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SECOND MAIN THEOREM FOR HOLOMORPHIC CURVES
INTO ALGEBRAIC VARIETIES WITH THE MOVING
TARGETS ON AN ANGULAR DOMAIN

JIALI CHEN AND QINGCAI ZHANG

ABSTRACT. In this paper, we will prove the second main theorem for
holomorphic curves intersecting the moving hypersurfaces in subgeneral
position with index on an angular domain. Our results are an extension of
the previous second main theorems for holomorphic curves with moving
targets on an angular domain.

1. Introduction

In 1925, Nevanlinna [8] established the second main theorem for meromor-
phic function on complex plane. In 1933, H. Cartan [1] proved the second main
theorem for linearly nondegenerate holomorphic curves from complex plane
into complex projective space intersecting hyperplanes in general position. Af-
ter that, second main theorems have been established for holomorphic curves
into complex projective spaces intersecting fixed or moving targets [9,11,14,15].
Ru [12] proved a second main theorem for algebraically nondegenerate holomor-
phic curves into P"(C) intersecting fixed hypersurfaces in 2004. S. D. Quang
[10] obtained a second main theorem with truncated counting functions for
algebraically nondegenerate meromorphic mappings from C™ into P*(C) in-
tersecting a set of slowly moving hypersurfaces in N-subgeneral position. In
2009, Ru [13] extended the second main theorem for holomorphic mappings
into complex projective variety intersecting fixed hypersurfaces in general posi-
tion. Recently, Dethloff and Tan [4] further researched the case for holomorphic
curves into projective variety with moving hypersurfaces and proved the fol-
lowing second main theorem.

Theorem 1.1 ([4]). Let V C P"(C) be an irreducible (possibly singular) variety
of dimension £, and let f be a monconstant holomorphic map of C into V. Let
Q = {Q1,...,Qq} be a set of homogeneous polynomials in Kylzo,...,xs] in
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general position with deg@; = d; > 1. Assume that f is algebraically non-
degenerate over Kg. Then for any € > 0,

q
1
[ (¢g—€—1—¢e)T¢(r de (r, Qj)-

In this paper, a notation “ || ” in the inequality means that the inequality

holds for r € (1,00) outside a set with measure finite.

Ji-Yan-Yu [7] introduced the new concept of subgeneral position with index
to improve the second main theorem interesting moving hypersurface targets.
According to [7], Xie-Cao [18] gave a similar definition for moving hypersurfaces
in N-subgenerate position with index x.

Definition 1 ([18]). Let V be an algebraic subvariety of P*(C). Let {Dq, ...,
D,} be a family of moving hypersurfaces which coefficients are defined on
angular domain into P"(C). Let N and x be two position integers such that
N >dimV > k.

(a) The hypersurfaces {D1,...,D,} are said to be in general position (or
say in weakly general position) in V if there exists z € Q(a, 3) for any subset
Ic{l,...,q} with I <dimV + 1,

codim (ﬂ D;(z)N V> > 1.

iel
(b) The hypersurfaces {D1, ..., Dy} are said to be in N-subgeneral position
in V if there exists z € Q(«, 8) for any subset I C {1,...,q} with I < N + 1,

dim (ﬂ D;(z)N V) < N —#I.

icl

(c) The hypersurfaces {D,...,D,} are said to be in N-subgeneral position
with index & in V' if Dy, ..., Dy are in N-subgeneral position and if there exists
z € Q(a, B) for any subset I C {1,...,q} with I < &,

codim (ﬂ D;(z)N V> > tl.

iel
Here we set dim ) = —oo.
In 2019, Xie-Cao [18] combined the methods and the above definition to

obtain the following result which extends the second main theorem with moving
hypersurfaces in subgeneral position due to S. D. Quang [10].

Theorem 1.2 ([18]). Let V' C P*(C) be an irreducible algebraic subvariety
of dimension £. Let f : C™ — V be a nonconstant holomorphic map. Let
Q = {Q1,...,Qq} be a set of slowly moving hypersurfaces in N -subgeneral
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position with index k in V with deg Q; = d; > 1. Assume that f is algebraically
non-degenerate over Kg. Then for any e > 0,

I (0= 0+ oy D — ) T

Zdi (1,Qy) + oT3(1).

For 0 < a < 8 < 2w, by Q(a, 8) we denote the angular domain Q(«, ) :=
{2 : a < argz < B} and by Q(a, f) its closure. The behavior of a function
meromorphic in an angle has been investigated in many references, such that
[5,6,17,19]. In 2015, J. H. Zheng [20] established the value distribution of
holomorphic curves on an angular domain from the point of view of potential
theory and established the first and second fundamental theorem corresponding
to those theorems of Ahlfors-Shimizu, Nevanlinna and Tsuji on meromorphic
functions in an angular domain. In 2017, N. V. Thin [16] proved some fun-
damental theorems for holomorphic curves on Q(a, 3) intersecting finite set of
fixed hyperplanes in general position and finite set of fixed hypersurfaces in
general position on complex projective variety with the level of truncation. In
2018, the author [2] proved this result to the following.

