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ON LIMIT BEHAVIOURS FOR FELLER’S
UNFAIR-FAIR-GAME AND ITS RELATED MODEL

JUN AN

ABSTRACT. Feller introduced an unfair-fair-game in his famous book [3].
In this game, at each trial, player will win 2¥ yuan with probability p; =
1/2*k(k + 1), k € N, and zero yuan with probability po = 1 — Sl Pk
Because the expected gain is 1, player must pay one yuan as the entrance
fee for each trial. Although this game seemed “fair”, Feller [2] proved
that when the total trial number n is large enough, player will loss n
yuan with its probability approximate 1. So it’s an “unfair” game. In
this paper, we study in depth its convergence in probability, almost sure
convergence and convergence in distribution. Furthermore, we try to take
2k = m to reduce the values of random variables and their corresponding
probabilities at the same time, thus a new probability model is introduced,
which is called as the related model of Feller’s unfair-fair-game. We find
out that this new model follows a long-tailed distribution. We obtain its
weak law of large numbers, strong law of large numbers and central limit
theorem. These results show that their probability limit behaviours of
these two models are quite different.

1. Introduction

In recent years, many scholars studied the limit behaviours for random vari-
able sequences with their expectations or variances not existed. They applied
these conclusions to study some special random variables, such as Pareto-Zipf
distribution ([1]), Feller game ([1,9-11]), St. Petersburgur game ([6,10]), etc.,
and obtained a lot of interesting and meaningful outcomes.

Feller introduced an unfair-fair-game in his famous book [3]. In this game,
at each trial, player will win 2* yuan with probability p; and zero yuan with
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probability py, where

1

(1) pr= P{X0 =2} = o

o0
L kEN, po=P{X; =0} =1-) ps.

k=1
Because the expected gain is 1, the player must pay one yuan as the entrance
fee for each trial. Although this game seemed “fair”, Feller [2] proved that
when the total trial number n is large enough, player will loss n yuan with its
probability approximate 1. Let X; represent the player’s gain at the ¢th trial,
Sp = >, X, denote the total gain in its n trials, this result can be expressed
as the following theorem (see [3]).

Theorem 1.1. Let X, Xo,... be independent random variables with the same
distribution described in (1.1). Then for any e > 0,
1—
(1.2) lim P{Sn—n<—(€)n}—1,
n—oo Logyn

where Logon = max{1,log, n}, and log, n denotes the logarithm to the base 2.

Theorem 1.1 shows that this game is unfavorable for players. So it’s an
“unfair” game. We call it as Feller’s unfair-fair-game. For this model, the
expectation EX; = 1. But, for any o > 1, the moment EX{ doesn’t exist.
Therefore, many classical limit theorems don’t hold, which arouses our inter-
est in this subject. Unfortunately, its further limit behaviours have not be
investigated in literatures. In this paper, some probability limit properties for
this model are studied. Concretely peaking, in Section 2, Theorem 2.1 studies
the convergence in probability and its rate of convergence for {S,}. Theorem
2.2 investigates the convergence in probability and almost sure convergence for
{X,}. Theorem 2.3 obtains the characteristic function of the limit distribution
of {S,}, which is similar to Theorem 1 of [8].

As we known, the probability limit properties of random sequences are often
closely related to their moment conditions. For the model of Feller’s unfair-
fair-game, the expectation £X; = 1, and for any o > 1, the moment EX{* does
not exist as stated above. Now if we reduce the values of random variables and
their corresponding probabilities at the same time, does the new probability
model have the same limit properties? Driven by this motivation, we try to
take 28 = m, equivalently, k = [log, m], where [a] denotes the largest integer
no more than the real number a. For any integer m > 2, we define

1
mlogom (loggm + 1)’

pm =P{X;=m}= m = 2.
Based on this idea, we introduce the following probability model.
Let X1, X5, ... be independent random variables with the same distribution

1

- 1
1.3 —P{X =kl ——— k>l =5 —— a>1,
(13) b (X =k} ck(Log,k)?’ ¢ ’; k(Log,k)? @
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where Log,n = max{1,log, n}. We take the denominator of pj as ck(Log,k)>
instead of ck(Log,k)(Log,k+1), for the sake of the convenience of mathematical
processing, however, they are not much different. We call the new model of
(1.3) as the related model of Feller’s unfair-fair-game, abbreviated as related
model of FUFG.

