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SOME TYPES OF SLANT SUBMANIFOLDS OF BRONZE
RIEMANNIAN MANIFOLDS

BILAL EFTAL ACET? AND TUBA ACET*

ABSTRACT. The aim of this article is to examine some types of slant submanifolds
of bronze Riemannian manifolds. We introduce hemi-slant submanifolds of a bronze
Riemannian manifold. We obtain integrability conditions for the distribution in-
volved in quasi hemi-slant submanifold of a bronze Riemannian manifold. Also, we
give some examples about this type submanifolds.

1. INTRODUCTION

In 1990, B.Y. Chen introduced the geometry of slant submanifolds in complex
manifolds [3]. Then this topic was extended to semi-slant, pseudo-slant and bi-slant
in different structure. Semi-slant submanifolds in almost Hermitian manifolds were
introduced by N. Papagiuc [8]. Semi-slant submanifolds in Sasakian manifolds were
studies by J.L. Cabrerizo [7].

Metallic structure was introduced V. W. de Spinadel [12]. Let p and ¢ be positive

integers. So, members of the metallic means family are positive solution
22 —pr—q=0,

and this number, which are called (p, ¢)—metallic numbers denoted by [4]

_pH VPPt
= vE T

By use of metallic means family, in [4], the authors introduced the metallic structure

Op,g

which is given by J of type (1,1)—tensor field satisfying
J? = pJ+ql.
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Some remarks on this structure were studied by many geometers (see [1, 5, 11, 2, 6]).

If p=3and ¢ =1, then J is called bronze structure which satisfies
J?=3J+1,
where I is the identity tensor [9]. In [9], the authors studied the notion of bronze
structure on manifolds, using the bronze mean is defined by

34+V13

¢br = 9

which is the positive solution
2? -3z —-1=0.

Recently, in [10], twin bronze Riemannian metric was studies and some geometric
charecterization was given by author.

In this article, we introduced the notion of hemi-slant and quasi-hemi-slant sub-
manifolds of bronze Riemannian manifolds. Especially, we defined a new example of

this structure and we provide some non-trivial examples of this types submanifolds.

2. PRELIMINARIES

Firstly, we give definitions and theorems then we give a new example of bronze
Riemannian manifolds.

Let N be a differentiable manifold with (1,1)-tensor field J. Then we say that .J
is a bronze structure if
(2.1) J?=3J+1.
So, (N, J) is called a bronze manifold.

If (N,§) is a Riemannian manifold with .J bronze structure, such that § is J-
compatible
(2:2) g(Ju V) =g(U, Jv),
then (N, §,J) is a bronze Riemannian manifold. From (2.2), one can write that
(2.3) g(JU,JV) = 3(JU V) +§(U,V),
for any U,V € T(TN).

Proposition 2.1 ([10]). If J is a bronze structure on manifold N, then

3 1 .
F=— (273D,
NirAudd
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is an almost product structure on N. Conversely every almost product structure F

on N induces two bronze structure satisfies that
| . | .
Ji = 5(3[—{— V13F) and Jy= 5(3[ — V13F).
Now, we give a new example of bronze structure

Example 1. Let R* be a real space and give a map by
J : R*— R
(Wi, w2, w3, wg) = (Porw1, Porws, Porws, Pprwa),

where ¢y, = 3‘*'27@ and ¢y, = % In this case J satisfies the equation (2.1). So,

we can say that (R%,.J) is an example of bronze structure.

Let N be a submanifold of m-dimensional bronze Riemannian manifold (N, g, J).The

tangent space of N in a point z € N can be decomposed by
T.N = T,NLT:N.

If we show fU and tU, the tangential and normal parts of JU, respectively, we can

write
(2.4) JU = fU +tU,

for any U € I'(T'N).
Similarly for Z € I(T-N), the tangential and normal parts of JZ satisfiy

(2.5) JZ = BZ +CZ.
If we consider the properties of f and C', we have
(2.6) g(fuv) = g(U, fV),
(2.7) g(CZW)=g(Z,CW),
for any U,V € I'(TN), Z,W €

(2.8) g(tU,Z) = g(U,BZ).

I(T+N). Also, we have

Proposition 2.2. Let N be a submanifold of bronze Riemannian manifold (N, g, j) Then
for any U € T(TN), Z € T(T*+N), we have

(2.9) f?U =3fU+U - BCU,

(2.10) 3tU = ftU + CtU,
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(2.11) C?7Z =3CZ+ Z — BtZ,
(2.12) 3BZ =BfZ + BCZ.

