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SCREEN SLANT LIGHTLIKE SUBMERSIONS'

S.S. SHUKLA, SHIVAM OMAR* AND SARVESH KUMAR YADAV

ABSTRACT. We introduce two new classes of lightlike submersions, namely,
screen slant and screen semi-slant lightlike submersions from an indefinite
Kaehler manifold to a lightlike manifold giving characterization theorems
with non trivial examples for both classes. Integrability conditions of all
distributions related to the definitions of these submersions have been ob-
tained.
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1. Introduction

In [6], Sahin and Giindiizalp gave the definition of a lightlike submersion
from a semi-Riemannian manifold onto a lightlike manifold. In [3, 4], Sahin
introduced the notions of slant and screen-slant lightlike submanifolds of an
indefinite Hermitian manifold. Following this, Shukla and Yadav defined a screen
semi-slant lightlike submanifold of an indefinite Kaehler manifold in [13]. From
[12], we conclude that, contrary to the Riemannian slant submersions [5], slant
lightlike submersions do not include invariant and anti-invariant subcases. To
address this gap, we define screen slant lightlike submersions from an indefinite
Kaehler manifold onto a lightlike manifold, which includes invariant and anti-
invariant lightlike submersions. The paper is arranged as:

Section 2 is devoted to the basic geometry related to this study. In section 3,
we define a screen slant lightlike submersion from an indefinite Kaehler manifold
onto a lightlike manifold with a non-trivial example. In this section, we also
give a characterization theorem and obtain a necessary and sufficient condition
for the screen distribution to define a totally geodesic foliation. In the last
section, we define a screen semi-slant lightlike submersion from an indefinite

Received December 8, 2021. Revised April 25, 2022. Accepted May 16, 2022. *Corresponding
author.

TThis work was supported by the Council of Scientific and Industrial Research (CSIR).

© 2022 KSCAM.

1073



1074 S.S. Shukla, Shivam Omar and Sarvesh Kumar Yadav

Kaehler manifold onto a lightlike manifold with non-trivial examples and obtain
the integrability conditions of distributions involved in the definition of these
submersions.

2. Preliminaries

A complex manifold M with a semi-Riemannian metric g of index r, where
0 < r < 2m and an almost complex structure 7 is called an indefinite Hermitian
manifold, if

g(Ul,Ug) :g(JU1,JU2), VUl,UQ EF(TM) (1)

Further, if (M, J,g) is an indefinite Hermitian manifold with the Levi-Civita
connection V on M, then we call M an indefinite Kaehler manifold if

(lej)UQ =0, v Ul, U, € P(TM) (2)

Null (or radical) space RadT,M of T,M is defined as RadT,M = {{ € T,M :
g(U,¢) =0, VU € T,M}. If RadTM : p € M — RadIl,M gives a C™
distribution of rank (r > 0) on M such that 0 < r < m, then RadT M is called a
radical distribution on M. In this case, we say that manifold M is an r-lightlike
manifold.

Let ¢ : My — M be a smooth submersion from a semi-Riemannian manifold
M, to a lightlike manifold Ms. Then, Ker ¢., = {U € T,M; : ¢,,U = 0}. It
follows that (Ker ¢.,)t = {V € T,M; : g(U, V) =0, VU € Ker ¢.,} and
Ker ¢.p N (Ker ¢up)t = A, # {0}. In this case A : p — A, is said to be a
radical distribution on M; at p € M;. As A is a lightlike distribution, we have
Ker ¢. = A L S(Ker ¢,). Similarly (Ker ¢.)* = A 1 S(Ker ¢,)*. Assume
that dim(A) = r(> 0). As A C (S(ker ¢.)t)*t and (S(ker ¢.)*)* is non-
degenerate, so there exists N1, Na..., N, such that g(N;, N;) =0, g(&, N;) = di;.
Here {N;} are null vector fields of (S(Ker ¢.)*)* and {&;} is the lightlike basis
of A. The distribution generated by vector fields Ni, Ns..., N, is denoted by
ltr(ker ¢.). Then tr(ker ¢.) = ltr(ker ¢.) L S(ker ¢.)*. Moreover, we have
the following decomposition

TM = S(Ker ¢,) L (A®ltr(Ker ¢.)) L S(Kerg,)™*. (3)

Let ¢ : My — M be a Riemannian submersion, then ¢ is called an r-lightlike
submersion if
dim A = dim{(Ker ¢,)* N (Ker ¢.)} =,
where 0 < 7 < min{dim(ker ¢.),dim(ker ¢.)*}.
The geometry of lightlike submersions is pictured by tensors A and T' given
by
AU1 Us; = thUl vU; + thUl hUs, (
TU1 Uy = VVVU1 hUs + hqul vU,. (
Tensors A and T are horizontal and vertical tensors, respectively. Moreover,

has symmetric property for vertical vector fields U; and Us, that is, Ty, Usa
Ty, U .

