric space, since d (+,0) # d (0,
2) (X,d) is not a asymmetric metric space, since d (
d(%,0).
3) (X,d) is not a rectangular metric space, since d (%,2) % d(2, %) for all
n > 1.

for all n >

)
2,0) = d(2, )+

Remark 2.5 ([7]). Let (X,d) be as in Example 2.4 and {1},cn+ be a sequence in
X. Then we have the following;:

N 1) — : 1 o) _ : 1) _ : 1y _
i) nEI-sI-lood (1,0)=0, nkrfood (£,2) =1and nE{QI—lood 0,4) =1, nll}lﬂ)od (2,2) =
0. Thus the sequence {%} is forward convergent to 2 and is backward con-

vergent to 0. So the limit is not unique.

. . 1 1) _ : 1 1y
ii) n,m—>141rglo,m>nd (L. 1) n,m—}—}—g,m<nd (£,1) = 1. So forward (backward)

convergence does not imply forward (backward) Cauchy.

Lemma 2.6 ([14]). Let (X,d) be a generalized asymmetric metric space and {x,}
be a forward (or backward) Cauchy sequence with pairwise disjoint elements in X.

If {xy},, is forward convergent to x € X and backward convergent to y € X, then z
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Definition 2.7 ([14]). Let (X, d) be a generalized asymmetric metric space. Then
X is said to be forward (backward) complete if every forward (backward) Cauchy

sequence {x,}, in X is forward (backward) convergent to z € X.

Definition 2.8 ([14]). Let (X, d) be a generalized asymmetric metric space. Then

X is said to be complete if X is forward and backward complete.
The following definition was introduced by Wardowski.

Definition 2.9 ([18]). Let F be the family of all functions F': R™ — R such that
(i) F is strictly increasing;

(ii) for each sequence {zy,},en of positive numbers,

lim 2, =0 if and only if lim F (z,) = —oc;
n—0 n—00

(iii) there exists k& € ]0, 1[ such that lim, .o z*F (z) = 0.

Recently, Piri and Kuman [12] extended the result of Wardowski [18] by changing

the condition (iii) in Definition 2.9 as follows:

Definition 2.10 ([12]). Let ' be the family of all functions F': RT — R such that
(i) F is strictly increasing;

(ii) for each sequence {z,}nen of positive numbers,

lim z, =0 if and only if lim F (z,) = —oc;

(iii) F' is continuous.

The following result introduced by Wardowski [19] will be used to prove our

result.

Definition 2.11 ([19]). Let F be the family of all functions F: R* — R and ® be
the family of all functions ¢ : 0, +00[ — ]0, +-00[ satisfying the following.
(i) F is strictly increasing;

(i) for each sequence {z, }nen of positive numbers,

lim z, =0 if and only if lim F'(z,) = —oc;

(iii) liminf, ,,+ ¢(s) > 0 for all a > 0;
(iv) there exists k € ]0, 1[ such that
lim z*F(z) = 0.

r—0t
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By replacing the condition (iv) in Definition 2.11, we introduce new class of

F-¢-contraction.

Definition 2.12. Let & be the family of all functions F: RT — R and ® be the
family of all functions ¢ : |0, +o0o[ — |0, +o00] satisfying the following.
(i) F is strictly increasing;

(i) for each sequence {z, }nen of positive numbers,

lim z, =0 if and only if lim F'(z,) = —oc;

(iii) liminf,  ,+ ¢(s) > 0 for all a > 0;

(iv) F is continuous.

Definition 2.13 ([19]). Let (X,d) be a metric space. A mapping T': X — X is
called a (¢, F')-contraction on (X, d), if there exist F' € F and ¢ € ® such that

F(d(Tz, Ty)) + ¢ (d(z,y)) < F (d(z,y))

for all z,y € X with Tz # Ty.

Theorem 2.14 ([19]). Let (X,d) be a complete metric space and T : X — X be an

F-¢-contraction. Then T has a unique fixed point.

3. MAIN RESULTS

In this paper, using the idea introduced by Wardowski, we present the concept of
F-¢-contraction in generalized asymmetric metric spaces and we prove some fixed

point results in such spaces.

Definition 3.1. Let (X, d) be a generalized asymmetric metric space and 7' : X —

X be a mapping.
(1) T is said to be a (¢, F)-contraction of type (F) if there exist F' € F and
¢ € ® such that for all z,y € X with max{d (Tz,Ty),d(Ty,Tz)} > 0, we
have

7 [d <d(Tx,Ty) -;d(Ty,Tx))] L é [d<d(fv,y) ;d(yw)ﬂ

<F [d (d(x,y)—;d(y,fv)ﬂ _
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(2) T is said to be a (¢, F')-contraction of type () if there exist F' € ¥ and
¢ € ® such that for all z,y € X with max{d (Tz,Ty),d(Ty,Tx)} > 0, we
have

7 {d<d(Ta:,Ty)—;—d(Ty,Ta:)>} o [d (d(m,y)—;d(y,m))] < F[M ()],

where

M (z,y)

:max{d(d(x,y);d(y,x)>,d(d(x7Tx)—;d(Tx,x)>,d(d(yﬁTy);d(T%y))}'

