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SOME TYPES OF SLANT SUBMANIFOLDS OF BRONZE
RIEMANNIAN MANIFOLDS

Bilal Eftal Acet a and Tuba Acet b, ∗

Abstract. The aim of this article is to examine some types of slant submanifolds
of bronze Riemannian manifolds. We introduce hemi-slant submanifolds of a bronze
Riemannian manifold. We obtain integrability conditions for the distribution in-
volved in quasi hemi-slant submanifold of a bronze Riemannian manifold. Also, we
give some examples about this type submanifolds.

1. Introduction

In 1990, B.Y. Chen introduced the geometry of slant submanifolds in complex
manifolds [3]. Then this topic was extended to semi-slant, pseudo-slant and bi-slant
in different structure. Semi-slant submanifolds in almost Hermitian manifolds were
introduced by N. Papagiuc [8]. Semi-slant submanifolds in Sasakian manifolds were
studies by J.L. Cabrerizo [7].

Metallic structure was introduced V. W. de Spinadel [12]. Let p and q be positive
integers. So, members of the metallic means family are positive solution

x2 − px− q = 0,

and this number, which are called (p, q)−metallic numbers denoted by [4]

σp,q =
p +

√
p2 + 4q

2
.

By use of metallic means family, in [4], the authors introduced the metallic structure
which is given by J of type (1, 1)−tensor field satisfying

J2 = pJ + qI.
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Some remarks on this structure were studied by many geometers (see [1, 5, 11, 2, 6]).
If p = 3 and q = 1, then J̃ is called bronze structure which satisfies

J̃2 = 3J̃ + I,

where I is the identity tensor [9]. In [9], the authors studied the notion of bronze
structure on manifolds, using the bronze mean is defined by

φbr =
3 +

√
13

2
,

which is the positive solution

x2 − 3x− 1 = 0.

Recently, in [10], twin bronze Riemannian metric was studies and some geometric
charecterization was given by author.

In this article, we introduced the notion of hemi-slant and quasi-hemi-slant sub-
manifolds of bronze Riemannian manifolds. Especially, we defined a new example of
this structure and we provide some non-trivial examples of this types submanifolds.

2. Preliminaries

Firstly, we give definitions and theorems then we give a new example of bronze
Riemannian manifolds.

Let Ñ be a differentiable manifold with (1,1)-tensor field J̃ . Then we say that J̃

is a bronze structure if

(2.1) J̃2 = 3J̃ + I.

So, (Ñ , J̃) is called a bronze manifold.
If (Ñ , g̃) is a Riemannian manifold with J̃ bronze structure, such that g̃ is J̃-

compatible

(2.2) g̃(J̃U, V ) = g̃(U, J̃V ),

then (Ñ , g̃, J̃) is a bronze Riemannian manifold. From (2.2), one can write that

(2.3) g̃(J̃U, J̃V ) = 3g̃(J̃U, V ) + g̃(U, V ),

for any U, V ∈ Γ(TÑ).

Proposition 2.1 ([10]). If J̃ is a bronze structure on manifold Ñ , then

F̃ =
1√
13

(2J̃ − 3I),
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is an almost product structure on Ñ . Conversely every almost product structure F̃

on Ñ induces two bronze structure satisfies that

J̃1 =
1
2
(3I +

√
13F̃ ) and J̃2 =

1
2
(3I −

√
13F̃ ).

Now, we give a new example of bronze structure

Example 1. Let R4 be a real space and give a map by

J̃ : R4 → R4

(ω1, ω2, ω3, ω4) → (φbrω1, φ̄brω2, φbrω3, φ̄brω4),

where φbr = 3+
√

13
2 and φ̄br = 3−√13

2 . In this case J̃ satisfies the equation (2.1). So,
we can say that (R4, J̃) is an example of bronze structure.

Let Nn be a submanifold of m-dimensional bronze Riemannian manifold (Ñ , g̃, J̃).The
tangent space of Ñ in a point x ∈ N can be decomposed by

TxÑ = TxN⊥T⊥x N.