Theorem 1.3 ([2]). Let V C P*(C) be an irreducible (possibly singular) variety
of dimension £. Let f : Q(a, 3) — V be a non-constant holomorphic map. Let
Q ={Q1,...,Qq} be a set of slowly moving hypersurfaces in general position
inV with degQ; = d; > 1. Assume that f is algebraically non-degenerate over
Ko. Then for any e > 0,

q
1
I (a=€=1=)Sass(r Z; Cap.s (1, Q) + Ras (7. 1),

R 5(r, f) is the error term with the estimate

Ra,p(r, f) < K(log" Sa—c preip(r) +log" r+1),
where K s a constant depending on .

Thus, it is natural to ask how about using the concept of subgeneral position
with index to second main theorems on an angular domain. Motivated by this
problem, the main purpose of this paper is to adopt their methods [4, 10, 18],
and obtain the second theorem for holomorphic curves on an angular domain
intersecting moving hypersurfaces targets in N-subgeneral position with index
K, which is an improvement and an extension of the above theorems.

Now, we state our main theorems which are an improvement and extension
of the results of Zheng [20] concerning moving hypersurfaces targets on an
angular domain. Theorem 1.3 is just the following result for the special case
whenever N =dimV and x = 1.
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Theorem 1.4. Let V. C P*(C) be an irreducible algebraic subvariety of di-
mension €. Let f : Q(a,B) — V be a non-constant holomorphic map. Let
Q={Q1,...,Qq} be a set of slowly moving hypersurfaces in N-subgeneral po-
sition with index k in V with degQ; = d; > 1. Assume that f is algebraically
non-degenerate over Kg. Then for any e > 0,

| <q -+ max{Lm]\i]n{]\t; -/, n}})(g +1)- €> Sap. (1)

< 3 2 Cap (1, Q5) + R, ).

j=1

<.

When V = P"*(C), we have the following second main theorem with trun-
cated counting function.

Theorem 1.5. Let f: Q(a, ) — P*(C) be a non-constant holomorphic map.
Let @ ={Q1,...,Qq} be a set of slowly moving hypersurfaces in N -subgeneral
position with index k with degQ; = d; > 1. Assume that f is algebraically
non-degenerate over Kg. Then for any e > 0,

” (q -+ max{l,mj\ifn{]\?— n,n}})(n - 6) Saps ()

Zdi (1, Q)+ Ras(r. ),
where
()0 )
Mo—(MT_:n>po n n n Y
with
N—n

M:=(n+1)d+2(1+ Y(n+1)%I(e 1),

max{l, min{N — n,k}}
d:=lem(di,...,dq) is the least common multiple of all {d;}, and
() ()0 G-
- n n n
e log(1 + 3(n+1)(1+1m,:erfi\rn—M) .

Here, by I(z) we denote the smallest integer which is not less than x.
By Theorem 1.5, we easily deduce the following corollary whenever x = 1.

Corollary 1.6. Let f : Q(a, B) — P*(C) be a non-constant holomorphic map.
Let @ ={Q1,...,Qq} be a set of slowly moving hypersurfaces in N -subgeneral
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position with deg Q; = d; > 1. Assume that f is algebraically non-degenerate
over Kgo. Then for any € > 0,

[ (g=(N=n+1)(n+1)—=€)Sap(r)

q
1
<> EC%?}(T, Q;) + Rap(r, f),
j=1"

R U (CH e

M:=n+1)d+2(N-n+1)(n+1)3I(e")d,
d:=lem(di,...,dq) is the least common multiple of all {d;}, and

() () ) ()

log(1 + srrmyiv=rm)

where

with

Dbo =

If d; = 1, note that the hyperplans are in general position when N = n and
k = 1. The following result can be obtained immediately.

Corollary 1.7. Let f : Q(a, 8) — P*(C) be a non-constant holomorphic map.
LetH = {Hy,...,Hy} be a set of slowly moving hyperplanes in general position.
Assume that f is algebraically non-degenerate over K. Then for any e > 0,

q
| (q=n—1=€Saps(r) < Caps(r,H;) + Rap(r, f).
j=1

The remainder of this paper is organized as follows. In the next section,
we will introduce some basic notions and auxiliary results from Nevanlinna
theory on an angular domain. In Section 3 and Section 4, we give the proofs
of Theorem 1.3 and Theorem 1.5. The methods and techniques to prove the
main theorems by Dethloff-Tan [4], Quang [10], Ji-Yan-Yu [7] and Xie-Cao [18]

are used in this paper.

2. Preliminaries and lemmas

We consider the set
Qe, B37) = Qa, B)N{L <[ 2 [< 1}
Let f be a meromorphic function on the angle Q(a, 8;7), 0 < 8 — a < 2m,
1 <r < oco. We recall that
E (7,1 tk : 5y dt
Aaalre ) == [ (G = Zg)llog” |F(te™)| +1og™ 7 (te)) -

™ t’
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2
mr

B )
Buop(r. f) = 22 / log* |£(re’®)| - sin(k(p — a))dg;

_Qk/ cap(r, )= r%)

k
D> (if%ﬁg)smkwnw),

1<p, <r,a<y, <p pn

where cag (7, f) = 32212, < a<y, <p S E(Y, — @), and pnei?n are poles of f(z)
counting with multiplicity. We denote Sap, #(r) by the angular Nevanlinna
characteristics on (a, B;7) and define it as follows:

Saﬁ»f(r) = AQB(T, f) + Bag(T, f) + Cag(r, f)

Now we introduce the Nevanlinna characteristic, counting function and prox-
imity function of holomorphic curve in an angular domain.