(3) T is said to be a (¢, F')-Kannan-type () contraction if there exist F' € &
and ¢ € ® such that for all z,y € X with max{d (Tz,Ty),d(Ty,Tz)} > 0,
we have

7 [d<d(Tx,Ty)—;d(Ty,Tx)>} Lo [d (d(m,y)—;d(y,x))]

<F (d(w,Tx)—l—d(Tx,x)Id(y,Ty)—i—d(Ty,y)) ‘

(4) T is said to be a (¢, F')-Reich-type (J) contraction if there exist F' € F and
¢ € ® such that for all z,y € X with max{d (Tz,Ty),d(Ty,Tz)} > 0, we
have

7 {d (d(Tar,Ty)-de(Ty,Tﬂf)ﬂ L [d (d(Ly);rd(y,w))]

< F(d(x,y)—i—d(y,x)—i—d(:r,T:I:)—l—él(T:):,x)+d(y,Ty)+d(Ty,y)>.

Theorem 3.2. Let (X, d) be a generalized asymmetric metric space andT : X — X
be a mapping. Suppose that there exist F' € F and ¢ € ® such that for all z,y € X
with max{d (T'z,Ty) ,d(Ty, Tx)} > 0, we have
(3.1)

Tz, T Ty, T d d
7 [d( z,Ty) + d(Ty, w)] Lo [d <d(fﬂ,y) + (y,fv))] <F [d(fc,y) + (y,:v)} ‘

2 2
Then T has a unique fixed point.
Proof. Let xp € X be fixed and define a sequence {x,,} by #,41 = Tx,, = T" 2 for

all n € N. If there exists ng € N such that d (2, Zng+1) = 0 or d (zpy+1,2n,) = 0,
then the proof is finished.
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Now, suppose that d (2, Zpn4+1) > 0 and d (2y41,2,) > 0 for all n € N. Then we
have

mazx {d (zyn, Tpt1),d(Tni1,20)} > 0.
Letting * = z,_1 and y = z,, in (3.1) for all n € N, we have

P [d (T, Tpa1) + d($n+1,$n):|
2

<F (d(l’nlal‘n) ‘;‘ d($n7xnl)) — % <d($n1733n) ;‘d(l‘naxnl)

>,Vn€N.

Now, we set D (2, Zm) = d(Tpn, Tm) + d (Tm, ) . Then

F(D@gﬁwg)SF(DC%;JM>_¢{D@3L@Q}

Repeating this step, we conclude that

F<D(%’2$"+1)> §F<D(fﬁn 1, Tp ) [D Tp_1,Tn ]
SF(D(:cn 2, Tn_1 ) [D Tp—1,Tn } _ﬁp(mww}

2
sn§F<D%f“>_n¢FN%fﬂq.
1=0

Since F' is increasing, we get
(3.2) D (2, xpt+1) < D (zp—1,2p) .

Since liminf, .+ ¢(s) > 0, we have liminf, o ¢(D (zp—1,2,)) > 0. From the
definition of the limit, there exist ng € N and A > 0 such that for all n > ny,
&(D (xp-1,2n)) > A. Thus

no—1 n
F(D (zn, znt1)) < F (D (20, 71)) Z ¢(D (wi,xig1) — Y O(D (wi,wit1))
1=ng—1

SF( anml Z A

1=ng—1
=F (D (.Z'(), xl)) — (n — TL())A

for all n > ng. Taking the limit as n — oo in the above inequality, we get

(3.3) lim F (D (zp,%ny1)) < lim [F (D (xo,21)) — (n —np)A4],

n—odo n—oo
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that is, limy,, oo F (D (2, Tpt+1)) = —oo. From the condition (ii) of Definition 2.11,

we conclude that

(3.4) lim D (zy,xp41) =0.

n—oo

Next, we shall prove that

lim d(zp,Znt+2) =0 and lim d(xp42,2,) = 0.

n—oo n—oo

Assume that x,, # z,, for all n,m € with N, n # m. Indeed, suppose that x, = z,,
for some n = m + k with k£ > 0. Then we have xp 1 = Txy =TTm = Tmt1-

So, from the assumption of the theorem, we get

- (D(xm,zxm+1)> . (D(xn,;:nﬂ))

SF(DW—M>_¢<M><F<M)

2
By (3.2), we have
D (xymy Timy1) = D (2, Tny1) < D (zp—1,2y) .
Continuing this process, we can obtain that
D (%, Tmy1) < D (T, Trmt1) -
This is a contradiction. Therefore,
max {d (Tm, Tn) ,d (Tn, Tm)} >0

for all n,m € N with n # m.
Letting x = x,—1 and y = x4 in (3.1) for all n € N, we have

7 (D(xnéxn+2)> < (F (D(xn_;,xn+1)>> _ ¢ |:D(£Un_;,.’13n+1):| .