[ I
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Let M; and M, be semi-Riemannian and lightlike manifolds, respectively.
Next, we assume that ¢ : My — Ms be a lightlike submersion with lightlike
distribution Ker ¢, on M;. Further, suppose that tr(Ker ¢,) is the comple-
mentary distribution to Ker ¢, in M;. Let g and V stands for induced metric
on Ker ¢, of g and Levi-Civita connection on Mj, respectively. Using (5),
VU, Uy €T(Ker ¢,) and V € I'(Ker ¢,)*, we have

Vu,Us = Vi, Uy + Ty, Us, (6)
Vo,V =T,V +V§,V, (7)

where @UIUQ = vVy,Us and VﬁlV = hVy,V. Here {@UIUQ,TUlV} and
{Tv,Us, Vi, V} belong to T'(Ker ¢.) and T'(tr(Ker ¢.)), respectively. Let
S(Ker ¢.)t # {0}. Denote by L and S the projections of tr(Ker ¢.) on
ltr(Ker ¢.) and S(Ker ¢.)*, respectively. Then, from (6) and (7) , we have

VUlUg = @Ul U2 + T[ljl U2 + Tél U27 (8)
Vi, N =Ty, N + VE N + DUy, N), (9)
Vu,W =Ty, W + DU, W) + VW, (10)

Y U, Uy € T(Ker ¢.), V € T(S(Ker ¢.)*) and N € T'(ltr(Ker ¢.)). Using
(8)-(10), we obtain

Q(T(iUQv W)+ g(Ua, DLZ(Ulﬂ W)) = —g(Us, Ty, W), (11)
g(D** (U, N), W) = —g(N, Tty, W). (12)

For an r-lightlike or co-isotropic submersion ¢ and if ¢ : Ker ¢. — S(Ker ¢.),
then V Uy,Uy € T'(Ker ¢,) and £ € TA, we put

Vi, Uz = Vi U + Tj Us, (13)

Vo, & =T5,6+ Vi (14)

1 )

where Vi, 9Us, Tj; € € T(S(Ker ¢.)) and Ty, $Us, Vi€ € TA.

3. Screen Slant Lightlike Submersions

Lemma 3.1. Let ¢ : My — My be a 2r-lightlike submersion from an indefinite
Kaehler manifold My onto a lightlike manifold Ms. Assume that Ker ¢, is a
lightlike distribution on M. Then S(Ker ¢.) is Riemannian.

Proof. Let Ker f, be a lightlike distribution of dimension m on M;. Then there
exists

{&,Ni,Un, Zo},i € {1,...2r},a € {2r+1,..,m},a € {2r +1,...,n},

where {&;}, {IV;} are lightlike basis of A, ltr(Ker ¢,) and Uy, Z, are orthonor-
mal basis of S(Ker ¢.), S(Ker ¢.)", respectively. With the help of basis
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{&, ., &20, N1y ..oy Nop } of A@ ltr(Ker ¢4), we set up the following orthonormal
basis {Uy, ..., U4}

_ &+ Ny _ (& -M)

Uy = 7z Uy = N
_ &2+ N2) _ (& —DNy)

Us = \/? ’ Uy = \/§ ,
U47‘71:M, U4T:M

V2 V2o

Thus, span{&;, N;} is a non-degenerate space with constant index 2r, which
enables us to conclude that A @ ltr(Ker ) is non-degenerate with index 2r on
M. Moreover,

index(TM)
= index(A @ ltr(Ker f.)) + index(S(Ker ¢,) L (S(Ker ¢.))%),

implies S(Ker ¢.) L S(Ker ¢.)*" has a constant index zero. Hence, S(Ker ¢.)
and S(Ker ¢.)* are Riemannian distributions. O

Using this lemma, we give the following definition:

Definition 3.2. Let ¢ : M; — My be a lightlike submersion from a real 2m-
dimensional indefinite Kaehler manifold M; onto a lightlike manifold My. We say
that ¢ is a screen slant lightlike submersion if JA = A and screen distribution
S(Ker ¢.) is slant.