Let f : Q(a,3) — P*(C) be a holomorphic curve. Let f = (fo : --- : fn)
be a reduced representation of f, where fy,..., f,, are holomorphic functions
and without common zeros in Q(a, 3). Let Q be a homogeneous polynomial
of degree of d in the variables xq,...,x, with coefficients which are holomor-
phic functions without common zero on Q(a, 3). Assume that Q(f) # 0. The
counting function Capg (7, Q) of f with respect to @ is defined as

1 k
Copf(r,Q) =2 > (- %)sink(d)n—a),

1<pn<ra<in<p 7

where the p,e??" are zeros of Q(f) in Q(a, 8) counting with multiplicity.
Let 0 be a positive integer, the truncated counting function of f is defined
by

cl) Q) =2 ) (— p;psmkwn— a),

1<pn<ra<ipn<B, Pl
min{ordg ) (pne'¥™),0}
where any zero of multiplicity greater than & of Q(f) in Q(«, 8) is “truncated”
and counted as if it only had multiplicity 9.
The angular proximity function of f with respect to @ is defined as following;:
ko1t [£(te™) ||| (te™)||* dt
Aans(r, Q)= [ G = 30 8 e iy e ¢

and
_ 2k 7 ||f(7“6“")||d : N
Ba,@,f(rv Q) - Tk / 1 ‘Q( )( )‘ Sln(k(w a))d%
where ||f(2)]] = max{|fo(2)|,...,|fn(2)|} and d is the degree of Q.

Lemma 2.1 (First Main Theorem, [16, Theorem 1]).
dSap,1(r) = Aap,f (1, Q) + Bag, (1, Q) + Cap ¢ (1, Q).
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We say that a meromorphic function ¢ on Q(a, B) is “small” with respect
to fif Sap,p(r) = 0(Sas,f(r)) as r — oco.

We denote by M (resp. Ky) the field of all meromorphic functions (resp.
small meromorphic functions with respect to f) on Q(a, 3).

For a positive integer d, we set

Ta = {(ios . ,in) € NG g+ + i, = d}.

Let @ = {Q1,...,Qq} be a set of ¢ > n + 1 homogeneous polynomials in
Kflzo,...,xy,], degQ; = dj > 1. We write
Qj = Z ajIxI (J = 1)"'7q)7
174,
where 2! = xé‘) <o-xl for ¥ = (z0,...,2,) and I = (ig,...,i,). For each j,
there exists a;s;, one of the coefficients in @Q;, such that a;;, # 0. We fix a;r,

and set a;; = ;7; and
i1;
Q= > ay’ j=1,...,9)
IeTa,
which is a homogenerous polynomial in Kglzo,...,z,]. The moving hypersur-
faces @ = {Q1,...,Qq} are said to be “slowly” with respect to f if Saﬁ a1 (1)

Jlj

_ : ajr
= O(Sag)f(T)), ie., ﬁ € Ky.

Let Ko be the smallest subfield of meromorphic function field M which
contains C and all %, where a;7, #0, j € {1,...,q}, I, I, € Ty,.

Denote by Qf the set of all non-negative functions h : Qq 3 — [0, +00],
which are of the form %7 where k,l € N,u;,v; € Kf \ {0}. Then, if
h € Q¢ we have

k "1 tk + 1o + i3 dt
2 [ G = Szllog® htte™) -+ 10" fuiee’”) |
2%k [P, - .
25 [ log" In(re®)] - sin(k(o — a))dp
wrk J,,
= 0(Sap.f(r))-

Lemma 2.2 ([4,10]). Assume that Q ={Q1,...,Qq} is in N-subgeneral posi-
tion with deg Q; = d; and d is the lcm of the Q;s Then for any Qj,, ..., Qjnyy
€ Q, there exist functions hi,hy € Qf\{0} such that,

ha - [I£]? < max Q5 (fo,e o )l S ha - I£11.

e{1,...,N+1}
Lemma 2.3 ([18, Lemma 3.3)). Let Q1, ..., QN1 be homogeneous polynomials
in Kolzo,...,xs] of the same degree d > 1 in (weakly) N -subgeneral position

with index k in V. For each point a € Q(a, B) satisfying the following conditions:
(i) the coefficients of Q1,...,Qn41 are holomorphic at a,



1198 J. CHEN AND Q. ZHANG

(i) Q1(a),...,Qn11(a) have no non-trivial common zeros,
(iii) dim V' (a) = ¢, then there exist homogeneous polynomials Py (a)=Q1(a),
.., P(a) = Qx(a), Pai1(a),. .., Pryi(a) € Clzo, ..., x,) with
N—{+t
Pi(a) = Z ct;Qj(a), cj €C, t >k +1,
Jj=kr+1
such that

141
t=1

Let V be a subvariety in P"(C) of dimension ¢ defined by the homogeneous
ideal Z(V)) C Clxg,...,xy]. Denote by Zx, (V) the ideal in Kolzo, ..., ]
generated by Z(V). We say that f is algebraically nondegenerate over Kg if
there is no homogeneous polynomial Q € Kg[zo, ..., 2] \ Tk (V) such that
Qf) =o.