If we show fU and tU , the tangential and normal parts of J̃U, respectively, we can
write

(2.4) J̃U = fU + tU,

for any U ∈ Γ(TN).
Similarly for Z ∈ Γ(T⊥N), the tangential and normal parts of J̃Z satisfiy

(2.5) J̃Z = BZ + CZ.

If we consider the properties of f and C, we have

(2.6) g̃(fU, V ) = g̃(U, fV ),

(2.7) g̃(CZ, W ) = g̃(Z, CW ),

for any U, V ∈ Γ(TN), Z, W ∈ Γ(T⊥N). Also, we have

(2.8) g̃(tU, Z) = g̃(U,BZ).

Proposition 2.2. Let N be a submanifold of bronze Riemannian manifold (Ñ , g̃, J̃).Then
for any U ∈ Γ(TN), Z ∈ Γ(T⊥N), we have

(2.9) f2U = 3fU + U −BCU,

(2.10) 3tU = ftU + CtU,
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(2.11) C2Z = 3CZ + Z −BtZ,

(2.12) 3BZ = BfZ + BCZ.

Also, Gauss and Weingarten equations are definmed by

(2.13) ∇̃UV = ∇UV + h(U, V ),

(2.14) ∇̃UZ = −AZU +∇t
UZ,

where ∇̃ and ∇ are Levi-Civita connection on (Ñ , g̃) and (N, g), respectively. More-
over

(2.15) g̃(h(U, V ), Z) = g(AZU, V ).

In this paper, we suppose that

(2.16) ∇̃J̃ = 0,

i.e., Ñ is a locally bronze Riemannian manifold.

Lemma 2.3. If Ñ is a locally bronze Riemannian manifold, then

(2.17) (∇Uf)V = AZV U + Bh(U, V ),

(2.18) (∇U t)V = Ch(U, V )− h(U, fV ),

(2.19) (∇UB)Z = ACZU − fAZU,

(2.20) (∇UC)Z = −h(U,BZ)− tAZU,

for any U, V ∈ Γ(TN), Z ∈ Γ(T⊥N).

3. Hemi-slant Submanifolds of (Ñ , g̃, J̃)

In this section, we give main results and new type examples for hemi-slant sub-
manifolds of bronze Riemannian manifold (Ñ , g̃, J̃).

Definition 3.1. Let (N, g) be a submanifold of (Ñ , g̃, J̃). Then N is called a hemi-
slant submanifold if the following conditions are satisfied:

i) There exist two orthogonal distributions Dα and Dβ such that

TN = Dα⊥Dβ,

ii) The distributions Dα is slant with angle θ ∈ [0, π
2 ]

iii) The distributions Dβ is anti-invariant, J̃Dβ ⊆ Γ(T⊥N).
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Also, if dim(Dα)·dim(Dβ) 6= 0 and θ ∈ (0, π
2 ), then N is called a proper hemi-slant

submanifolds.

Example 2. Let R4 be the Euclidean space with the usual Euclidean metric. We
define the bronze structure

J̃ : R4 → R4

(ω1, ω2, ω3, ω4) → (φbrω1, φ̄brω2, ω3 +
3
2
ω4,−ω3),

where φbr = 3+
√

13
2 and φ̄br = 3−√13

2 . One can easily verify that the equation (2.1).
So, (R4, J̃) is a new example of bronze Riemannian manifold.

Assume that N is a submanifold of (R4, J̃) defined by

x1 = u cos s, x2 = u sin s,

x3 = v, x4 = −2v,

Then, a local orthonormal frame on TN given by

Ψ̃1 = cos s∂x1 + sin s∂x2,

Ψ̃2 = ∂x3 − 2∂x4,

Thus, we arrive at J̃(Ψ̃2)⊥Sp{Ψ̃1, Ψ̃2} and cosθ = φbr cos2 s+φ̄br sin2 s√
φbr cos2 s+φ̄br sin2 s

. If we consider

Dβ = Sp{Ψ̃2} (J̃(Ψ̃2) ⊆ Γ(T⊥N)) and Dα = Sp{Ψ̃1} then N is a hemi-slant
submanifold in (Ñ , g̃, J̃).