From the definition it is clear Ker ¢, is invariant (respectively anti invariant)
iff & = 0 (respectively 6 = 7). Thus, a screen slant lightlike submersion is a
natural generalization of invariant and anti-invariant lightlike submersions. If a
screen slant lightlike submersion is neither invariant nor anti-invariant, then it
is called a proper screen slant lightlike submersion.

In the remaining part of this section we consider that Ker ¢, is a 2r-lightlike
distribution of indefinite Kaehler manifold M.

Now, for any U € T'(S(Ker ¢.)), consider

JU =7U 4+ wU. (15)
Here 7U € I'(Ker ¢.) and wU € T'(tr(Ker ¢.)).

Corollary 3.3. Let ¢ be a screen slant lightlike submersion from an indefinite
Kaehler manifold My onto a lightlike manifold M. Then, V U € T'(Ker ¢.), we
have

—~

i) UcT(S(Ker ¢.)) implies wU € T'(S(Ker fo.)b),
(if) U € T'(A) implies wU = 0.
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Proof. Invariance of A with respect to J implies that J(ltr(Ker ¢.))
= ltr(Ker ¢.), which implies (i). Other assertion is clear from definition 3.2. O

Now, assume that y and @ are the projection morphisms on the distributions
S(Ker f.) and A, respectively. Then, for any U € T'(Ker ¢.), we put

U=xU+QU, (16)
xU e T'(S(Ker ¢.)) and QU € I'(A). From (16), we have
JU = JQU + JxU = 7QU + 7xU + wxU, (17)
where
JQU =1QU, wQU =0, (18)
and

ToU € T(S(Ker ¢y)).
Also, let us decompose S(Ker ¢,)* as

S(Ker ¢.)t =v L wx(S(Ker ¢.)). (19)
So, for Z € T(S(Ker ¢.)*), we write
JZ =CZ+ BZ, (20)

Here CZ € I'(v) and BZ € T'(S(Ker ¢.)).

From definition (3.2) it is clear that any proper screen slant lightlike submer-
sion must be r-lightlike, that is a proper screen slant lightlike submersion must
not be screen slant isotropic or co-isotropic or totally lightlike submersion. We
follow [6] for the notations used in examples.

Example 3.4. Let Rf, s and R3 ; , endowed with the metric
g = 7(dul)2 — (dU2)2 + (dU3)2 + (dU4)2 + (dU5)2 + (du6)2 + (dU7)2 + (du8)2
and degenerate metric ¢’ = (dvs)?+ (dvy)?, where uy, ..., ug and vy, ..., v4 are the

canonical coordinates on R® and R*, respectively. Define the map ¢ : (R®,g) —
(R, g') as

(Ul, ...,us) — (u1 + usz, U2 + Uy, (U5 — U7)/\/§, US).

Then
0 0 0 0
K€T¢*—SPGW{U1—TM*T%,UQ—%*TM,
1 0 0 o
Us =75 (us * ur) Ut = g )
and . 5 5 )
1_ 1,0 0 _ 9
(Ker ¢.) —Span{Ul,Ug,X—ﬁ(a% aU7>’Y 8u8}.

So, A = Span{U;,Us}. By easy computation we can see that JU; = Us. Thus
A is invariant. Further, S(Ker ¢.) = Span{Us,U,} is a slant with slant angle

T
0= 1 Hence, ¢ is a proper screen slant lightlike submersion.
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In the remaining part of this section we assume that ¢ : (My,9,J) — (Ma,g’)
be a 2r-lightlike submersion from an indefinite Kaehler manifold M; onto a
lightlike manifold M.

Theorem 3.5. Let ¢ : My — My be a lightlike submersion and Ker ¢. is a
lightlike distribution of My. Then ¢ is a screen slant lightlike submersion if and
only if
(i) J(ltr(Ker ¢.)) = ltr(Ker ¢.),
(ii) For any U € T'(S(Ker ¢.)), there exists a constant X € [—1,0], such
that
(xom)2U = NI, (21)
where A = —cosQH\S(KET £

Proof. Lemma (3.1) implies that S(Ker f.) is a Riemannian. If ¢ is a screen
slant lightlike submersion, then JA = A. Using (1), (17) and Corollary 3.3, we
have
g(JN,U) = —g(N,7QU) — g(N,7xU) — g(N,wxU) =0,
for U € T'(S(Ker ¢.)) and N € T'(ltr(Ker ¢.)). Also, for Z € T(S(Ker f.)1),
using (1) and (20), we derive
9(IN,Z) = —g(N,CZ) — g(N,BZ) = 0.