For a positive integer M, let Kglzo, . .., zs]am be the vector space of homoge-
neous polynomials of degree M, and let Zic o, (V) v :=Zx o (V)NKo[0, - - - s Tp| 0+

The Hilbert polynomial Hy (M) of V is defined by

. /CQ[J,‘Q,...,.rn]M
Hy (M) :=d
V( ) lm’CQ I}CQ (V)M
By the theory of Hilbert polynomials, we have the following fact:
degV - M*
Hy(M) = 822 1 oM.

14
Definition 2 ([4,12]). For each I = (iy,...,i,) € N§ and M € Ny with
M > d||I|, denote by L% the set of all v € Kg[zo, ..., Zn]ar—ayr| such that
Pl - Py - Z Py Plve € Io (V)M
E=(e1,...,eq)>I

for some v € Kg[zo, ..., Tn]rm—a |-
Denote by £! the homogeneous ideal in Ko[zo, ..., ¥,] generated by
Unrzar) £3a-

Remark 2.4 ([4,12]). (i) £ is a Ko-vector sub-space of Koo, - - -, Zn]m—a) 1]
and (I(V), Pi717 N aPil)MdeIH C ‘C%\/l’ where (IQ(V), Pi,l; ey Pi,g) is the
ideal in Kg[zo,. .., z,] generate by Zo(V)U{P;1,...,Pi¢}.

(ii) For any v € L%, and P € Kg[zo, ..., ]k, we have y- P € L, .
(iii) £n ICQ[I‘(), R xn]M_dH[H = ’C%/l
(iv) w is graded module over the graded ring Kg[zo, ..., Zy].
Set

I Kglzo, - .. »xn]M—dHIH

myy = dimg, Yo
M
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For each positive integer M, denote by 7ps the set of all I := (iy,...,ip) € Nf;
with M —d||I|| > 0. Let yr1,..., V1, € Kolzo, ..., @n]a—qgjr such that they

KQ[wa“fzn]]M—dHIH
- .

form a basis of the Kg-vector space va

M
Lemma 2.5 ([4,12]). {[B/}--- Plyynl, - [P Pl 1, 1= (i, - i)
. . Kolzo,-- xnlm—ajrg
€ T} is a basis of the Kg-vector space T (Viar .

Using Definition 2 and Lemma 2.5 by the arguments as [4], we have the
following lemma.

Lemma 2.6 ([4, Lemma 2.11]). For all M > 0 be an integer divisible by d,

there are homogeneous polynomials ¢1,...,¢m, () i Kg[To, ..., zn]ar such

Kolzo, - Tn]Mm

that they form a basis of the K-vector space T (V)ar
Q

, and

Hy (M) deg vV-Mt+1

T —u(M)
H ¢j — (P Ppg) w00 P € ZIx(V)rmy (),
=1

where u(M) is a function in M satisfying u(M) < O(M*) and P is a homoge-
neous polynomial of degree

0-degV - Mt degV - M1 y
M-H/ M) ——————+ld-uM) = —————+ O(M").
v =y M) = gy H o)
Lemma 2.7 ([16, Lemma 6]). Let f : Q(ca, 8) — P*(C) be a linearly non-
degenerate holomorphic curve and Hu, ..., H, be hyperplanes in P"(C) in gen-

eral position. Then we have

L ]

+ m}a{txlog H (m(teiﬁ)))7

< (n+1)Sap 1 (r) = Capw(r,0) + Rap(r, f),
where W is the Wronskian of f.

3. Proof of Theorem 1.4

Replacing @; by Q”%J‘7 where d is the lem of the Q;s, we may assume that
the polynomials Q1, ..., Q, have the same degree d. We denote by Z the set of
all permutations of the set {1,...,q}.

For a fixed point z € Q(a, B) \ UL, Q;(f)1{0}, we may assume that there
exists I; = (1;(1),...,1;(¢)) € Z such that

QL)) < 1Qry(B)(2)] < - < Q) ()(2)]-
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For I; € Z, by Lemma 2.3, we denote the hypersurfaces P, 1,..., P; ¢41 with
respect to the hypersurfaces Qy,(1),...,Qr,(n+1)- It is easy to see that there

exists a positive function hy € Qf, for all z € Q(a, B) \ UL, Q;(f)~1{0}, such
that

(1) [Pie(£)(2)] < ha(2) Q1) (B)(2)] = 7 (2)| Q1 (v—r40) () (2))]

/{+1<]<N 0+t

fork +1<t</l+1.
Since @1,...,Q, are in N-subgeneral position in V, by Lemma 2.2, there
exists ho € Qy for all I; € Z, such that

ha()|E(2)|* < | max [Qr,(j(E)(2)] = Q1 (v41) () (2)].

