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1. Introduction

One of the differential equations that can convert nonlinear equations into
linear equations is the Bernoulli differential equation. A Bernoulli differential
equation is an equation of the form

% +p(x)y — g(z)y™ =0, (L.1)

where m is any real number, p(z) and g(z) are continuous functions on the
interval. If m = 0 or m = 1, the above equation is linear, and if not, the
equation is nonlinear. The Bernoulli differential equation can be reduced to a
linear differential equation with substitution w = y*~™. Then for u we obtain
a linear equation 2* + (1 — m)p(z)u = (1 — m)g(z). This Bernoulli differential
equation has many application to problems modeled by nonlinear differential
equations, equations about the population expressed in logistic equations or
Verhulst equations, physics and so on.

If m = 0 in (1.1), then the Bernoulli differential equation has the solution
which is a generating function of the tangent polynomials. The equation is as
follows.
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d 1 1
- - Z — " = 1.2
den(x) + 2Tn(:17) + 2T0(x) x 0 (1.2)
where T, (x) is the tangent polynomials, see [8].
The tangent numbers and polynomials can be expressed as

o0 o0

ZT g__2 ZT (w)ﬁ = Let” respectivel
"nl o e2t 41’ il et 1 P v
n=0 n=0
Based on the concept above, we can consider the g-Bernoulli differential equa-
tion of the first order D,y + p(z)y — g(x)y™ = 0 in ¢-calculus. When m = 0
in (1.1), the g-tangent polynomials is a solution of the following g¢-differential
equation of the first order.

DT, o(x) + 271 (To 4 (2) + Tngla)) — 2™ =0, (1.3)

where Dy is the derivative in g-calculus and T}, 4(z) is the g-tangent polynomials.
For e,(2t) # —1, the ¢g-tangent numbers and polynomials can be expressed as

> tn 2 > tm 2
T, = , T,.qolx = eq(tx), respectively.
2 Tt i = i1 2 @ = oy g ycalta), respectively

We note that (1.3) becomes (1.2) when ¢ — 1.

The aim of this paper is to find out the form of differential equations of higher
order for g-tangent polynomials through the equation in (1.3). To obtain the
above aim, we briefly review several concepts of g-calculus which we need for
this paper.

Let n,q € R with ¢ # 1. The number

1—¢q
is called g-number, see [1], [2]. We note that lim,_,1[n], = n. In particular, for

k € Z, [k]q is called g-integer.
The g-Gaussian binomial coefficients are defined by

where m and r are non-negative integers, see [5]. For r = 0, the value is 1
since the numerator and the denominator are both empty products. One notes
[ng! = [nlgfn — 1], - 2,[1], and [0],! = L.

n

Definition 1.1. Let z be any complex numbers with |z| < 1. Two forms of
g-exponential functions can be expressed as

QW)=Y Zo B = a® I
n=0 ' n=0 q:

q
We note that lim,_,1 e,(2) = €7, see [1], [4].
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Theorem 1.2. From Definition 1.1, we note that
(i) eq(x)eq(y) =eq(x+y), if yx=quy.
(it) eq(x)Eq(—x) = 1.
(iii) eq-1(x) = Eq(x).

From the result of using the two concepts of g-exponential functions, new
types of Bernoulli, Euler, and Genocchi polynomials are appeared and many
mathematicians have studied their properties and identities, see [3], [6]-[9]. By
using computer, this topic is studied in various research way. The generating
functions of g-Euler polynomials used in this paper can be confirmed in defini-
tions 1.3.

Definition 1.3. The generating function for the g-Euler numbers and polyno-
mials are

2 . tn 2
En = , En.q(x) = eq(tx), respectively.
7,2:0 “nlet eg(t) +1 nZ::O Tl egt) +17°

Let ¢ — 1 in Definition 1.3. Then, we can find the Euler numbers and
polynomials as

oo

tn e tn 2 .
_ _ T
T;)E"n!iet—i—l g !7€t+1€ ’ [t <.

Definition 1.4. The g-derivative of a function f with respect to x is defined by
f(@) — flgz
Dy f(z) :=Dyf(z) = M

(1-—qx
and D, f(0) = f'(0).

