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INEQUALITIES FOR B-OPERATOR

RuUBIA AKHTER* AND M. H. GULZAR

n .
ABSTRACT. Let P, denote the space of all complex polynomials P(z) = a;z’ of

7=0
degree n. Let P € P, for any complex number «, D, P(z) = nP(z)+ (o — z) P'(2),
denote the polar derivative of the polynomial P(z) with respect to a and B,, denote
a family of operators that maps P, into itself. In this paper, we combine the
operators B and D, and establish certain operator preserving inequalities concerning
polynomials, from which a variety of interesting results can be obtained as special
cases.

1. Introduction

Let P, denotes the space of all complex polynomials p(z) = > a;27 of degree
=0
at most n. We write T = {z € C: |z] = 1}, D_ = {z € C : |2] < 1} and
D, ={z€C:|z| > 1}. If p € P,, then

/
< .
(1) max[p'(2)| < nmax [p(2)|

Equality holds in (1) for the polynomial p(z) = (2" where ( € C. Inequality (1) is an
immediate consequence of S. Bernstein’s Theorem (see [4], [14], [16]) on the derivative
of a trigonometric polynomial. For the class of polynomials P € P,, which do not
vanish in D_, we have
, n

< — .
(2) max [p'(z)] < 3 max |p(2)]
Equality in (2) holds for p(2) = nz"+(; |n|] = |¢| = 1. Inequality (2) was conjectured
by P. Erdés and later verified by P. D. Lax [11]. Aziz and Dawood [2] used |rr‘1£r% Ip(2)]

to obtain refinement of inequality (2) by proving that if p € P, and p(z) # 0 for
z € D_, then

3) mave [ (2)| < {max ()] - min |p<z>|} .

zeT zeT

Equality holds in (3) for the polynomial p(z) =nz"+(; |n| = (| = 1.
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Aziz was among the first to extend these results by replacing the derivative with
the polar derivative of the polynomial. For a complex number « and for p € P,, let

Dap(z) = np(z) + (a — 2)p'(2).
D,p(z) is a polynomial of degree at most n — 1. This is the so-called polar derivative

of p(z) with respect to point « [14]. It generalizes the ordinary derivative in the sense

that:
D
i PaP(2) _ 7).

a—o0 (6]

Now corresponding to a given n* degree polynomial p(z), we construct a sequence of
polar derivatives

Dap(z) = np(2) + (a — 2)p'(2)

Dy, D,, ,..Dap(2) =(n —k+1)D,, ,...Da,p(2)
+ (o, — 2)(Day_,--Dayp(2)) for k=23,.. n.
The points a1, g, ..., ag, k = 1,2, ..., n, may be equal or unequal. Like the k™" ordinary

derivative p*)(2) of p(z), the k" polar derivative Dy, Da, ,...Da,p(2) of p(2) is a
polynomial of degree n — k. For p;j(2) = Do, Da,_,...Da,p(2), we have

) pi(2) = (n—j+1)pjo1 + (a; — 2)pi_1(2),  j=1,2,...k,

po(2) = p(2).
As an extension of (1) for the polar derivative Aziz and Shah [3] proved that
(5) |Dop(2)| < |z max Ip(z)| for zeTUD,.
zE

Aziz [1] extended (5) to the j polar derivative and proved the following theorem

THEOREM 1.1. If p(z) is a polynomial of degree n such that oy, s, ..., oy, (t < n),

are complex numbers with |«;| > 1 for all i = 1,2, ...,t then for |z| > 1,
Ipe(2)| < n(n—1)...(n —t+ 1)]aag...aq||2]" max Ip(2)].

In the literature [8], [9], there exists many generalisations and refinements of (5).

Let T be a linear operator from P, into P,. We shall say that T is a B,-operator
if, for every polynomial f of degree n having all its zeros in the closed unit disc, T|f]
has all its zeros in the closed unit disc.