For the related model of FUFG of (1.3), it’s easy to get

Ina

F(x) = P{X; > 2} ~ Tog. 7

as r — +00,

where Ina = log,a. For any t > 0, F(z +t) ~ F(z) as * — +o00. Now X
follows a long-tailed distribution (see [4]), which is widely used in many fields,
such as machine learning, artificial intelligence, finance theory, insurance theory
and so on. Therefore it is meaningful to study in depth the probability limit
properties of this model.

Since E X1 = 400, the conditions of classical limit theorem are not satisfied,
it’s necessary to specially discuss its limit behaviours. In Section 3, Theorem
3.3, Theorem 3.4 and Theorem 3.6 study the convergence in probability and
almost sure convergence for its partial sums S, = Z?zl X;. Theorem 3.7
obtains its central limit theorem. Our findings show that these two models
have completely different probability limit behaviours.

Throughout this paper, X,, = op(Y;,) denotes X,,/Y,, — 0 in probability;
a.s. is the abbreviation of “almost surely”; i.o. is the abbreviation of “infinitely
offen”; C represents a positive constant and its value may be different and

. . . d ey
unimportant on different occasions; — means convergence in distribution; a,, =
o(by,) represents a, /b, — 0 as n — o0; a, ~ b, means lim, o a,/b, = 1;
an = O(by,) stands for —oo < liminf, o an /by < limsup,,_, . an /by, < 00.

2. Limit behaviours for Feller’s unfair-fair-game

Let X7, X5, ... be independent random variables with the same distribution
described in (1.1). Define b, = n/Logyn, m(n) = sup{m € N : 2™ < b,},
an, =m(n)/(m(n) +1). From

2m(n) < n/Logon < gm(n)+1

we can get
m(n) < Logyn — Log,Logyn < m(n) + 1.
Thus
1 Log,Logoan+1  m(n) <1 Log,Log,n

Logyn Logyn Logon '

and
. m(n) .

(2.1) lim =1, lim a, =1.

n—oo Logan n— 00

We first study the convergence in probability and its rate of convergence for
the partial sums S, and obtain the following result.
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Theorem 2.1. Let X1, Xo,... be independent random variables with the same
distribution described in (1.1), S, = > " | X;. Then

Sy — nay, . .
(2.2) bina — 0 in probability,
and
S,, — nay,
(2.3) — o =oP (Loggm) .

Proof. Define X; = X;I (X; < by,). For n large enough, m(n) > Logyn/2,
2m(") > b, /2. s0

m(n)

~ 1
BX: = ;;1 FEED T m Al mmy 1

1
nP{X;>b,}=n Y T T
k=m(n)+1

N
3
()
]
x-‘ =

m(n) k=m(n)+1

_n

4dn 2Logsn

N

(Logon)®  m

C
= —0 asn — oo,
Logsyn
_ m(n) 2k
2.4 EX? = —
(24) ! ; k(k+1)
[m(n)/2] m(n)

pp—— P
e J— + -
k=1 k(k+1) k=[m(n)/2]+1 k(k+1)
= Il + .[2.

We start to estimate the order of I; and Is, respectively. Firstly,

25) I < 9m(1)/2 < 9L 0g.m - " 9 /nLogn=o| — ).
( ) 1 m(”) 0821 Log2n nLogyn 0 (Loan)Q

Secondly,

m(n)

>,

k=[m(n)/2]+1

(2.6) I <

m(n)?
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< b gmn
m(n)?

N 16 2n

= (Logyn)?  Logyn

(e

Combining (2.5), (2.6) and (2.4), we get that

s 1 &L
(2.7) 5 > VarX,; < = > EX;
n =1 =1

n

L 2
=n il -0 S — 0 asn — oo.
n (Logyn)?

Applying Theorem 6.3.3 of [5] with (2.4) and (2.7), it yields (2.2).
Because EX; = 1, by the Khintchine’s weak law of large numbers we get
S, —n
n

— 0 in probability.