We can prove that f is differentiable at zero, and it is clear that D™ =
[n]gz" 1. From Definition 1.4, we can see some formulae for g-derivative.

for x #0,

Theorem 1.5. From Definition 1.4, we note that
(1) Dq(f(2)g(x)) = () Dqf(x) + f(qz)Deg(x)
= f(z)Dqg(x) + g(qz) Do f (),
f(flf)) _ 9(qz) Dy f(x) — fqz)Dog(x)
9(x) 9(z)g(qx)
_ 9(@)Dyf(x) = f(x)Deg(x)
9(x)g(qx)
(iii) for any constants a and b,

Dy(af(z)+bg(x)) = aD,f(z) + bDyg(x).

Based on the previous content, our purpose is to find various g¢-differential
equations of higher order that contain g-tangent polynomials as solution of the ¢-
differential equation of higher order. In Section 2, we find ¢-differential equations

(i) D, (

)
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of higher order that has g-tangent polynomials as the solution and check its
associated symmetric properties.

2. Main results

In this section, we find some basic g-differential equations of higher order of
g-tangent polynomials using ¢-tangent numbers and polynomials. Moreover, we
introduce a special g-differential equation of higher order which is related to a
symmetric property for g-tangent polynomials.

Lemma 2.1. For 0 < g <1, we have

() Tokalo) = PR DT, ),

k
q"[n — k]! _
[ | 1 Ijggihﬂ(q 1%)

(i) Turala™) = o

Proof. (i) We will show the proof using mathematical induction. Applying
g-derivative in g-tangent polynomials, we find

> " 2 > tm
(1) E — (1) _ E o
Dq,x e Tn,q(x) [n]q! eq(2t) n 1Dq,x6q(t$) nzo[”}an—Lq(x) [n]q| (2.1)

From the Equation (2.1), we obtain a relation such as

D((I}%Tn,q (z) = [n}anqu (z).

In a similar method, we have
Dz(z,Q;Tn,q(x) = [n}q[n - 1]an,2’q(x).
Therefore, we can find a relation as
Dé’fQTn,q(m) = [n]q[” - 1](1 cen— (k= 1)](1Tn—knq($),

which is the desired result.
(ii) We omit the proof of Lemma 2.1.(ii) because we can derive the required
result if we use a similar method as the proof in Lemma 2.1.(i).

O

Theorem 2.2. The g-tangent polynomials T, 4(x) is a solution of the following
q-differential equation of higher order.

2n71

[n]q!
23

2n72

2n73
D(anQ)Tn,q(x) 4.

pr=1)p s
=2

22
+ ——DWT, (x) + ——
e Tra® + G

+ 2_1(T0,q<33) + Tn,q(@) —z" =0.

DT, o(x) + (z) +

2
3 2 1
Dz(z,;Tn,q(x) + [2]q!D<(1,;3:Tn,q($) + Dé,:zszq(x)
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Proof. Using g-derivative in g-tangent polynomials, we have

> Thg(2) (Z 2+ 1) (2.2)
From Equation (2.2), we have
n
> [ } KT, g q(x) = 22" — T}, 4(2). (2.3)
k=0l -4
Using Lemma 2.1.(i) in the left-hand side of (2.3), we obtain
2K 1
Z 7 !DWTn,q(x) =" — 27T, . (2). (2.4)
k=0 "4
From Equation (2.4), we complete the required result. O

Corollary 2.3. When ¢ — 1 in Theorem 2.2, the tangent polynomials T, (x) is
a solution of the following difference equation of higher order.

2n—1 dn 2n—2 dn—l 2n—3 dn—2
T, — T, — T,
n! dz" (z) + (n—1)! dan—1 (z) + (n —2)! dan—2 () +
22 @3 2 d? d

£ 4 2 a” d . o
* 3! dx3T”(x) . 21 dx? To(x) + den(x) + 27 (To(z) + Th(x)) — 2™ =0,

where T,,(x) is the tangent polynomials.