1<j<N+1

Therefore, combining this with (1), we get
N
) SLCIEIPR N S CTE
o = 16 L 1an, 00

B S 0 (O
hg_N(Z) 1 1Qr ) (£)(2)] =Rt Q1) (£)(2)]

Jj=1
N
| )
j=N—A€+H+1 |QII(])(f)(Z)|
N—l+k
< H ||f | _EE)N
h | | et 1 |Qr, ) (£)(2)]
¢
o) )
A pmer
where hg = h{™"(2). By Lemma 2.2, there exists a function hy € Q

W
such that |P; ;(£)(2)| < ha(2)[|£(2)]|%.
If N — ¢ <k, by (2), we have

O] IO A L6 6O [ {601
g we ="l ma Ueioa 1w
DN T @I T _IEG)
<t O me e o)
N [ 161 - [{ O]
; NHeH [Py (£)(2)] jzlll |Pi 5 (£)(2)]
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2 ¢ 2
I£(2) I£(=)11°
SURER N | LIl Ry y g LG
( P0G AL PomE)
2
||f

where hs(z) = h3(z) - h?f_N(z) € Qy.
If N - /¢ >k, we have

Ol
11 Q5 (£)(2)]

IR & L1 Y e O] 6 NN
< h3( )E |Pz](f)(z)| (]1;[1 |P”(f)(z)|) jﬂkl| 1J(f)(2)|
et T e

= hs(2) E|sz(f)(z)| ]:11r1| 1.3 (F)(2)]
T N AT
< he(2) JI;II|PU(f)(Z)| (J_11_1| ”(f)(z)|)
(4) = he(2) H|P|i 2l :
(L—r)(N—20)

where hg(z) = h3(z) -hy =  (2) € Qy.
Thus by (3) and (4), we can obtain

- ||f( Hd ||f 1 T YT

where h = max{h5, he} € Qf.
Then, we have

e
lo —_
© 1] 1Q,(5)(2)]

N Hok
©) Slog’”(“max{l,mm{fv—e,n}})lg<H|PU )

Let M > 0 be an integer divisible by d. By Lemma 2.6, there are homo-
geneous polynomials ¢1,. .., ¢g, (v in Kolzo, ..., z,] and there are functions
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u(M),v(M) < O(M?") such that they form a basis of the Kg-vector space

Kolzo,...,xn]
oo (WMt and
Hy (M)

. (Pq - P dci.‘(/éﬁﬁrl’—u(M) .PeT Vv
?; (Pia o) € Icg( )M-HV(M)7
j=1

where P is a homogeneous polynomial of degree % + v(M). On the

other hand, for any Q € Zi o (V) a5, (ar), we have Q(f) = 0. Therefore

Hy (M
v(M) deg V.M4t1

_H $;(£) = (Pa(£) - Pyg(F)) e D p(f),

Since the coefficients of P are small functions, there exists g € Q¢ such that

degv.mHl
[P(£)] < €457 - g = [If)| om0,

Therefore,
log<H:1_(ITI) o6 < (SECAT — ) ) log Poath) - Ptt)
Flog g+ (LELAT o) g el
This implies that there are functions wy (M), ws(M) < O(57) such that
log [Py (f) -+ Pie(f)| = (dzg"(/e-—’]_\/}l?-i—l - L}}(ejﬁ)) -1og(Hji_([]1w) |65(£)])

log™ § — (d + w2 (M)) log | £]|

1

(6) YS!
for some g € Q.

We fix homogeneous polynomials ®1,..., @y, (m) € Kglzo, ..., 2z,]ar such
that they form a basis of the Kg-vector space W Then there exist

)

linear homogeneous polynomials Li,..., Ly, (u) € Kolyi,---» yHV(M)] such
that they are linearly independent over Ko and

(7) ¢j — Lj(q)l, ceey (I)HV(Z\/I)) S IICQ(V)M for all ] < {1, ey Hv(M)}
There exists a meromorphic function ¢ such that Cup(r,¢) = 0(Sas,r(r)),
Cap(r, 5) = 0(Sap,s(r)) and (Dlw(f),..., 2rvon® 16 holomorphic and have

no common zeros. Let F : Q(a, 3) — PHV(M)=1(C) be the holomorphic map
&i(f) .. M)

% . Since f is alge-
braically non-degenerate over Kg, and since the polynomials @1, ..., ® gy ()

form a basis of ’CQI[IO"“;I"]
Ko (V)M

with the reduced representation F' := (

M we get that F' is linearly non-degenerate over Cgo.
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As a corollary, F is linearly non-degenerate over the field over C generated by
all coefficients of L;s. We can see that

(8) Sap,r (1) < M - Sap,f(r) + o(Sap,¢(r))-

In order to simplify the writing of the following series of inequalities, put

AM) = 2 — 88 By (7), for all j € {1,..., Hy (M)} we have

log |¢;(£)[ = log |L;(F)| + log |-

Hence, by (6), we get

10g(|Pi,1(f)‘ T |Pi,£(f>‘)