Consequently,

Sp—na, Sp—n E-I- n(l—ay)
b, N n by, by

S _
— o Logyn + (1 — a,)Logyn
n

= {Snn—n +(1 —an)}Loan

= op(Log,n).
Thus (2.3) holds. The proof of Theorem 2.1 is completed. O

Using Theorem 2.1, we can prove Theorem 1.1 easily.

Proof of Theorem 1.1. For any ¢ € (0,1), taking ¢ € (0,1) such that 0 <
1—e+¢& =1/a <1 for this @ > 1 and n large enough, the first part of (2.1)
implies m(n) + 1 < aLogyn . Now

— !
P{Sn—n<—(1€)n}=P{Sn—n< n ne }

- +
aLogyn  Logyn

!
>P{Sn—n<— L m}

m(n)+1  Logyn
= P{S, —na, <e'b,}

2P{‘S’n—nan

bn,
So (1.2) holds. O

<5’}—>1 as n — 0o.
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Next we study the convergence in probability and almost sure convergence
for {X,}.

Theorem 2.2. Let X1, Xo,... be independent random variables with the same
distribution described in (1.1). Then, we have the following limit behaviour

X, —a

(2.8) 2 “ 0 in probability,

and

a

Xn— n . Xn - Un
(2.9) lim infT =0 a.s., hmsupia =400 a.s..
n—o0

n n—oo b’n,
Proof. For any ¢ > 0 and n large enough, a,, — en/Log,n < 0 and
P{X; < a,—en/Logyn} =0,

since a, > 0,a, T 1 asn — oo, X; > 0 a.s.. Thus,

(2.10) P {an—nan < 5} = P{X; <a, —en/Logyn} =0.

On the other hand, for any € > 0 and n large enough,

(2.11) P{X"b;a" >s} = P{X; > a, +en/Logyn} — 0 as n — oo.

Consequently, (2.10) and (2.11) lead to (2.8).
Based on the same reason of (2.10) we know that

> X, —a >
ZP{”” < _e} = 3" P{X1 < an — en/Logyn} < .
n=1 bn

n=1

Using the first Borel-Cantlli lemma we can also obtain
P{an_an < —¢, i.o.} =0,

which yields

X, —
(2.12) mmﬁ—%ii

n
>0 a.s..
n—oo n

For any ¢ > 0, {X; =0} C {X1 < a,, +¢b,}, thus

P—<ep = P{Xi <an,+eb,} > P{X; =0} = +o0.
> { = } S P{X, }2 3P =0)

n=1

By the second Borel-Cantelli lemma we obtain
X —
P{%Cm<em}:L

X, —
(2.13) lim inf 27— 4"

" <0 as.
n—00 by,

which leads to
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Combining (2.12) and (2.13), the first part of (2.9) is proved.

For any M > 0, put k(n) = inf{k : 2¥ > (M + 1)b,}. Similar to (2.1) we
can easily get k(n) ~ Logon as n — oco. From the knowledge of mathematical
analysis,

k+1 1 1 k 1
/ dr < = g/ . e k=1,2,....
e 2%x(z+1) 2kE(k+1) w1 2%x(x 4+ 1)

This leads to

e 1 1 & 1
2.14 / ——dz < — < / —dz.
(2.14) k(n) 2°z(2 + ) Z 26k(k+1) ~ Jymy—1 2%2(z + 1)

k=h(n)

Using the law of L’Hospital, it’s easy to verify that

e 1 1
2.1 dx ~ .
(2.15) /u 22x(x 4+ 1) * 2vy(u+1)In2 as = o
Combining (2.14) and (2.15), we can obtain that
i . 0] ! as n — oo
Lo TR 1) \ TR (k) + 1) |
Consequently,

Mg

> Xn_ n
ZP{ba>M} P{X; > a, + Mb,}
n=1 n

1

3
Il

P{X; > (M 4+ 1)b,} (since a,, — 1)

(o)
> D

WV
Mg

i
1

|F”ﬂ8

> 1
> C; P () (k(m) + 1)

1
>C
7; n/Logyn - (Logyn)?

- 1
= C =
Z nLogsyn oo
n=1
By the second Borel-Cantelli lemma we have

P{X"b_“" > M, 1.0‘} -1,

which yields

X,—a
limsup —/—= = 400 a.s..

n—oo n
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Thus the second part of (2.9) holds. The proof of Theorem 2.2 is completed. [

Let B2 = n {ZZL(?) 2k k(K + 1) — ai}, X = X;I(X; <by), S =0, X
It’s easy to get
P{gn;ésn}—ﬂ)asn—wbo.