Theorem 2.4. The g-tangent polynomials T;, 4(x) is a solution of the following
q-differential equation of higher order.

n—1 n—2
on— k— 1Tk on— k— 2qu
D(" b, D(" 2T,
g n, _ 1 k} q,T L.q kz: n? 72 k] q,x 1,q<x)+
2 1
- T 21— -27
Jr}: qu( )Ty +§ [ qu()Tnl()

k=
+(q" 1TO,q —4q x)Tnqu( + 1, ’q(qx)
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Proof. We consider ¢-derivative after substituting gz instead of x in the
generating function of ¢-tangent polynomials. Then, we have

oo
Dq,t Z Tn (
n=0

2 2
~ fate) Dy )+ D, seyfato)

eg(2t)+1/)  eq(2qt) +
- o (] in (2.5)
_ anqu(x)[T]q! (qx - Z Z [k] o= Tk,Q> [”]q')
-0 n=0 \k=0 q

n l n
- n+l,, _ nl |l ol—kgn—lp A
Z( o ZHIJ ¢ HhaTnoadl®) [y

x| :

To make calculations easier, we multiply ¢ in Equation (2.5). Then, we obtain

D41 3 Tolaw) oy = Sl a T ) o
n=0 q n=0 a:
oo n—1 1 m (26)
S (S [ [ 2 )
n=0 =0 k=0 q q-

On the other hand, we can obtain the following equation from the generating
function of g-tangent polynomials such as
n o0

tDq.t Z Th.q(qx) [TtL 1= Z[n]an,q(qx)

= = [nla*

t’ﬂ

. (2.7)

By comparing the coefficients of Equations (2.6) and (2.7), we have

n—1 1 n—1

Z Z - 2l_kqn_l_1Tk; an—l—l q(-r)

> i) o9
=q xTn 1,4(x) = T q(qe).

In Lemma 2.2.(i), we consider the following equation.

Tt afe) = et DT, ). (29

Substituting the right hand side of (2.9) to the left hand side of (2.8), we find

n—1 1 1
S5 [ [ et e
1=0 k=0 al™lq
2.10
ol L ook gl 1qu l ( )
= Z D((],)a:TTl 1,q< ).
1=0 k=

Combining Equations (2.8) and (2.10), we find the required result. O
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Corollary 2.5. When g — 1 in Theorem 2.4, a solution of the following differ-
ence equation of higher order

n—1

on—k— 1Tk qr—1 n—2 on—k— 1Tl~c dn—2
’I'L Tn
kz_:nf — 1)lk! dan—T 2 +Z (n— k — 2)1k! dan—2 @)+
2 1
22 ka d2 21 ka
+Z k)k! da? Ta( +Z 'k:'d -1(2)
O

k=
(To = 2)Tp1(2) + Tn(2) = 0»

_|_

where T, (x) is the tangent polynomials .

Theorem 2.6. The g-tangent polynomials T,, () satisfies a following q-differential
equation of higher order.

n—1

2= lgkq (n 2 2n= 2q5kq _
T, D(n AT,

2 e ) D Tl +Zn— Pl e e

2 2473€

k.q (2 7q ( )
g 1 Pgaln— D 2T

+kz:[2—k] 1Tk, ! La +Z 1a(®)

+ (¢ 15011*5@‘1 Th-14(x )+Tn7q(qx):(),

where &, 4 s the q-Euler numbers.

Proof. To find a g-differential equation of higher order which contained the
g-Euler numbers, we can transform the Equation (2.5) as

(oo}
Dyt Y Ty

n=0

> tn x tn o tn
- T, “Nong, ST T
2 Tl (qx 2 e 2 [n]q!>

- Z ( ) - zn%kio [ﬂ q [’ﬂ q2lqn_l5k’anl,q(ff)> tn .

= [n]y!

Therefore, we have

n-1 1 olgn—1— gk .
Z WMD( ) 2 Tn1,q(®) = " 2T 1 4(7) + T g(qx) = 0,
=0 k=0 .

which is the desired result.
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Corollary 2.7. Let ¢ — 1 in Theorem 2.6. Then, the tangent polynomials
T, (x) satisfies a following difference equation of higher order.

n—1 —
2n lgk dnfl 2n 2 dn72
2. 92,n—3 2 1 g2
2%q & d Er d
+Z K)lk! da? Tn—( Z IkldT 1()

k= pardl
(5 2)Tn-1(x) + Tn(z) =0,

+

where &, is the Euler numbers.

Theorem 2.8. The g-tangent polynomials T, 4(x) is a solution of following
q-differential equation of higher order.

Tn_17Q(2) D(n—l)

an—Q q(2) (n—2)
> D\" Tn, .
[Tl _ 1] q,xr l,q(x) +

T,
l,q(m> + [n — 2]q! q,T

4 [?ijq()D(?’)Tn—laq(x) * [21?‘21(1()

+ q"72T1,q(2)D( )TL 1q(2) + (qilTO,q(Q) — 2)q" Ty—1,¢(%) + T q(qz) = 0.

