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D-SOLUTIONS OF BSDES WITH POISSON JUMPS

IMEN HASSAIRI

ABSTRACT. In this paper, we study backward stochastic differential equa-
tions (BSDEs shortly) with jumps that have Lipschitz generator in a gen-
eral filtration supporting a Brownian motion and an independent Poisson
random measure. Under just integrability on the data we show that such
equations admit a unique solution which belongs to class D.

1. Introduction

The notion of non-linear BSDEs was introduced by Pardoux and Peng ([5]).
These equations have been well studied because they are connected with a lot
of applications especially in mathematical finance, stochastic control, partial
differential equations, and so on.

Tang and Li [9] added into the BSDE a jump term that is driven by a
Poisson random measure independent of the Brownian motion. The authors
obtained the existence and uniqueness of a solution to such an equation when
the terminal condition is square integrable and the generator is Lipschitz con-
tinuous with respect to the variables. Since then, a lot of papers (one can see
[3,4,7]) studied BSDEs with jumps due to the connections of this subject with
mathematical finance and stochastic control.

Later, Situ Rong [8] proved an existence result when the terminal time is a
bounded random stopping time and the coefficient is non-Lipschitzian.

Recently, Song Yao analyzes in his work [10] the BSDEs with jumps with un-
bounded random time horizon and under a non-Lipschitz generator condition.
He showed the existence and uniqueness of an ILP-solution when the terminal
condition is p-integrable for any p € (1,00). For a given V € L2, unlike the
Brownian stochastic integrals case, the Burkholder-Davis-Gundy inequality is
not applicable. So in his paper, he generalized the Poisson stochastic integral
for a random field V' € LP.

In our paper, we investigate the existence and uniqueness of D-solution for
BSDEs when the noise is driven by a Brownian motion and an independent
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1084 I. HASSAIRI

random Poisson measure. This paper generalizes the results of Briand et al.
[1] and Song Yao [10]. We suppose that f is Lipschitz. Concerning the data,
we assume that an integrability condition is hold.

Our first motivation to consider this paper is related to the dynamic risk
measure that had been introduced in a Brownian framework (see [7]) defined
as the solutions of BSDEs. Many studies have been recently done on such
dynamic risk measure, especially linked to robust optimization problems and
optimal stopping problems. It is well known that optimal switching problems
under weak assumptions help managers’ resource retention to make the optimal
decision under uncertainty. On the other hand, this present paper opens the
door to heading to the study of the existence and uniqueness of D-solutions for
reflected BSDEs with jumps. Finally, to our knowledge there is no such result
in the literature.

The outline of this article is as follows: the following section contains all the
notations and useful assumptions for the rest of the paper. In Section 3, we
showed uniqueness result and the essential estimates. Section 4 is devoted to
the case where the data are in L? for p € (1,2) then we treat the case p = 1
and we showed the desired existence result.

2. Notations and assumptions

Let (92, F, (F)i<T) be a stochastic basis such that (F;),<r is a right con-
tinuous increasing family of complete sub o-algebras of F and F, contains N
the set of all P-null sets of F, Fi+ = NesoFtpe = Ft, V& < T. We assume that
(Fi)i<r is supported by the two mutually independent processes:

(i) let B = (B)o<t<r be a standard d-dimensional Brownian motion.

(ii) let p be a U-valued Poisson point process on (€2, F,P) for some finite ran-
dom Poisson measure p on Rt x U, where U C R™\ {0}, the counting measure
w(dt,de) of p on [0,7] x U has the compensator E[u(dt, de)] = A(de)dt. The
corresponding compensated Poisson random measure [i(dt, de) := u(dt,de) —
dtA(de) is a martingale with respect to F. The measure A is o-finite on U
satisfying

/ (1A le|*)A(de) < +oo.
U

In this paper, let P denote the o-algebra of Fy-predictable sets on 2 x [0,T].
In addition, we assume that

]-"t:a[/ p(ds,de),s <t, A€ UlUc[Bs,s <t|]UN.
Ax]0,s]

For a given adapted rcll process (X;);<r and for any ¢t < T we set X;- =
limg ~ X, with the convention that Xo- = Xo and AX; = X; — X;-. For any
scenario w € Q, let Dy, collect all jump times of the path p(w) which is a
countable subset of (0, 7.
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Let us introduce the following spaces of processes and notations considered
in this work, for all p > 0,

e S? is the space of R -valued, Fi-adapted and rcll processes (X¢):e[o,1)
such that

1
Xl =E|supll | < o
t<T

If p>1, [ |lsrisanormon S? and if p € (0,1), (X, X') = [| X — X'||s»
is a distance on SP. Under this metric, SP is complete.

e MP denotes the set of R™-valued and F;-predictably measurable pro-
cesses (X¢)iefo,7) such that

T i p/27+
||X/\,“,=]E[</0 | X | ds) } < +oo.