Further, if 7N € T'(A), then JJN = J?°N = —N € I'(itr(Ker ¢.)). Therefore,
we arrive at a contradiction, as A is invariant with respect to J. Thus, the proof
of (i) is completed. For the (ii) part, as f is a screen slant lightlike submersion,
there exists a constant angle 6, independent of U € S(Ker f.) and p € M, such
that

_g(reU, JU) _ g(I7¢U,U) 9((¢07)°U,U)

cosf(U) = =— L= — . 22
)= Trovligt1 =~ evliol = Ireviigol
Also, we have
[ToU|
cosB(U) = . 23
Using, (22) and (23) we get
2 _ 9. (po1)%V)
cos“0(U) = _T
As O(U) is constant, we obtain (¢ o 7)2U = AU, X € [—1,0]. Thus, we have (ii).
Similarly converse part can be obtained. O
Following corollary is the immediate consequence of Theorem 3.5:
Corollary 3.6. If ¢ : My, — Ms be a lightlike submersion, then
g(TXUhTXUQ) = 00526|5’(Ke7‘ ¢*)g(Ula U2)7 (24)
and
9(wxUr, wxUs) = sinb|s(xer ¢.)G(U1,Ua), (25)

where Uy, Uy € T'(Ker ¢.).
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Now, for any Uy, Us € T'(Ker ¢.), using (2), (8), (10) and (17)-(20), we obtain

(Vu, m)Us = ~Tyr,wxUs + BT, Us, (26)
ITY, Us = T}y, JQU3 + T}y 7xUs + D Uy, wxUs), (27)
(VUlw)Ug = *Tf}l JQU; — Tf}lTXUQ + CTél Us. (28)

Theorem 3.7. Let ¢ : My — My be a screen slant lightlike submersion. Then
(i) A s integrable iff Tf; TUs = T5y; Uz, ¥V Uy, Uz € T(A).
(ii) S(Ker ¢.) is integrable iff

Q(@U1 TxUs — @Uzerl) = Q(Ty,wxU1 — Ty,wxU2),
for any Uy, Uy € T(S(Ker ¢y)).

Proof. Let Uy,Uy € TA. From (29) and corollary (3.6), we have wVy, Us =
T, JUz — CTg, Uz. Above equation gives Ty JUs — T:}U} Us = w[Ui, Us), which
implies (i). Also, using (17), (18) and (27) we arrived at Vy, 7xUsz + Ty, wxUsz =
JQVy, Uz — xVu, Uz + BT Uz, V Uy, Us € T'(S(Ker ¢.)). Then, we have
VUlATXUQ — VQQTXUl + TUl(A.)XUQ — TU2(JJXU1 = jQ[Ul,UQ] — TX[Ul, UQ] So,
Q(Vu, ™xUz—Vu,7xU1)+Q(Ty,wxUs —Ty,wxUr) = JQ[U1, Us], which implies
(i). O
Theorem 3.8. Let ¢ : M1 — Ms be a screen slant lightlike submersion. Then
S(Ker ¢.) defines a totally geodesic foliation if and only if —TTy,wxUs +

Ty, wxTxUs has no component in the radical distribution A, for any Uy,Us €
T(S(Ker ¢.)).

Proof. 1t Uy, Uy € T'(S(Ker ¢.)), N € T'(ltr(Ker x«)), then using (1), (2) and
(8), we have g(Vy, Uz, N) = g(Vu, JUsz, IN). Using (9) and (17), last equa-
tion implies g(Vi,Us, N) = g(Vu, 7xUs, IN) + g(Tt,wxUs, I N). Then, using
(8)-(10) and (17), this equation gives g(Vi,Us, N) = g(V, (x o 7)2Uz, N) +
9(To,wxTxUsz, N) + 9(Tu,wxUs,