Example 3. Let R6 be the Euclidean space with the usual Euclidean metric. We
define the bronze structure

J̃ : R6 → R6

(ω1, ω2, ω3, ω4, ω5, ω6) →
(

φbrω1, φ̄brω2, φ̄brω3, φbrω4

ω5 + 3
2ω6,−ω5

)
,

where φbr = 3+
√

13
2 and φ̄br = 3−√13

2 . Thus (R6, J̃) is a bronze Riemannian manifold.
Assume that N is a submanifold of (R6, J̃) defined by

x1 = u cos s, x2 = u sin s,

x3 = v, x4 = φ̄brv,

x5 =
1√
3
w, x6 = − 2√

3
w.

Then, we can obtain a local orthonormal frame on TN given by

Ψ̃1 = cos s∂x1 + sin s∂x2,
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Ψ̃2 = ∂x3 + φ̄br∂x4,

Ψ̃3 =
1√
3
∂x5 − 2√

3
∂x6

So, we get J̃(Ψ̃2)⊥Sp{Ψ̃1, Ψ̃2, Ψ̃3} and J̃(Ψ̃3)⊥Sp{Ψ̃1, Ψ̃2, Ψ̃3} which gives cosθ =
φbr cos2 s+φ̄br sin2 s√
φbr cos2 s+φ̄br sin2 s

. Therefore Dα = Sp{Ψ̃1} and Dβ = Sp{Ψ̃2, Ψ̃3}, then N is a

hemi-slant submanifold in (R6, g̃, J̃).

Let Pα and Pβ orthogonal projections on Dα and Dβ, respectively. For U ∈
Γ(TN), we can state

U = PαU + PβU,

where PαU ∈ Γ(Dα) and PβU ∈ Γ(Dβ).
From the definition of hemi-slant submanifold, we have;

Lemma 3.2. Let (N, g) hemi-slant submanifold of (Ñ , g̃, J̃). Then

J̃U = fPαU + tPαU + tPβU

= fPαU + tU,(3.1)

(3.2) J̃PβU = tPβU , fPβU = 0, fPαU ∈ Γ(Dα),

for any U ∈ Γ(TN).

Remark 1. If N is a hemi-slant submanifold of (Ñ , g̃, J̃), then g̃(J̃PαU, fPαU) =
cos θ(X)‖J̃PαU‖‖fPαU‖ and slant angle θ(X) of the distribution Dα is constant.

So, for U ∈ Γ(TN), we have

cos θ =
g̃(J̃PαU, fPαU)
‖J̃PαU‖‖fPαU‖

=
‖fPαU‖
‖J̃PαU‖ .(3.3)

Proposition 3.3. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃). For every U, Y ∈
Γ(TN), we get

(3.4) g̃(fPαU, fPαY ) = cos2 θ(3g̃(fPαU,PαY ) + g̃(PαU,PαY ),

(3.5) g̃(tU, tY ) = sin2 θ(3g̃(fPαU,PαY ) + g̃(PαU,PαY ).
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Proposition 3.4. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃) with slant angle
θ of Dβ. In this case

(3.6) (fPα)2 = cos2 θ(3fPα + I),

(3.7) ∇(fPα)2 = 3 cos2 θ∇(fPα).

Now, we give the conditions for the integrability of the distribution of (Ñ , g̃, J̃).

Theorem 3.5. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃). In this case, for
any U, V ∈ Γ(Dα)

(3.8) ∇UFV −∇V fU + ANUV −ANV U ∈ Γ(Dα).

Proof. From (2.6), for any U, V ∈ Γ(Dα) and W ∈ Γ(Dβ), we find

g̃(f [U, V ], Z) = g̃([U, V ], fZ) = 0,

which gives fZ = 0. So, we arrive at f [U, V ] ∈ Γ(Dα) and (3.8). ¤

Theorem 3.6. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃). Then Dα is inte-
grable.