For p > 1, MP is a Banach space endowed with this norm and for p €
(0,1), MP is a complete metric space with the resulting distance. For
all B € (0,1] let us define M? as the set of F;-progressively measurable
processes (X¢)¢eo,r) with values in R? such that

T B/2
X | vgo :EK/ |XS|2ds> } < +oo.
0

We denote by M° the set of P-measurable processes Z = (Z;)i<r
with values in R? such that fOT |Zs(w)|?ds < 0o, P — a.s..
e L7 . is the space of all P ® B(U)-measurable mappings V : Q x [0, T] x

U — R such that fo Jor [Vs(e)[PA(de)ds < oo. Let LP be the set of all

1
V e LV such that |V zr := <Efo Iy Va(e)PA(de)d )p < too.

The stochastic integral with respect to the compensated Poisson random mea-
sure fi(dt, de) is usually defined for locally square integrable random mappings
V € L% .. We recall, in the following lemma, a generalization of Poisson sto-
chastic 1ntegrals for random mappings in LI for p € [1,2). For more details
on the proof we refer the reader to Lemma 1.1 in [10].

Lemma 2.1. Let p € [1,2), we assign M as the Poisson stochastic integral

(2.1) /OT / Vi(e)fi(ds, de)

for any V. € LP. Analogous to the classic extension of Poisson stochastic
integrals from L2 to L2 ., one can define the stochastic integral (2.1) for any

loc?
V € LP . which is a rcll local martingale with quadratic variation

vt = [ [ o Puias,ae

loc?
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and whose jump process satisfies AM(w) = liep, ., V(w,t,p(w)), Vt € (0,T].

p

This generalized Poisson stochastic integral is still linear in V € L.

The above lemma will be useful and plays a crucial role in the rest of the
paper.

Let us recall that a process X belongs to the class D if the family of random
variables {X,, 7 € T} is uniformly integrable with 7 is the set of all Fy-
stopping times 7 € [0,T], P — a.s.. We say that a sequence (7x)keny C T is
stationary if P(liminfy_,oo{m = T}) = 1. In ([2], p. 90) it is observed that
the space of continuous, adapted processes from class D is complete under the
norm

[ Xl = sup E[|X-]].
TET

In this paper, we consider the following assumptions:

(A1) A terminal value £ which is an R-valued, Fp-measurable random vari-
able such that E[|£|] < oo;

(A2) A random function f : [0,7] x © x R x R? x £ — R which with
(t,w,y, z,v) associates f(t,w,y, z,v) and which is P ® B(R't%) @ B(L)-measur-
able. In addition we assume:

(i) the process (f(¢,0,0,0)):<7 is dP ® dt-integrable, i.e.,

EUOT |f(s,0,0,0)|ds] < 00;

(ii) f is uniformly Lipschitz in (y, z,v), i.e., there exists a constant k > 0
such that for any t € [0,T], v,y € R, 2,2’ € R? and v,v’ € LP we have

P—a.s., |f(t,w,y,z,v)— ft,w, v, 2, 0) <k(ly—y|+ |z =2 |+ [[v=2"|);
(iii) P — a.s.,Vr > 0, fOT ¥y (s)ds < 00, where

ly|<r

(iv) There exist two constants v > 0, a € (0,1) and a non-negative progres-
sively measurable process g such that E[ fOT gsds] < oo and

|f(t,y,2,’U) - f(t7y7050)| < ’-Y(gt + |y‘ + |Z‘ + ||UH£:”)Q7

t€[0,T], y € R and z € R%
Note that if f does not depend on z and v, the latter assumption is satisfied.
To begin with, let us now introduce the notion of ID-solutions of BSDEs with
jumps which we consider throughout this paper.

Definition 2.2. A triplet of processes (Y, Z,V) := (Y3, Z¢, Vi)i<7 with values
in R1*4 x £! is called a solution of the BSDE with jumps associated with (f,¢)
if the following holds:
(2.2) YeD, Ze M and V € L1

=4 [ f (5, Vs, 20, Va)ds— [T Zod By~ [ [, Vile)ii(ds, de), t<T;
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The solution has jumps which arise naturally since the noise contains a
random Poisson measure part.

We are now going to prove the uniqueness of the solution for the (2.2) under
the above assumptions on f and &.

