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GENERALIZED ABSOLUTE CESARO SUMMABILITY OF
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ABSTRACT. In this paper, we have proved a general theorem dealing with
¢—| C,a, B |}, summability factors of infinite series. Also, we have obtained
some new and known results related to the different special summability
methods.
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1. Introduction

Let Y a, be an infinite series. We denote by t2# the nth Cesaro mean of
order (o, ), with a4+ 8 > —1, of the sequence (na,), that is (see [6])

1 n
a,B 2 4&—1 4,3
tn - %_A'_ﬁ — n—uv UUCLU, (1)
where
Ao+h o AP =1 and AP =0 f >0. (2)
~ = an = or n .
n I'(a+pB+1)" 70 —n

Let () be a sequence of complex numbers. The series Y a, is said to be
summable ¢ — | C,«a, B |, k > 1, if (see [4])

— 1
Z ﬁ | wnfg’ﬁ |k< 0. (3)
n=1

=%, ¢ — | C,a, B |, summability is the same

as | C,a, B |, summability (see [7]). Also, if we take ¢, = nd*t1=% then
¢ — | C,a, B |, summability reduces to | C,a, ;0 |, summability (see [5]). If
we take 3 = 0, then we have ¢ — | C,« |, summability (see [1]). If we take

In the special case when ¢, = n
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¢n =n'"% and 8 = 0, then we get | C, o |  summability (see [8]). Finally, if we
take ¢, = n’t17% and B = 0, then we obtain | C, ;0 |, summability (see [9]).
The following theorem is known dealing with the ¢— | C, « |, summability fac-
tors of infinite series.

Theorem 1.1[2] Let 0 < oo < 1. Let (X,,) be a positive non-decreasing sequence

and let there be sequences (8,) and (\,,) such that

| AXn |< B (4)

Bn—0 as n— o0 (5)

Zn|Aﬁn|Xn<oo (6)
n=1

| An | Xn=0(1) as n— oco. (7)

If there exists an € > 0 such that the sequence (n°~* |¢,|¥) is non increasing and
if the sequence (w) defined by (see [11])

W = { |t3\ (O‘ - 1) (8)

maxi<y<n |tg| (0 <a< 1)

satisfies the condition
m

1 [e%
> 5 enl wi)* =0(Xpn) as m— oo, (9)
n=1

then the series ) a, Ay, is summable ¢ — | C,a |, where k > 1 and (a +¢€) > 1.

2. Main result

The aim of this paper is to generalize Theorem 1.1 for o — | C, o, 8 |,, summa-
bility method. Now we shall prove the following theorem.

Theorem 2.1 Let 0 < o < 1. Let (X,,) be a positive non-decreasing sequence
and the sequences (3,) and (Ay) such that conditions (4)-(7) of Theorem 1.1 are
satisfied. If there exists an ¢ > 0 such that the sequence (n°*|p,|") is non
increasing and if the sequence (w®?) be a sequence defined by (see [3])

B — _
o, — |t701[ ’ = 17/6 > 17
“n { maxi<,<n |27, 0<a<1,8> -1 (10)
satisfies the condition
m 1 N
> llpal @) = O(Xm) as m— ox, (11)
n=1

then the series ) anA, is summable ¢ — | C, o, f |, where k > 1, § > —1, and
(a+ Pk +e>1.
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We need the following lemmas for the proof of our theorem.
Lemma 2.2 3] If0<a<1,8>—-1,and 1 <v < n, then

v m
| AN ATa, |< max | AN Aay | (12)
<m<v |

Lemma 2.3 [10] Under the conditions on (X,,), (8,) and (A,) as taken in the
statement of Theorem 1.1, the following conditions hold, when (6) is satisfied;

nB,X,=0(1) as n— oo (13)
> BuX, < oo (14)
n=1

3. Proof of Theorem 2.1

Let (T%#) be the nth (C,, 8) mean of the sequence (na,\,). Then, by (1),
we have

I & o
T’g”@ = TJ’_B Z Az‘_,})AEUU,U)\U
An v=1

Applying Abel’s transformation first and then using Lemma 2. 2, we have that

TP = Aa+,(3 ZAA ZAZ Appay, + a+/3 ZAQ VATV,
n—1 v
o 1
| T | < WZ|A)\U HZAg iAﬁpapHAaw |ZA% yAva, |
1
< AQ%ZA(C“*BM BLAN |+ | An | wi? =Tf + 125

v=1

To complete the proof of Theorem 2.1, by Minkowski’s inequality, it is sufficient
to show that

oo

1
S paTef F< oo, for r=1,2.
- ,

n=1

Now, when k& > 1, applying Holder’s inequality with indices k and k', where
% + % =1, we get that

m+2 1 m+1 n—1
Z lonTil [F < D R (AT * 1 on PO AW | AN, [}
n= 2 n=2 v=1

m—+1 n—1

IN

Z nfknf(aﬁ@)k | ©n |k: Z(AaJrB {Zﬁ }k 1
n=2

v=1 v=1
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(@ (o S o e |
— a a n
= Zv U D e
n=v+1
m m+1 1
= 0(1)Zv(aJrﬂ)k(wﬁzﬁ)kﬁvvefk | o0 |k Z T
v=1 n=v+1

i dx

— O(I)Zv(aw)k(w?ﬁ)kvew o |F 51)/ o
v=1 v

= 0(1) Y vBuw MW | oy )

v=1
m—1 v

= 01) Y AW Y rF? | o )P
v=1 r=1

DmBm o7 wi? | oy |)F
v=1

m—1

= 0(1) > |A®WB)| Xy + O(1)mBy X

m—1 m—1
= 0(1) Y v[As|X, +0(1 me +0(1)mpBn X
v=1 =

= O(1) as m — oo,

by the hypotheses of Theorem 2.1 and Lemma 2.3. Since, | A,, |= O(1) by (7),
finally we have that

> lonTid I
n:l
= 0 A 07 F @ [ ) = Z [ | S0 F (w
n=1 n=1 v=1
m m—1
D[ Am| Z?f 2Blon|)F = Z | ANy | X +O(1) | A | X

= 01> BuXn+01) [ An | Xpn =0(1) as m — o,
n=1

by the hypotheses of Theorem 2.1 and Lemma 2.3. This completes the proof.

4. Conclusions

If we take e = 1 and ¢,, = nl’%, then we obtain a new result concerning
the | C, o, B |, summability factors of infinite series. Also, if we take € = 1,

B =0and ¢, = n®1~%, then we have a new result dealing with the | C, a; 6 |
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summability factors of infinite series. Finally, if we set § = 0, then we obtain

Theorem 1.1.
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