Applying the Lindeberg-Lévy-Feller central limit theorem, we can prove that

Sy —na, d
T%%N(O,l)

does not hold, where N(0,1) denotes the standard normal random variable.
Consequently
Sy —na, d
g N(0,1)
does not hold.
In order to study the limit distribution for the partial sums, .S,,, inspired by
Anderson [8], the following theorem obtains its characteristic function of the
limit distribution of S,,.

Theorem 2.3. Let X1, Xo,... be independent random variables with the same
distribution described in (1.1), N, = 2", M,, = n?2". Then

Sy, — M, S
MnNn — Jif\/:x 7,”12 i> S,

where the characteristic function of random variable S is exp{g(t)}, and

0 itok . oo jtok
eit2” — 1 — 2k et — 1

g(t) = Z 2—’€+ZT

k=—o0 k=1

Proof. We use the method of the proof of Theorem 1 in Anderson [8] to prove
this theorem.
The characteristic function of X is

B : B — exp{it2F} = exp{it2F} —1
f(t) = Eexp{itX1} = po +;72kk(k+ 0= 1 +;72kk(k+ 0

Hence the characteristic function of Sy, /N, — n? is

(2.16) f, (t) = Eexp {it (‘ii/,” — n2> }

n

it
Xp {1?\’7]\/["} exp{—itn?}
n

= Ee
— {f (;n)}Mn exp{—itn?}.
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Next, we will decompose f(¢/N,) — 1 into two parts.

@17)  f <]\1;n> 1

B i exp{it2F—"} — 1

k
249 (k + 1)

o0

B Z exp{it2F} — 1
- k+n
p T 2 (k+n)(k+n+1)

1 0 exp{it2F} — 1 >0 explit2fl — 1
N, { ;ﬂ Pkt )k +ntl) +;2k(k+n)(k+n+1)}

; (I(n n I<2>)

n

Since

< 00,

o0 .
21 — 1
”QZ exp{it2"}

2L |expfit2k} — 1] — 1
)k nt )| <2

4D+ T2

/)
g

k=1

applying the Lesbegue’s controlled convergent theorem, we have

@ exp{it2*} — 1 1 <= exp{it2¥} — 1
019 1= 3 e e e o

On the other hand,

0 <0k
t2k} — 1
219) 1M = expii
(2.19) " k:;H 26(k+n)(k+n+1)

0

B Z exp{it2¥} — 1 — it2k Z it
B 25k +n)(k+n+1) v B n)(k+n+1)

k=—n+
0 . .
1 2k} — 1 — it2k 1
) Z el k} k1+1 +it (1 - > :
T 2P )+ ) n+1
Since
exp{it2 "1} — 1 — 27t 22
g=n+i(14 —ubl)(1 4 a2y~ \Tgn ) OO
we have

exp{1t2’“} —1—it2k exp{it2¥} — 1 — 1t2k
(2.20) nlinio Z 2k(1+ E)(1+ By Z ok

—n+1
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Combining (2.17), (2.18), (2.19) and (2.20), we get

0 . . 00 .
1 Z exp{it2¥} — 1 —it2% | Z exp{it2¥} — 1
~ n2N, { 2k Hin't 2k +o(l)
n —00 k=1

1
= W{g(t)+in2t+0(1)} as n — 00.
n?N,,

By (2.16) we can also get

2
¢ . Qt 1 n° Ny,
g(t) +in”t + of )} rexp{—in’t}

N
=exp{g(t)} + o(1) as n — oo.

Thus Theorem 2.3 follows from (2.16), (2.21) and the continuity theorem of
characteristic function. (]

3. Limit behaviours for the related model of FUFG

In this section, we will consider the related model of Feller’s unfair-fair-game
(1.3) and study its probability limit behaviours. Our findings show that the
limit properties of model (1.3) and model (1.1) are quite different. Since the
new model follows a long-tailed distribution (see [4]), which is widely used in
many fields, therefore it is meaningful to study in depth the probability limit
behaviours of this new model.