Also, Gauss and Weingarten equations are definmed by

(2.13) VoV = VyV +h(U,V),

(2.14) VuZ =—AzU + V2,

where V and V are Levi-Civita connection on (N, §) and (N, g), respectively. More-
over

(2.15) G, V), Z) = g(A7U, V).

In this paper, we suppose that
(2.16) VJ =0,
ie., Nis a locally bronze Riemannian manifold.

Lemma 2.3. If N is a locally bronze Riemannian manifold, then

(2.17) (Vuf)V = AzyU + Bh(U, V),
(2.18) (Vut)V = Ch(U,V) — h(U, fV),
(2.19) (VuB)Z = AczU — fAU,
(2.20) (VuC)Z = —h(U, BZ) — tAzU,

for any U,V € T(TN), Z € T(T+N).

3. HEMI-SLANT SUBMANIFOLDS OF (N,g, J)

In this section, we give main results and new type examples for hemi-slant sub-

manifolds of bronze Riemannian manifold (N, g, .J).

Definition 3.1. Let (N, g) be a submanifold of (N, §,.J). Then N is called a hemi-
slant submanifold if the following conditions are satisfied:
i) There exist two orthogonal distributions D, and Dg such that
TN = D,1Dg,

ii) The distributions D,, is slant with angle 6 € [0, 7]
iii) The distributions Dy is anti-invariant, JDs C ['(TN).
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Also, if dim(Dg)-dim(Dg) # 0 and 6 € (0, 5), then N is called a proper hemi-slant

submanifolds.

Example 2. Let R* be the Euclidean space with the usual Euclidean metric. We

define the bronze structure

J : R*-R*

- 3
(W1,w2,w3,w4) - (¢brwla¢brw27w3+§W47_w3)a

where ¢p, = % and ¢y, = 3—7\/@ One can easily verify that the equation (2.1).

So, (R*,.J) is a new example of bronze Riemannian manifold.
Assume that N is a submanifold of (R*,.J) defined by
T1 =UC0sS, To = usins,
T3 =10, T4=—2v,
Then, a local orthonormal frame on T'N given by
\Tll = cos s0x1 + sin sOxo,

\I~/2 = 81’3 — 28.%'4,

Thus, we arrive at J(¥s) LSp{¥1, ¥y} and cosh = L= cos® s+ 9 siN®S | f o consider
R o \/¢br~c052 s+¢p, sin? s

Dg = Sp{¥s} (J(¥2) C I'(THN)) and D, = Sp{V¥;} then N is a hemi-slant
submanifold in (N, g, J).

Example 3. Let R® be the Euclidean space with the usual Euclidean metric. We

define the bronze structure

J : RS RS
¢b7’wla d)brw% Pbrw3, ¢brw4 >

w1, W2, W3, W4, Wy, W —
( 1,wW2,WwW3, W4, Ws, 6) < W5+%W6,—W5

where ¢y, = % and ¢y, = % Thus (R, J ) is a bronze Riemannian manifold.
Assume that N is a submanifold of (RS, .J) defined by

T1 =ucoss, X2 =usins,

€r3 = v, Ty = ¢b7“va

1 2
w, Tg=——=W.

V3

Then, we can obtain a local orthonormal frame on T'N given by

Ty —

WUy = cos s0x1 + sin s0xa,
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Uy = dx3 + Py,

~ 1 2
U3 = —0dzs — —=
BERVERNE
So, we get J(WU2)LSp{¥y, ¥y, U3} and J(U3) LSp{¥, Uy, U3} which gives cosf =
@by OS2 54y, sin? s _ T _ . 0 :
N Therefore D, = Sp{¥;} and Dg = Sp{¥3, ¥3}, then N is a
hemi-slant submanifold in (RS, g, J).

Oxg

Let P, and Pg orthogonal projections on D, and Dg, respectively. For U €
I'(T'N), we can state

U= PU + P3U,
where P,U € I'(D,) and P3U € I'(Dg).

From the definition of hemi-slant submanifold, we have;

Lemma 3.2. Let (N,g) hemi-slant submanifold of (N, §,.J). Then

JU = fP,U+tP,U +tPsU
(3.1) = fPU+1tU,

(3.2) JPgU = tPgU, fPsU =0, [P, U€T(D,),

for any U € I'(T'N).