Hy (M
> A(M)- | Hy(M)-log|e| +log( ]
=1

log™ § — (d + w2(M)) log ||f]]

Mz+1
Hy (M)
> AM) -log [ ] 1L;(F)| | + A(M) - Hy (M) - log ||
j=1
(9) ~log™ § — (d+ wa(M)) log ]|

Then, by (9), we have

log (H > 1£(2) ol )

IN

j=1
v (M) -log |¢| + (d + w2 (M)) log [|£]|

M))log [|f[| — A(M) - Hy (M) log || F||
Hy (M)

+ A(M) -log H IL”;(FIQ)I

(10) — A(M) - Hy (M) - log || + log™ 3.

Hy (M)
log ||| = A(M) -log | [] |L;j(F)I| +1log" 3

,A(M).
= ((L+1)d+ wy

A,.\

Then, combining (5) and (10), we obtain
EEINE
log
H 1105 ( f

N -/
< (1 by ) (6 DA+ () g 2]

N —/
a <1 + max{1l, min{N — &,ﬂ}) A(M) - Hy (M) log |||
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N - Y E
+AM) <1 + max{1, min{N — ¢, m}}) +log ( H |L;(F)|

j=1
N -/
-1 -A(M) - Hy (M) -1
( +max{1,min{N—g7,€}}> (M) - Hy (M) - log |¢|
N -/
H ! log™ § + log h.
" +< i max{l,min{Nz,n}}> 0g' g +log
By applying Lemma 2.7 to the holomorphic map F : Q(a, 3) — PHv(M)=1(C)
and the system of linear polynomials L1, ... ,LHV(M) € Kolyi, - .. 7va(M)]7
we get:
Hy (M)
‘Lo VFU oy, d
— — — —)1 tel®)) =
12 [ G = ) o T s
Hy (M)
L VFI, ipy,
bl —_ ') E -, isy 9
+ﬂ—/1(tk r2k)0g( Jl:[l |Lj(F)|(e )>t

8 Hy (M)
+ 2*/ H HFH 7“6”)) -sin(k(p — a))dy

E [7 1 tF HFH dt
<—/(tk—r2 maxlogH )t

keK J

k(7 1tk F v Al
+;/1(f—ﬁ)maxlogH( ” H (telﬁ))?

I SR S N TEa]

B .
+ 2k /a ml?xlog H (|L||](}|7')| (re*?)) - sin(k(e — @))dy

(12) < HV(M)SQB,F(T) + Ra,ﬁ(rﬂ F),

where max g is taken over all subsets of the system of linear polynomials L, ...,
Ly, oy € Kalyt, -+ ym, () such that these linear polynomials are linearly
independent over Kg. By integrating (11), we obtain

q q
1D Aap r(r, Q) + > Bag s(r,Q))

N —/¢
< (1 ) (DS () + oS (0

N -/ 1
B (1 + max{l,min{N 7, Ii}}) A(M) : HV(M)(Caﬁ(Ta 90) - Caﬁ(r, ;))

N-—/¢
+ max{1, min{N — &Ko}}) AM)
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Hy (M)

ko1 F . d

[;/1 (g—:ﬁ)(log 1:[ |L|j(]|l) (tei®) H| I || i) %
B Hy (M) _

+ :Ti . log lill |L|J'(F}|l)|(TEW) -sin(k(p — a))dgp}

— A(M) - Hy (M) (1 T mj\ifngji — @}) Sap,p(r).

Combining above inequality with (8) and (12), we have (using that Cys(r, ¢) =
0(Sap,f(1)); Cap(r, i) = 0(Sap,f(r)), that A(M) - Hy (M) < O(4;) and that

iL S Qf)

q q
1> Aaps(r,Q5) + > Bap s(r,Q))

=1 =1
N—¢
<
=d (1 + max{l, min{N — ¢, /@}}) (€4 1) Sap,s ()

N -/
max{1, min{N — ¢, H}}) Sap,r(r)

max{1, m]:fn{]\[; l, /@}}) Sap,F(r) + Rap(r, f)

+ A(M) - Hy (M) (1 +

— A(M) - Hy (M) <1 +

N —/¢
<d (1 + max{1, min{N — ¢, K}}) (€4 1D)Sag,s(r) + Ras(r, f).

Therefore, by the first main theorem, Theorem 1.3 is proved.

4. Proof of Theorem 1.5

For I, € Z, by Lemma 2.3, we denote the hypersurfaces o1y - - > Pig 1
with respect to the hypersurfaces Ql NEVIERRE QL,O (N+1)-
Similar to the argument of (5), we “have

||fz
lo
gH 10, (6)(2)]

N—n Ay e
max{L, min{N — n, n}}> s\ L )

Now, for a positive integer M, we denote by Vs the vector subspace of
Kolzo, ..., x,] which consists of all homogeneous polynomials of degree M
and zero polynOImaI Denote by (Piy1,---, P, n) the ideal in Kg[zo,. .., 4]
generated by P, 1,..., Pijn-

We first introduce the following lemma.