JN). Then using Theorem 3.5, we arrive at

9(Vi, Uz, N)
= —c0s*09(Vu,Ua, N) + (T, wx7XxUs, N) + g(Tv,wxUs, TN).
Thus, we get
(14 c0s20)g(Vy, Uz, N) = g(Ty,wxmXxUs, N) + g(Tu,wxUs, TN),
which completes the proof. O

Theorem 3.9. Let ¢ : M1 — Ms be a screen slant lightlike submersion. Then

T is parallel if and only if V Uy € T'(Ker ¢.), Us, Z € T(S(Ker ¢.)) and

N eT(ltr(Ker ¢.)), we have

D+#(U;,N) eI'(v)
g

9(T§, Z,wxUs) = §(T5, Uz, wx Z).
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Proof. From (27), we have g((Vy,7)Us, N) = 0, for Uy € T(A), Uy € T(Ker ¢,)
and N € T'(ltr(Ker ¢.)). Also, for Uy,Us € T(S(Ker ¢.)), we obtain
9((Vu,7)Us, N) = —g(Ty,wxUs, N). Using (12), last equation gives

9((Vu,m)Us, N) = g(D** (U1, N),wxUs). (29)
From (1), (15), (16) and (27), we have
I(Vu,m)Us, Z) = —§(Tir,wxUs, Z) — §(T5, U, wx Z),

for Uy,U; € T'(Ker ¢.) and Z € T'(S(Ker ¢.)). Finally, using (11) above
equation gives

G(Vu,m)Us, Z) = g(175, Z,wxUs) — (175, U2, wx 2), (30)
for Uy,Us € T'(Ker ¢.) and Z € T'(S(Kerg,)). Using (29) and (30), we get our
assertion. (|

4. Screen Semi-Slant Lightlike Submersions

Lemma 3.1 motivates us to give the following definition:

Definition 4.1. Let M; be an indefinite Kaehler manifold and Ms be a light-
like manifold. Also, let ¢ : (M1,9,J) — (Ma,g’) be a 2r-lightlike submersion
such that 2r < dim(Ker ¢.). We say that ¢ is a screen semi-slant lightlike sub-
mersion if the lightlike distribution A is invariant with respect to J and screen
distribution S(Ker ¢.) contains two non-null orthogonal distributions D; and
D5 such that S(Ker ¢.) = D1 @ Do, where Dy is invariant and Dy is slant.

A screen semi-slant lightlike submersion is called proper if Dy # {0}, Dy #
{0} and 0 # 7/2. From definition (4.1) following cases may arise:
If D; =0, ¢ is a screen-slant lightlike submersion.
If D; =0, ¢ is a invariant lightlike submersion.
If Dy =0 and 6 = 7/2, ¢ is a anti-invariant lightlike submersion.
If D; #0 and 6 = 7/2, ¢ is a SCR lightlike submersion.

So, we can say that above defined class of lightlike submersions includes invari-
ant, anti-invariant, screen slant and SCR lightlike submersions as its subcases.

Example 4.2. Let Rcl)?zlo and Rg,og equipped with the metric
g = —(du1)* — (dug)? + (dus)?® + (duy)?® + (dus)?® + (dug)?
+ (dU7)2 + (du8)2 + (dUg)2 + (dU10)2 + (dU11)2 + (dU12)2,

and degenerate metric ¢’ = (dvs)? + (dvys)?. Consider the map ¢ : (R'?,g) —
(R%, g') as

’LL3+’LL6
(U1,~~~,U12) — {u1 —$7,u2—us’7\/§ , Us, U1, UL2 |-
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0

0
Then A = Span{& = 9 ,52 s + 8—%} Clearly J& = &2, 50 A

is invariant. By easy calculatlon we can see that

= 5001 75 (s~ ) )
an — ), —
p \/> 8U3 8u6 Ouy
is slant distribution with slant angle 6 = Z Further, we see that
0 0
= Span{ o e
parn aU9 aum
is invariant with respect to J. Hence, ¢ is a proper screen semi-slant lightlike
submersion.
Example 4.3. Let Rf, 5 and R, be endowed with

g = —(du1)? — (duz)? + (dus)? + (dus)? + (dus)?® + (due)* + (dur)* + (dus)?,
and degenerate metric ¢’ (dvs)? + (dvg)?. Taking the map f : (R3 g) —
u