3. Uniqueness and existence of a solution
3.1. A priori estimates

First of all, we establish some estimates regarding solutions of BSDEs with
jumps (2.2). The results of Briand et al. [1] inspired us to get these estimates
that are very useful for the study of existence and uniqueness of solutions. The
difficulty here comes from the lack of integrability. These basic inequalities
proved in the following Lemma 3.1 and Proposition 3.2 gives rise to a priori
estimate result of D-soltuions of BSDEs with Poisson jumps, both of which will
play crucial and important roles in the proof of our main result in Theorem
3.6.

Lemma 3.1. Let (Y, Z,V) be a solution to BSDE (2.2) and assume that for
p >0, (fOT f(s,0,0,0)ds)? is integrable. If Y € SP, then Z € MP, V € L and
there exists a constant Cp . such that,

P

(3.1) E[(/OT|ZS|2ds>2 +/OT/U|VS(6)|”/\(de)ds]
< cp,nE[sng + (/OT |f<s,o,o,o)ds)p].

Proof. Since there is a lack of integrability of the processes (Y, Z, V), we will
proceed by localization. For each integer n, let us define the stopping time

¢ ¢
Tp = inf{t > O;/ |Z,|2ds Jr/ / [Vi(e)|PA(de)ds > n} A T.
0 o Ju

The sequence (7,,)p>0 is non-decreasing and converges to 7. Using It6’s
formula with |Y|? on [t A 7,,, 7], we obtain

(3.2) Yor 2 + / |Z.2ds + / | / V() Pu(ds, de)
Tn tATh JU

tA

— Y P42 / Yo f (s, Yy, 2o, Vi)ds
t

NTp

,2/ Y, Z,dB, 72/ /YyVS(e)ﬂ(ds,de).
tAT, tAT, JU

But from the assumption on f, Young’s inequality (for ¢ > 0, ab < ;%;4— qubq,

with > + 2 =1) and the inequality (2ab < 24 + %) where a,b € R, we have

2Y,f(5,Ys, Zs, Vs) < 26|Y5|? + 26| V5| Zs| + 26] V3| [Vil| v + 211 £(5,0,0,0)
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-1
< 21+ WP+ 1 + DL (am) o 1
p

P
+ ZH‘/SHZEP + 2|}/s|f(8a 07070)
Plugging the above inequality into (3.2), we get

1 Tn Tn
5 [ izpase [ [ e Puts.do
2 tATy tAT, JU

-1
< 2k(14 k) sup |Y.S|2—|—p e FI(26)7T sup |Yi|FT
s€[0,T) p s€[0,T

Tn

+2 sup |V f(5,0,0,0)ds + €? /\V )|PA(de)d
tATH

s€[0,T] tATh
+2‘/ Y, Z,dBg +2‘/ /Y Vi(e)i(ds, de)|.
tATy tATH

Hence, using the inequality (2ab < a® + b?), we obtain, for any € > 0,

1 Tn Tn
! / 12, 2ds + / / V() Pulds, de)
2 tATh tAT, JU

- ]. D D D
< (2k(1+K)+1) sup |Yi]*+ Lg‘ﬁ(%{)ﬁ sup |Yi|P—*
s€[0,T] p s€[0,T]

Tn 2 Tn
+( f(s,0,0,0)ds) +ep/ /|Vs(e)|”)\(de)ds+2‘
tATy JU

tATR

/ /Y Vs(e)fi(ds, de)|.
tATH

But there exists a constant C, ., and always choosing e small enough getting
that,

Tn

Y,Z,dB;
NTn

t

+2

5y ( I |zs%zs)g +( I Vi)l de) )

p2 Tn p
< Cpp sup |Ys|P 4+ Cpre sup |Yi|2-D + ( f(S,0,0,0)dS)
s€[0,T s€[0,T tATR

2 Tn 2
+Jz</ /|Vs(e)|p)\(de)ds>
tATp JU
' ’ / / Y, V.(e)fi(ds de)
tATH

+ ’ Y, Z,dBg
On the other hand using BDG and Young inequalities, we get

tATH
p/2 Tn p/4
}SEK/ Ys|2|zs|2ds) }
0

EH " y.7.dB,

tATh
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p/2 Tn p/4
< clpE{< sup |YS|) (/ |Z52ds> ]
s€[0,T] tATh

C% 1 Tn p/2
<e( s )+ ge( [ i pa)
2 tATH

$€[0,T] 2

and similarly for the Poisson stochastic part which is uniformly integrable mar-
tingale by Lemma 2.1,
p/2}

EH /t /U Y, Vi(e)i(ds, de)
k([ f |Ys|2|vs<e>|2u<ds,de>)p/4}7

C% 1 Tn P/2
E( sup W)+E( [ |vs<e>|2u<ds,de>) |
2 s€[0,T] 2 tATy JU

where ¢1, and ¢y, are real constants. Coming back to (3.3) and then taking
expectation, we obtain

1EK/ ZS|2d5) +</ /|Vs(e)|2u(ds,de)> ]
2 tATR tAT, JU

Tn p
S Cp7)§,e]E|:( sup |Y9|p) + ( f(S,0,0,0)dS)

s€[0,T] tATh

+e”5< /M /U |V9(e)|p)\(de)ds)g_.