To prove the next theorems, we will apply the concepts of regularly varying
function, slowly varying function and their key properties.

Definition (see [7]). Let U,V be positive monotone functions on [0,00) to
[0,00). We say that U is a regularly varying function (at +o0) with exponent
a € Rif U(x) = 2*V () where V is a slowly varying function (at +00), that is
Vv
im () _
T—00 V(aj)

for every t > 0.

Obviously, regularly variation and slowly variation are tail behaviours for
functions so that they are independent of their initial values. Inz, In?z are
slowly varing functions on (0, 00). Every slowly varying function varies regu-
larly with exponent 0.

Lemma 3.1 (Main Karamata Theorem, see [7]). Let H be positive monotone
on [0,00) and set

o0

Usa) = /O "y H(y)dy, Vi) = JR
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(1) If H varies regularly with exponent o < —s — 1 and Vi(z) < oo, then, as

T — 00,
25t H ()
Vi(x)

Conversely, if this limit exists and is positive, then Vs and H vary reqularly
with exponents —c = s+ a4+ 1 and «a, respectively, while if this limit is 0, then
Vs is a slowly varying function.

(ii) If H wvaries regularly with exponent o > —s — 1, then, as © — 0o,

25T H ()
Us(x)
Conversely, if this limit exists and is positive, then Us; and H vary reqularly

with exponents ¢ = s + a + 1 and «, respectively, while if this limit is 0, then
Us is a slowly varying function.

—c=—(s+a+1)>=0.

—c=s+a+1>0.

Lemma 3.2. If s > 0, then

s+1
=0 5 as n — o0o.
Loga (Log,n)

Proof. For every s > 0 and x large enough, z°/(Log,x)? is monotonously
increasing. So, there are constants C; and Cs satisfying

n s n kS n+1 x5
1 (Log,z) s (Log,k) 2 (Log,)

Since (Logaacf2 is regularly varying with exponent a = 0 (is also slowly
varying), by the (ii) of Lemma 3.1, we can obtain

n 5 nstl n+1 5
(3.3) / ————dz =0 ——= | = / —————dz as n — oc.
1 (Log,x) (Log,n) 2 (Log,x)

Combining (3.2) and (3.3), it’s easy to see that (3.1) holds.
If s = 0, then we only change the direction of inequalities (3.2) to know that
(3.1) is also true. O

(3.1)

-

With the above preparations, now we start to research the limit properties
of model (1.3). Let X, Xo, ... be independent random variables with the same
distribution described in (1.3), we obtain the following results about its weak
law of large numbers, strong law of large numbers and central limit theorem,
respectively.

Theorem 3.3. Let X1, Xo, - be independent random variables with the same
distribution described in (1.3), by, = (Log,n)™. Then
(3.4) S — 0 in probability.

bn
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Proof. Let m,, = [by], it’s easy to verify that Log,m, ~ nLog,Log,n as n —

0. Suppose that X; = X I(X; < by), S, = Py X;. We have

(3.5) P{gn#sn}:P{O{Xi7éXi}}

<nP {Xl > bn}

<——— —+0asn— oo
= Log,Log,n

By Lemma 3.2 we also have

Mn

N 1 b
L =EX = S — - ).
Ml ' ; (o b2~ ¢ ((nLogaLoganP)

Applying the Chebyshev’s inequality and Lemma 3.2 we can get

I (R e 2 DI CE P

// //
om
1 §\~
[\ [NV
o) ey
- L
—
Lo
N———— |
E?
N———
[\

By (3.5) and (3.6) we can also get

S, —np

(3.7) 7 L 40 in probability.

Therefore (3.4) follows from (3.7) and njy /b, — 0 as n — oo. The proof of

Theorem 3.3 is completed.

O
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Theorem 3.4. Let X1, Xo,... be independent random variables with the same
distribution described in (1.3), b, = (Log,n)"™. Then
(3.8) liminf — =0 a.s., and limsup — = 400 a.s..

n—oo n n— o0 n

Proof. Since X; > 0 a.s. thus

S
liminf =2 > 0 a.s..
n—00 n
From Theorem 3.3 we know that there exists a subsequence {nj} of N such
that

n
=0 a.s..

lim
k—o0 bnk

Therefore the first part of (3.8) holds.
To prove the second part of (3.8) we first prove

Xn
(3.9 lim sup — = 400 a.s..
n—oo bn

In fact, for every M > 0,

oo oo o0 1
2P =2 2 e

n=1k=[Mb,]+1

- 1
>C
2 Top (] 7 1)
c i : = +00
— nLog,n

By the second Borel-Cantelli lemma we know that

X
P{b" > M, i.o.} =1.