(13) < logh+ (1+
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Lemma 4.1 ([3, Proposition 3.3]). Let {P;}{_;(¢ > n+ 1) be a set of ho-
mogeneous polynomials of common degree d > 1 in Kylzo,...,x,] in weakly
general position. Then for any nonnegative integer M and for any J :=
{j1,---ygn} C{1,...,q}, the dimension of vector space W 1s equal
to the number of n-tuples (si,...,$n) € NiJ such that s;1 + -+ s, < M and
0<s1,...,8, <d— 1. In particular, for all M > n(d — 1), we have

Vi

=d".
(le,...,Pjn)ﬂVM

dim

Next, we continue to prove the theorem.
We consider M divisible by d. For each (i) = (i1,...,i,) € Nj with (i) =
Yo i < %, we set

Il j "Vl
W(i)o = Z 3?0171 .. PZ,JO’" Vr—do(j)-
(=12 (0)
Var and W9 D W if (i) < (j) in the lexico-

Then we see that W(IS?”_VO) =

graphic order. So, W(Zi)o is a filtration of Vy,.
Fix a number M large enough (chosen later). Set up = dim Vi, = (M 7).
We assume that
Vi = W(Iii)ol = W(Iii)oz e W(Iii)OK’
where W(Ii305+1 follows W(I;)O in the ordering and (i)x = (2,0,...,0). It is
easy to see that K is the number of n-tuples (i1,...,4,) with ¢; > 0 and
i1+ +i, < Y. Then we have

M
K:(d+n>.
n

I

I; oW e I;
For each s € {1,...,K — 1} we set my° = dim — 2+, and set my° = L.
() s+1

Then by Lemma 4.1, m4® does not depend on {P;, 1, ..., P} and s, but on
o((i)s). We also note that

meo = dn
for all s with M — do((i)s) > nd.
From the above filtration, we may choose a basis {¢in, . 7¢1ﬁ€, of Vs such
that
I, L
{qu—(m£i0+~~+m;io)+17 cee 7¢UM

is a basis ofW(I;)i. For each s € {1,..., K} and I € {up; — (mL® +-..+m;;0)+
I; I .
L...,uy — (M0 + - +mp°)}, we may write

wllio = pis ... pins hi, where (i1s,...,ins) = (i)s, I € ng[—da(i)'

i0,1 i0,M
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Then we have

W (8)(2)] = [Py 1 () ()] - | Pay m (B) )2 | (£) )|
< | Py (D)) - [Py (B) ()] () [0
(P ®@NY (1P y
- < ROIE > ( GEIE > I

where ¢; € €0y, which is independent of f and z. This implies that

Un

1ogH [, (£)(2)

o (i e Pua®G L 1P
<2 " (oo g g s )

(14) MMIOng( )” +10gc[i07
where ¢f, = YoM ¢ € Qy, which does not depend on f and 2.
We see that

M
d

K T
ngioiks == Z Z m(l)iks = Zm(l) Z ik:s-

=0 s|o((2)s)=! =0 slo(is)=l

Note that, by the symmetry (i1,...,in) = (ioy,--.,%0,) with ¢ € S(n),
Zk|a(i):l irs does not depend on k. We set

K
A= Z m?“iks, which is independent of k and I.

s=1

By (14), we obtain

Un

logH ¥, m 2)| < A IOgH P l”ofj “d +up M log [|f(2)|| + loger, s
that is
||f \M
(15) logH gH + logcy.
| Pio. i ( |1/1/O (2)]

Combining (13) and (15), we have

wunM

q d 14+ N—n M
(16) log H |~|f(Z)H < max{l,min{N—n,x}} logH ||If(Z)|| + log co,
=1 1@5()(2)] 4 =1 1% (£)(2)]

I4+——=m ) /A
where ¢y = hHliO (1+ csio mas w7/ ) € Q.
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‘We now write

I; Ly g I;
Y0 = Z ajz €Vu, ¢f € Kiqy,

JETMm
where TM is the set of all (n + 1)-tuples J = (jo, ..., Jn) with Z;:o Jjs = M,
) =zl 2 and 1 € {1,...,up}. For each [, we fix an index J;® € J such
that cli‘}io Z 0. Define
1
l I CIiO
ALlj]O = If[;] s J € TM
'Y
I

Set & = {MZIJO L, c{1,...,q}, 8;, =n, 1 <1< M, J € Tp}. Note that
1€ ®. Let B =#¥. We see that

s () ("))
(L) () ) )

For each positive integer I, we denote by L(®(l)) the linear span over C of
the set

Q) ={v1-m:v € P}
It is easy to see that

dmawmswmg(

We may choose a positive integer p such that

2
< B-1
P = Dpo:= € ’
log(l T 3(n+1)(1+m))
and
dim £((p+1)) _ ¢
dlm/:(@(p)) B 3(n + 1)(1 + max{l,mIYnjﬂlan,n}}).
.p dim L(®(p+1)) €
Indeed, if Tm o) 1+ ETONEY [ — — for all p < pg, we
have

€

dim L(@(po + 1)) > (14 -
3(” + 1)(1 + max{l,m]Yn{N—n,n}})

)po .