Proof. By using (2.3), for every U, V ∈ Γ(Dα) and Z ∈ Γ(Dβ), we

g̃(∇̃UV, Z) = g̃(J̃∇̃UV, J̃Z)− 3g̃(∇̃UV, J̃Z).

From the definition of hemi-slant submanifold of a bronze Riemannian manifold we
get J̃Z = tZ, Z ∈ Γ(Dβ). So, we have

g̃(∇̃UV, Z) = g̃(∇̃U J̃V, tZ)− 3g̃(∇̃UV, tZ).

From (2.13), we get

g̃(∇̃UV, Z) = g̃(h(U, fV ), tZ) + g̃(∇⊥U tV, tZ)

−3g̃(h(U, V ), tZ).

In view of (2.18), we can write ∇⊥U tV = Ch(U, V ) − h(u, fV ) + t∇UV for any
U, V ∈ Γ(Dα), which gives

g̃(∇̃UV, Z) = g̃(Ch(U, V ), tZ) + g̃(t∇UV, tZ)

−3g̃(h(U, V ), tZ).(3.9)

From (2.18) and symmetric properties of h, we arrive at

g̃([U, V ], Z) = g̃(t∇UV, tZ)− g̃(t∇V U, tZ)

= g̃(t[U, V ], tZ).
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Thus from (3.5), weobtain

g̃([U, V ], Z) = sin2 θ

(
3g̃(Pα[U, V ], fPαZ)
+g̃(Pα[U, V ], PαZ

)
.

Since PαZ is the projection of Z on Γ(Dα) then PαZ = 0, for Z ∈ Γ(Dβ). o, we
arrive at

g̃([U, V ], Z) = 0,

which gives proof of our assertion. ¤

Theorem 3.7. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃). Then Dβ is inte-
grable if and only if

(3.10) AtZW = 0,

for Z, W ∈ Γ(Dβ).

Proof. For Z, W ∈ Γ(Dβ), we can write fZ = fW = 0. So

∇ZfW = ∇W fZ = 0.

In view of (3.2) for Z, W ∈ Γ(Dβ), f([Z,W ]) = 0 iff AtZW = AtW Z = 0. From
(2.17), we have

0 = g̃((∇Uf)Z, W ) = g̃(AtZU,W ) + g̃(Bh(U,Z),W )

= g̃(∇UZ, fW ),

from which we find g̃(AtZU,W ) = −g̃(Bh(U,Z),W ).
If we consider for U ∈ Γ(TN), Z,W ∈ Γ(Dβ), we get

g̃(AtZU,W ) = g̃(AtW U,Z) = g̃(AtW Z, U)

= g̃(h(U,Z), tW ) = g̃(th(U,Z), W ),

then we arrive at (3.10).
Contrarily, we suppose that AtW Z = 0, for Z, W ∈ Γ(Dβ). In this case, we

get g̃(AtW Z, U) = g̃(Bh(U,Z),W ). From (2.17) with last equation for U ∈ Γ(Dα),
Z, W ∈ Γ(Dβ), we find

0 = g̃((∇Zf)W,U) = g̃(f∇ZW,U) = g̃(∇ZW,fU).

Also, we know that f(Dα) = Dα we arrive at ∇ZW ∈ Γ(Dβ). So the assertion was
proved. ¤

Now, we consider mixed totally geodesic hemi-slant submanifolds of Bronze Rie-
mannian manifold. Firstly we give following.
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Definition 3.8. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃). Then N is called
a mixed totally geodesic submanifold if for U ∈ Γ(Dα) and Z ∈ Γ(Dβ)

(3.11) h(U,Z) = 0.

Theorem 3.9. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃). Then N is a mixed
totally geodesic submanifold if

i) ANU ∈ Γ(Dα),
ii) ANZ ∈ Γ(Dβ),
for U ∈ Γ(Dα) and Z ∈ Γ(Dβ).