Repeating this step, we conclude that

7 (D(wn,2$n+2)> < <F (D(xn;,l'n+1)>> ¢ |:D(£Bn;,$n+1):|

<F (D (%527%)) _ ¢ [D(xn—;xn-i-l)] _é [D ($n52,xn):|

- SF(D %o, 2 ) Z<f’[ xz,ng)}
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Since liminf, .+ ¢(s) > 0, we have liminf,, . ¢(D (xy—1,2n+1)) > 0. From the
definition of the limit, there exist ny € N and B > 0 such that for all n > ny,
&(D (zp—1,2n)) > B. Thus

ny—1 n
F (D (2, p42)) < F (D (z0,22)) = $(D (wiywi42)) = D &(D (i, wiv2))
=0 i=n1—1

§F(D(x0,x2))— i B

i=ni1—1

= F (D (xg,22)) — (n —n1)B
for all n > n;. Taking the limit as n — oo in the above inequality, we get

lim F (D (zp,Zny2)) < lim [F (D (x0,22)) — (n —n1)B],

n—oo n—oo
that is, lim,, oo F' (D (2, Tnt2)) = —oo. From the condition (i7) of Definition 2.11,

we conclude that

(3.5) lim D (z,,2ny2) = 0.

n—oo
Next, we shall prove that {z,, }, oy is a Cauchy sequence, i.e., limy, ;o0 d (T, Tm) =
0 for all n,m € N. Now, from (iv) of Definition 2.11, there exists k € ]0, 1[ such that

lim [D (2, 2n41)]* F (D (@0, Tps1)) = 0.

Since
F[D (#n, Tns1)] < F[D (0, 21)] — (n — no)A,
we have
(D (fﬂn,anrl)]k F D (zn, Zni1)]
<D (@, 2n11)]* F[D (20, 21)] = [(n = no) A] [D (2, T 41)]"
Therefore,

[D (mnaxn-i-l)]kF [D (#n, Tn1)] — [D (a:n,:cn+1)]kF [D (w0, 21)]
< —[(n —n0)A] [D (n, 2 11))*
<0.

Taking the limit n — oo in the above inequality, we conclude that

lim D ($n7$n+l)k (n—mnp)A=0.

n—oo
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Then there exists h € N such that
1
(3.6) D (zn,2n41) < —————— foralln > h.
[(n—mng)A

Now, from (iv) of Definition 2.11, there exists k € ]0, 1] such that

lim [D (2n, Zni2)]" F (D (2, 2ny2)) = 0.

Since
F[D (2n, xn42)] < F[D (w0, v2)] — (n —n1)B,
we have
[D (mnaxn-i-Z)]k F'[D (2, Tpi2)]
< D (@n, Tn12)]* F [D (w0, )] = [(n — 11) B] [D (wn, 2 y2)]" -
Therefore,

[D (2, 2)]" F [D (2, 2ar2)] = [D (@, 42)]" F[D (w0, 2)]
< —[(n = n)B][D (20, Tn42)]"

<0.
Taking the limit n — oo in the above inequality, we conclude that

lim D (:rn,anrg)k (n—mn1)B=0.

n—oo
Then there exists [ € N such that

1

(3.7) D (wp,wp42) < ma

V>l

Next, we show that {x, },en is a Cauchy sequence, i.e.,

lim D (xn,zpyr) =0, VreN.

n—oo

The cases r = 1 and r = 2, are proved, respectively, by (3.4) and (3.5).
Now, we take » > 3. It is sufficient to examine two cases:
CASE I: Suppose that r =2m + 1, where m > 1.

By using the quadrilateral inequality and (3.6), we have
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D (xn; xn—&—r) = (xna xn+2m+1)

IN

D
D (:L‘n, Tpi1) + D (Tpy1, Tpy2) + D (Try2, xn+2m+1)
D

IA

(xna xn+1) + D (l‘nJrla $n+2) +..+D (mn+2ma xn+2m+1)
1 1 1

(=) AP [t 1 —no)AF T [ n+ 2m — no) AT
1=2m+n 1

IN

> [(i — no)AJ*

i=n
1=00 1
E) P
= . k
iz [t —7n0)A]

CASE II: Suppose that r = 2m, where m > 1.

Let ny = max{ng,n;} and C = max{A, B}.
By the quadrilateral inequality and (3.6) and (3.7), we have

D (zn, Tntr) = D (Tn; Tntom)
<D (xna xn+2) +D (xn+2a -Tn+3) + D (xn+33 $n+2m)

<D (xny $n+2) +D (ﬂjn+27 $n+3) +..+D ($n+2m—17 xn—i—?m)
1 1 1
4

= [(n —ny)B]" * [(n+2—n0)A"  [(n+3—mnyA)"
+ ..+ ! 2
[(n—n+2m —1—ngp)A|
1 i=n+2m—1 1
 [(n—n1)BJf i izzn; [(i — no) A
S 1=00 1

i=n—+1 [(i —n2)C]
. 1 1 .
From the convergence of the series ), o) A and ), Tnono)cpF> Since 0<k<l1,

lim D (2, Tptr) =0, ie, lim d(zp,Tnyr) =0 and lim d(zpir,zy) = 0.
n—oo n—oo n—oo

Hence {z,} is a forward and backward Cauchy sequence in X. By completeness of
(X, d), there exist z,u € X such that

lim d(zp,2) = lim d(u,x,) =0.