(R, g') as (ur, ..., u ( L= us) V2, (u 2—u6)/\/§,U3+U7,U4+u8). It
gives
1,0 0 1
K * — = —| — - |, —_ | —
er 6. = Span{Uy ﬂ(8u1+8u5> Us \@(auz
9 o 0 o 0
+aTL6)7U3—aTL?,‘a*W’ U4—a74‘578}v
which implies
o 8 o 0
Ker ¢,)* = X=—+—,Y=—+_—1
(Ker .) Span{Ul,Uz, Ous + Our’ Ouy + 8u8}

Thus f is a 2-lightlike submersion with A = Span{U;, Us}, which is cleary seen
to be invariant. Since JU; = Uy we have S(Ker f.) = Dy = Span{Us, U} and
Dy = 0. Hence, ¢ is a invariant lightlike submersion.

Example 4.4. Let Rf, s and R , be equipped with the metric

9= —(dur)® = (dus)? + (duz)® + (dua)® + (dus)? + (due)” + (dw7)* + (dzs)?,
and degenerate metric ¢ = (dvz)?> + (dvs)?, respectively. Taking the map
¢: (R g) — (RY, ¢') as (ug,...,ug) — (u1 — U3, Uz — Uyg, Ug, s — us)- Then,

2
we obtain
0 0 0 0
Kerf, = _ 9.9 g2, 9
erf Spcm{Ul Oouq + Ous U Ouy + Ouy
1, 0 0 0
Us = 5 (5us * 5 ) U = 0 |
and

(Kerf*)J‘ :Span{Ul,Ug, X = 1<i — i) Y = i}

8U5 8ug 8’6&6
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Then, A = Span{U;,Us}, which is clearly seen to be invariant. Further,
S(Ker ¢.) = Dy = Span{X,Y} is slant with angle g Thus, Dy = 0. Hence ¢

is a screen slant lightlike submersion.
Example 4.5. Let R(l)’%l’s and Rzﬁx,o,z be equipped with
g = —(du1)? — (dug)? — (dus)® — (duy)? + (dus)? + (dug)?
+ (d’LL7)2 + (du8)2 + (dU9)2 + (du10)2 + (du11)2 + (du12)27

and degenerate metric ¢’ = (dvs)? + (dvg)?, respectively. Consider the map
¢ : (R2,g) — (RS, ¢'), such that

(U, .oy ur2) — (U1 — us, U — ug, (uz + U?)/\/i (ug + U8)/\/§7 U97U11)-

Then, we obtain

0 0 0 0 1 0 0
Kerf. = Span{Us = 50+ 50 U = 5t 5o U= 5 (5~ 57
1 0 0 0 0
Us = 5(374 - 378) Us = Gurg U6 = auu}v
and ) )
L = —_ —
(Kerf*) = Span{Ul, Ug, U37 U4, X = 5’&97 Y = aun }

Thus, f is a 4-lightlike submersion with A = Span{Uy,Us,Us,Us}. Further, we
can see easily that JU; = Us; and JU3z = Uy. Therefore, A is invariant with
respect to J. Also JUs = X and JUs =Y, implies that S(Ker ¢.) = Dy =
Span{Us,Us}. Finally, since 7Dy = S(Ker ¢.)*, ¢ is a anti-invariant lightlike
submersion.

Example 4.6. Let R(lfz’M and R%O’Q be equipped with the metric

g = —(duy)? — (dug)? + (dus)? + (dug)? + (dus)* + (dug)?
+ (dur)? + (dug)? + (dug)? + (duo)* + (dui1)?

+ (du12)? + (duiz)® + (duis)® + (duis)® + (duge)?,
and degenerate metric ¢’ = (dvs)? + (dvg)?, respectively. Consider the map ¢ :
(R, g) = (R®, ') as
(U1, ..., u16) — ((U1 —u3)/V3, (us —ua) / V3, us +uz, ug +us, wro, wr2, Ui, u16>.
Then, we obtain

1 0 0 1 9] 0
Kers. = Span{lh = (50 + 50 ): U= 75 (50 + 3y )
0 0 0] 0
Y u o T e o
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0 0 0 0
U5 = 5 = ) Ur = ) Ug = — )
3U9 6 8u11 4 6’&13 8 8U15}
and
0 0 0 0
Ker¢,)*: = X, =2 + % x, -2 . 9
(Kerg.) Spcm{Uh Uz, Xu s + B0’ N2 T Bue + Bus’
0 0 0 0
Xg=—5—, Xyg=5—, Xs=5—, Xg=
3 Bulo’ 4 aulg, 5 8u14’ 6 8u16 }7

It follows that A = Span{Uy, U}, which is clearly invariant. Now, as JUs =
Uy, therefore Dy = Span{Us,Us} is an invariant distribution. Further, since
JUs = X3, JUs = X4, JU7; = X5 and JUg = Xg, we conclude that J Dy =
S(Ker ¢.)*. Hence, ¢ is a proper-SCR lightlike submersion.