Therefore, we have

€
log(1 + e )
3(TL + 1)(1 + max{l,m]\ifn{N—n,ﬁ}})
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log B o
log dim L£(®(po + 1)) < B-1

Do Po
B—1 .
1 1 B—-1)1 2
log H Do +.H‘ < ( ) log(po + 2)

Po bl v Po

B-1 (B —1)log(1 + 3(n+1) I+ =y y)

<
vPo B-1

€
log(1 + —n
3(” + 1)(1 + max{l,ml\i[n{N—n,N}})

This is a contradiction.
We fix a positive integer p satisfying the above condition. Put

s =dim L(®(p)) and t = dim L(P(p + 1)).
Let b1,...,b; be a C-basis of L(®(p+ 1)) such that by,...,bs be a C-basis of

).

L(2(p)).
Foreach [ € 1,...,up, we set
71 I;
’(/}l 0 — Z /,LZJO./,CJ.
JETM
For each J € Ty, we consider homogeneous polynomials ¢ s(xg,...,2Z,) =

27, Let F be a meromorphic mapping of © into P!“»~!(C) with a reduced
representation F' = (hb;¢s(f))1<i<t,seTy,, Where h is a nonzero meromorphic
function on Q. We see

Sap,r(r) = MSap, ;(r) + 0(Sap,f(r))
and
| Caplr ) + Cas(r, 3) = 0(Sas (7))

Since f is algebraically nondegenerate over g, F' is linearly nondegenerate
over C. We see that there exist nonzero functions ci,co € €2y such that

calpIIEIM < (I < col hI[IE]1™.

Foreachl €1,...,up,1 <14 < s, we consider the linear form L;;’ in 27 such

that
I

hbgaf, ' (£) = L (F).
Since f is algebraically nondegenerate over Ko, it is easy to see that
(b0 () :1<i<s,1<1<upy}

is linearly independent over C, and so is {szo (F):1<i<s,1<Il<up}.
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For every point z which is not neither zero nor pole of any hbﬂ;lli0 (f), we
also see that

sloguﬁ <log H M + logcs
i - 71;
l% *(£)(2)l 1Si<s |hbity, ™ () (2)]
1<i<um

FE

+ IOg Cq,

where c3,c4 are nonzero functions in €2y, which do not depend on f and I;,,
but on {Q;}7_,
Combining this inequality and (16), we obtain

q N—n
o [ LG o 1 SrmsBomant | i [ L2
Qi (0)(2)] sA KMLﬁ%xm
1<l<uM
1 + E Nﬁn —n,K
(17) + max{lmin{lV—nr}} log ¢4 + log co.

sA

Since F' is linearly nondegenerate over C, by Lemma 2.7, we have

oL Iy |
12 [ =) [maxtos. [T e |

3
-
A
A
A
w
b(
Q.
(=}
—
&
=
o

0 1<i<s |Lu‘ (F)| t
1<i<un
2k [P F
— max log H I| | re'?) | - sin(k(e — a))de
e Ja ‘0 1<i<s ‘Lilo ]

(18) < tunrSap,r(r) — Capw(r,0) + Ra p(r, f),

where W is the Wronskian of F.
Integrating both sides of (17) and using (18), we have

q
| qdSas s(r) = Capf(r
j=1

tuM(l + max{1, m]Yn{N n n}})

<
< <A Sap,r(r)
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1+ max{l,rrf\i]ni{r;/'—n,n}}
(19) — oA Cang(”l“, 0) +Ra75(r, f)

By using the method of Quang (to see [10]), we have the following inequality

Q

I 1<i>max 1m]\i]n_71i/—nn u 1
> Cops(rQ)) - A Cow(n0) <3G Q)

j=1 j=1

Combining this with (19), we can get

N—
_ Mtu]\/f(]‘ + max{l,min{?\/vfn,lﬂ}}) S (’I")
dsA oB.f

Catg];{ ! (r Qj) + Rap(r, f).

S

|

q

1

2 <y =
(20) T

j=1

Similar to the estimation of Quang and Xie-Cao [10, 18], we have

Mt
L <n+l+ — :
§ L+ max{1l,min{N—n,x}}

(21)

Combining (20) and (21), we obtain that

(0= 0+ gy 1+ D €) Saas )

q
1 UJVI
<;30t (. Q)) + Raslr. f).

Here we note that:
N —n
max{1l, min{N —n,x}}

M= (n+1)d+2(1+ Y(n+1)2I(e 1),
r 2
) B-1
0= c
log(l + 3("+1)(1+M1,,,,1¥,,—M)

() ) ()T

log(1 + £ ’
8( 3(n+1)(1+m))

IN

() (7 e
S(M*”M( SO0

n
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Then we have

(-0~ N )+ 1) = €) Sass 1)

max{1l, min{N —n, xk}}

q
1
<> ECJ[??}(n Qj) + Rap(r, f).

The theorem is proved.
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