So, from Lemma 2.6, we get z = u.
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Now, we show that d (Tz,2z) = 0 or d(z,Tz) = 0. Arguing by contradiction, we

assume that
d(Tz,z) >0 and d(z,Tz)>0.
Therefore,
max{d(Tz,z),d(z,Tz)} > 0.
Now, by the quadrilateral inequality, we get

(3.8) d(Txn,Tz) <d(Txn,zn)+d(zn,2)+d(z,Tz),

(3.9) d(z,Tz) <d(z,zp)+d(zy,Tey) +d(Txn, Tz).
By letting n — oo in (3.8) and (3.9), we obtain

d(z,Tz) < lim d(Tz,,Tz) <d(z2,Tz).

Therefore,

(3.10) nli_)rgod (Txy,Tz) =d(z,T%)

On the other hand,

(3.11) d(Tz,Txy) <d(Tz,2)+d(z,z,) + d(xpn, Txy)
and

(3.12) d(Tzy,Tz) <d(Txp,xp) +d(Tn, 2) +d(2,T2).

By letting n — oo in (3.11) and (3.12), we obtain
d(Tzz) < nlln;od(Tz, Txy) <d(Tz z).
Therefore,
(3.13) nh_)n(god (Tz,Txy) =d(Tz,z).
By (3.10), and from the definition of the limit, there exists n3 € N such that
d(Tz,,Tz) >d(z,Tz) >0, Vn > ns.
Similarly, by (3.13), there exists n4 € N such that
d(Tz,Txy,) >d(Tz,z) >0, Vn > ny.

Let N = max {n3,n4}. Then we conclude

max {d (Tz,Tx,),d(Tx,,Tz)} >0, Yn > N.
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Applying (3.1) with z = z and y = x,,, we have

Since F is increasing, we get

(3.14) D (Tz,Txy) < D (z,2) .

By letting n — oo in (3.14) and using (3.10) and (3.13), we obtain
lim D(Tz,Tx,) =D (Tz,z) < nh_}rrgoD (z,zy) = 0.

n—oo
Thus d(Tz,z) =0 and d(z,Tz). Hence Tz = z.
Now, suppose that z,u € X are two fixed points of T" such that u # z. Then we

have

d(Tz,Tu) =d(z,u) >0
and

d(Tu,Tz) =d(u,z) > 0.
Therefore

max {d (Tu,Tz),d(Tz,Tu)} > 0.
Applying (3.1) with z = z and y = u, we have

() (252 o (22 (252) < (25)

which is a contradiction. Therefore v = z. O

Corollary 3.3. Let d (X, d) be a complete generalized asymmetric metric space and

T be a self mapping on X. If for all x,y € X we have
max {d (Tz,Ty),d(TyTz)} >0=d(Tz,Ty)+d(Ty,Tx)
—1
< elrdlmy)tdly.e) [d ($7 y) +d (ya l’)] ’

then T has a unique fixed point.

Proof. Since max{d (Tz,Ty),d(TyTx)} > 0, we can take natural logarithm in
both sides to get
in[d (T2, Ty) + d (Ty, Ta)] < In [e 702 (d (z,y) + d (y, 2))]
_ -1
S 1+d(z,y) +d(y, )

+inld(xz,y)+d(y,z)].
Hence

Fld(Tz,Ty) + d(Ty, Tx)] + ¢ (d(z, y) + d(y, z)) < F (d(z,y) + d(y, z))
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with F(t) = In(t) and ¢(t) = ﬁt Therefore, as in the proof of Theorem 3.2, T' has

a unique fixed point z € X. O

Corollary 3.4. Let (X,d) be a complete generalized asymmetric metric space and
T:X — X bea given mapping. Suppose that there exist F € F and 7 € |1, +00]
such that for all x,y € X with max {d (Tz,Ty),d(TyTz)} >0,

- [d(Tx,Ty)—;—d(Ty,Tx)} e [F <d(x,y)42rd(3/,x)>].

Then T has a unique fixed point.

Example 3.5. Let X = AU B, where A = {0, %, %, %} and B = [1,2].
Define d : X x X — [0, +o0] as follows:

d(z,y) = d(y,x), v,y € B;
dlz,y) =0=y=2z, Vr,yeX

and

1 11

0)=d(>,2) =02

30)=d(j) =0
1 11

d (o, 3) _d<2,4> =0.35
11 11

o(B0) (L D) <os

d(x,y) = |z — y| otherwise.

Then (X, d) is a generalized asymmetric metric space. However, we have the follow-

ing:
1) (X,d) is not a metric space, since d (%, %) =06>05=d (%, %) +d (i, %)
2) (X,d) is not a generalized metric space, since d (%, i) =0.35#d (i, %) =

0.2.
Define a mapping T': X — X by
1
x4 if xel,2
i een
1if x € A.

Evidently, T(x) € X. Let F(t) = In(t) +t, ¢(t) = 157. It is obvious that F € F and
¢ € P.
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Consider the following possibilities:
Case 1: z,y € [1,2] with = # y. Then
T(z) = xi, T(y) = y%, D(Tx,Ty) =2 (wi — y%) , D(z,y) =2(x —y).