So (3.9) holds. Since limy, o0 by—1/by, = 0, it follows that

Sn Xn  Sp—1 bn-
limsupb— = lim sup (—i— L. 1)

n—o0 n n—00 bn bn— 1 bn

bn—l

X _
> limsup = + lim inf - L lim
n—oo by,

n—oo UOn n=00 Op—1
= +o0.
The last step above follows from (3.9) and the first part of (3.8) proved just
now. The proof of Theorem 3.4 is completed. U

Remark 3.5. Since X,, > 0 a.s., for any € > 0,

iP{Xn <eb,} = iP{Xl < ebp} = +o0,

n=1 n=1
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by the second Borel-Cantelli lemma we know P{X, < &b, i.0.} = 1, conse-
quently

hmme— =0 a.s..
n—oo by,

Theorem 3.6. Let X1, Xo,... be independent random variables with the same
distribution described in (1.3), t,, = a™°8")" '~ > 1. Then

. n
lim — =0 a.s..
n—oo t,

Proof. Let X; = X,I (X; <t,). Since

ZP{X >ty }7ZP{X1>tn}

n=1 n=1
:g Z Loga)

=1
<CZL%
n=1
> 1
<C < o0,
; n(Logn)” ~

by the Borel-Cantelli lemma we know
(3.10) P{X, # X, i.0.} =0.
Let S, = > X,. By Lemma 3.2, it’s easy to get

[tn]
= 1 t t
i =EX; =) =0 = =0 —"—% .
# ! Pt c(Log,k)? ((Logatn)2> <n2 (Logan)27>

For any € > 0, applying the Chebyshev’s inequality and Lemma 3.2 we have

iP{S";nﬁl } ZP{S >nu1+5t}
n=1 n
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< Ci " izt

ST 21 (Log,t)?
= 1

< —_ < .
2 o7 <

3
—

From the Borel-Cantelli lemma it follows that

P{S’n_nﬂ1 > e i.o.} =0,
128

thus _
S i
lim =2 n_ 0 a.s..
n—o0 n
Since
nﬁl o 1
n n (Log,n)
we have

S
lim =% =0 a.s..
n—oo t,

1199

It follows from (3.10) that there exists a positive integer N such that X; = X;

a.s. for all ¢ > N. Now, for n > N,
Sp=X1+ 4+ XN+ XNs1 4+ Xn=08y+S, — Sy as.
Because lim,,_, §N/tn =0 a.s. and lim,, o, Sy /t, =0 a.s., so

Sn §n §N

lim 2% = lim 22 — lim -2 + lim 2% =0 as.

n—oo t, n—oo t, n—oo t, n—oo t,
The proof of Theorem 3.6 is completed. O
Theorem 3.7. Let X1, Xo,... be independent random variables with the same

distribution described in (1.3). X, = X;1I (X; €< n), S, = Dy X;, i1 = EX,,

o = VarX;. Then

gn - nﬁl d
——F— — N(0,1).
51\/ﬁ — (07 )

Proof. Using Lemma 3.2 and the C,-inequality, we can get

n

- ~ 1 n
M=EX =3 g = O ((Logam?) ’

k=1
52 = VarX :E)?QfﬁzziL—ﬁzzo _
: L= B =2 o T = O\ Wogun )
BIX -l <d(BEX+3) =S~ o
| 1 — Ml' X ( 1 +,U,1) - Z C(LOgak)Q + Hy = (Logan)2

k=1

)
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Therefore

~ E|)?1 —l? n’ (Log,n)*

By the Esseen’s inequality (see [12]) we know

—oo<r<oo 51\/ﬁ

Sp — npiy Cp < CLog,n

SVn S TR

sup |P <xyp—0(x) — 0 as n — o0,

where ®(x) denotes the distribution function of the standard normal random
variable N(0,1). The proof of Theorem 3.7 is completed. O
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