Proof. For any U ∈ Γ(Dα) and Z ∈ Γ(Dβ), from (2.15), we have

g̃(h(U,Z), N) = g̃(ANU,Z) = g̃(ANZ, U),

which yields N is a mixed totally geodesic submanifold if and only if ANU ∈ Γ(Dα)
and ANZ ∈ Γ(Dβ). ¤

Theorem 3.10. Let N be a hemi-slant submanifold of (Ñ , g̃, J̃). If (∇̃U t)Z = 0,
for U ∈ Γ(Dα) and Z ∈ Γ(Dβ), then N is a mixed totally geodesic submanifold in
Ñ .

Proof. From (∇̃U t)Z = 0 and (2.18) with fZ = 0 we find

h(Z, fU) = nh(U,Z) = h(U, fZ) = 0,

for U ∈ Γ(Dα) and Z ∈ Γ(Dβ).
In view of (3.6), we get

3 cos2 θCh(Z, fU) + cos2 θh(Z, U) = 0.

By use of Ch(Z, fU) = 0 and θ 6= π
2 we arrive at h(U,Z) = 0. ¤

4. Quasi Hemi-slant Submanifolds of (Ñ , g̃, J̃)

Now, we introduce and characterize quasi hemi-slant submanifolds of bronze Rie-
mannian manifold (Ñ , g̃, J̃) and give an examples of this type submanifold.

Definition 4.1. Let (N, g) be a submanifold of (Ñ , g̃, J̃). Then N is called a quasi
hemi-slant submanifold if the following conditions are satisfied:

i) There exist orthogonal distributions Dγ , Dα and Dβ such that

TN = Dγ⊥Dα⊥Dβ,
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ii) The distributions Dγ is invariant i.e., J̃(Dγ) = Dγ ,
iii) The distributions Dα is slant with angle θ,
iv) The distributions Dβ is anti-invariant, J̃Dβ ⊆ Γ(T⊥N).

Also, we say that quasi hemi-slant submanifolds are proper if Dγ 6= {0}, Dβ 6= {0}
and θ 6= (0, π

2 ).

Example 4. Let R8 be the Euclidean space with the usual Euclidean metric. We
define the bronze structure

J̃ : R8 → R8

(ω1, ω2, ..., ω8) →
(

φbrω1, φbrω2, φ̄brω3, φbrω4,
ω5 + 3

2ω6,−ω5, φ̄brω7, φ̄brω8

)
,

where φbr = 3+
√

13
2 and φ̄br = 3−√13

2 . One can easily verify that the equation (2.1).
So, (R8, J̃) is a new example of bronze Riemannian manifold.

Assume that N is a submanifold of (R8, J̃) defined by

x1 =
u1 + 3u2

2
, x2 =

u1 + 3u2

2
,

x3 = u3 cos s, x4 = u3 sin s,

x5 = u4, x6 = −u4,

x7 =
u5 +

√
13u6

2
, x8 =

u5 +
√

13u6

2
Then, a local orthonormal frame on TN given by

Ψ̃1 =
1
2

(∂x1 + ∂x2) ,

Ψ̃2 =
3
2

(∂x1 + ∂x2) ,

Ψ̃3 = cos s∂x3 + sin s∂x4,

Ψ̃4 = ∂x5 − 2∂x6,

Ψ̃5 =
1
2

(∂x7 + ∂x8) ,

Ψ̃6 =
√

13
2

(∂x7 + ∂x8) ,

Thus, we get J̃(Ψ̃4)⊥Sp{Ψ̃1, Ψ̃2, Ψ̃3, Ψ̃4, Ψ̃5, Ψ̃6} and cosθ = φbr cos2 s+φ̄br sin2 s√
φbr cos2 s+φ̄br sin2 s

. If

we consider Dγ = Sp{Ψ̃1, Ψ̃2, Ψ̃5, Ψ̃6}, Dα = Sp{Ψ̃3} and Dβ = Sp{Ψ̃4} (J̃(Ψ̃4) ⊆
Γ(T⊥N)) and then N is a quasi hemi-slant submanifold in (Ñ , g̃, J̃).
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Let Dγ , Pα and Pβ orthogonal projections on Dγ , Dα and Dβ, respectively. For
U ∈ Γ(TN), we have

(4.1) U = PγU + PαU + PβU,

where PγU ∈ Γ(Dγ), PαU ∈ Γ(Dα) and PβU ∈ Γ(Dβ).
In view of (4.1), we get

J̃U = fPγU + tPγU + fPαU + tPαU + fPβU + tPβU.