On the other hand,

r [MT;‘T?/)] = inat —yt) + (ah —yh),
F [D(;,y)] =In(z—y)+ (r—y)
and 1
ol @Yl = T =y
We have
PP ]
= In(z? —y1) —In(z —y) + (a1 —yT) — (z —y) + [1+(a1:—y)]
:ln(xi_yi)—ln(x—y)‘f‘(xi_y%)_(aj_y)+ [1+(i—y)]
— —In (xi+yi) —In (:L‘%—l-y%)
+ (@t —yh) [1= (aF +y7) (22 +92)] + 1+ <i—y>J
Since z,y € [1,2],
2T 4yl Zl:—ln(wi—i—x%) <0,
(A== (o) () 20
and
—in (;U% +y%> —In (JGi +yi) —l—% <0

Thus, for all z,y € [1,2] with x # y, we have

[P o[  [22]

Case 2: z € [1,2] and y € A. Then

T(z) = xi, T(y)=1, D(Tz,Ty) =2 (m% — 1) , d(z,y) = 2(x —y).
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On the other hand,

F [D <T;’Ty)] = In(zi — 1) + (21 — 1),
P22 —tn(a - )+ - )
and
o750 = ey
We have

2 2

F [D(“’)] _F [W] ¢ [D(;:,y)}

1 i 1
= (x—y)— (@7 — 1)+ In(z —y) — In(z —D-m
—In R rT—y)— xi— _;
B in_l) M rEa

Since x € [1,2] and y € A,

(x—y) > <x—;>

(x—l—l-;) > (z—1).

Hence
(x—y)>(x—1)—<$4—1>(x411+1)(xé—#—l),
(m—y)—(x}l—l)><x4—1>[(:L‘%%-l)(;ré—i-l)—l}
and
(xl—y) > :L‘i—|—1 x%—}—l
B () )

Then we have

In [(;}1__3’1)] > In [(a;i + 1) (x% + 1)} —In (x% + 1) Y in (:c% + 1).

Since z € [1.2],

In [(mi + 1)} +In [(x% + 1)} > Wl_y)]

Hence, the condition (3.1) is satisfied. Therefore, T" has a unique fixed point z = 1.
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Theorem 3.6. Let (X,d) be a complete generalized asymmetric metric space and
T:X — X be amapping. Suppose that there exist F' € & and ¢ € ® such that for
all x,y € X with max{d (Tz,Ty),d(Ty,Tx)} > 0, we have

d(vava)J;d(Ty,T:v)] +¢<d($,y)ﬂ;d(y,w)

(3.15) F[ > < F[M(z,y)],

where

M (z,y) —max{d(x’y)+d(y’x) d(z,Tx) +d (T, z) d(y,Ty)nLd(Ty,y)}.

2 ’ 2 ’ 2
Then T has a unique fixed point.

Proof. Let xy € X be fixed and define a sequence {x, } by
Tpy1 = Tan, =T" M2y, VYneN.

If there exists ng € N such that d (2., Zno+1) = 0 or d(Zpy41,2n,) = 0, then the
proof is finished.
We can suppose that d (zy,zn+1) > 0 and d(xp41,2,) > 0 for all n € N. Then

we have
max {d (Tn, Tnt1) , d (Tn41,20)} > 0.

Letting © = z,—1 and y = z,, in (3.15) for all n € N, we have

(3.16)
QCRESRED TEYS) B (TSRS [T B
where
d(Tp_1,Tn) + d(xpn, xn_1) dxp_1,x) + d(xTp, Tp_
Mt = { At o) ) )
d(xnvxn-i-l) + d(xn—i-lvxn)
2
- {d (wn—la xn) +d (.T}n, xn—l) d (J}n, l'n—s—l) +d ($n+17 wn) }
B 2 ' 2 ‘

Now, we set D (zp,Zm) = d(Tp, Tm) + d (Tm,x,) . Then

D (n-1, ) D(ﬂfmfcn+1)}

M(wn—laxn) = { 2 ) 2
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Suppose that for some n, M (x,—1,x,) = {M} Using the continuity of F
and the property of ¢, it follows from (3.16) that
rF D<xn7xn+l) <F D(xn,an) . ¢ D(wn—hxn)
2 - 2 2

<F |:D (xmxn+1):| )
2
This implies that
D (zn, Tnt1) < D (Tn, Tni1),

which is a contradiction. Hence

D (zy,—
M (zp_1,7p) = (xn217xn)‘
Therefore,
F D<$mxn+1) <F D(xn—laxn) — D(xn—laxn) ‘
2 2 2
Since F' is increasing,
(3.17) D (xn,n+1) < D (xp—1,2n).