By the equations (5.1) and (5.2) in [10], we have

O / / |vs<e>|2u<ds,de>>g] <E| / [ Weragaenas|

< 00.

IN

IN

Thus choosing € small enough we deduce that

([ wte) [ piorrond

Tn p
gcp,n,exa[ sup n|p+( / f<s,o,o,o>|ds) }
t

s€[0,T] NTn

Finally, letting » to infinity and using Fatou’s lemma, (3.1) follows. (]

Proposition 3.2. Assume that (Y, Z,V) is a solution to BSDE (2.2), where
Y € 8P for some p > 1. Then there exists a constant Cp ,, such that

T z T
E[ sup |VilP + (/ Zs|2ds) +/ /Vs(e)P)\(de)ds]
t€[0,7) 0 0o Ju
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T p
< Op,mE{lfu (/O If(s,0,0,0)Ids) ]

Proof. Applying It6’s formula to |Y|P over the interval [¢,T]. Note that
2

S(y) = pyilylP%, g (v) = plylP 81, + p(p — 2)yiyslylP

where §; ; is the Kronecker delta. Thus, for every t € [0, T], we have

35) W

T
— &P +p / Yo YaP 24 (s, Y, 2o, Vi)ds
t

T T
o [ VvpzaB -y [ Yoy pvietds. de)
t t JU
1 (T
- 7/ trace(D*0(Y,) Zs Z2)ds
/ Ve 4 Vi@ = Ve P = Y Ve P2V (. o)
First remark that for a non-negative symmetric matrix I' € R%*¢ we have

S D20(y)i Ty = plylPtrace(T) + p(p — 2)|y/"~*y"Ty
1<4,5<d

> ply|P~2trace(T),
then
(3.6) trace(D*0(Y;)Zs Z3) > ply[P~*|Z,[>.

Now for the Poisson quantity in (3.5) following the same arguments as in
([3], Prop 2) and ([10], Lemma A.4), we obtain that

T
(8.7) ‘/t /U<Iﬁ+vs<e>|p—w—pYSfmf|p-2vs<e>>u<ds,de>

T
< —plp— 13t / Y, P2 |Vi 2 (s, de).

Consequently, plugging (3.6) and (3. 7) in the equation (3.5) becomes
-1
e+ 220 2z P2 [T ey putas, ae

T
< lep +p/ Y, Ya[P2f (s, Y, Zo, Va)ds —p/ Y.V, 2,dB,
t t

T
p / / Y, Y, [P2Vi(e)i(ds, de).
t U

Since f is Lipschitz then we have

PYsf(s,Ys, Zs, Vi) < plYsl f(5,0,0,0) + pr|Ys[* + pr|Ysl| Zs| + pr|Ys| [ Vel co-
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Yoy 3 . : a? eb?
By Young’s inequality (i.e., ab < §- + - for every € > 0), we have

2.2 2
K
P+ Sz,

PrlYs||Zs] < 55

and by the inequality ab < + € b for every e > 0 with % —|— = =1, we get

pep
p—1 » _ D »_€P
pilYs[[|Vsller < T(%)Pﬁle VAT ;IIVSH’ZP
Therefore we have

-1 2 T
B8 e+ P29 [z pas
t

-1 T
B0 [ v s, do
p21€2 T
<ig 4 [ 0,000+ n+ 25 [ s
t

7]. P P
+L(pfi)7) Te »— 1/ |Y,|P~ds

2Ol
fp/ Y.|Y.[P"2Z.dB, — / / Yo [P2Va(e)ji(ds, de).
t

Let us set Ty = ngSD’SP’_QZSdBS and ®; = fo Jo Y= [Y— [P72Vi(e) i(ds, de).
Applying BDG’s inequality we deduce that I'; and <I>t are uniformly integrable
martingales. Indeed, by Young’s inequality, we have

T 3
B(10}) <) s wpt ([ 1zpas) |
s€[0,7) 0

p—1 1 T 2
< IE( sup |Ys|p) + ]E</ |ZS|2ds> < 00,
p s€[0,T] p 0
and from (3.4),

gih) <] s ([ vioruasao) |
<2t i)+ o[ [ wheorusan)