Remark 1. If NV is a hemi-slant submanifold of (N,g, j), then g(jPaU, fPU) =

cos (X)) || JPLU|||| fP.U| and slant angle 8(X) of the distribution D, is constant.
So, for U € T'(T'N), we have

G(JP,U, fP,U)
|JPLU| fPU||
IS PaU]|
|JPU]|

cosf
(3.3) =

Proposition 3.3. Let N be a hemi-slant submanifold of (N, g, j) For every U, Y €
I'(T'N), we get

(3.4) G(fPU, fP,Y) = cos® 0(3G(f PaU, PaY) + §(PU, P,Y),

(3.5) GUtY) = sin® 0(3G(fPaU, PY) + §(PaU, PaY).
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Proposition 3.4. Let N be a hemi-slant submanifold of (N, g, j) with slant angle
0 of Dg. In this case

(3.6) (fPa)? = cos>0(3fPa + 1),
(3.7) V(fP,)? =3cos’OV(fP,).
Now, we give the conditions for the integrability of the distribution of (N, g, J).

Theorem 3.5. Let N be a hemi-slant submanifold of (N,g,j). In this case, for
any U,V € I'(Dy)

(3.8) VuFV — Vv fU + AnyV — AnyvU € F(Da).
Proof. From (2.6), for any U,V € I'(D,) and W € I'(Dg), we find
g(flu, V], z)=g(lU,V], fZ) = 0,
which gives fZ = 0. So, we arrive at f[U,V] € I'(D,) and (3.8). O

Theorem 3.6. Let N be a hemi-slant submanifold of (N,§,.J). Then Dy is inte-
grable.

Proof. By using (2.3), for every U,V € I'(D,) and Z € I'(Dg), we

3(VuV.2) = g(JVuV,JZ) = 3§(VuV, I Z).
From the definition of hemi-slant submanifold of a bronze Riemannian manifold we
get JZ =tZ, Z € I'(Dg). So, we have

§(VuV, Z) = §(VuJV,tZ) = 3§(VuV.tZ).
From (2.13), we get

J(VuV,Z2) = g(h(U, fV),tZ) + §(VitV,tZ)
=3g9(h(U, V), t2).

In view of (2.18), we can write VitV = Ch(U,V) — h(u, fV) + tVyV for any
U,V € I'(D,), which gives

§(VuV,Z) = §(Ch(U,V),tZ)+ §(tVuyV,tZ)
(3.9) —3g(h(U, V), tZ).
From (2.18) and symmetric properties of h, we arrive at
(U, V], Z) = gtVyV,tZ)— g(tVyvU,tZ)
= g(tU, V], t2).
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Thus from (3.5), weobtain

§(U.V].2) = sin® 6 ( 39(PalU. V], fPaZ) ) |

+4(P.[U, V], P.Z
)

Since P,Z is the projection of Z on I'(D,) then P,Z = 0, for Z € I'(Dg). o, we
arrive at

9([U, V], 2) =0,
which gives proof of our assertion. O

Theorem 3.7. Let N be a hemi-slant submanifold of (N,§,J). Then Dg is inte-
grable if and only if

(3.10) Az W =0,
for Z,W € I'(Dg).
Proof. For Z,W € I'(Dg), we can write fZ = fWW = 0. So

VzfW =VwfZ=0.
In view of (3.2) for Z,W € I'(Dg), f([Z,W]) = 0 iff AyzW = AywZ = 0. From
(2.17), we have

0 = g((Vuf)Z,W) = g(AzU W)+ g(Bh(U, Z), W)
= g(VuZ, fW),
from which we find g(A;zU, W) = —g(Bh(U, Z),W).
If we consider for U € I'(T'N), Z,W € I'(Dg), we get
g(AtZUv W) = g(AtWU7 Z) = g(AtWZ, U)

= g(n(U, 2),tW) = g(th(U, Z), W),
then we arrive at (3.10).

Contrarily, we suppose that Ay Z = 0, for Z,W € I'(Dg). In this case, we
get §(Aw Z,U) = g(Bh(U, Z),W). From (2.17) with last equation for U € I'(D,,),
Z,W € T(Dg), we find

0=g((Vz )W, U) =g(fVzW,U) = g(VzW, fU).
Also, we know that f(D,) = D, we arrive at VW € I'(Dg). So the assertion was
proved. g

Now, we consider mixed totally geodesic hemi-slant submanifolds of Bronze Rie-

mannian manifold. Firstly we give following.
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Definition 3.8. Let N be a hemi-slant submanifold of (N, §,.J). Then N is called
a mized totally geodesic submanifold if for U € I'(D,) and Z € I'(Dg)

(3.11) h(U,Z) = 0.
Theorem 3.9. Let N be a hemi-slant submanifold of (N,§,J). Then N is a mized
totally geodesic submanifold if

i) ANU € T'(Dy),

ii) ANZ € F(Dﬁ),

for U € I'(Dy) and Z € T'(Dg).
Proof. For any U € I'(D,,) and Z € I'(Dg), from (2.15), we have

g(h(U’ Z)’ N) = g(ANU’ Z) = g(ANZ7 U)’

which yields N is a mixed totally geodesic submanifold if and only if AyU € I'(D,,)
and AnZ € I'(Dg). O

Theorem 3.10. Let N be a hemi-slant submanifold of (N,g,J). If (Vyt)Z = 0,
for U € I'(Dy) and Z € I'(Dg), then N is a mized totally geodesic submanifold in
N.