Repeating this step, we conclude that

P <D(xn,2xn+1)> < (F <D(xn21,:vn)>) 6 [D(xn;,xn)]

r <D(mn;,xn1)>_¢ [D(:L“n;,xn)}_d) [D(xn;,xnl)}

. _.§F<D Zo, &1 ) Zd)[ xz,xzﬂ)]

Since liminf, .+ ¢(s) > 0, we have liminf,, .. ¢(D (xy—1,2,)) > 0. From the
definition of the limit, there exist ng € N and A > 0 such that for all n > ng,
&(D (zp—1,2n)) > A. Thus

no—1

F (D (zn, tnt1)) < F (D (20, 71)) Z O(D (zi, 1)) = Y O(D (w5, wi41))

i=ng—1

SF( .To,l‘l Z A

i=ng—1

=F (D (I’o, .%'1)) — (n — TL())A
for all n > ng. Taking the limit as n — oo in the above inequality, we get

lim F (D (2, 2041)) < lim [F (D (x0,1)) — (n— o)A,
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that is, lim, oo F (D (2, Tpt+1)) = —oo. From the condition (ii) of Definition 2.12,

we conclude that

(3.18) lim D (zy,xp41) =0.

n—oo

Next, we shall prove that
lim d (2, 2pt2) =0and lim d(zp42,2,) =0.
n—oo n—oo
We assume that x,, # x,, for all n,m € N with n # m. Indeed, suppose that x,, = x,,
for some n = m + k with £ > 0. Then we have 41 = Txp =TTy = Tit1-
By (3.17), we have
D (xn7xm+l) <D (xn—lvxn) .
Continuing this process, we can have that
D (va,anrl) <D (xmamerl) ,
which is a contradiction. Therefore,
max {d (Tm,Zn),d(Tn,Tm)} >0, Vn, m e N,n#m.
Letting z = x,, and y = 42, we have
maz {d (xp, Tnt2),d (Tny2,xn)} > 0.

Applying (3.15) with z = 2,1 and y = z,4+1, we have

F [m;”] ‘o <D<””2°“)> < F (M (51, 2041)),

where

D _ D _ D
M (xp—1,Tny1) —max{ ($n217$n)’ (n ;vwnﬂ)’ ($n+;,:vn+2)}

_ {D (xn—la xn) D (-Tn—la xn—l—l) }
= max 5 , 5 )

Therefore,

(319) F (W)

r (maX{D(:L‘n;,xn), D(mn;,xm)}) Ly <D(xn;,mn+1)> |

Take a, = D (2, Tnt2) and b, = D (2, Tp4+1) . Since F' is increasing, we have

an < max{a,—1,bp—1}.

Again by (3.17),
by <bp—1 < max{anfly bnfl} .
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Therefore,
max {an, by} < max{a,—1,bp—1}, Yn € N.
Then the sequence max {a,_1, bn—l}neN is monotone non-increasing, and so it con-
verges to some (3 > 0 such that
lim max {a,,b,} = 5.
n—oo

By (3.18), for 5 > 0, we have

lim supa, = lim supmax{a,,b,} = lim max{ay,b,}.
n—oo n—oo n—oo

Taking the lim sup,, — oo in (3.19) and using the properties of F' and ¢, we obtain

D n—1,<n
F ( lim supan) <F ( lim Supmax{an_l,bn_l}) — lim sup¢ <(:1:1$+1)>

n—oo 2
D n—1,+n
<F ( lim sup max {an_l,bn_l}) — lim inf¢ <($;x+1)>

<F ( lim sup max {an—1,bn—1}) .

()

(3.20) lim D (zy42,2,) =0.

n—oo

Therefore,

This is a contradiction. Thus

Next, we shall prove that {z,},cy is a Cauchy sequence, i.e., limy ;oo D (Tn,Tm) =
0, for all n,m € N. Suppose to the contrary. Then there is an € > 0 such that for
an integer k there exist two sequences {n(k)} and {m(k)}, mg) > Ny >k,

such that

D (:r:m(k),xn(k)> >e, D (a:m(k)_l,xn(k)) < €.
Now, using (3.18), (3.20) and the quadrilateral inequality, we find
esD <$m<k>’$"(k>> =D <xm<k)’xm<k>+1) +D ($m<k>+17$m<k>—1) +D (wm(m—l’%(k))
=D <xm<k)’$m(k>+1) +D <$m(k)+1’xm(k)—1> TE.

Then

(3.21) lim D (xm(k>,mn(k)) =e.

k—oo
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Now, by the quadrilateral inequality, we have
D (xm<k>+1’x"<k)+1) =D (xm(km’xm(m) +D <xm<k>’x”<k>) +D (x”ww%(km) ’
D <$m<k>’x”<k>> <D (xm(wmm(km) +D <xm<k>+vx”<m+1> +D (xn(km’x”(k)) :

Letting £ — oo in the above inequalities, we obtain

(3.22) lim D (2,1 Tng ) =

k—o0

By (3.22) there exists ng € N such that

D ($m(k)+1a$n(k)+1> =d (xm(k)+l,xn<k)+l) +d (xn(k)+1’xm(k)+1) > %, Vn > ng.
Therefore,
€
max {d (xm(k)+1,:vn(k)+l) ,d (xn(k)+l7xm(k)+l>} > 7 vn > ng.
So

€
max {d (Tmm(k),Txn(k)> ,d (xn(k),Ta:m(k)>} > T vn > ng.