D(Q)Tn 1, ( )

Proof. To use g-tangent polynomials as coefficients in g-differential equation
of higher order, we can find the other form from equation (2.5):

q7t ZTn q qx

. (2.11)
n n n— tm
=3 (-3 [i] o))
=0 k=0 q q:
Multiplying ¢ in Equation (2.11), we have
tDq Z Tn,q(qx)W = Z[n]qqnxTn_l,q(q_lx) (]!
n=0 a n=0 a
(2.12)

- o] . n—1 n—1 et N
nz:%[ ]qkz_%[ i Lq Thq(2)Tr—i—1,4( )[n}q!.

Comparing the coefficients of Equations (2.5) and (2.12), we obtain

n—1

n—1 n—k— n
Z[ K ]q T ()T h1,0(2) = 02T 1,(2) — Taglga).  (213)
=0 q
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Applying a relation between Dy T, ,(x) and T, 4(x) in the left-hand side of
(2.13), we obtain

n—1
n—1 _kp_
{ k ]q F 1Tk7q(2)Tn—k—17q($)
q

k=0
. (2.14)
q K, :
=2 T.‘IDSI,@ZTHq(x)-
k=0 a

We can find a equation combining the right hand side of (2.13) and (2.14),
which shows the required result. O

Corollary 2.9. The tangent polynomials T,,(x) when ¢ — 1 in Theorem 2.8 is
a solution of following differential equation of higher order.

To-1(2) a7 Toi—2(2) d"~2 T(2) d°
(n— 1)|W n—1(z) + (N—2)!W no1(x)+ -+ T @Tnfl(l‘)
Ty(2) d®

o1 @Tn_l(z) + T (2)%Tn_1(x) + (To(2) — 2)Th—1(x) + Tp(x) = 0.

Theorem 2.10. Let a,b # 0 and 0 < ¢ < 1. Then, we find a general symmetric
property of q-differential equation of higher order:

Tn,q(b_ly) b_lTnfl,q(b_ly)

+

Dé@Tn’q(a_lx) + Dgt‘x_l)Tn,q(a_lx) + ...

[n]y! [n—1]4!
+ bl_nTLq(b_ly)D((;,l%Tn,q(a_lx) + 0" oo (b7 y) Thg(a M)
Tnv(I(aily) n -1 ailTn—l,q(ai y) n—1 -1
- WD§7QTn,q(b ) + A D IT, (b ) + -

q!
+ alfnTLq(a*ly)Dé}zTn’q(bilx) +a Ty g (a1 y) T g (b7 ).

Proof. To find g-differential equation of higher order using a symmetric prop-
erty of g-tangent polynomials, we can construct form A such as

_ deg(tz)eq(ty)
 (eq(2at) + 1)(eq(2bt) + 1)

Using the generating function of g-tangent polynomials and Cauchy products,
form A is transformed as

A= Z (Z _Z_ ankkak,q(bly)Tn_k,q(a1$)> [;;q!, (2_15)

k=0" -4

and

o0 n —n— - B - tn
A: (Z k a’kb ka,q(a 1y)Tn—k:,q(b 11‘)) . (216)

o Ll g [n]g!
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From (2.15) and (2.16), we find a symmetric property such as

{Z] a" RO T (0T ) T g (a7 )
—o t'a

Ed

. (2.17)
= Z [Z} aF 0" R Ty (a7 ) T g g (07 ).
q

Applying a relation between Déﬁngq(x) and T;, 4(x) in Equation (2.17), we have

n

bkfnT p—1 n kinT _1
S el 0) oy oty = S0 Tl W) oo, o1y,

= [q! o = (4!
From the above equation, we express the required result and complete the proof
of Theorem 2.10. (]

Corollary 2.11. Setting a = 1 in Theorem 2.10, one holds

Tn,q(bily) bilTn—l,q(bily)

DT, q(x) + D IT, f(2) + -

[n]g! [ = 1]q!