Proof. From (Vyt)Z = 0 and (2.18) with fZ = 0 we find
h(Z, fU) = nh(U, Z) = h(U, §Z) =0,

for U € I'(D,) and Z € I'(Dg).
In view of (3.6), we get

3cos>OCh(Z, fU) + cos? 0h(Z,U) = 0.
By use of Ch(Z, fU) =0 and 0 # 5 we arrive at h(U, Z) = 0. O

4. Quast HEMI-SLANT SUBMANIFOLDS OF (N, §,.J)

Now, we introduce and characterize quasi hemi-slant submanifolds of bronze Rie-

mannian manifold (N, §,J) and give an examples of this type submanifold.

Definition 4.1. Let (N, g) be a submanifold of (N, §,J). Then N is called a quasi
hemi-slant submanifold if the following conditions are satisfied:

i) There exist orthogonal distributions D, D, and Dg such that
TN =D,1D,1Dg,
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ii) The distributions D., is invariant i.e., J(D,) = D,,
iii) The distributions D,, is slant with angle 6,
iv) The distributions Dj is anti-invariant, JDg C T(T+N).

Also, we say that quasi hemi-slant submanifolds are properif D # {0}, Dg # {0}
and 0 # (0, 5).

Example 4. Let R® be the Euclidean space with the usual Euclidean metric. We

define the bronze structure

J : R¥SR®
(w1, wn, o wg)  — < Porw1, Porw2, Porws, Porwa, )
9 PR

3
w5 + 5W6, —Ws, Pprw7, Gorws

where ¢p,. = % and ¢y, = 3_§/ﬁ. One can easily verify that the equation (2.1).
So, (R®,.J) is a new example of bronze Riemannian manifold.
Assume that N is a submanifold of (R®,.J) defined by
oy = U w ot Sup
2 2

T3 = U3CO0SS, T4 = ugsins,

T5 = U4, Te = —U4,
_us+ v 13ug _ Us+V 13ug
TETTy o Ty

Then, a local orthonormal frame on T'N given by

~ 1
U = 5 ((9:61 + 8%’2) s

-3
‘1’2 = 5 (63:1 +6x2),

W3 = cos s0x3 + sin s0xy,

\i’4 = 61'5 — 281’6,

1
‘1’5 = 5 (61'7 + a.’Eg) s

ﬁ

v13

2
Thus, we get J(4) LSp{¥y, o, U3, Ty, U5, Ug) and cosd = 2w’ stdprsin®s
\/Qﬁbr cos? s+gp, sin? s

we consider D.y = Sp{\ifh \i’g, ‘i’g), @6}, Da == Sp{‘i’g} and Dﬂ == Sp{\i/4} (j(\i’4) -
[(T*N)) and then N is a quasi hemi-slant submanifold in (N, g, .J).

Vg = (0x7 + Oxs),
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Let D, P, and Pg orthogonal projections on D, D, and Dg, respectively. For
U eTI'(T'N), we have

(4.1) U = P,U + PU + P3U,

where P,U € I'(D,,), P,U € T'(D,) and P3U € I'(Dg).

In view of (4.1), we get
JU = fP,U +tP,U + fPU + tP,U + fPsU + tPsU.
Since J(D.) = D, JDg C T(T*N), then tP,U = 0 = tP3U. So, we obtain
(4.2) JU = fP,U + tP,U + tP,U + tPU.
For U,V € I'(TN), we have

VufV —AwU — fVyV — Bh(U,V) =0,

WU, fV) 4+ VEtV —t(VyV) — Ch(U, V) = 0.
Also, Z,W € I'(T*+N), we get

f([2.W]) = A5, W = Ajw 2,

t([Z,W]) = V5 JW — Vi JZ.

Now, we examine integrability conditions for the distribution involved in submani-

fold.