Applying (3.15) with z = T, and y = oy, , we have
(3.23)
(k)+17 T (k)+1 (k) T (k)
E 2 sF (M (xm<k>’x"(k>)) —9 2 ’
where

D <$M<k)’x”<k>> D <xm<k>’xm<k>+1) D (In(kwx"(km)
2 ’ 2 ’ 2

M (xm<k),:vn(k)> = max

By (3.18) and (3.21), we have

e

lim M (l‘m(k),]}n(k)) = 3

k—oo

By letting £ — oo in (3.23) and using the continuity of F' and using the property of

¢, we obtain



390 MOHAMED ROSSAFI, ABDELKARIM KARI & JUNG RYE LEE

D (x T )
IS 3 . M(k)> (k)
)< —) =
F(5) <7 (3) - fimswwe | ——3
D <CC , X >
<F (§> — lim inf¢ T
2 k—o0 2

which implies that

e<e.

This is s a contradiction. Thus

lim D (zy,z,) =0.

n,m—oo
Hence

lim d(xm,z,) = lm d(zp,zm) =0.
n,Mm—00 n,Mm— 00

So {z,} is a forward and backward Cauchy sequence in X. By completeness of
(X, d), there exist z,u € X such that

lim d(z,,2) = lim d(u,z,) =0.

So, from Lemma 2.6, we get z = u.
Now, we show that d (T'z, z) = 0 =d (z,Tz) . Arguing by contradiction, we assume
that

d(Tz,z) >0 and d(z,Tz)>0.
Therefore,
max {d(Tz,z),d(z,Tz)} > 0.

As in the proof of Theorem 3.2, we conclude that

(3.24) lim d(Tz,Tx,) =d(Tz,z2)
and
(3.25) lim d(Tx,,Tz) =d(z,Tz).

By (3.24) and (3.25), there exists ¢ € N such that

max {d (Tz,Txy,),d(Tz,,Tz)} >0, Vn>q.
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Since T is an F-¢-contraction, we obtain

(326)  F <D(T’Z2Tf'3n)) <F[O(M(2,3,))] - ¢ (D(ZQ%)> , V> q,
where

(2, ) = max D (z,x,) D (z,Tz)7 D (z,,Tzy) ‘
Thus : { 2 2 2 }

(3.27)  lim M (z,z,) = max

n—oo

2 2 ’ 2 2
By letting n — oo in (3.26), using (3.24), (3.25), (3.27) and property of ¢, we obtain

(2) < (2222) -y o (2152

<F (D(];z,z)> _nhjgoinf(b (D(zz,xn)>

D (2,Tz) < D (2,Tz),

{D (z,2n) D (2,Tz) D (xn,Txn)} _ D(z,Tz).

Therefore,

which is a contradiction. Thus z = T'z. So T has a fixed point.
Let z,u € Fix(T') with z # u. Then

d(Tz,Tu) =d(z,u) >0
and
d(Tu,Tz) =d(u,z) > 0.
Therefore,
max{d(Tz,Tu),d(Tu,Tz)} > 0.

From assumption of the theorem, we get

F(N%JW>_FC”;”)gmM@m»—wM@m»

where

M (20) :maX{D(z,u) D (z,T%) D(u,Tu)} _D(zu)

2 2 ’ 2 2
Therefore, we have

P (P - p (2E) < pur o) - o0 o) < 1 (252),

which implies that D (z,u) < D (z,u). This is a contradiction. Therefore u = z. O
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It follows from Theorem 3.6 that we obtain fixed point theorems for F-¢-Reich-

type contraction and F-¢-Kannan-type contraction.

Theorem 3.7. Let (X,d) be a complete generalized asymmetric space and T : X —
X be a 0-¢p-Kannan-type contraction. Then T has a unique fized point.

Proof. Since T is a (¢, F — —Kannan-type contraction, there exist F' € S and ¢ € &
such that

F[d(Tw,Ty)-gd(Ty,Tw)}+¢<d(w,y)42rd(y,x)>
D Tac T D (z,y)
JD@E : )

I
o

IN

F

g
o {2572, 260

gF<maX{D<§»y>,D<T; = 2Ty,

Therefore, T is a (¢, F)-contraction. As in the proof of Theorem 3.6, we conclude

IN

that T has a unique fixed point. O

Theorem 3.8. Let (X,d) be a complete generalized asymmetric space and T : X —
X be a (¢, F)-Reich-type contraction. Then T has a unique fized point.

Proof. Since T is a (¢, F')-Reich-type contraction, there exist F' € & and ¢ € ® such
that

7 [d(T:L“,Ty);Ld(Ty,T:L")} +o (d(x,y) ;d(y,x))

([P (252)

P <D(a:,y) + D (Tx,x) —i—D(Ty,y))
6

<F <maX{D(w,y) D (Tz,x) D(y,Ty)}>_

IN

2 7 2 ’ 2
Therefore, T is a (¢, F)-contraction. As in the proof of Theorem 3.6, we conclude

that 7" has a unique fixed point. ([l

Corollary 3.9. Let (X,d) be a complete metric space and T : X — X be a Kan-

nan type mapping, i.e., there erists a € ]0, 2[ such that for all x,y € X with



(¢, F)-CONTRACTION IN GENERALIZED ASYMMETRIC METRIC SPACES 393

max {d (Tz,Ty),d(TyTz)} >0,

d(Tz,Ty) +d(Ty,Tx) _ N [d(Tw,w) +d(x,Tx) +d(Ty,y) +d(y, Ty)
9 = 9

Then T has a unique fized point.