Since J̃(Dγ) = Dγ , J̃Dβ ⊆ Γ(T⊥N), then tPαU = 0 = tPβU . So, we obtain

(4.2) J̃U = fPγU + tPγU + tPαU + tPβU.

For U, V ∈ Γ(TN), we have

∇UfV −AtV U − f∇UV −Bh(U, V ) = 0,

h(U, fV ) +∇⊥U tV − t(∇UV )− Ch(U, V ) = 0.

Also, Z,W ∈ Γ(T⊥N), we get

f([Z,W ]) = AJ̃ZW −AJ̃W Z,

t([Z, W ]) = ∇⊥Z J̃W −∇⊥W J̃Z.

Now, we examine integrability conditions for the distribution involved in submani-
fold.

Theorem 4.2. Let N be a quasi hemi-slant submanifold of (Ñ , g̃, J̃). Then Dγ is
integrable if and only if

g(∇UfV −∇V fU, fPαX) = g(h(V, fU)− h(U, fV ), tPαX + tPβX),

and

g(∇UV −∇V U, fPαX) = g(h(V, U)− h(U, V ), tPαX + tPβX),

for U, V ∈ Γ(Dγ), X ∈ Γ(Dα⊥Dβ).
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Proof. For U, V ∈ Γ(Dγ), X = PαX + PβX ∈ Γ(Dα⊥Dβ), using (2.3),(2.13), (2.16)
with (2.4),we get

g([U, V ], X) = g(J̃∇̃UV, J̃X)− g(J̃∇̃V U, J̃X)

−3g(J̃∇̃UV,X) + 3g(J̃∇̃V U,X)

= g(∇̃U J̃V, J̃X)− g(∇̃V J̃U, J̃X)

−3g(∇̃UV, J̃X) + 3g(∇̃V U, J̃X)

= g(∇UfV −∇V fU, fPαX)

−g(∇UV −∇V U, fPαX)

+g(h(V, fU)− h(U, fV ), tPαX + tPβX)

−g(h(V, U)− h(U, V ), tPαX + tPβX).

So, the results follows from above equation. ¤

Theorem 4.3. Let N be a quasi hemi-slant submanifold of (Ñ , g̃, J̃). Then Dα is
integrable if and only if

g(AtW Z −AtZW, fPαY ) = g(∇⊥Z tW −∇⊥W tZ, tPβY ),

and

g(∇ZfW −∇W fZ, PγY + PβY ) = g(AtW Z −AtZW,PγY + PβY ),

for Z, W ∈ Γ(Dα), Y ∈ Γ(Dγ⊥Dβ).

Proof. For Z, W ∈ Γ(Dα), Y ∈ Γ(Dα⊥Dβ), using (2.3), (2.16) with (2.4),we have

g([Z, W ], Y ) = g(J̃∇̃ZW, J̃Y )− g(J̃∇̃W Z, J̃Y )

−3g(J̃∇̃ZW,Y ) + 3g(J̃∇̃W Z, Y )

= g(∇̃Z J̃W, J̃Y )− g(∇̃W J̃Z, J̃Y )

−3g(∇̃Z J̃W, Y ) + 3g(∇̃W J̃Z, Y )

= g(∇̃ZfW, J̃Y ) + g(∇̃ZtW, J̃Y )

−g(∇̃W fZ, J̃Y )− g(∇̃W tZ, J̃Y )

−3g(∇̃Z J̃W, Y ) + 3g(∇̃W J̃Z, Y )

= −g(AtW Z −AtZW, J̃Y ) + g(∇⊥Z tW −∇⊥W tZ, J̃Y )

+g(∇̃Z J̃fW, Y )− g(∇̃W J̃fZ, Y )

−3g(∇̃Z J̃W, Y ) + 3g(∇̃W J̃Z, Y )
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= −g(AtW Z −AtZW, fPγY )

+g(∇⊥Z tW −∇⊥W tZ, tPβY )

−3g(∇̃Z J̃W, Y ) + 3g(∇̃W J̃Z, Y )

= −g(AtW Z −AtZW, fPγY )

+g(∇⊥Z tW −∇⊥W tZ, tPβY )

−3g(∇ZfW −∇W fZ, PγY + PβY )

+3g(AtW Z −AtZW,PγY + PβY ).