Now, for all U € I'(Ker ¢.), we write
JU = xU + FU.

Here xU (resp. FU) is tangential (resp. normal) component of JU. Next, we
denote the projections of Ker ¢, on A, Dy and D5 by x1, x2 and Y3, respectively.
Then, U = x1U 4+ x2U + x3U, for U € I'(Ker ¢,), which implies JU = Jx1U +
ngU + ngU. Then,

JU = TIx1U + T x2U + ExsU + FxsU, (31)

where £x3U (resp. F'xsU) denotes the tangential (resp. transversal) component
of JosU. So, we have Jx1U € T'(A), Tx2U € I'(D1), ExsU € T'(D2) and
Fyx3U € T(S(Ker ¢.)*). In the same way, denote the projections of tr(Ker ¢.)
on ltr(Ker ¢.) and S(Ker ¢.)* by Qi and Q, respectively. So, ¥V W €
L(tr(Ker ¢.)), we put W = Q1 W + Q2 W, which gives JW = JQ1 W + JQ2W.
Then, we have

TIW =T W + BQyW + CQ.W, (32)
where BQaW (resp. CQ2W) denotes the tangential (resp. transversal) compo-
nent of JQ2W. Thus, we have JQ1W € T'(lir(Ker f.)), BQ2W € T'(D3) and
CQW € T'(S(Ker ¢.)*). Using (2), (9), (11), (31) and (32) and identifying
the components of A, Dy, Dy, ltr(Ker ¢.) and S(Ker ¢.)*, we get

x1(VoIxiV) + x1(Vo I xaV) + xa(VuéxsV)
= —x1(TuFxsV) + Ix1iVuV, (33)

x2(VuIxiV) + x2 (VoI x2V) + x2(VuéxsV)
= —x2(TuFxsV) + Tx2VuV, (34)

xs(VuIxiV) + x3(Vu I x2V) + x3(VuéxsV)
= —x3(TuFx3V) + &aVoV + B(TEV), (35)

TETxaV + THI xaV + ThéxsV = JTLV — DU, FxsV), (36)
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TET AV + T T x2V + THéxsV = CTEV — Vi FxsV + FxsVo V. (37)

Theorem 4.7. Let ¢ be a 2r-lightlike submersion from an indefinite Kaehler
manifold My onto a lightlike manifold Ms. Then, ¢ is a screen semi-slant
lightlike submersion if and only if
(i) J(ltr(Ker ¢4)) = ltr(Ker ¢.) and J(D1) = D1,
(ii) 3 a constant X\ € [0,1), in such a way, that (x3 0 &)?U = —\U, VU €
['(Ds), where Dy and Dy are orthogonal distributions, such that S(Ker ¢.)
=D, ® Dy and X = cos?0, 0 is a slant angle of Ds.

Proof. Using (1) and (31), we get
g(IN,U) = —g(N,JU) = —=g(N, Tx1U + Tx2U + ExsU + FxsU) = 0,

for any N € T'(ltr(Ker ¢.)) and U € T'(S(Ker ¢.)). Therefore JN does not
belong to S(Ker ¢.). Now, if W € T'(S(Ker ¢,)*), using (1) and (32), we
derive
G(TN, W) = —g(N, TW) = —g(N, BW + CW) =0,

which implies that J N does not belongs to I'(S(Ker ¢.)*). Also, if 7N € T'(A),
then J(JN) = J?N = —N € I'(itr(Ker ¢.)), which is absurd as A is invariant
with respect to J. Thus lir(Ker ¢,) is invariant with respect to J. Now, if
U e T'(Ds), we get