~1 1 [ [
< p]E( sup |Ysp> + E[/ / |Vs(e)|p)\(de)ds} < 00.
p s€[0,T7] p tATn JU

Sul-

Nl



1092 I. HASSAIRI

Thus taking expectation in (3.8) leads to that,

(3.9) <p(p‘”—i> / Y[ Z,[2ds

2
/ [ v P e)as

p2/€2 T
< E[fI”ﬂ? / Yl 5,0,0,0s+ (o + 575 [ vaps
t

2¢2

p—1
+ P ) e / YV, tds

¢ / [ wp2iviopaes)

Taking account of (3.9), (3.8) becomes
(3.10) Esup V3P
¢

p2ﬁ2 T
SE[mup/ P 7(s.0.0.00ds+ (o + 250 [ riivas
t

1
+L(pH)P Te - 1/ Y,|P~ds

—/ [ v raeas|

—l—pE( sup / Y|V, [P~ 2stBs>
s€[0,T] s
T
—l—pIE( sup / /Y;f|Y;f|p_2VS(e)/](ds,de) )
s€[0,T] | /s U

Usmg the BDG inequality and Young’s inequality (i.e., ab < & + , with
; + E =1) we get

1/2
< oz ( [ Yoz ) ]
t
T 1/2
CPE[( sup |Ys|p/2>(/ |Ys|”2|Zs|2ds> ]
s€[0,T] t

C T
PE[ sup |V, |P] + E[/ |Y8|p2|Z52ds].
2 Lsepm t

pE[ sup
s€[0,T)

/ Y,|YL P2 Z.dB,

IN

IN
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and,
T
[/ 1@-|1fs-|”%<e>ﬂ<ds,de)]
s€0,T) | Js U
T 1/p
<cE|( [ [ mpeomipuasd) |
t U
T 1/p
(r—2)(p—1) _92
CE[( sup [y )( [ [ vs<e>|pu<ds,de>) }
s€[0,T] t U

-1 T
PoLee| s v Sew| [ [ s, do.
p s€[0,T] p t U

pE { sup

IN

IN

Coming back to inequality (3.10) with the above estimates we deduce that

T 2 .2 T
Bsup i < {67 +p [ P 0.0.00s + (ot B [ s
t t € t

-1 T
I / |Ys|p_1ds].
p t

Applying once again Young’s inequality, we get

T T
p/ |Y;|P—1|f(s,o,o,o)dsgpcp( sup |Y5|p—1/ |f(s,o,o,o)|ds)
t t

s€[0,T

1 T V4
scp( sup W) +( / |f<s,o,o,o>|ds) ,
s€1[0,T] p t

where C), changes from a line to another. Consequently,

T P
E sup IYtPSC;JE{IfI“ < / |f<s,o,o,o>|ds) }
t

t€[0,T)

T
+C’1',',,{/ E sup |Y,|Pds.
t u€[s,T|

Finally, using Gronwall’s lemma, we obtain

p
Esupicior) il < CpeciTE e + (17 17(5.0,0.00ds) .
The desired result follows from Lemma 3.1. O

3.2. Uniqueness

Lemma 3.3. Under assumptions (A1) and (A2) on (f, &), the associated BSDE
has at most one solution (Y,Z,V') such that Y belongs to the class D, Z €
U5>a./\/lﬁ andV € L.
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Proof. Assume that (Y,Z,V) and (Y’,Z’, V') are two solutions of (2.2). For
any n > 0, let us define 7, as follows:

¢ T
Tp = inf{t > O;/ (1Zs* + | Z.|?)ds +/ /(IVS|2 +|V/*)A(de)ds > n} AT.
0 ¢ Ju

We first show that there exists a constant p > 1 such that Y — Y’ belongs
to SP. Applying It6-Tanaka’s formula on [t A 7, 7,,] gives,

Yinn, = Yinr | = Ve, = Y[+ [ sgn(¥y = ¥2)a(Y, = Y1)+ LY = Y,

tATh

where the process (LY(Y — Y'));<7 is the local time of the semi martingale
(Ys — Y] )o<s<r at 0 which is a non-negative process (for more details one can

see Theorem 68 in [6, p. 213]) and sgn(Y —Y’) := D}C%%].Y#y/. Then we
have,
(311) [Yins, = Vi, |

S / sgn(Ye- =Y{) | f(s,Ya, 2o, Vo) = f (5, Y], 20, V) | ds

) s CRl S
tATH

4 / ' sgn(Ye- —Y!)(Z, — Z.)dB,
t

- /t /USQWS- — Y )(Vs(e) = Vi(e)i(ds, de).