So, the proof is completed. ¤

Theorem 4.4. Let N be a quasi hemi-slant submanifold of (Ñ , g̃, J̃). Then Dβ is
integrable if and only if

g(AJ̃ZW −AJ̃W Z −∇ZW +∇W Z, fPγY + fPαY ) = g(∇⊥W J̃Z −∇⊥Z J̃W, tPαY ),

for Z, W ∈ Γ(Dβ), Y ∈ Γ(Dγ⊥Dα).

Proof. For Z, W ∈ Γ(Dβ), Y ∈ Γ(Dγ⊥Dα), using (2.3), (2.16) with (2.4),we find

g([Z, W ], Y ) = g(J̃∇̃ZW, J̃Y )− g(J̃∇̃W Z, J̃Y )

−3g(J̃∇̃ZW,Y ) + 3g(J̃∇̃W Z, Y )

= g(∇̃Z J̃W, J̃Y )− g(∇̃W J̃Z, J̃Y )

−3g(∇̃Z J̃W, Y ) + 3g(∇̃W J̃Z, Y )

= g(AJ̃ZW,fPγY + fPαY )− g(AJ̃W Z, fPγY + fPαY )

+g(∇⊥Z J̃W, tPαY )− g(∇⊥W J̃Z, tPαY )

−3g(∇ZW,fPγY + fPαY )

+3g(∇W Z, fPγY + fPαY ),

which gives proof of our assertion. ¤

Theorem 4.5. Let N be a quasi hemi-slant submanifold of (Ñ , g̃, J̃). Then Dγ

defines a totally geodesic foliation on N if and only if

g(∇UfV − 3∇UV, fPαX) = g(h(U, fV )− 3h(U, V ), tPαX + tPβX),

and

g(∇UfV − 3∇UV, BW ) = g(h(U, fV )− 3h(U, V ), CW )

for U, V ∈ Γ(Dγ), X ∈ Γ(Dα⊥Dβ) and W ∈ Γ(T⊥N).
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Proof. For U, V ∈ Γ(Dγ), X ∈ Γ(Dα⊥Dβ) using (2.3), (2.16) with (2.4),we obtain

g(∇̃UV, X) = g(∇̃UfV, J̃X)− 3(∇̃UV, J̃X)

= g(∇UfV, fPαX) + g(h(U, fV ), tPαX + tPβX)

−3(∇UV, fPαX)− 3g(h(U, V ), tPαX + tPβX).(4.3)

Now, for W ∈ Γ(T⊥N) and U, V ∈ Γ(Dγ), we get

g(∇̃UV, W ) = g(∇̃UfV, J̃W )− 3(∇̃UV, J̃W )

= g(∇UfV,BW ) + g(h(U, fV ), CW )

−g(∇UV, BW ) + g(h(U, V ), CW ).(4.4)

So from (4.3) and (4.4), the result follows. ¤
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11. S. Yüksel Perktaş, F.E. Erdoğan & B.E. Acet: Lightlike submanifolds of metallic semi-
Riemannian manifolds. Filomat 34 (2020), 1781-1794



SOME TYPES OF SLANT SUBMANIFOLDS OF BRONZE RIEMANNIAN MANIFOLDS 291

12. V.W. Spinadel: The metallic means family and forbidden symmetries. Int. Math. J. 2
(2002), 279-288.

aProfessor: Department of Mathematics, Adıyaman University, Adıyaman 02040, Turkey
Email address: eacet@adiyaman.edu.tr

bProfessor: Department of Mathematics, Inonu University, Malatya 44210, Turkey
Email address: tubaact@gmail.com