It is interesting to mention that Professor Q. I. Rahman has pointed out to char-
acterize all such operators. As an attempt to this characterization, it was proved [16]
that the operator B which carries a polynomial p(z) into the polynomial

Blp](z) := Xop(2) + A1 (%) # + g (%)2 ]%,

is a B,-operator if all the zeros of

(n

-1
(6) 'LL(Z) = )\0 + n)\lz + nT))\QZZ,

lie in the half plane

n
7 <‘ _ o
@ d <%
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where Ag, \; and Ay are real or complex numbers. As an extension of Bernstein’s
inequality, it was observed by Rahman [15], that if |p(z)| < M for z € T, then

|Blp(2)]| < M|Bl2")l, =€ TUD,.

Bidkham and Mezerji [6] have generalized some of the above inequalities by combining
B and D, operators and proved that if p € P,, does not vanish in D_, then for every
real or complex number o with |o| > 1 and for z € TU Dy

(8) |B[Dap(2)]| < g[{lallB[Z”_l]l + Aol }M = {la|Bl2" 1] = [ Aol }m.

2. Main Results

In this paper, we combine the two operators B and D, and obtain an improvement
and generalisations of the above inequalities.

THEOREM 2.1. Ifp(z) is a polynomial of degree at most n having all zeros in |z| < 1,
then for every oy, ag, ..., with |a;| > 1, i=1,2..,t(t <n)and z€ TU D,

(9) | Blp(2)Il 2 mefn]as].. || B[" ]| min |p(2)]
where ny =n(n —1)...(n —t + 1).

Substituting the value of Blp;(z)] and B[z""*] in (9) we have for z € T U D,

dopl2) + 4 (2 + 32 (") ()

Aoz E 4+ Alﬁ(n — )"

Ag /nz\?2 e
> g |ag.|cv] ; o5 (-) (z—t)(z —t —1)z"t2

2

X min p(z)|

where Ao, A1, A2 are such that all the zeros of u(z) defined by (6) lie in the half plane
2] < |z — 2. If we choose A; = 0 = Ay in (9), we get the following result:

COROLLARY 2.2. If p(z) is a polynomial of degree at most n having all zeros in
|z| <1, then for every ay, v, ..., cq with |a;| > 1, i=1,2...,t(t <n)andz€ TUD,

[pe(2)] = mafas |l [eu]]z" min [p(2)]
where ny =n(n —1)...(n —t + 1).

Let a1 = ap = ... = a4 = a. Dividing both sides of (9) by |a|* and letting |a| — oo
we get the following result:

COROLLARY 2.3. If p(z) is a polynomial of degree at most n having all zeros in
|z| <1, then for z € TU D,

B ()] > | B[z"~"]| min [p(=)|

where ny = n(n —1)...(n —t + 1).
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THEOREM 2.4. Ifp(z) is a polynomial of degree at most n having no zeros in |z| < 1,
then for every oy, s, ...,cq with |o;| > 1, i=1,2,....t(t <n)and z € TU D,

t

| Blp:(2)]| S% {H il | B[2"]] + IAol} max [p(2)|

=1
n t
—E{Uamanww%@gmmﬂ

where ny =n(n —1)...(n —t + 1).

(10)

REMARK 2.5. For t = 1 we get inequality (8).

Let oy = a = ... = oy = . Dividing both sides of (9) by |a|" and letting |a| — oo
we get the following result:

COROLLARY 2.6. If p(2) is a polynomial of degree at most n having no zeros in
|z| <land z€ TUD,

) BN < 5 B e o) - 1 min 2]

where ny = n(n —1)...(n —t + 1).
Substituting the value of Blp;(z)] and B[z""!] in (10) we have for z € T U D,

+ P\o\}

dope() + M ) + 22 (%) (=)

21\ 2
n t
< ;{HM\
=1
x max [p(z)]