Thus, using the (iv) assumption on f, we get

? 788y T s

sgn(Yoe Y7 [ﬂs, Yo Zo V) — f(s. Y, 2, v’)}
= Sgn(}/a’ - Yg/*) |:f(8a}/8a ZS7‘/:9) - f(s71/570a0)
+ f(S,Y;,0,0) - f(S,Y;Z0,0) + f(s7Y'S’7070) - f(svyvslv Z;»‘/sl):|

(e}
< Cogn(v, —Y;>(gs Y+ Y+ 12+ 120+ Vel + v;|) |

Next taking conditional expectation in (3.11) with respect to Fia,, on
both hand-sides and taking into account that the two last terms are Finr, -
martingales we obtain,
<5l vl e [ st v

tATH

/
th/\Tn - }/;/\Tn

(gs+n|+|yg|+|zs+|Z;+||v;||+ v;|) ds|fm].
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Taking now the limit as n — oo we get

T
v vy < CE[/ sgn(Ys- — Y1)
t

(0o + el 1921+ 120 1200+ WVl + 1) sl
For p > 1 such that pa < 3, applying Doob’s inequality to have

E [sup |Y;: — Yt’|p]
t<T

T ap
< 8| [ sgntte = Y1) (aot VI YHZIHZ V) s
0
< Q.

Hence |Y — Y’| belongs to SP for some p > 1.
Now let p > 1. By Ité-Tanaka formula on [t A 7, 75,] we have

-1 Tn
(312) Yinr, = Yiur, [P+ 22 [ v vipoguiye —v2 )2, - ZiPas

tATh

$ PZD [ [y = vl 2sgn(Yi = ) (Vie) = Vi) 2uds. de)
tATn JU

= |Y7—n - Y/

Tn

pﬂ)/ sgn(Ye — YOV, - YIP
t

NTn

|:f(S’Y37ZSaVS) - f(S7}/s/’ Z/ V/):l dS

CRERE]

“p / sgn(Yee — Y/ )Y, - Y!P~Y(Z, — Z!)dB,
t

NTn
o [ [ son(¥e < YOIV - YIPTVAE) - Vi) s, de).
tAT, JU

From the Lipschitz property of f, there exist bounded and F;-adapted processes
(at)tefo,17> (bt)iepo,r) and (ct)iefo, 1) such that
f<87 Ysa Z57 ‘/S) - f(87 Y;l7 Z‘; ‘/s/)

= 0 (Ya = Y)) 1 ba(Ze — 7)) + e, /U (Va(e) — V/(e))A(de).

Therefore for any ¢ < T, the equality (3.12) becomes

-1 Tn
(313) Yinr, = Yiur, [P+ 2 [ v vipoguiy. —v2 )2, - ZiPas

tATh

F P ™ [ v 2sgn(v, = Y )(Vile) — Vi) (s, de)
tATR JU
Tn

<NV Y2 [ sgn(Ye YOOIV - ViPds

tATH
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4 px / sgn(Yy — Y)Y, — Y!P1|2, — Z!|ds
t

NTn

T pr / ' / sgn(Yae — Y)Y, — Y/ (V(e) — V(€)M (de)ds
tAT, JU

- p/ sgn(Ys- — Ys/f)|Ys - Ysl|p_1(Zs — Z)dBs
t

NTn
—p / ' / sgn(Y,- — Y1 )|Ya — Y (V(e) — VI (e))ilds, de).
tATy JU

Applying Young’s inequality (i.e., ab < ;—z + % with € = pz—;l)

prlYs — Y|P Z, — Z|

2
-1
< Py, e PR Dy ez g,
(r—1) 4
a? el : 1 1 _
andbyabgp?—i— 7 w1th§+gflwehave

p|Ys = VI[P (Vi(e) = Vi(e))

v P
< (p— DROTP I TIY, = VP 4 SV = VIV (e) - Vi(e)”
p
Following the same arguments as in the proof of Proposition 3.2 and going
back to (3.13) to obtain

‘th/\Tn - Y—tl/\Tn |p

2 Tn
<Y, — Y|P+ (pr+ )/ sgn(Ys- — Y)Y, - Y!|Pds
(p_ 1) tATh

+(p— DT Opr e 5T / sgn(Yee — Y)Y, — Y|P ds

tATR

“p / sgn(Yee — Y/ )Y, — Y!P~Y(Z, — Z.)dB,
t

NATn
_p / ' / sgn(Yee — Y)Y, = Y!P=(Va(e) — V/(e))2fi(ds, de).
tATH JU

Finally taking expectation and since the two latter terms are martingales
due to Lemma 2.1, we have
Tn
E[mm —Y;Mﬂ <E [mn VPG [ san(vee — VY. Y;V’ds] .
tATH
As for some p > 1, |[Y — Y| € §P then taking the limit with respect to n to
get

T
| - v71| < 6| [ sntve - v - vipas).
t
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From Gronwall’s lemma we conclude that E[|Y; — Y/|?] = 0, V¢ < T. Then
Y=Y/ forallt <T.