+ 1T (07 ) DY T () + 07" To (b ) T ()
Tr.q(y) _ To-1,4(¥) -

—m DT, (b1 —noba ) pln=Dp (p=1
g D Tl )+ T P T ()

+ Tq(Y) Dy T (b7 2) + To.g (y) T g (b ')

Corollary 2.12. Let a,b #0, 0 < g <1 and ¢ — 1 in Theorem 2.10. Then,
the following holds

T, (b~ ty) d»

b—lT _1(b_1y) dn—l
Tp(a™? -
n!  dzm n(a”z) + (n—1! dan!

d

bl—nT b—l Il

+ 107 y) o
T —1 n

_ Tulay) d” T,(b'x) +

n! dz™

To(a™ta) +---

Th(a tz) + b_"To(b_ly)Tn,q(a_lm)

a_lTn,l(a_ly) dn—l
(n—1)! dxn—1

T, z) +---

+ alfnTl(afly)%Tn(bflx) +a "To(a ty)T, (b 2),
where T, (x) is the tangent polynomials.

Theorem 2.13. Let a,b# 0 and 0 < ¢ < 1. Then, we derive
2"E, (27 a ) 2n=lg=1E, 1 (27 at
[n]q! [n —1]g!
20T (27 ) DN T (b7 )+ a T o (27 ) T (D7 y)

€, (2711 n—lp=lg, (27!
= 2l V) o ) + n Lf](, &
— 1!

D«SZJ)qu(bﬂy) =+

X n— _
)Dg,y DT, (07 1y)

]! Dy VT q(aty)
q.

o 200 (270 ) DT g (a7 y) + b7, g (270 ) T g (0 M y).



g-differential equations of higher order for g-tangent polynomials 1127

Proof. To find the other symmetric property of ¢-differential equation of
higher order containing g-Euler polynomials, we can consider

[l e(2) 1

Using the generating function of ¢-tangent polynomials, Equation (2.18), and
Cauchy products, form A is transformed as

S @) = — e (ta). (2.18)
n=0

n

Z (Z Z (2a)kbn_k-gk,q(2—1a—1x)Tn-k,q(b—1y)> [:L]q!, (2.19)

k=0 L dq

and

n

A= Z (Z Z (za)kbnkgm(?1b1x)Tn_k,q(a1y)> [;]q!. (2.20)

k=0 *- -4

Applying the coefficient comparison method on Equations (2.19) and (2.20), we
find a symmetric property which is related to g-Euler polynomials and ¢-tangent
polynomials.

Z Z] (20)50" 7% (27 a T ) T o (D7)
q

k= on (2.21)
—Z[ } YEb T E (277 ) T g (™).

k=0

Applying a relation between Déflm)qu(x) and T, 4(z) in Equation (2.21), we
obtain

" okgkng, (27 e a) oy
> i DT q(b™"y)
k=0 a

_ i 2kbk_n€}€7q(2_1b_1‘r)D(k)T (a—l
[K]q! !

From the above equation, we complete the proof of Theorem 2.13. O

y).

Corollary 2.14. Putting a = 1 in Theorem 2.13, the following holds
2"E, 4(27 1) 2n=1E, 1 4(27 1)
[n]q! [n —1],!
o+ 261427 @) DT, o (07 y) + E0,q(27 ) T g (b 1y)
_ 2"E, (27107 ) 2n=lp=le, (27 )
[n]q! [n—1]g!

o 200 (270 ) DT g () 4+ b " E0g (270 ) T g ().

DT, (b~ y) + D IT, (b7 y)

Dt(ITLy)Tn,q(y) + Dé?y_l)Tn,q(y)
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Corollary 2.15. Let a,b # 0, 0 < ¢ <1 and ¢ — 1 in Theorem 2.13. Then,
one holds
on ” 271 —1 n 2n71 —1 e 271 —1 dnfl
En(271a m)—Tn(bfly)qL a 127 a ) ~
dyn (n—1)! dy™

—1
o To(b™y)

+ -+ 2a 7 (2_1a_133)di;Tn(b_1y) +a "2 T )T, (07 y)

28, (27" 1) dn )
s " T (a
] a n(a” y) +

2n—1b—15n_1 (2_1b_1$) dn—l
(n—1)! dyn—1

Tn(a_ly)

d
ot 2b1—"51(2—1b—1x)d—Tn(a—1y) + b7 "E (27 ) T (o y),
Y
where &, (x) is the Euler polynomials and T,,(z) is the tangent polynomials.

3. Conclusion

We study the g-differential equations of higher order related to the g-tangent
polynomials and confirm the properties. Moreover, the relationship between
g-Euler number and ¢-differential equations of higher order for ¢-tangent poly-
nomials was confirmed.
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