Aozt + )\1%(71 — ) 4

& (nz
2 21

Y - i)t 1)

zeT
o i nz Ao /mz\?2

- {H ol [ Aoz M 2 — )zt 4 2 (7) (z—t)(z —t —1)2"2| = |)\0|}
x min |p(z)]

where Ao, A1, A2 are such that all the zeros of u(z) defined by (6) lie in the half plane
2] < |z — %|. If we choose A; = 0 = Az in (10), we get the following result in terms
of t*" polar derivative:

COROLLARY 2.7. If p(2) is a polynomial of degree at most n having no zeros in
|z| < 1, then for every aq, ag, ...,y with || > 1, i =1,2,...,t(t <n)andz € TUD,

Pl = 5 {(H!%H " t]|+1> max [p(z)] — (Hlazll " t]|—1> min [p( )I}

=1

where ny =n(n —1)...(n —t + 1).

Substituting the value of B[p;(z)] and B[z""] in (11) and choosing |A;| = [Xa] =0
we get the result in terms of ¢ derivative as follows:



Inequalities for B-Operator 529

COROLLARY 2.8. If p(2) is a polynomial of degree at most n having no zeros in
|z| <1, then for z € T'U D

(12) 9611 < 5 {1 )] = i )

where ny =n(n —1)...(n —t + 1).

3. Lemmas

For the proof of these theorems, we need the following Lemmas. The first Lemma
is due to Laguerre [10].

LEMMA 3.1. If all the zeros of an n'* degree polynomial p(z) lie in a circular region
C and if none of the points ay, aa, ..., ay, (t < n) lie in the region C then each of the
polar derivatives p1(z), pa(z), ..., pt(2),(defined by (4)) has all its zeros in region C.

The following Lemma which we need is in fact implicit in [16] (Rahman and
Schmeisser, 2002, Lemma 14.5.7, p. 540)

LEMMA 3.2. If all the zeros of polynomial p(z) of degree n lie in |z| < 1, then all
the zeros of the polynomial Blp(z)] also lie in |z] < 1.

LEMMA 3.3. If all the zeros of the polynomial p(z) lie in |z| < 1, then for every
aq,Qg, ..., with |og] > 1, @ =1,2,...,t(t < n), the polynomial B[p;(z)]| also has
zeros in |z| < 1.

Proof. Since all the zeros of p(z) lie in |z| < 1, then by Lemma 3.1, for every
aq,Qg, .., with o) > 1, @ = 1,2,...,t(t < n), the polynomial p,(z) has all its
zeros in |z| < 1. Hence by Lemma 3.2, the polynomial B[p:(z)] has all its zeros in
|z| < 1. O

LEMMA 3.4. If the polynomial p(z) of degree at most n has no zeros in |z| < 1,
then for every ay, g, ..., with o] > 1, i=1,2,....t(t <n),

[Blpi(2)]] < [Blg(2)]| for |z[ =1

where q(z) = 2"p (2).

Proof. Since p(z) does not vanish in D_, so ¢(z) has all zeros in D_. Also |p(z)| =
lq(z)| for z € T. By Rouche’s Theorem the polynomial p(z) — vq(z) has all zeros
in D_ for every v with |y| > 1. By Lemma 3.3, the polynomial Bp;(z) — vq:(2)] =
Blpi(2)] — vB|q:(2)] has all zeros in D_. This gives

|Blp:(2)]] < [Bla(2)]] for [2] = 1.

]

LEMMA 3.5. Ifp(z) is a polynomial of degree at most n, then for every ay, as, ..., oy
with |oy| > 1, i=1,2,....t(t <n),
t

| Blpe(2)]] + | Bla:(2)]] < ny {H il | B[="]] + \Ao\} max |p(z)|

=1

where n, is defined in Theorem 2.1.
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Proof. Let M = r|n|§>1< Ip(2)|. By Rouche’s Theorem the polynomial g(z) = p(z) —