Since there exist 3 > o and ' > « such that Z € M# and Z' € M?,
then Z and Z’ belong to MPYA. We have also that V = V'. Consequently
Y, Z,V) = (Y',Z",V"). We conclude that the BSDE (2.2) has at most one
solution (Y, Z,V) such that Y belongs to the class D, Z € Ug=,M”? and
Vet O

3.3. Existence of a D-solution

We will need the following assumption on the data, for some p > 1,

T
(A3) BlEP + ([ 1505.0.0,0)ds)] <+
0
Let us recall the following result. A proof can be found in [9, Lemma 2.4].

Theorem 3.4. For p = 2, under assumptions (A2)(ii) and (A3) on the data
(&, f) then there exists a unique triple (Y, Z, V) € 82 x M2 xIL2(f1) which solves
the following BSDE

T
Yt=§+/ f(s7Y5,ZS,VS)ds—/ Z,dB, // fi(ds,de), 0 <t <T.
t t

For a given p € (1,2), ([10, Theorem 4.1]) the author proved the following
result.

Theorem 3.5. For p € (1,2), under assumptions (A2)(ii) and (A3) on the
data (&, f) then the BSDE with jumps admits a unique solution (Y, Z,V) €
SP x MP x LP.

T
Y; =€—|—/ f(s,Y;,ZS,VS)dS—/ ZydB, / / i(ds,de), 0 <t <T.
¢ ¢

We now prove our main existence result for p = 1.

Theorem 3.6. Let assumptions (Al) and (A2) on (f,€) hold. Then the asso-
ciated BSDE (2.2) has a solution (Y, Z, V) such that Y belongs to class D and,
for each B € (0,1), (Z,V) € MP x L.

Before giving the proof of this result, we study the case where the generator
is independent of the variables z and v.

Proposition 3.7. Let assumptions (A1) and (A2) on (f,€) hold and let us
suppose that f does not depend on z and v. Then the associated BSDE (2.2)
has a solution (Y, Z, V') such that' Y belongs to class D and, for each 5 € (0,1),
(Z,V) e MP x L.

Proof. Let us set for each integer n > 1, &, = ¢,(€) and f,(t,y) = f(t,y) —
f(t,0) + g, (f(¢,0)) as in the proof of Theorem 3.5. It follows from this result
that the BSDE associated to the couple (&,, f,) has a unique solution in S? x
M? x L2
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Using It6-Tanaka formula as in the proof of the uniqueness result we have
|Ytn+1 =Y < &nti — &nl +/ (fn-&-i(SstnH) — fu(s,YS"))ds
t

+ "z - z2)aB, - / ' [ i) = v eitas. e).

Now taking conditional expectation with respect to F; on both hand-sides
and taking into account that the two last terms are F;- martingales we obtain

n+i n T n+1i n
D/t o th ‘ S E[|§n+1 - gnl +ft |fn+i(57)/s * ) - fn(57)/s )‘d5|ff]
‘We deduce that
n+1i n T
Y =Y < E[€1gsn + f; |(5,0)[15(s,0)5nds|F].
Therefore
n+1 n T
Y™ = Y"lp <E[l¢[1esn + [, [£(5,0)[15(s5,0)>nds].

So (Y™) is a Cauchy sequence for the norm || - ||p converges to the progressive
measurable process limit Y which belongs to the class D.

Let (Yt —yn Znti — Zn ynti — Yn) be the solution of the following
BSDE:

T
Ytn+z — Y = Epgi — bn + / (frti(s, ysn+z) — fu(s,Y))ds
t

t
t

- [(@zvi-zmyas. - / : /U (V+i(e) — V2 (e))filds, de).