Proof. Let F(t) = In(t) for all t € ]0,+oc, and ¢ (t) = In(1). We prove that T is a
(¢, F)-Kannan-type contraction. Indeed,
7 d(Tz,Ty)+d(Ty,Tx)
2
I (d (Tx,Ty) +d (Ty,Tx))

2

. <d(T:U,:n) +d(a:,To:)Id(Ty,y) +d(vay)) +in(a).

Thus

(T2 Ty) +d(Ty,T2) (1
. gn (d (T'z, 33)2+ d(z, Tx)zt— d (Ty<,y)>+ d(y, Ty)> |

Therefore, as in the proof of Theorem 3.7, T" has a unique fixed point z € X. O

Corollary 3.10. Let (X,d) be a complete metric space and T : X — X be a
Reich type mapping, i.e., there exists X € ]0,%[ such that for all z,y € X with
max {d (Tz,Ty),d(TyTz)} > 0, we have

d(Tz,Ty) +d(Ty,Tx)
2
< [d(ﬂ«",y) + (d(y,2) + d(Tx,x) 4+ d(x,Tx) + d(Ty,y) + d(nyy)]
< 5 .

Then T has a unique fixed point.

Proof. Let F(t) = In(t) for all t € ]0, +oo[, and ¢ () = In(3). We prove that
T is a (¢, F')- Kannan-type contraction. Indeed,
P <d(TJ:,Ty) + d(Ty,Tx)) I (d(Tx,Ty) + d(Ty,Tx))
2 B 2

< (d(az,y) +d(y,z)d(Tx, ) +d6(;v,Tx) +d(Ty,y) +d(y,Ty)> Fin()).
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Thus
d(Tz,Ty)+d(Ty,Tx) 1
n( Y 5 Y >—|—ln (A)
< ln<d(:p,y) +d(y,z)d(Tx,z) +d(z,Tx) +d(Ty,y) + d(y,Ty)

: )—Hn()\).

Therefore, as in the proof of Theorem 3.8, T has a unique fixed point z € X. O

Example 3.11. Let X = AU B, where A = {0, %, %, %} and B = [%,2].
Define d : X x X — [0, +o0] as follows:

d(z,y) = d(y,z), v,y € B;
dlz,y) =0=y=z, Vre,yeX

and

Ca(3 ) =a(Lo) -os
o(11) = (o) - oz
T EIE

o(10) ~a(L0) -os

d(x,y) = |z — y| otherwise.

Then (X, d) is a generalized asymmetric metric space. However, we have the follow-

ing:
1) (X,d) is not a metric space, since d (3,0) = 0.6 > 0.51 =d (3, 1) +d (5,0).
2) (X,d) is not a generalized metric space, since d (O, %) =034 #£d (%,O) =

0.21.

Define a mapping T': X — X by

Vxifxe€ [3,2]
1if x € A.

T(z) =

Then T(z) € [2,2]. Let F(t) = Int for all t € ]0,+00[, ¢(t) = 2%4 It is obvious
that F' € § and ¢ € .

Consider the following possibilities:
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Case 1: z,y € [%, 2] with x # y. Assume that = > y. Then

D(Tz,Ty) =d(Tz,Ty) + d(Ty, Tx)

= IVE - VBl + Vi - VAl
=2 (Vi Vi)
and
D(z,y) = d(z,y) + d(y,z)
=z —y[+ |y — 2l
=2(z—y).
Therefore,
NCCED I
and

(25)- st
2 24+ (z—y)]’
On the other hand,

() (25 (25)

2

Since z,y € [%, 2], we have

—In (Va + ) < —In(V3)

and

Thus

- <D<T:;~,Ty>> o <D<:;y)> <F <D<W>> < F(M(z,y)).

395
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Case 2: x € [%,2] ,ye Aory € [%,2] , T € A

Then T'(z) = /z, T(y) =1 and so d(Tx,Ty) = (|v/z — 1]).
In this case, consider two possibilities:

i) > 1: Then y/z > 1. Thus

D(Tx,Ty) =2 (\/5 — 1) )

F(W) =in(Vz —1)

So we have

and

Vi) = max [ 200, Do L) DTy

On the other hand,

and
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Thus

PP o (202 < r (252 < F(ar(e).

i1) x < 1: Then /x < 1. Thus

D(Tz,Ty) =2(1—x).

So we have
D(Txz, T
(BT e
and
D(xz,y) D(x,Tx) D(y, Ty
(e = e { 224) DT) DO Ty))
D(y,T
> (y2 y):1—y
1 2
>1—-=2
- 3 3
and

On the other hand,

2 2
=In(1—a)+ [2+(i_y)] — F(M(z,y))
<In(l-vz)+ [2+(31:—y)] —ln<§>
=0 (50-9) + rg=y]

Since z € [%,1[,

This implies that

F (D(T‘g’Ty)) T <D(;y)> <F <D(zy)> < F(M(z,y)).

397

Hence T satisfies the assumption of the theorem and z = 1 is the unique fixed point

of T.
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