BM does not vanish in |z| < 1. Applying Lemma 3.4 to the polynomial g(z) we have
for z€e TUD,

|Blg:(2)]| < |B[hu(2)]]
where h(z) = z”@ = q(z) — BMz". Substitute for g;(z) and h(z) we get
|B[pi(2) — nBM]| < |Blg(2) — neBManay...ap 2™

Equivalently,
(13) |Blp:(2)] — n:BM | < |Blgi(2)] — neBMaqay...c B[z"]|

Since h(z) = q(z) — BM 2™ has all zeros in |z| < 1, so by Lemma 3.3 the polynomial
= B

B

Blh(2)] 0(2)] — nuB M., ayBlz"] has all zeros in |2| < 1 which gives for
2| > 1
(14) Blai(2)]] < meM ool ..Jou [ B[z

Choosing argument of § in right hand side of (13) which is possible by (14), we get
forz€e TUD,

(15) | Blpe(2)]] = | BIM o] < 1| B|M |||z |exe| | B[z" ]| = Blau(2)]
Letting f — 1 in (15) we get

=1

| Blp:(2)]] + Bla:(2)] < {H o] | Bl"]] + |/\0|} max [p(z)]

4. Proofs of the Theorems

Proof of Theorem 2.1: If p(z) has no zero on |z| = 1, then there is nothing to
prove. Suppose that all the zeros of p(z) lie in D_, then mi%l Ip(2)| = m > 0, so we
ze

have m < |p(z)| for z € T. It follows by Rouche’s Theorem that all the zeros of
f(z) = p(z) = m¢z" lie in D_ with |[¢| < 1. Therefore by Lemma 3.3 all the zeros of
Bl[f:(z)] = Blp:(2)] — mniCaran...cp2" " also lie in D_ which gives for z € T U D,

(16) |Blpi(2)]] = mnuloa]aal...|ox|| B[z"]].
If this is not true then there exist zq with |z9| > 1 such that

(17) | Blpi(z0)l < mnyla[|az|...| ]| Blzg~]l-

Take ¢ = mnt\al|lfg[{fF|z)t)\]||B[zg_t]| so that |8] < 1 by (17). With this choice of (,

B[ fi(z0)] = 0 which is a contradiction as all zeros of B[f;(2)] lie in D_. O
Proof of Theorem 2.4: If p(z) has a zero on T', then m = 15161%1 Ip(2)| = 0 and

result follows by combining Lemma 3.4 and Lemma 3.5. We suppose that all the
zeros of p(z) lie in Dy so that m > 0. By direct application of Rouche’s Theorem,
for any complex number ¢ with |[6| < 1, the polynomial R(z) = p(z) — dm does not
vanish in D_. Let S(z) = 2"R (1) = q(z) — dmz", then all the zeros of S(z) lie
in D_ and |R(z)| = |S(2)| for z € T. Again by Rouche’s Theorem all the zeros
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of R(z) — pS(z) lie in D_ for every p with |p| > 1. By Lemma 3.3 the polynomial
B[Ri(2)—pSi(z)] = B[Ri(z)]—pB[Si(z)] has all zeros in D_, which gives for z € TUD
|B[R:(2)]] < B[Si(2)]

Equivalently we get |z| > 1,

(18) |B[pi(2)] — ngdmo| < |Blq(2)] — nidmayas...c . B[2" )|
Or
(19) |Bp:(2)]| — ne|d|m| o] < |Blgi(2)] — nedmaqas...c; B[z"|

Since p(z) does not vanish in D_, so ¢(z) has all the zeros in D_ and 21161%1 Ip(2)] =
rznei%l |g(2)| = m. Therefore choosing argument of § in right hand side of (19) which is
possible by (9), we get

(20) | Blpi(2)]] = nuld|mlXo| < [Blai(2)]] = nuldlmlon]|aa]... ou||Blz" ]|

Letting § — 1 in (20), we get

t

(21) Blpi(2)]] = [Blau(2)]] < =na $ [ ] el Blz"1] = [ ol min [p(2)]-

=1

Combining (21) with Lemma 3.5 we get the desired result.
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