The random function f,,4;(s, Y1) — f,.(s, Y.*) verifies the Lipschitz prop-
erty as f then by Lemma 3.1 we deduce that for 8 € (0, 1),

B
2

T
BI([ (20t = 20 4 Vet - vy )
0

T
< CBloup V7 = Y7 (5,0l 00)5ds) ).
0
Hence both (Z™) and (V™) are Cauchy sequences, for each 8 € (0,1), in the

spaces M”? and £ which converge to measurable processes Z and V.
So we get that (Y™, Z", V™) solution of the following BSDE

T T T
Y =&, -|-/ fu(s, Y] )ds — / ZldBg — / / Vi'(e)i(ds,de), t <T.
t t t Ju

Since fg Z"dB; converges to fot ZsdBs, also fg Jo; VI (e)fi(ds, de) converges
to fot Jiy Vs(e)fi(ds, de) and since the map y +— f(t,y) is continuous, by taking
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the limit we check easily that the limit (Y, Z, V) solves the following desired
BSDE

Yt—f+/tTf<s,mds—/tTstBs—/tT/Uvs(e)Mds,de).

Now we can prove our main existence result.

Proof of Theorem 3.6. We will finally complete the proof of the existence part.
To this end, we consider a Picard’s iteration. Let us set (Y, Z% V%) = (0,0,0)
and define recursively, for each n > 0,

T T
vt :§+/ f(s,YS"H,Z;’,VQ”)ds—/ VAGRIIR
t

t
T
—/ / VIt (e)i(ds,de), 0 <t <T.
t U

For n > 1, following the same arguments as in the proof of uniqueness, we
obtain that

T
Y =Yy < CB[ [ sgn(v2 — Y20 VY
t
1200+ 1207 4 IV [V ) sl 7).

Z™ and Z"~! belong to M? for each 8 € (0,1], Y™ and Y™~ ! belong to class
D, V™ and V"1 belong to £ and (9t)tcjo,1) is integrable. Hence the quantity

T
/ sgn(YL =Y (gs + Y1+ YT+ 1221+ 1Z2 7+ VS + VD ds
t

belongs to the space ¢ such that ag < 1. Let us fix ¢ € (1,2) such that ap < 1.
Then for all n > 1, 4™ = Y"1 — Y™ belongs to S?. Let us set 2" = Z"T1 — Zn
and v = VL — Vn The triple (y", 2", v") is a solution of the following
BSDE

T T T
it = [ falsds— [ arap- [ [ s, o<,
t t t Ju
where the generator fu(s,y?) = f(s,Y"*1, 20, V) — f(s, Y2, 2271, Vo1,
Since f assumed to satisfy (A2), f, verifies it too.

From Lemma 3.1 we have that z™ belongs to M¢? since 4™ is in §? and by
Proposition 3.2 we obtain that there exists a constant Cj .. such that

T
Blsupluft+ ([ (2P + o7 2)do?

T
< CQ,R]E |:(/ |f(Sast7Z:Lstn) - f(57}/snazgilv‘/snil)|ds)q:| .
0
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For n > 2, by the Lipschitz property on f, we get
T T
E[suplf"+( | (0 + Io2I)ds)?] < Cou[( [ 12871+ o sy
0 0

applying Holder’s inequality, we obtain
T
B supluf 7+ ([ (1227 + o71)ds)* |
0

T
< O SB[ (10714 o2 D2t

Hence for n > 2, we have
n|q T n|2 n2 d i
E Sgp\yt\ +(f (217 + lve[I7)ds)
0
q T q
< (6 G B [sup 7+ ([ (21 + ot 2)as)?].
t 0

Let us first assume, for a sufficiently small T, that x C, T~ % < 1. Then
the term of the right-hand side of the last inequality is finite, we deduce that
(Yn Yl z" — 71, v — V1) converges to (U, V, W) in the space S x M? x L
therefore the quantity {E[sup, |y}|? + (fOT(|z§\2 + |lvt)1?)ds) 3]} is finite.

Therefore (Y™, Z"™, V™) converges to (Y =U+Y !, Z =V+Z1 V =W+V1)
in the space S¥ x M# x L for each B € (0,1] since (Y, Z%, V1) belongs to it.
Also we deduce that Y™ converges to Y for the norm || - ||p since Y'! belongs to
class D and the convergence in §? with ¢ > 1 is stronger than the convergence
in || - ||p-norm.

We conclude, by taking the limit in the following equation satisfied by
(Y™, Z™, V™) as follows:

T T T
i =t / s, Y2, 20 VY ds / ZrdB, - / / VI (e)i(ds, de),
t t t U

that the triple (Y, Z,V) which belongs to the space D x M#? x L for each
B € (0,1] solves our desired BSDE,

T T T
Y, =g+/ f(s,Ys,Zs,Vs)ds—/ zsst—/ / Vi(e)ji(ds, de), 0 <t <T.
t t t U

For the general case, it suffices to subdivide the interval time [0, T] into a finite
number of small intervals, and using standard arguments, we can show the
existence of a solution (Y, Z, V') of BSDE (2.2) on the whole interval [0, 7]. O
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