9(JU,Ex3(U) 9(U, Téx3U) g(U, (x30£)?U)

cos(0)(U) = =— = - , 38
OO = 7ew@) = " 1tlewtl ~ wulew] ©
where 6 ia constant angle independent of point p € M;. Moreover,
1€x3(U)]
cos(0)(U) = =2=—=. (39)
W =T7w)]
Using (38) and (39), we obtain
2 J(U, (X30§>2U)
CcoS Q(U) = —T
Now, since §(U) is constant, we have (x3 o £)2U = —AU,\ € [0,1), where
A = cos?d. The converse part can be proved in a similar way. U

Theorem 4.8. Let ¢ : My — My be a screen semi-slant lightlike submersion
from an indefinite Kaehler manifold My onto a lightlike manifold Ms. Then, the
null distribution A is integrable if and only if V U,V € T'(A), we have

(i) x2(VoTxiV) = xo(Vv T xaU),
(i) x3s(VuIxaV) = xs(VvIxaU),
Proof. Let U,V € I'(A). From (34), we have x2(VuIx1V) = Tx2VoV. It
follows that
x2(VuoIxaV) — x2(VvIxiU) = Tx2[U, V. (40)
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Finally, in view of (35), we have x3(VyJx1V) = ¢x3VyV + BTV, which
implies

xs(VoIxaV) = xs(VvIxal) = éxs[U, V. (41)

Using (37), we obtain T57x1V = CTSV + Fx3VyV, which gives
TpIxV =Ty IxaU = Fxs[U, V]. (42)
Using (40), (41) and (42), the proof follows. O

Theorem 4.9. Let ¢ : My — Ms be a screen semi-slant lightlike submersion
from an indefinite Kaehler manifold My onto a lightlike manifold My. Then, the
non-null distribution Dy is integrable if and only if V U,V € T'(Dy), we have
() ToTxaV = T3 Tva,
(i) x1(VuIx2V) = x1(VvIx2U),
(i) x3(VuIx2V) = xs(Vv I x2U).

Proof. Let U,V € T'(D;). Now, from (33), we have Xl(@UJ(bQV) = J¢1@UV,
which gives

X1 (VoI xaV) = xa(VvIxelU) = TxalU, V1. (43)
In view of (35), we have x3(Vu I x2V) = {xsVuV + BT V. It follows that
Xs(VuTxaV) = xs(Vy T x2l) = Exs[U, V], (44)
Using (37), we obtain 757 x2V = CTS5V + FxsVyV. It gives
T5Tx2V =Ty Ix2U = FxslU, V]. (45)
Thus, the proof is completed by using (43), (44) and (45). O

Theorem 4.10. Let ¢ : My — Ms be a screen semi-slant lightlike submersion
from an indefinite Kaehler manifold My onto a lightlike manifold Ms. Then the
non-null distribution Do is integrable if and only if for any U,V € I'(Ds), we
have

X1 (VubxsV = VvéxalU) = xa(Tv FxsU — Tu FxaV),
x2(VuéxsV = VvéxsU) = xo(Tv FxsU — Ty FixsV).
Proof. Let U,V € I'(Dy). Using (33), we have x1(VyéxsV) + x1(TyFxsV) =
JIx1VuV, which implies
X1 (VoéxsV) =x1(VvéxsU)+x1 (Tu FxsV) —x1(Tv FxsU) = Txa[U, V1. (46)
Using (34), we drive x2(VuéxsV) + x2(Tv FxsV) = Jx2 V'V, which gives
X2(VuéxsV)—x2(VvéxsU)+x2(Tu FxsV) —x2(Ty FxsU) = Txa[U, V1. (47)
Thus, the proof follows from (46) and (47). O
Theorem 4.11. Let ¢ : My — M be a screen semi-slant lightlike submersion
from an indefinite Kaehler manifold My onto a lightlike manifold Ms. Then,

induced connection V on S(Ker ¢.) is a metric connection if and only if BT € =

0 and Ty =0 on I'(Ker ¢.), VV € I'(Ker ¢.) and £ € T'(A).



1086 S.S. Shukla, Shivam Omar and Sarvesh Kumar Yadav

Proof. Connection V on S(Ker ¢,) is a metric connection if and only if A
is a parallel distribution with respect to V. Using (2), (8) and (14), we obtain
Vv JE = IV e+ TTHE+TTLEFTTEE, for any V € T(Ker ¢.) and £ € T(A).
Comparing the tangential components, we get Vy J& = jV*J‘£+JT5 V+BIyE,
which completes the proof. O
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