Theorem 4.2. Let N be a quasi hemi-slant submanifold of (N, g, j) Then D~ is
integrable if and only if

g(VufV = Vv fU, fP.X) = g(h(V, fU) = h(U, fV),tPo X + tPX),
and

for U,V €I'(D,), X € I'(DoLDg).
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Proof. For U,V € I'(D,), X = P,X + P3X € I'(DoLDg), using (2.3),(2.13), (2.16)
with (2.4),we get
g([UV],X) = g(JVuV,JX)—g(JVyU,JX)
—39(JVyV,X) + 3g(JVyU, X)
= g(VyJV,JX) - g(VyJU,JX)
~39(VyV, JX) + 39(VyU, JX)
= g(VufV = Vy U, fPX)
—9(VuV = VyU, fP.X)
+g(h(V, fU) = h(U, fV),tP, X + tPsX)
—g(h(V,U) = h(U,V),tP, X + tP3X).

So, the results follows from above equation. O

Theorem 4.3. Let N be a quasi hemi-slant submanifold of (N,g, j) Then D, s
integrable if and only if
9(AwZ — AgW, fPY) = g(V5tW — Vit Z,tPgY),
and
9(VzfW —VwfZ,P)Y + P3Y) = g(AwZ — AzW, P)Y + P3Y),
for ZZW € I'(D,), Y € I'(D,LDg).

Proof. For Z,W € I'(D,), Y € I'(DyLDg), using (2.3), (2.16) with (2.4),we have
9g([ZW]Y) = g(JV W, JY) = g(JVwZ, JY)
—39(JVZW,Y) +39(JVwZ,Y)
= g(VzJW,JY) —g(VwJZ,JY)
—39(VzJW,Y) +39(VwJZ,Y)
= g(VgfW,JY) + g(V W, JY)
—9(Vw fZ,JY) — g(VwtZ,JY)
—39(VzJW,Y) +39(VwJZ,Y)
= —g(AwZ — AgW,JY) + g(VNHtW — Vit Z, JY)
+9(VzJ fW,Y) = g(VwJfZ,Y)
—39(VzJW,Y) +39(VwJZ,Y)
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= —g9(AwZ — Az W, vaY)
+g(VHtW — Vit Z, tP3Y)
—3g(VzJW,Y) +3g(VwJZ,Y)

= —g(AwZ — AW, fP,Y)
+g(VHtW — Vit Z, tPsY)
—39(VzfW —VwfZ,P)Y + P3Y)
+39(Aw Z — Az W, PyY + PgY).

So, the proof is completed. O

Theorem 4.4. Let N be a quasi hemi-slant submanifold of (N, §,J). Then Dg is
integrable if and only if

9(A;,W — A5 Z = VW +VwZ, fPY + [P.Y) = g(Viy JZ — V5 W, tP,Y),
for Z,W € T(Dg), Y € T(D,LD,).

Proof. For Z,W €T'(Dg), Y € I'(DyLD,), using (2.3), (2.16) with (2.4),we find
9([Z,W],Y) = g(JVzW,JY)—g(JVwZ,JY)

—3g(JVZW,Y) +39(JVwZ,Y)

= g(VzJW,JY) — g(VwJZ,JY)
—3g(VzJW,Y) +39(VwJZ,Y)

= g(A7,W, fP)Y + fPY) — g(Ajy, Z, fP,Y + fP,Y)
+9(V5 JW,tP,Y) — g(Viy JZ,tP,Y)
—3g(VzW, fPY + fPY)
+39(VwZ, fP,Y + fP,Y),

which gives proof of our assertion. O

Theorem 4.5. Let N be a quasi hemi-slant submanifold of (N,§,J). Then D,
defines a totally geodesic foliation on N if and only if

g(Vu fV =3VyV, fP.X) = g(h(U, fV) = 3h(U,V),tP X + tPX),
and
for U,V € T(D,), X € [(DoaLDg) and W € T(T+N).
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Proof. For U,V € I'(D,), X € I'(Dy1Dg) using (2.3), (2.16) with (2.4),we obtain
g(VuV,X) = g(VufV,JX)=3(VyV,JX)
= 9(VufV, fPX) +g(h(U, fV),tPo X +tPsX)
(4.3) —3(VyV, fP.X) — 3g(h(U, V), tPo X + tP3X).
Now, for W € I'(T+N) and U,V € I'(D,), we get
g(VuV,W) = g(VufV,.JW) = 3(VyV,JW)
= 9(VufV,BW)+g(n(U, fV),CW)

(4.4) —9(VuV,BW) +g(h(U,V),CW).
So from (4.3) and (4.4), the result follows. O
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